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Preface 


The  Twelfth  Symposium  on  Naval  Hydrodynamics 
was  held  at  Washington,  D.C.,  during  the  period 
5-9  June  1978  under  the  joint  sponsorship  of  the 
Office  of  Naval  Research,  the  David  W.  Taylor  Naval 
Ship  Research  and  Development  Center,  and  the 
National  Academy  of  Sciences. 

The  technical  program  of  the  Symposium  con¬ 
sisted  of  eight  sessions  equally  apportioned  among 
the  following  four  subjects  of  great  current  inter¬ 
est  in  the  general  field  of  naval  hydrodynamics: 

(1)  boundary  layer  stability  and  transition,  (2) 
ship  boundary  layers  and  propeller  hull  interaction, 
(3)  cavitation,  and  (4)  geophysical  fluid  dynamics. 
Tours  of  the  hydrodynamic  research  facilities  of 
the  David  W.  Taylor  Naval  Ship  Research  and  Devel¬ 
opment  Center  and  of  Hydronautics,  Inc. ,  were  also 
included  in  the  technical  program,  a. 

It  is  interesting  to  recal  th#tthe  National 
Academy  of  Sciences  was  a  cosponsor  of  the  First 
and  Second  Symposia  in  this  series  which  were  held 
respectively  in  1956  and  i958.  It  is  a  great  plea¬ 
sure  to  acknowledge  once  again  the  invaluable 
assistance  of  the  Academy  in  launching  these  Sym¬ 
posia  and  in  establishing  the  high  standards  of 
quality  and  style  for  them  by  which  we  are  guided, 
even  to  this  day. 

Similarly,  the  David  W.  Taylor  Naval  Ship 
Research  and  Development  Center  has  played  an 
important  role  in  the  series  of  Symposia  on  Naval 
Hydrodynamics  from  their  very  inception.  Scien¬ 
tists  and  engineers  from  the  Center  have  presented 
outstanding  scientific  papers  at  each  of  the  Sym¬ 
posia  and  have,  in  addition,  participated  in  an 
informal  manner  in  the  planning  of  many  of  the 
earlier  ones. 

For  these  reasons  the  Office  of  Naval  Research 
is  especially  p) eased  and  honored  at  the  opportu¬ 
nity  presented  by  the  cosponsorship  of  this  Twelfth 


Symposium  to  renew  and  continue  the  fruitful  col¬ 
laboration  with  its  old  scientific  allies.  We  are 
deeply  grateful  for  their  generous  assistance  in 
the  past  and  present,  and  look  forward  with  confi¬ 
dence  to  their  continued  support  in  the  future. 

Of  the  seemingly  endless  list  of  people  who 
contributed  in  large  and  small  ways  to  the  planning 
and  organizing  of  the  Twelfth  Symposium  the  follow¬ 
ing  deserve  special  recognition:  Professor  George 
F.  Carrier  of  Harvard  University  and  the  Naval 
Studies  Board  of  the  National  Research  Council,  who 
served  as  chairman  of  the  Program  and  Organizing 
Committee;  Dr.  William  E.  Cummins  of  the  David  W. 
Taylor  Naval  Ship  Research  and  Development  Center, 
who  served  as  vice-chairman  of  the  Committee,  and 
his  colleagues  from  the  v-’nter,  Dr.  Wen  Chin  Lin, 
Mr.  Justin  H.  McCarthy,  Jr.  and  Mr  Vincent  J. 
Monacella,  who  served  on  the  Committee;  Mr.  Lee  M. 
Hunt  of  the  Naval  Studies  Board,  who  served  on  the 
Committee  and  who,  with  the  able  assistance  of 
Miss  Virginia  A.  Harrison,  personally  carried  out 
the  multitude  of  detailed  arrangements  required  for 
the  success  of  the  Symposium;  and  Dr.  Nelson  T. 
Grisamore  of  the  National  Academy  of  Sciences,  who 
edited  these  Proceedings. 

A  special  note  of  appreciation  is  extended  to 
Mr.  Phillip  Eisenberg,  President  of  Hydronautics, 
Inc.,  for  his  delightful  after-dinner  talk  at  the 
Symposium  Banquet  and  for  the  tour  of  Hydronautics, 
Inc.,  which  he  graciously  arranged  for  the  partic¬ 
ipants  of  the  Symposium. 

To  all  of  these,  and  many  more,  the  Office  of 
Naval  Research  is  forever  indebted. 


Ralph  D.  Cooper 
Office  of  Naval  Research 
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Introductory  Address 

Dr.  Courtland  D.  Perkins 

President,  National  Academy  of  Engineering 


On  behalf  of  the  National  Academy  of  Engine¬ 
ering  and  the  National  Academy  of  Sciences  it  is 
my  distinct  pleasure  and  privilege  to  welcome  you 
to  our  Nation's  Capitol,  to  the  home  of  both  Acad¬ 
emies,  and  to  the  Twelfth  Symposium  on  Naval  Hydro¬ 
dynamics. 

We  have  welcomed  the  opportunity  to  join  with 
the  Office  of  Naval  Research  and  the  David  W.  Taylor 
Naval  Ship  Research  and  Development  Center  xn  organ¬ 
izing  and  hosting  the  Twelfth  Symposium  in  this 
distinguished  series  of  meetings. 

We  have,  as  a  matter  of  fact,  a  special  inter¬ 
est  in  the  continuing  success  of  the  series  since 
we  cosponsored  the  First  and  Second  Symposia  with 
the  Office  of  Naval  Research  in  1956  and  1958. 
Therefore,  it  is  as  gratifying  for  us  as  it  must 
be  for  the  Office  of  Naval  Research  to  find  that 
the  international  community  of  fluid  dynamics  and 
related  specialties  continues  to  find  these  meetings 
a  unique  forum  for  the  exchange  of  research  results 
and  the  discussion  of  problem  areas  of  concern  to 
both  military  and  commercial  activities. 

The  interest  and  the  involvement  of  the  Acad¬ 
emies  in  naval  science  and  engineering,  of  course, 
has  a  much  longer  history.  After  a  careful  reading 
of  the  early  history  of  the  National  Academy  of 
Sciences,  one  is  persuaded  that  the  Academy  would 
not  have  come  into  being  in  1863  had  it  not  been 
for  the  carefully  laid  plan  and  persuasive  argu¬ 
ments  of  the  Navy's  Chief  of  Navigation,  Commodore 
Charles  Henry  Davis.  One  is  further  impressed  by 
the  fact  that  perhaps  a  quarter  of  those  who  signed 
the  Academy's  Charter  were  affiliated  with  the  Navy 
in  one  way  or  another.  And  it  is  significant  that 
the  first  five  studies  conducted  by  the  fledgling 


Academy  were  requested  by  the  Navy.  In  case  some 
of  you  may  be  interested,  these  were: 

On  Protecting  the  Bottom  of  Iron  Vessels 
On  Magnetic  Deviation  in  Iron  Ships 
On  Wind  and  Current  Charts 
Sailing  Directions 

On  the  Explosion  On  the  United  States  Steamer 
CHENANGO 

I  don't  want  to  leave  you  with  the  impression  that 
the  Academy  worked  only  on  naval  problems  during 
the  1863-65  period.  We  did  another  study  entitled 
"On  the  Question  of  Tests  for  the  Purity  of  Whiskey" 
--an  investigation  undoubtedly  stimulated  by 
President  Lincoln's  remark  that  he  wished  he  could 
supply  all  his  generals  with  whatever  it  was  that 
General  Ulysses  S.  Grant  was  drinking. 

I  have  taken  this  short  detour  through  some 
early  Academy  history,  not  so  much  to  demonstrate 
our  own  long  and  continuous  interest  in  naval  sci¬ 
ence  and  engineering  but  to  recognize  the  important 
role  played  by  the  Navy  in  supporting  science  and 
engineering  throughout  its  200-year  history.  Over 
the  past  32  years  the  Office  of  Naval  Research  has 
continued  that  tradition  by  serving  as  a  model  for 
enlightened  government  support  of  basic  research. 

On  a  more  personal  note  may  I  conclude  by  say¬ 
ing  that  as  a  former  professor  of  aeronautical 
engineering  at  Princeton  University  your  technical 
program  is  of  special  interest  to  me.  Therefore, 

I  wish  you  an  interesting  and  productive  meeting. 

We  are  pleased  that  you  have  chosen  to  meet  at  our 
institution,  and  the  staff  we  have  assembled  to 
support  you  is  available  to  assure  that  your  stay 
is  a  pleasant  one. 
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Introductory  Address 

Rear  Admiral  Robert  K.  Geiger,  USN 
Chief,  Office  of  Naval  Research 


On  behalf  of  the  Office  of  Naval  Research  I 
would  like  to  extend  a  sincere  welcome  to  all  the 
participants  of  the  Twelfth  Symposium  on  Naval 
Hydrodynamics . 

I  wish  to  express  my  thanks  to  the  National 
Academy  of  sciences  for  its  assistance  and  role  as 
a  host  and  cosponsor  of  the  Symposium  through  its 
National  Research  Council, 

Thanks  are  also  due  to  the  third  member  of  the 
triumvirate  of  cosponsors  of  this,  the  Twelfth  Sym¬ 
posium  on  Naval  Hydrodynamics,  name ly  the  David  W. 
Taylor  Naval  Ship  Research  and  Development  Center, 
known  more  familiarly  to  most  of  us  old-timers  as 
the  David  Taylor  Model  Basin  and  often  referred  to 
affectionately  as  DTMB.  This  facility  has  been  a 
major  contributor  to  the  scientific  program  of  each 
of  the  Symposia  in  this  series,  as  a  glance  at  the 
proceedings  of  any  of  the  Symposia  will  confirm. 

I  am  happy  to  say  that  the  present  meeting  is  no 
exception  and  that  it  is  again  well  represented  on 
the  technical  program.  However,  this  is  the  first 
time  that  it  has  participated  as  a  cosponsor  and  1 
am  especially  pleased  to  acknowledge  the  invaluable 
assistance  that  our  old  colleague  and  ally  in  the 
field  of  naval  hydrodynamics  research  has  rendered 
in  the  organization  and  management  of  the  present 
Symposium. 

The  first  two  Symposia  of  this  series  were 
held  in  1956  and  1958  and  were  also  sponsored  by 
the  Office  of  Naval  Research  and  the  National 
Academy  of  Sciences.  Many  of  the  guiding  princi¬ 
ples  that  govern  the  organization  of  the  Symposia 
in  this  series  were  established  in  these  first 
meetings.  For  example,  the  selection  of  a  limited 
number  of  central  themes  of  timely  naval  hydro- 
dynamic  interest  upon  which  to  focus  the  technical 
program  of  the  meeting  was  introduced  in  the 
Second  Symposium. 

From  the  very  beginning,  the  international 
aspects  of  the  Symposia  were  emphasized  through  the 


invitation  of  speakers  from  all  over  the  world 
wherever  outstanding  research  in  naval  hydrody¬ 
namics  was  going  on.  Starting  with  the  Third  Sym¬ 
posium,  the  international  aspects  were  strengthened 
by  locating  the  meetings  outside  the  United  States 
and  cosponsoring  them  with  relevant  organizations 
in  host  countries. 

The  list  of  such  meetings  includes  Symposia 
held  in  the  Netherlands,  Norway,  Italy,  France,  and 
England,  and  we  hope  to  continue  this  pattern  into 
the  future  as  long  as  the  series  of  Symposia  con¬ 
tinue  to  provide  a  useful  forum  for  the  exchange 
of  valuable  information  on  results  of  advanced  re¬ 
search  in  the  field  of  naval  hydrodynamics. 

I  am  gratified  to  see  so  many  representatives 
of  several  countries  in  addition  to  the  United 
States,  and  the  number  of  technical  papers  pre¬ 
sented  by  internationally  known  authorities  in 
fluid  dynamics  and  related  fields. 

For  the  Navy,  progress  in  hydrodynamics  re¬ 
search  has  become  increasingly  urgent.  The  Navy 
must  find  ways  to  discover  and  correct  the  problems 
that  a  new  design  may  run  into  before  reaching  the 
point  of  full-scale  sea  trials. 

Since  the  sea  is  the  Navy's  business  and  we 
have  been  involved  in  it  a  long  time,  we  are  ex¬ 
pected  to  know  it  well.  Only  investigators  like 
yourselves  are  aware  of  how  limited  is  our  knowl¬ 
edge  of  the  forces  that  inpact  on  a  buoyant  body 
propelled  through  the  water.  As  much  as  our  under¬ 
standing  has  increased,  we  know  we  have  much  more 
to  learn.  This  information  can  only  be  obtained 
through  the  arduous  bit-by-bit  process  of  basic  re¬ 
search,  such  as  you  gentlemen  pursue. 

Today  our  nation  is  faced  with  the  dilemma 
that  we  must  plan  types  of  ships  that  are  radically 
different  in  design  from  anything  in  the  past.  At 
the  same  time ,  these  ships  must  be  inexpensive  to 
operate  and  maintain  in  addition  to  satisfying  our 
traditional  standards. 
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The  results  of  the  research  that  will  be  re-  in  hydrodynamics.  I  would  like  to  stress,  however, 

ported  at  this  Symposium  should  help  us  move  toward  that  you  maintain  strong  lines  of  communication  so 

that  formidable  goal.  It  is  clear  that  all  of  you  that  as  many  people  as  possible  can  benefit  when 

here  today  are  dedicated  scientists,  so  I  do  not  you  inevitably  succeed  in  your  endeavors, 

need  to  urge  you  to  keep  pressing  forward  in  your  Best  wishes  for  a  successful  3ynposium. 

search  for  solutions  to  the  frustrating  problems 


Introductory  Address 

Captain  Myron  V.  Ricketts,  USN 

Commander,  David  w.  Taylor 

Naval  Ship  Research  and  Development  Center 


We  at  the  David  W.  Taylor  Naval  Ship  Research 
and  Development  Center  are  both  pleased  and  proud 
to  join  with  the  Office  of  Naval  Research  and  the 
National  Academy  of  Sciences  in  sponsoring  the 
Twelfth  Symposiumon  Naval  Hydrodynamics.  While 
not  a  sponsor  of  the  four  earlier  symposia  held  in 
Washington,  the  Center  was  directly  and  indirectly 
involved  with  all  of  the  previous  meetings.  Of  the 
forty-one  papers  to  be  presented  at  the  present 
Symposium,  five  are  authored  by  Center  researchers, 
roughly  the  same  number  of  papers  given  by  Center 
authors  at  earlier  symposia.  In  addition,  much  of 
the  other  U.S.  research  to  be  presented  in  papers 
to  this  Symposium  was  supported  by  the  U.S.  Navy's 
General  Hydrodynamics  Research  Program  which  the 
Center  has  administered  for  nearly  thirty  years. 

It  is  worthy  to  note  that  this  year's  confer¬ 
ence  is  directed  mainly  at  the  underlying  physics 
of  hydrodynamic  processes.  The  papers  are  of  quite 
a  fundamental  nature ,  perhaps  more  so  than  was  true 
of  many  of  the  earlier  symposia.  The  Symposium 
topics  are  of  immense  importance  to  both  the  mer¬ 
chant  ship  and  naval  communities:  Boundary  Layer 
Stability  and  Transition  because  of  their  relation¬ 
ship  to  vehicle  drag,  cavitation  inception,  and 
flow  noise;  Ship  Boundary  Layers  and  Propeller/ 

Hull  Interaction  because  a  need  to  accurately  pre¬ 
dict  vehicle  drag,  propulsive  efficiency,  and 
vibration;  Cavitation ,  a  very  major  cause  of  ero¬ 


sion,  vibration,  and  noise;  and  finally,  Geo¬ 
physical  Fluid  Dynamics  which  describes  the  envi¬ 
ronment  in  which  ocean  systems  must  operate.  Each 
topic  area  is  a  subject  of  current  and  lively  in¬ 
terest  and  has  witnessed  remarkable  advances  over 
the  past  few  years. 

The  very  high  quality  of  the  research  papers 
to  be  presented  this  week  is  typical  of  previous 
Naval  Hydrodynamics  Symposia  and  has  earned  for  the 
series  the  reputation  of  being  the  preeminent  inter¬ 
national  conferences  on  ship  hydrodynamics.  Each 
symposium  has  constituted  an  exceedingly  valuable 
open  forum  which  promotes  national  and  international 
ties  and  dialogues  between  researchers  in  the  field 
of  hydrodynamics. 

I  would  like  to  close  by  saying  that  my 
Center's  namesake.  Admiral  David  W.  Taylor,  the  U.S. 
pioneer  hydrodynamicist  and  foremost  naval  archi¬ 
tect,  introducer  to  the  U.S.  of  towing  tanks,  water 
tunnels,  transformer  of  empiricism  to  scientific 
methods ,  would  be  very  pleased  to  be  associated 
with  the  Twelfth  Symposium  on  Naval  Hydrodynamics. 

On  Wednesday  we  look  forward  to  welcoming  you  on  a 
tour  of  the  hydrodynamic  facilities  at  the  Center. 
You  will  see  work  in  progress  at  our  rotating  arm 
facility,  seakeeping  basin,  towing  tanks  and  turn¬ 
ing  basin,  and  at  our  largest  cavitation  tunnel. 

Best  wishes  for  a  very  successful  conference. 
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SUMMARY 

With  this  paper  an  attempt  is  made  to  review  the 
stability  and  transition  simulations,  performed  at 
the  University  of  Stuttgart,  which  are  based  on 
finite-difference  solutions  of  the  Navier-Stokes 
equations.  Research  in  this  area  has  demonstrated 
that  implicit  finite-difference  methods  for  the 
solution  of  the  complete  Navier-Stokes  equations 
for  unsteady,  two-dimensional ,  incompressible  flows 
can  be  successfully  applied  to  investigations  of 
hydrodynamic  stability  and  to  certain  aspects  of 
transition.  This  approach  of  numerically  solving 
the  partial  differential  equations  describing  the 
underlying  flow  mechanisms  promises  to  be  a  valuable 
aid  in  transition  research.  In  particular,  this 
concept  may  prove  to  be  especially  rewarding  for 
investigations  of  aspects  of  stability  and  transition 
which  as  yet  are  not  feasible  with  other  theoretical 
mode 1 s . 

There  are  two  main  reasons  for  the  attractiveness 
of  this  approach:  Firstly,  no  assumptions  whatsoever 
have  to  be  made  concerning  the  basic  flow  field  under 
investigation.  Thus,  for  example,  all  possible 
effects  resulting  from  the  growth  of  a  boundary  layer 
in  downstream  direction  can  be  included  in  such 
investigations.  Even  strongly  converging  or  diverg¬ 
ing  flows,  or  flows  with  separation  and/or  reattach¬ 
ment  can  be  studied.  Secondly,  no  restrictions 
have  to  be  made  concerning  amplitude  and  form  of 
the  disturbances  which  are  injected  into  the  flow. 
Therefore,  using  larger  disturbance  amplitudes 
certain  nonlinear  effects  of  the  amplification 
process  can  be  readily  investigated. 

The  major  aspects  of  this  approach  will  be  dis¬ 
cussed  in  this  paper.  Emphasis  will  be  placed  not 
only  on  conveying  the  advantages  of  such  investi¬ 
gations  but  also  on  elaborating  the  difficulties 
and  shortcomings  of  such  numerical  simulations. 

Finally,  a  conjecture  concerning  the  course  of 
future  developments  will  be  attempted. 
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1.  INTRODUCTION 

The  phenomena  occurring  in  transition  from  laminar 
to  turbulent  flow  have  been  the  subject  of  inten¬ 
sive  research  ever  since  the  discovery  that  these 
two  entirely  different  states  of  flow  exist. 

From  all  the  research  efforts  basically  only  one 
universally-accepted  theoretical  concept  evolveu, 
namely,  linear  stability  theory,  verified  experi¬ 
mentally  by  the  famous  experiments  of  Schubauer 
and  Skramstad  (1943) . 

However,  experimental  evidence  has  also  shown 
that  linear  stability  theory  is  only  applicable 
for  one  'special'  transition  process,  namely, 
transition  initiated  by  the  presence  of  very  small 
disturbances  in  the  flow.  In  this  case  a  substan¬ 
tial  portion  of  the  entire  transition  process  is 
indeed  well  described  by  this  theory,  i.e.  the 
amplification  of  two-dimensional  disturbance  waves 
(the  so-called  Tollmien-Schlichting  waves)  can  be 
predicted  adequately.  But  even  for  this  special 
transition  process,  triggered  by  small  disturbances 
linear  stability  theory  is  inadequate  in  the 
description  and  investigation  of  the  mechanisms 
that  follow  the  growth  of  Tollmien-Schlichting 
waves,  and  which  finally  cause  the  breakdown  to 
fully  turbulent  flow.  Nevertheless,  due  to  the 
relative  success  of  the  linear  stability  theory 
and  its  impressive  experimental  verification,  the 
vast  majority  of  theoretical  transition  investi¬ 
gations  were,  and  still  are,  based  on  stability 
theory  concepts,  thus  constantly  improving  and 
perfecting  this  theory. 

The  inherent  shortcomings  of  this  concept 
nontheless  (such  as  being  applicable  only  when 
transition  is  initiated  by  small  disturbances,  or 
that  certain  assumptions  concering  the  basic  and 
disturbance  flow  have  to  be  made  to  keep  the 
resulting  equations  tractible)  led  to  a  search  for 
other  means  to  investigate  transition.  One  of  the 
more  promising  concepts  that  has  emerged  in  recent 
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years  is  based  on  direct  numerical  solutions  of  the 
complete  partial  differential  equations  that 
describe  the  flow  phenomena  arising  in  the  transi¬ 
tion  process.  This  approach  became  feasible  with 
the  rapid  progress  in  the  development  of  large, 
high-speed  digital  computers. 

The  main  difficulties  here  arise  from  the  fact 
that  these  flow  phenomena  can  be  adequately 
represented  only  when  the  complete  Navier-Stokes 
equations  (or  certain  modifications  thereof)  are 
used.  Thus,  this  approach  requires  the  solution 
of  the  Navier-Stokes  equations  for  strongly  time- 
varying  flow  fields,  due  to  the  highly  unsteady 
nature  of  the  transition  processes.  Additionally, 
complications  increase  because  the  numerical 
solutions  have  to  yield  reliable  results  for 
relatively  high  Reynolds  numbers  (higher  than  the 
critical  Reynolds  number)  to  allow  onset  of 
transition.  For  a  numerical  solution  procedure  it 
is  therefore  necessary  to  allow  for  adequate 
resolution  of  the  large  temporal  and  spatial 
gradients  resulting  from  the  occurrence  of  thin 
time-varying  fluid  layers  with  large  gradients 
close  to  solid  walls. 

The  development  of  finite-difference  methods, 
which  are  applicable  for  such  complex,  unsteady 
flow  phenomena  as  those  occuring  in  laminar 
turbulent  transition,  is  associated  with  numerous 
difficulties  which  will  be  elaborated  upon  in  this 
paper.  Because  of  these  difficulties  relatively 
few  previous  attempts  based  on  such  an  approach  be¬ 
came  known.  Reasonably  successful  earlier  investiga¬ 
tions  of  this  kind  (based  also  on  finite-difference 
solutions)  are  reported,  for  example,  for  incom¬ 
pressible  flows  in  a  boundary  layer  [De  Santo 
and  Keller,  (1962)),  for  Poiseuille  and  plane 
Poiseuilie  flow  [Dixon  and  Heliums  (1967) ,  Crowder 
and  Dalton  (1971)]  and  for  a  compressible  boundary- 
layer  flow  [Nagel  (1967) ) .  These  earlier  attempts 
clearly  demonstrated  the  usefulness  and  potential 
of  such  investigations.  However,  due  either  to 
insufficent  resolution  of  the  resulting  gradients 
and/or  assumptions  made  concerning  the  basic  or 
disturbance  flows,  or  to  shortcomings  of  the  differ¬ 
ence  methods  used,  the  results  of  these  calculations 
were  more  of  a  qualitative  nature.  Therefore, 
relatively  little  information  could  be  gained 
concerning  the  various  phenomena  arising  in  the 
laminar-turbulent  transition  process. 

Some  years  ago,  a  research  effort  was  initiated 
at  the  University  of  Stuttgart  aiming  at  the  devel¬ 
opment  of  numerical  methods  for  the  solution  of  the 
Navier-Stokes  equations  which  would  be  applicable 
for  detailed  investigations  of  various  aspects  of 
stability  and  of  phenomena  occurring  in  transition. 

To  date,  an  effective  implicit  finite-difference 
method  has  evolved  for  the  calculation  of  unsteady, 
two-dimensional  incompressible  flows.  The  ap¬ 
plicability  of  the  numerical  method  to  investigate 
stability  and  two-dimensional  transition  phenomena 
has  oen  demonstrated  by  realistic  simulations  of 
T-  > i.imien-Schlichtinq  waves.  Detailed  results  of 
these  calculations  are  discussed  elsewhere  [Fasel 
(1976)].  With  calculations  involving  larqe  ampli¬ 
tude  disturbances  [Fasel  et  al .  (1977)]  it  was  addi¬ 
tionally  shown  that  numerical  simulations  using 
the  implicit  difference  method  yield  results  which 
enable  insight  into  certain  nonlinear  mechanisms 
of  the  transition  process. 

In  this  paper  the  major  aspects  of  the  numerical 
approach  using  finite-difference  methods  will  be 


reviewed  and  the  present  state  of  the  developments 
discussed.  Emphasis  will  be  placed  on  the  advan¬ 
tages  of  the  numerical  approach  in  general  and  on 
directional  options  chosen  for  the  present  method. 
Special  attention  will  also  be  focused  on  the 
difficulties  and  limitations  of  such  simulations. 


2.  SELECTION  OF  THE  INTEGRATION  DOMAIN 

For  a  numerical  solution  of  the  Navier-Stokes  equa¬ 
tions  using  finite-difference  techniques  a  finite 
domain  in  which  the  equations  are  being  solved  has 
to  be  specified.  The  selection  of  the  integration 
domain  determines  the  nature  of  a  physical  flow 
problem  to  be  simulated,  because  the  boundary  con¬ 
ditions  required  along  the  boundaries  of  this  domain 
determine  to  a  large  degree  the  solution  within  the 
domain.  For  reasons  of  simplicity,  in  the  present 
studies  only  rectangular  domains  of  the  x,y  plane 
were  considered  as  depicted  schematically  in  1 igures 
1  and  2  with  the  direction  of  the  basic,  undisturbed 
flow  being  in  the  x-direction.  Rectangular  domains 
allow  relatively  easy  application  of  difference 
methods  by  using  simple  rectangular  meshes.  For 
example  the  rectangular  domain  may  be  a  section  of 
a  boundary-layer  flow  on  a  semi-infinite  flat  plate 
(Figure  1)  or  a  section  of  a  flow  between  two  paral¬ 
lel  plates  (Figure  2) . 

In  selecting  the  integration  domain  one  has  to 
consider  that  boundary  conditions  must  be  found  for 
the  'artificial'  boundaries  B-C  in  Figures  1  and  2 
and  additionally  for  C-D  in  Figure  1.  These  con¬ 
ditions  should  allow  physically  meaningful  solutions 
in  the  finite  domain,  i.e.  solutions  that  would  be 
obtained  if  the  domain  were  not  made  finite  by 
means  of  these  artificial  boundaries.  Due  to  the 
spatially  elliptic  (in  x,y)  character  of  the  Navier- 
Stokes  equations  application  of  finite-difference 
methods  requires  boundary  conditions  on  all  bound¬ 
aries  of  the  x,y  domain.  Of  course,  in  a  mathemat¬ 
ical  sense  the  equations  are  parabolic  because  of 
the  time  derivative  (See  section  3) .  Selection  of 
boundary  conditions  for  boundaries  representing 
solid  walls  (such  as  A-B  in  Figures  1  and  2  and  C-D 
in  Figure  2)  generally  creates  no  additional  diffi¬ 
culty  although  consistent  implementation  in  the 
numerical  scheme  is  frequently  difficult  to  achieve. 
Also,  free  stream  boundaries  such  as  C-D  in  Figure 
1  for  the  boundary- layer  flow  can  be  handled  in 
satisfactory  fashion  (see  Section  4) . 

However,  the  upstream  (A-D)  and  to  a  larger  ex¬ 
tent  the  downstream  (B-C)  boundary  require  special 
considerations  because  the  specific  treatment  of 
these  boundaries  determines  the  approach  to  be 
taken  in  a  prospective  stability  and  transition 
simulation.  In  selecting  the  boundary  conditions 


FIGURE  I .  Integration  domain  for  boundary 
layer  on  flat  plate. 
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there  are  basically  two  different  approaches  which 
lead  to  entirely  different  conceptions  of  the  trans¬ 
ition  simulation: 

1)  Use  of  periodicity  conditions  at  the  upstream 
(A-D)  and  downstream  (B-C)  boundary,  i.e. 
corresponding  disturbance  quantities  are 
equal  at  the  two  boundaries  for  all  times. 

Here  it  is  assumed  that  flow  phenomena  are  spatially 
periodic  in  downstream  direction  where  the  integra¬ 
tion  domain  X  contains  integer  multiples  of  the 
spatial  wavelength.  When  the  spatial  development 
is  forced  to  be  periodic,  the  flow  responds  with  a 
temporal  development.  Thus,  with  this  arrangement 
the  temporal  reaction  of  the  flow  to  an  initial 
disturbance  (at  t=0)  of  the  flow  field  can  be 
studied.  This  case  corresponds  in  linear  stability 
theory  to  an  eigenvalue  problem  with  wave  number 
t  real  and  frequency  iS  complex  (l^=hr+i(^),  i.e. 
amplification  in  time.  Figure  3,  for  example,  shows 
a  typical  result  of  a  finite-difference  calculation 
based  on  such  an  approach  for  a  plane  Poiseuille 
flow  [Bestek  and  Fasel  (1977)  1.  Plotted  here  is  a 
time  signal  for  a  case  which  is  unstable  according 
to  linear  stability  theory.  The  flow  is  only  dis¬ 
turbed  once  at  t=0.  After  a  certain  time  span, 
where  considerable  reorganization  of  the  disturbance 
flow  takes  place,  the  disturbances  assume  a  periodic 
character  with  a  slight  amplification  in  time- 
direction. 

The  Navier-Stokes  calculation  for  this  approach 
may  be  conceived  as  a  means  of  solving  the  eigen¬ 
value  problem  as  in  linear  stability  theory,  with 
u  and  Reynolds  number  given  and  obtaining  the  fre¬ 
quency  hr,  amplification  rate  and  the  amplitude 
distribution  of  the  distrubance  flow.  Of  course 
these  answers  could  be  obtained  with  considerably 
loss  effort  from  linear  stability  analysis.  The 
advantage  of  this  present  approach  is,  however, 
that  it  can  be  easily  extended  to  investigations 


tudo);  spatially  periodic  case  (plane  Poiseuille  flow). 


of  certain  nonlinear  effects  by  merely  increasing 
the  amplitude  level  of  the  initial  disturbances 
[see,  for  example,  George  and  Heliums  (1972)].  An 
equivalent  study  of  nonlinear  effects  formulated 
as  an  eigenvalue  problem  in  a  stability  theory 
analysis  would,  on  the  other  hand,  become  consider¬ 
ably  more  involved. 

A  major  drawback  of  this  first  approach  is,  how¬ 
ever,  that  it  is  pratically  only  applicable  for 
basic  flows  that  do  not  vary  in  downstream  direction 
(parallel  flows),  because  only  then  is  the  period¬ 
icity  assumption  for  the  disturbance  flow  a  real¬ 
istic  one.  Thus,  strictly  speaking,  boundary- layer 
flows  could  iot  be  treated  in  this  manner  since  they 
are  basically  (although  very  mildly)  non-parallel. 

It  has  been  shown  that  non-parallel  effects  can 
have  a  strong  influence  on  the  stability  character¬ 
istics  of  this  flow  [Gaster  (1974),  Saric  et  al. 
(1977) 1. 

A  second,  perhaps  even  more  serious  disadvantage 
of  this  model  is  that  the  disturbance  development 
in  downstream  direction  cannot  be  investigated.  As 
observed  in  numerous  laboratory  experiements  the 
phenomena  of  transition  are  not  periodic  in  space 
but  rather  are  inherently  space  dependent.  The 
disturbance  flow  may  vary  rapidly  in  downstream 
direction.  This  space  dependency  of  the  transition 
process  does  not  only  occur  for  flows  where  the 
basic  flow  is  already  dependent  on  the  downstream 
location.  It  also  occurs  when  the  basic  flow  does 
not  vary  in  downstream  direction,  as  was  impress¬ 
ively  demonstrated  experimentally  by  Nishioka  et 
al.  (1975)  for  the  parabolic  profiles  of  plane 
Poiseuille  flow  between  parallel  plates.  Thus, 
this  model  is  not  suitable  for  realistic  studies 
of  transition  phenomena. 

However,  finite  difference  simulations  based  on 
this  approach  become  considerably  less  involved 
and  are  less  costly  in  practical  execution  than  for 
the  second  approach  discussed  subsequently.  The 
former  approach  is  therefore  applicable  for  funda¬ 
mental  investigations  of  various  unresolved  ques¬ 
tions  in  hydrodynamic  stability  (such  as  certain 
nonlinear  effects)  or  for  preliminary  studies  of 
flow  simulations  based  on  the  approach  discussed 
below. 

2)  At  the  upstream  boundary,  time-dependent 

disturbances  are  introduced.  Use  of  bound¬ 
ary  conditions  at  the  downstream  boundary 
which  allow  downstream  propagation  of  the 
spatial  disturbance  waves. 

This  second  approach  differs  entirely  in  concept 
from  the  first  one.  Here,  the  reaction  of  the 
flow  field  to  the  disturbances  introduced  at  the 
upstream  boundary  is  of  interest,  particularly  the 
spatial  developments  of  the  ensuing  disturbance 
waves.  In  contrast  to  the  previous  approach,  this 
case  corresponds  in  stability  theory  to  an  eigen¬ 
value  problem  with  a  complex  (a=ar+ia^)  and  $  real. 

A  typical  result  for  a  boundary- layer  flow  of  a 
calculation  based  on  this  concept  is  shown  in  Fig¬ 
ure  4.  Plotted  is  the  disturbance  variable  u' 
(velocity  component  in  x-direction)  versus  the  down¬ 
stream  coordinate  x.  The  downstream  development 
of  the  disturbance  (in  this  case  amplification)  may 
be  clearly  observed.  Thus,  this  approach  enables 
the  calculation  of  the  spatial  reaction  of  the  flow 
to  upstream  disturbances,  and  therefore  realistic 
simulations  of  space -dependent  transition  phenomena 
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FIGURE  4.  Downstream  development  of  u ' -disturbance  at 
y/Ay  =  3  for  boundary- layer  flow  disturbed  periodically 
(small  amplitude)  at  upstream  boundary. 


as  observed  in  laboratory  experiments  should  be 
possible . 

For  example,  realistic  numerical  simulations  of 
Tollmien-Schlichting  waves  (as  observed  in  the 
Schubauer  and  Sk rams tad  experiments)  can  be  per¬ 
formed  by  using  at  the  upstream  boundary  A-D  per¬ 
iodic  disturbances  as  produced  by  a  vibrating  ribbon 
in  the  physical  experiments.  If  the  location  of 
A-D  is  considered  to  be  somewhat  downstream  of  the 
ribbon  in  the  real  experiments,  eigenfunctions  of 
linear  stability  theory  may  be  conveniently  used 
to  disturb  the  flow  in  the  numerical  simulation. 

It  was  shown  that  the  disturbance  flow  somewhat 
downstream  of  the  ribbon  is  well  described  by 
linear  stability  theory  when  amplitudes  are  small. 

The  disadvantage  of  the  second  approach  is  that 
the  development  of  numerical  methods  to  solve  the 
resulting  mathematical  problem  is  considerably  more 
difficult  than  in  the  first  approach.  Although  in 
a  strict  mathematical  sense  both  problems  represent 
mixed  initial-boundary-value  problems,  the  main 
difference  between  the  two  concepts  is  that  the 
first  approach  results  in  a  predominantly  initial 
value  problem,  where  the  temporal  evolution  of  an 
initially  disturbed  flow  field  is  calculated. 

The  second  concept  leads  to  a  predominantly 
boundary -value  problem  where  the  spatial  reaction 
of  the  flow  field  (which  is  also  time-dependent, 
of  course)  to  disturbances  introduced  on  the  left 
boundary  is  to  be  calculated.  In  the  latter  case 
difficulties  arise  from  the  necessity  of  finding 
adequate  downstream  boundary  conditions  which 
allow  unhindered  passage  of  the  disturbance  waves 
propagating  downstream,  and  properly  implementing 
them  into  the  numerical  method.  Since  the  aim  of 
this  research  effort  is  directed  toward  realistic 
simulations  of  transition  phenomena,  emphasis  in 
the  development  of  finite-difference  methods  was 
placed  on  methods  that  were  applicable  to  solving 
the  mathematical  problem  resulting  from  the  latter 
approach.  The  remainder  of  the  discussions  in  this 
paper  are  therefore  also  based  on  this  concept. 


3.  FORMUIjATIONS  of  navier-stokes  equations  for 
NUMERICAL  METHODS 

The  Navier-Stokes  equations  can  be  cast  into  various 
forms  to  be  used  as  basis  for  a  finite-difference 
method.  Each  formulation  has  i ts  inherent  advan¬ 
tages  and  disadvantages.  The  decision  in  favour  of 
a  particular  formulation  has  to  be  governed  by  the 
physical  flow  problem  to  be  investigated  and  by  the 
difference  scheme  finally  used.  In  most  cases,  and 
also  particularly  for  the  present  investigations, 
such  a  decision  is  difficult  to  make  beforehand. 
Extensive  preliminary  numerical  experiments  are 
necessary  before  a  decision  can  be  made  in  favour 
of  a  particular  formulation. 


For  two-dimensional,  incompressible  flows  the 
stream-function-vorticity  formulation  is  most 
widely  used  in  numerical  fluid  dynamics.  It  is 
also  a  possible  choice  for  the  present  investiga¬ 
tions.  It  consists  of  the  vortici ty-transport 
equation 


9  oj  «)  u)  3  oj  I 

-  +  u  ; —  +  v  — r —  =  —  Aw 
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and  a  Poisson  equation  for  the  stream  function 


where  A  is  the  Laplace  operator,  to  is  defined  as 


<>  y  :)  x 


and  the  stream  function  as 


With  this  definition  of  the  stream  function  the 
continuity  condition 

V1  +  Vi  ■  0  IS) 

J  x  ,)  y 

is  satisfied  for  the  continuum  equations,  however, 
not  necessarily  for  the  discretized  equations.  All 
variables  in  Eqs.  (1)  to  (5)  are  dimensionless; 
they  are  related  to  their  dimensional  counterparts, 
denoted  by  bars,  as  follows 

-  -  tu 

x  v  u  ,,  'L.  *  -  _ 2. 
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where  L  is  a  characteristic  length,  _J.T0  a  reference 
velocity  and  Re  a  Reynolds  number  (v  kinematic  vis¬ 
cosity)  .  Thus  this  formulation  represents  a  system 
of  two  partial  differential  equations,  each  of 
second  order,  for  the  unknown  variables  »;  and  V 
because  u  and  v  in  Eq.  (1)  can  be  eliminated  using 
Eq .  ( 4 )  . 

A  variation  of  this  formulation  is  the  so-called 
conservative  form  for  which  the  vortici ty-transport 
equation 


—  Aw 
Re 


is  used  instead  of  Eq.  (1) .  With  this  formulation 
conservation  of  vorticity  is  guaranteed  for  the 
continuum  equations. 

A  second  formulation  of  the  governing  equations 
also  consists  of  a  vorticity-transport  equation  (1) 
or  (6) .  However,  instead  of  the  Poisson  equation, 
(2),  for  ijj,  two  Poisson  equations  for  the  velocity 
components  u  and  v  are  used 
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which  can  be  derived  from  the  definition  of  vortic- 
ity ,  (3),  using  the  continuity  equation,  (5).  This 
system  of  partial  differential  equations  for  the 
u),u,v  formulation  is  of  higher  order  than  the 
system.  The  higher  order  allows  less  restrictive 
boundary  conditions  which  is  advantageous  in  appli¬ 
cations  to  transition  simulations  as  discussed  in 
Section  4. 

A  third  form  of  the  governing  equations  is  the 
so-called  primitive  variable  formulation  with  the 
two  momentum  equations 
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=  P/PU3 

,  with  density  p) 

and 

equation 

for 

the 

pressure 

Au, 


(8) 


one  has  to  keep  in  mind  that  the  respective  quanti¬ 
ties  (such  as  vorticity  in  the  w,i|/  or  w,u,v  formu¬ 
lation  or  momentum  for  the  u,v,p  formulation)  are 
initially  only  conserved  for  the  continuum  equations. 
The  conservation  property  may  be  carried  over  to 
the  discretized  equations  only  if  certain  differ¬ 
ence  approximations  (in  this  case,  central  differ¬ 
ences)  are  used.  For  the  implementation  of  the 
boundary  conditions  it  is  frequently  very  difficult 
or  sometimes  impossible  to  employ  such  difference 
approximations  required  to  maintain  the  conserva¬ 
tion  properties  for  the  discretized  equations. 

For  the  present  investigations,  comparison  cal¬ 
culations  during  the  early  stage  of  the  development 
of  the  numerical  method  have  shown  that,  for  the 
m,i/>  or  u.u.v  systems,  almost  equivalent  accuracy 
can  be  obtained  with  either  formulation.  Because 
the  conservative  formulation  leads  to  a  somewhat 
slower  solution  algorithm  for  the  solution  of  the 
difference  equations,  preference  was  given  there¬ 
fore  to  a  non-conservative  formulation. 
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Vorticity  Transport  (u,ip  or  w,u,v)  versus  Primitive 
Variable  (u,v,p)  Formulation 


which  is  derived  from  Eq.  (8)  using  the  continuity 
Eq.  (5). 

There  is  also  a  conservative  form  of  the  primi¬ 
tive  variable  formulation  (conserving  momentum) 
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and  a  Poisson  equation  in  a  now  different  form 
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with  the  so-called  dilation  term 
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(12) 


The  absence  of  the  dilation  terms  in  a  Poisson  equa¬ 
tion  for  the  pressure  may  cause  nonlinear  numerical 
instability,  which  can  be  avoided  when  such  terms 
are  retained  (Harlow  and  Welch,  1965). 


Conservative  versus  Nonconservative  Formulation  for 
Use  in  Transition  Studies 

The  evaluation  of  the  relative  merits  of  conserva¬ 
tive  formulations  over  non-conservat ive  ones  is  a 
widely  investigated  subject  in  numerical  fluid 
dynamics  ( Roache  (1976),  Fasel  (1978)].  Neverthe¬ 
less,  satisfactory  answers  have  not  yet  been  found 
except  for  compressible  flows  for  which  conserva¬ 
tive  formulations  are  obviously  advantageous.  One 
argument  in  favour  of  conservative  formulations  is 
that  better  accuracy  can  be  obtained.  However,  for 
incompressible  flow  problems  there  are  several  ex¬ 
amples  contradicting  this  claim.  When  evaluating 
possible  advantages  of  a  conservative  formulation 


In  reviewing  literature  on  numerical  simulations 
of  viscous  incompressible  flows  it  is  noticeable 
that  formulations  involving  a  vorticity-transport 
equation,  rather  than  the  primitive  variable  form¬ 
ulation,  are  preferred.  The  unpopularity  of  the 
u,v,p  system  is  a  result  of  numerable  unsuccessful 
attempts  in  applying  it  to  calculations  of  viscous 
incompressible  flows.  Although  a  few  successful 
applications  based  on  the  u,v,p  system  are  reported 
in  more  recent  literature,  there  are  still  serious 
arguments  against  its  use  for  stability  and  trans¬ 
ition  simulations.  Difficulties  result  from  prob¬ 
lems  associated  with  the  use  of  a  Poisson  equation 
for  the  pressure.  This  equation  is  often  a  source 
of  numerical  instabilities,  possibly  due  to  difficul¬ 
ties  of  properly  implementing  the  boundary  conditions 
for  pressure  into  the  numerical  scheme.  Although 
the  numerical  instabilities  could  be  brought  under 
control,  at  least  to  a  degree,  (for  example  by  intro¬ 
ducing  the  dilation  terms  in  Eq.  11)  so  that  solu¬ 
tions  could  be  obtained  for  steady  flow  problems, 
the  inherent  inclination  of  this  formulation  to 
numerical  instability  still  prohibits  its  use  for 
transition  simulations.  Frequently  numerical 
solutions  based  on  this  system  are  of  a  slightly 
oscillatory  nature  (although  amplitudes  are  extremely 
small)  and  therefore  interaction  with  oscillations 
of  the  physically  meaningful  disturbances  as  oc¬ 
curring  in  transition  studies  cannot  be  avoided. 

For  these  reasons  finite-difference  methods  de¬ 
vised  for  investigations  of  stability  and  transition 
are  based  on  the  equations  in  vorticity  transport 
form,  i.e.  either  on  the  u>,ty  system  (Eqs.  1  and  2) 
or  the  co,u,v  system  (Eqs.  1  and  7)  .  Nevertheless 
current  efforts  are  also  directed  toward  develop¬ 
ment  of  difference  methods  based  on  the  equations 
in  primitive -variable  formulation.  Emphasis  is 
placed  on  extreme  numerical  stability  in  order  to 
make  this  method  also  applicable  for  stability  and 
transition  studies.  The  continuing  attraction  of 
the  equations  in  primitive-variable  form  results 
from  the  fact  that,  for  the  three-dimensional  case, 
fewer  fields  of  variables  have  to  be  stored  than 
for  a  vorticity-transport  formulation.  For  the 
three-dimensional  case,  storage  requirements  are  an 
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order  of  magnitude  even  more  critical  than  for  the 
two-dimensional  calcula tions . 


Use  of  Navier-Stokes  Equations  for  the  Disturbance 
Plow 

For  stability  and  transition  simulations,  the  depen¬ 
dent  variables ,  which  appear  in  the  different  form¬ 
ulations  of  the  Navier-Stokes  equations  discussed 
previously,  are  those  of  the  total  flow,  that  is, 
including  both  the  basic  and  the  disturbance  flow. 
There  is  an  alternate  approach,  namely,  to  decompose 
the  total  flow  into  the  basic  flow  and  a  disturbance 
flow  such  that 

u=U+u '  ,  v=V+v*  ,  p=P+p‘  ,  ,  (13) 

where  the  prime  indicates  the  variables  of  the  dis¬ 
turbance  flow  and  the  capital  letters  denote  those 
of  the  basic  flow.  Substituting  relationships  (13) 
into  various  forms  of  the  Navier-Stokes  equations, 
it  is  possible  to  rewrite  the  equations  with  the 
disturbance  variables  as  dependent  variables.  Sev¬ 
eral  terms  involving  only  the  basic  flow  can  be 
dropped,  assuming  the  basic  flow  satisfies  the 
Navier-Stokes  equations. 

The  aspect  of  directly  solving  the  equations  for 
the  disturbance  variables  is  an  attractive  one, 
since  it  is  the  disturbance  conditions  that  are  of 
interest  when  performing  numerical  stability  and 
transition  studies.  For  this  reason  this  approach 
has  probably  been  preferred  in  earlier  attempts. 

It  also  allows  for  detailed  investigations  of  the 
effects  of  the  nonlinear  (convective)  terms  because, 
in  a  difference  method  based  on  this  form,  the  'lin¬ 
earization'  can  be  conveniently  switched  on  or  off. 

A  careful  evaluation  of  this  form  of  equations, 
however,  reveals  that  it  also  has  some  major  disad¬ 
vantages.  The  equations  in  disturbance  form  contain 
several  additional  terms  (involving  disturbance 
terms  with  terms  of  the  basic  flow)  which  are  not 
present  in  a  corresponding  formulation  for  the  total 
flow.  Thus,  in  finite-difference  solutions  addi¬ 
tional  numerical  operations  are  required.  A  more 
serious  disadvantage  is  that,  because  of  die 
additional  terms  involving  the  basic  flow,  the 
basic  flow  quantities  have  to  be  kept  in  fast- 
access  computer  storage  to  be  readily  accessible 
for  the  numerical  operations  in  order  to  avoid  ex¬ 
cessive  computation  times.  On  the  other  hand, 
using  the  equations  for  the  total  flow  the  basic 
flow  quantities  are  not  directly  involved  in  the 
solution  algorithm.  In  this  case  they  are  only 
required  for  analysis  and  better  respresentation 
of  the  results  (for  example  to  determine  the  dis¬ 
turbance  quantities) .  For  this  purpose  they  can 
be  stored  in  mass  storage  of  lower  speed  accessi¬ 
bility. 

The  availability  of  sufficient  fast-access  stor¬ 
age  is,  even  with  the  latest  computer  generation, 
still  a  critical  limitation  for  such  numerical 
investigations  of  stability  and  transition.  For 
large  scale  simulations  involving  large  numbers  of 
grid  points,  use  of  the  disturbance  formulation  is 
prohibitive.  For  this  reason,  for  the  present  re¬ 
search  effort,  use  of  the  equations  for  the  total 
flow  variables  was  generally  preferred  instead  of 
the  disturbance  formulation.  However,  the  basic 
solution  algorithm  of  the  definite-difference  method 


was  developed  such  that  it  is  applicable  with  only 
minor  modifications  for  either  formulation. 


4.  BOUNDARY  AND  INITIAL  CONDITIONS 

The  selection  of  adequate  boundary  conditions  and 
the  practical  implementation  into  a  finite- 
difference  scheme  represents  one  of  the  major  dif¬ 
ficulties  in  the  development  of  a  finite-difference 
model  applicable  for  stability  and  transition  stud¬ 
ies.  Difficulties  arise  from  the  necessity  that 
boundary  conditions,  selected  and  implemented  along 
the  artificial  boundaries  (see  Section  2)  for  the 
finite  integration  domain,  have  to  enable  solutions 
that  would  be  identical  to  solutions  if  the  govern¬ 
ing  equations  were  solved  in  the  infinite  domain. 
There  is,  of  course,  no  way  of  checking  this  be¬ 
cause  solutions  for  the  infinite  domain  are  not 
available.  This  indicates  that,  for  selecting 
boundary  conditions,  it  is  necessary  to  rely  on 
experience,  intuition,  and  test  calculations. 

For  practical  reasons  the  boundary  conditions 
at  these  artificial  boundaries  have  to  be  such  that 
physically  meaningful  results  can  be  obtained  with 
a  relatively  small  integration  domain.  The  number 
of  grid  points,  and  therefore  computer  storage  and 
amount  of  numerical  operations  required  for  a  nu¬ 
merical  solution,  is  directly  dependent  on  the  size 
of  the  integration  domain.  Thus,  only  with  a  rela¬ 
tively  small  domain  may  the  computational  costs  of 
numerical  simulations  be  kept  within  acceptable 
limits.  This  aspect  is  of  particular  importance 
during  the  testing  phases  of  the  numerical  methods. 

There  are  also  other  difficulties  resulting  from 
the  complicated  nature  of  the  governing  equations. 

For  the  nonlinear  systems  of  governing  equations  in 
the  formulations  of  Section  3  it  is  not  yet  possible 
to  decide  if  a  given  problem  consisting  of  the 
governing  equations  and  a  set  of  boundary  conditions 
is  well-posed  in  the  sense  of  Hadamard  (1952) .  More¬ 
over,  it  is  not  obvious  whether  Hadamard 's  postulates 
for  a  well -posed  problem  are  adequate  to  include 
physically  meaningful  solutions  only.  Additional 
difficulties  may  arise  because  finite-difference 
methods  frequently  require  more  boundary  conditions 
than  would  be  needed  for  the  original  differential 
formulation  if  exact  solutions  were  possible 
[Richtmyer  and  Morton  (1967)  ].  From  numerical  ex¬ 
perimentation  with  model  equations  simpler  than  the 
full  Navier-Stokes  equations  it  is  known  that  these 
additional  'numerical'  boundary  conditions  are  of¬ 
ten  a  source  of  numerical  instabilities  possibly 
caused  by  certain  inconsistencies.  Therefore,  one 
is  confronted  with  the  delicate  task  of  selecting 
and  implementing  the  extra  conditons  (where  it  is 
normally  not  known  a  priori  which  conditions  are 
the  extra  ones)  in  such  a  way  that  the  numerical 
stability  of  an  otherwise  stable  method  would  not 
be  adversely  affected. 


Initial  Conditions 

When  the  simulation  of  space  dependent  transition 
phenomena  is  of  interest  as  in  the  present  in¬ 
vestigation  the  reaction  of  the  flow  to  disturbances 
introduced  at  the  upstream  boundary  has  to  be  cal¬ 
culated.  In  this  case  one  may  assume  an  undisturbed 
flow  as  initial  condition  at  t=0  enabling  the  dis¬ 
turbance  waves  introduced  for  t>0  to  propagate  down- 
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stream  into  an  undisturbed  flow  field.  Denoting 
the  undisturbed  flow  field  with  capital  letters  the 
initial  conditions  for  the  system  can  be  written 
as 

w(x,y,0)  =  ft(xvy)  , 

(14) 

*<x,y,0)  =  Y(x,y> 
and  for  the  u.,u,v  system 


(19)  are  applicable  for  the  calculation  of  both  the 
steady,  undisturbed  and  the  unsteady,  disturbed  flow 
At  the  upstream  boundary  A-D  the  disturbances  are 
introduced  by  superimposing  onto  the  profiles  of  a 
basic,  undisturbed  flow  (denoted  by  subscript  B;  for 
example,  Blasius  profiles  or  Poiseuille  profiles 
could  be  used  for  the  cases  considered  in  Figures 
1  and  2)  so-called  perturbation  functions  which  are 
dependent  on  y  and  t  only.  Thus  for  the  u; ,  formu¬ 
lation  we  have 


{u)  (x,y  ,0)  =  rt(x,y) 
u(x,y,0)  =  U (x,y) 
v(x,y,0)  =  V (x,y) 


(15) 


(0, y , t)  =  wB(y)  +  Pu(y,t) 


^(0,y,t)  =  ^B(y)  + 

and  for  the  u»,u,v  formulation 


(20) 


The  undisturbed  flow  field  is  obtained  by  solving 
the  Navier-Stokes  equations  for  the  steady  flow. 

Of  course,  for  the  flow  between  two  parallel  plates 
the  Poiseuille  profiles  already  represent  exact 
solutions  of  the  Navier-Stokes  equations  and  can 
therefore  be  used  directly.  For  the  boundary- layer 
flow  a  solution  has  to  be  calculated  numerically 
by  solving  the  Navier-Stokes  equations  without  the 
unsteady  term  *  o/>  t  in  Eq.  (1).  The  argument  could 
be  raised  that  in  this  case  Blasius  profiles  could 
be  used  instead.  The  differences  between  the 
Blasius  solution  and  a  numerical  Navier-Stokes  sol¬ 
ution  are  indeed  very  small.  Nevertheless,  for 
investigations  with  very  small  disturbance  ampli¬ 
tudes,  the  differences  can  be  of  the  same  order  of 
magnitude  as  the  disturbances  themselves  and  there¬ 
fore  the  transient  character  of  the  flow  could 
become  considerably  distorted.  The  boundary  condi¬ 
tions  used  for  the  calculation  of  the  undisturbed, 
basic  flow  are  discussed  subsequently  in  connection 
with  the  conditions  used  for  the  calculation  of  the 
unsteady,  disturbed  flow. 


Boundary  Conditions 

At  solid  walls  (non -permeable ,  no-slip) ,  such  as 
boundary  A-B  of  Figure  1  or  A-B  and  C-D  of  Figure 
2,  the  velocity  components  vanish 


w(0,y,t)  «  w  (y)  +  P^ (y,t)  , 

B 

u (0,y , t )  =  uB(y)  +  Pu(y,t)  ,  (21) 

v(0,y,t)  =  vB(y)  +  Pv(y,t) 

For  the  calculation  of  the  steady,  undisturbed 
flow  field  the  perturbation  functions  in  Eqs.  (20) 
and  (21)  of  course  vanish.  For  simulations  of 
Tollmien-Schlichting  waves,  for  example,  the 
perturbation  functions  are  periodic  in  time  where 
amplitude  distributions  (or  so-called  perturbation 
profiles)  as  obtained  from  linear  stability  theory 
can  be  used. 

The  freestream  boundary  C-D  (Figure  1)  for  the 
boundary-layer  flow  is  an  artificial  boundary  and 
requires  special  considerations  as  discussed  in 
Section  2.  For  both  the  calculation  of  the  steady 
flow  and  the  unsteady,  disturbed  flow,  vorticity  is 
assumed  zero  (u)'-i;=0).  For  boundary-layer  type  flows, 
vorticity  for  both  basic  and  disturbance  flow  (when 
disturbances  are  introduced  within  the  boundary  lay¬ 
er)  decays  rapidly  away  from  the  wall  and  is  practi¬ 
cally  zero  at  a  distance  of  two  6  (5  boundary  layer 
thickness)  from  the  wall. 

For  the  calculation  of  the  steady  flow  using  the 
cu,u,v  system  suitable  conditions  for  C-D  are 

U  =  Ufs(x)  (22) 


u=0  ,  v=0  ,  U=0  ,  V=0  .  (16) 


The  vorticity-transport  formulations  (the  u,v,p 
formulation  will  not  be  discussed  further)  require 
special  treatment  for  the  vorticity  calculation  at 
the  walls.  For  the  formulation  vorticity  can 

be  calculated  from  the  relationship 


derived  from  Eq. 
either 


(2)  ; 
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for  the  c,u,v 
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formulation 
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derived  from  Eq.  (7b)  or 
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resulting  from  Eq.  (3) 


can  be  used. 


(19) 

Equations  (17)— 


where  the  freestream  velocity  Ufs (x)  may  be  speci¬ 
fied  according  to  the  downstream  pressure  variation 
of  the  boundary  layer  flow.  A  condition  for  the  v 
component  can  be  derived  from  the  continuity  equa¬ 
tion,  (5),  using  Eq.  (22) 


3  y  dx  .  (23) 

For  the  io.iJj  system  a  condition  equivalent  to  Eq.  (22) 
can  be  used 
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Ufs(x) 


(24) 


The  (i'.u'.v1  disturbances  decay  relatively  slowly 
in  direction  normal  to  the  wall.  For  example,  for 
Tollmien-Schlichting  waves  the  (Jj '  or  v'  amplitude 
at  66* ,  (for  Re*=630,  based  on  displacement  thick¬ 
ness  6*)  may  still  be  close  to  50%  of  the  maximal 
amplitude.  Therefore  Dirichlet  conditions  (u'=v'= 
i|>'=0)  could  only  be  used  if  the  freestream  boundary 
were  very  far,  for  example  506*,  from  the  wall. 
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This  would  be  impractical  due  to  the  excessive 
amounts  of  grid  points  required-  On  the  other  hand, 
the  conditions  given  below  allow  a  relatively  small 
integration  domain  in  y-direction.  They  only  postu¬ 
late  that  the  disturbances  decay  asymtotically  in 
y-direction.  For  the  u>,<|/  formulation  such  a  condi¬ 
tion  is 


3  ft* 
3  y 


=  -  aip* 


and  for  the  u>,u,v  formulation 


3  u* 
3  y 

3  v* 
3  Y 


-  ctv* 


(25) 


(26) 


where  a  is  the  local  wave  number  of  the  resulting 
disturbance  waves.  Test  calculations  have  shown 
that  with  the  conditions  (25)  or  (26),  together 
with  the  Dirichlet-type  vorticity  condition  dis¬ 
cussed  previously,  physically  meaningful  results 
can  be  obtained  when  the  integration  domain  in  y- 
direction  includes  only  two  to  three  boundary- layer 
thicknesses . 

Selection  and  implementation  of  the  boundary 
conditions  at  the  downstream  boundary  B-C  represents 
a  very  difficult  task.  These  boundary  conditions 
have  to  enable  propagation  of  disturbances  right 
through  this  boundary,  where  any  effects  causing 
even  the  slightest  wave  reflection  have  to  be 
avoided.  The  conditions  found  most  satisfactory 
in  this  respect  are  for  the  formulation 
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and  for  the  oj,u,v  formulation 
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Numerical  experiments  with  conditions  (27)  and  (28) 
have  shown  that  physically  reasonable  results  are 
already  possible  when,  for  periodic  upstream  dis¬ 
turbance  input,  the  length  of  the  integration  domain 
includes  only  three  to  four  wavelengths. 

For  the  calculation  of  the  steady  flow  (for  the 
boundary- layer  flow,  for  example)  boundary  condi¬ 
tions  which  are  compatible  with  those  of  the  unsteady 
calculations  are  for  the  <» ,  p  system 
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and  for  the  w,u,v  system 
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The  boundary  conditions  Eqs.  (27)  or  Eqs.  (28)  for 
the  downstream  boundary  [also  Eqs.  (25)  and  (26) 
for  the  free  stream  boundary ]  can  be  derived  assum¬ 
ing  neutral,  periodic  behaviour  of  the  disturbance 
flow.  However,  extensive  test  calculations  have 
shown  that  use  of  such  conditions  does  not  enforce 
a  strict  periodic  behaviour  of  the  disturbance  flow 
near  these  boundaries.  Rather,  these  conditions 
allow  damping  or  amplification  of  the  disturbances 
even  on  these  boundaries  themselves.  These  con¬ 
ditions  have  also  proven  to  be  applicable  for  cal¬ 
culations  with  periodic  disturbance  input  of  large 
amplitudes  as  well  as  for  non-periodic  disturbance 
input  (random  disturbances,  for  example)  [see  Fasel 
et  al.  (1977)  ]. 

For  cases  where  a  is  not  known  a  priori  it  can 
be  determined  interatively .  Starting  with  an  ini¬ 
tial  guess  uq(x)  (a  is  generally  a  function  of  x, 
of  course,  although  for  the  derivation  of  the 
boundary  conditions  it  was  assumed  constant  to 
arrive  at  simple  relationships)  an  improved  ot(x) 
can  be  determined  from  the  resulting  disturbance 
waves  developing  in  the  integration  domain.  Even 
with  relatively  crude  initial  guesses  ao(x)  (for 
example  ao“0)  this  interation  loop  converges 
rapidly,  and  for  practical  purposes  two  or  three 
iterations  are  sufficient. 

There  is  no  formal  difference  between  the  bound¬ 
ary  conditions  (27)  and  (28)  used  for  the  uj,^  and 
co,u,v  formulation,  respectively.  Both  sets  of  con¬ 
ditions  specify  relationships  for  the  second  deriva¬ 
tives  in  the  disturbance  variables.  Nevertheless  a 
subtle  difference  does  exist.  Condition  (27)  for 

implies  that  (due  to  the  definition  of  \p,  Eq.  4b) 
for  v*  a  relationship  involving  the  first  derivative 
is  prescribed 


This  is  obviously  more  restrictive  than  condition 
(28c)  where  for  v'  a  second  derivative  is  prescribed. 
For  small  periodic  disturbances  the  two  sets  of 
conditions  lead  to  practically  the  same  results, 
although  the  results  with  the  u> , ^  system,  together 
with  conditions  (27) ,  exhibit  subtle  irregularities 
near  the  downstream  boundary  for  the  waves  propa¬ 
gating  through  this  boundary.  The  co,u,v  system, 
together  with  conditions  (28) ,  however  become  su¬ 
perior  to  the  u>,^  system  with  conditions  (27)  when 
larger  disturbance  amplitudes  are  involved.  In  this 
case,  re flection- type  phenomena  can  be  observed  in 
increasing  manner  at  the  downstream  boundary  for  the 
w,C'  system.  For  the  investigation  of  the  effects 
of  a  backward- facing  step  on  transition  [Fasel  et 
al.  (1977) ]  the  small  vortices  traveling  downstream 
are  caught  at  the  downstream  boundary  when  the 
system  and  conditions  (27)  are  used,  rendering  the 
numerical  results  worthless.  Using  conditions  (28) 
with  the  uj,u,v  system,  on  the  other  hand,  allows 
smooth  passage  of  these  vortices  through  that  bound¬ 
ary. 

For  these  reasons  conditions  (28) ,  in  connection 
with  the  ui ,  u , v  system,  have  proven  to  be  the  best 
choice  so  far  in  properly  treating  the  downstream 
boundary.  The  relatively  small  upstream  influence 
of  these  conditions  can  be  best  demonstrated  with 
typical  results  from  test  calculations.  Figure  5 
for  example,  shows  a  comparison  of  the  disturbance 
variable  u’  for  calculations  with  small  periodic 
disturbances  where  first  in  Eqs.  (28)  an  adequate 
value  for  n  (ot=35.6,  obtained  from  linear  stability 
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EKUJRl'.  5.  Downstream  development  of  u* -disturbance  at 
y/.'.y  -  $  for  different  boundary  conditions  at  the 
downstream  boundary  (boundary  layer  on  a  flat  plate) . 

theory)  was  used  while  for  the  other  calculation  a 
was  simply  set  zero.  It  is  obvious  that  even  with 
the  poor  value  for  a  the  upstream  influence  is  re¬ 
stricted  to  a  region  of  approximately  one  wavelength, 
while  the  disturbance  further  upstream  is  practi¬ 
cally  unaffected.  This  relatively  minor  upstream 
influence  can  also  be  observed  in  Figure  6  where 
the  amplification  curves  (for  the  maximum  of  u1) 
are  compared  for  the  two  cases.  The  disturbance 
amplification  further  than  one  wavelength  upstream 
is  practically  unaffected  by  the  value  used  for  u 
in  Eqs.  (28) . 


5.  NUMERICAL  METHOD 

A  numerical  method  for  transition  studies  has  to 
generally  allow  for  numerical  solutions  of  a 
boundary-value  problem  for  the  calculation  of  the 
steady  flow,  i.e.  solution  of  Eqs.  (1)  and  (2)  or 
Eqs.  (1)  and  (7)  (without  du>/<*t  in  Eq.  1)  with  ap¬ 
propriate  boundary  conditions  discussed  in  Section 
4.  Further  the  solution  of  a  mixed  ini tial -boundary- 
value  problem  for  the  calculation  of  the  unsteady 
flow  is  required,  i.e.  solution  of  Eqs.  (1)  and  (2) 
or  Eqs.  (1)  and  (7)  with  the  boundary  conditions  for 
the  unsteady,  disturbed  flow  and  initial  conditions 
discussed  in  Section  4.  The  partial  differential 
equations  are  of  fourth  order  for  the  formula¬ 

tion  and  of  even  higher  order  for  the  u>,u, v-system. 
For  both  formulations  the  governing  equations  are 
elliptic  for  the  calculation  of  the  steady  flow  and 
parabolic  for  the  unsteady  flow.  In  this  paper  the 
discussion  is  restricted  to  application  of  finite- 
difference  methods  for  the  solution  of  the  mathe¬ 
matical  problems  posed. 

A  difference  method  for  investigations  of  hydro- 
dynamic  stability  and  transition  phenomena  has  to 
meet  a  number  of  requirements  in  order  to  ensure 
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success.  Some  of  the  requirements  deemed  most 
important  in  this  context  are  as  follows: 


(i)  Stability ,  convergence 

Rigorous  mathematical  proofs  of  (numerical)  stabil¬ 
ity  and  convergence  for  nonlinear  problems  as  dif¬ 
ficult  as  the  one  at  hand  have  not  been  accomplished 
as  yet.  For  the  present  investigation,  however, 
stability  of  the  numerical  method  is  of  fundamental 
importance.  Numerical  instability  is  frequently 
exhibited  in  form  of  oscillations  which  would  be 
hardly  discernible  from  the  physically  meaningful 
oscillations  caused  by  introduced  forced  perturba¬ 
tions.  Hence,  a  prospective  difference  method  has 
to  be  highly  stable,  even  for  relatively  large 
Reynolds  numbers . 

In  general,  for  transition  studies  of  the  kind 
considered  in  this  paper  convergence  is  also  quite 
serious.  Convergence  is  not  necessarily  guaranteed 
if  for  a  properly  posed  problem  the  numerical  scheme 
is  stable  and  consistent  as  is  the  case  for  linear 
partial  differential  equations  of  second  order 
(Lax’s  equivalence  theorem,  see  Richtmyer  and 
Morton  (1967)].  However,  experimenting  first  with 
small  periodic  disturbances  one  can  at  least  empir¬ 
ically  check  the  convergence  behaviour  of  the  nu¬ 
merical  method  by  comparing  calculations  for  various 
grid  sizes  with  linear-stability-theory  results  and 
experimental  measurements.  Then  for  other  dis¬ 
turbance  inputs,  such  as  large  amplitude  periodic 
disturbances,  one  hopes  that  the  convergence  char¬ 
acteristics  do  not  change  significantly. 

(ii)  Accuracy  of  second  order 

For  these  investigations  at  least  second-order  ac¬ 
curacy  of  the  numerical  method  (i.e.  the  truncation 
error  of  the  difference  analogue  to  the  governing 
equations,  initial  and  boundary  conditions  at  least 
of  second  order)  is  required  to  exclude  or  minimize 
undesirable  non-physical  effects,  such  as  artificial 
viscosity,  when  mesh  intervals  of  practical  sizes 
are  used. 

(Hi)  Realistic  resolution  of  the  transient  char¬ 
acter  of  unsteady  flow  fields 

Transition  phenomena  are  of  highly  unsteady  nature, 
with  the  time-dependent  behaviour  of  the  flow  being 
of  special  interest.  Thus,  the  difference  method 
has  to  be  such  that  realistic  resolution  of  the 
transient  character  of  such  flow  fields  is  possible. 
Therefore  truly  second-order  accuracy  is  also  de¬ 
sirable  for  the  time  derivative. 


(iv)  Efficiency  with  respect  to  computational 
speed  and  required  fast^access  storage  capacity 

Numerical  solutions  of  the  complete  Navier-Stokes 
equations  for  unsteady  flows  at  high  Reynolds 
numbers  require  numerous  time-consuming  numerical 
operations.  Therefore  computers  with  large,  fast- 
access  computer  storage  capacity,  reaching  even  the 
limits  of  modern  computer  systems,  are  necessary. 

A  prospective  difference  method  for  transition 
simulations  has  to  be  extremely  efficient,  i.e. 
maximizing  computational  speed  and  minimizing  re¬ 
quired  computer  storage  capacity  as  much  as  possible, 


in  order  to  be  capable  at  all  of  undertaking  inves¬ 
tigations  of  this  nature  with  the  computers  available 
today. 

Of  the  requirements  discussed  here,  numerical 
stability  is  the  most  stringent  one  and  hence  has 
to  be  given  most  consideration.  For  this  reason 
only  implicit  methods  are  suitable.  Implicit  meth¬ 
ods  are  generally  much  more  stable  than  their  im¬ 
plicit  counterparts.  For  the  adequate  resolution 
of  the  large  gradients,  resulting  from  the  strongly 
time-dependent  flow  fields  to  be  investigated,  rel¬ 
atively  small  spatial  intervals  Ax  and  Ay  are  re¬ 
quired.  Using  explicit  methods  this  could  lead  to 
excessively  small  time-steps  required  to  maintain 
numerical  stability.  For  example,  using  an  explicit 
counterpart  to  the  present  implicit  method,  the 
time-step,  according  to  a  linearized  stability  anal¬ 
ysis,  would  have  to  be  more  than  100  times  smaller 
for  a  practical  calculation  than  when  using  the 
corresponding  implicit  scheme.  To  satisfy  require¬ 
ment  (iv)  attention  has  to  be  given  to  making  the 
implicit  difference  method  extremely  efficient  and 
also  to  meeting  the  other  requirements  discussed 
previously. 

Experimentation  with  various  implicit  difference 
schemes  suggested  that  'fully'  implicit  schemes  are 
the  most  promising  for  transition  studies.  'Fully' 
implicit  means  that  all  difference  approximations 
and  nodal  values  for  the  approximation  of  governing 
equations  and  boundary  conditions  are  taken  at  the 
most  recent  time-level.  For  our  fully  implicit 
method  three  time-levels  are  employed  to  obtain  a 
truncation  error  of  second  order  for  the  time  de¬ 
rivative  dw/lt  in  Eq.  (1) . 

For  all  space  derivatives,  central  difference 
approximations  with  second-order  truncation  error 
are  employed.  The  implementation  of  the  boundary 
conditions  into  the  numerical  scheme  requires 
special  care  so  that  overall  second-order  accuracy 
can  be  maintained. 

This  implicit  scheme  leads  to  two  systems  of 
equations  for  the  formulation  and  to  three 

systems  of  equations  for  the  u>,u,v  formulation. 

These  systems  of  equations  can  be  solved  by  itera¬ 
tion.  Because  of  the  retention  of  full  implicity 
the  equation  system  resulting  from  the  vorticity- 
transport  equation  is  coupled  with  the  Poisson 
equation  systems  via  the  nonlinear  convection  terms. 
It  is  additionally  coupled  with  the  systems  result¬ 
ing  from  the  Poisson  equations  via  the  calculation 
of  the  wall  vorticity  from  Eq.  (17)  for  the  u>## 
formulation  and  from  either  Eqs.  (18)  or  (19)  for 
the  uj , u , v  formulation. 

A  very  effective  solution  algorithm  based  on 
line-iteration  has  been  developed  for  our  method 
for  this  coupled  system.  It  is  discussed  elsewhere 
in  more  detail  [Fasel  (1978)].  This  solution  algo¬ 
rithm  has  shown  to  be  equally  effective  when  the 
basic  equations  are  transformed  to  allow  for  a  vari¬ 
able  mesh  in  the  physical  plane  such  as,  for  exam¬ 
ple,  to  concentrate  grid  points  close  to  walls  where 
high  gradients  are  expected.  Overrelaxation  to 
accelerate  convergence  can  be  easily  implemented  as 
has  been  done  for  several  calculations  [Fasel  et  al. 
(1977)  ].  Another  advantage  is  that  the  solution 
algorithm  is  readily  exchangeable  to  be  applied  for 
both  the  governing  equations  in  u),4»  and  (o,u,v  formu¬ 
lation.  This  has  been  successfully  exploited  in  the 
investigations  of  the  effects  of  a  backward-facing 
step  on  transition.  In  this  study  both  formulations 
were  used  in  the  integration  domain;  the  formu¬ 


lation  was  used  in  the  region  containing  the  corners 
of  the  step  which  can  be  treated  more  conveniently 
with  this  formulation.  For  the  domain  bounded  by 
the  downstream  boundary  the  ui,u,v  formulation  was 
applied,  because  it  allows  use  of  less  restrictive 
boundary  conditions  as  discussed  in  Section  4. 

The  effectiveness  of  this  solution  algorithm  can 
be  best  judged  by  presenting  a  typical  computation 
time  for  a  practical  calculation.  For  a  periodi¬ 
cally  disturbed  flow  with  small  disturbance  ampli¬ 
tudes,  using  a  35  x  41  grid  and  calculating  260 
time-steps,  the  required  CPU  time  on  a  CDC  6600 
is  about  five  minutes,  including  the  calculation 
of  the  steady  flow.  This  is  relatively  little, 
considering  that  the  flow  is  disturbed  at  every- 
time  level  and  that  full  implicity  is  retained  in 
the  numerical  method. 


6.  NUMERICAL  RESULTS 

The  implicity  difference  method  which  we  have  devel¬ 
oped  has  been  subjected  to  crucial  test  calcula¬ 
tions  to  verify  its  applicability  to  investigations 
of  stability  and  transition.  First,  the  reaction 
of  the  boundary- layer  on  a  flat  plate  to  periodic 
disturbances  of  small  amplitudes  was  investigated 
in  detail.  It  was  demonstrated  that  the  spatial 
propagation  of  Tollmien-Schlichting  waves  could  be 
simulated  where  comparison  of  the  numerical  calcu¬ 
lations  with  results  of  linear  stability  theory  and 
laboratory  measurements  showed  good  agreement.  Re¬ 
sults  of  such  calculations  for  the  numerical  method 
based  on  the  w,u,v  formulation  are  presented  and 
discussed  elsewhere  [Fasel  (1976)]. 

The  usefulness  of  the  numerical  simulations  for 
the  investigation  of  two-dimensional,  nonlinear 
effects  was  demonstrated  by  calculating  the  reaction 
of  a  boundary-layer  flow  to  periodic  disturbances  of 
larger  amplitudes.  Investigating  the  propagation 
of  spatially  growing  or  decaying  disturbance  waves 
in  a  plane  Poiseuille  flow  (both  in  the  linear  and 
nonlinear  regime)  verified  that  the  numerical  method 
is  not  limited  to  boundary-layer  flows  but  rather 
that  it  is  equally  applicable  to  other  flows  of 
importance.  Finally,  numerical  investigations  of 
of  transition  phenomena  in  the  presence  of  a  two- 
dimensional  roughness  element  (backward-facing  step) 
showed  that  simulations  with  this  numerical  model 
allow  insight  into  processes  which  may  possibly  be 
important  for  understanding  certain  transition  mech¬ 
anisms.  Results  of  this  investigation  and  of  the 
investigations  mentioned  before  are  discussed  in 
another  paper  [Fasel  et  al .  (1977)]. 

Because  the  purpose  of  this  paper  is  to  review 
main  aspects  of  numerical  transition  simulations, 
emphasis  here  is  not  on  conveying  new  results  or 
details  of  numerical  calculations.  Rather,  results 
presented  here  are  intended  to  be  of  exemplary 
nature  and  were  selected  in  order  to  clearly  demon¬ 
strate  essential  aspects  of  such  simulations  and 
to  show  what  can  be  expected  from  such  numerical 
calculations . 

The  drawings  in  Figures  7  and  8  should  facilitate 
an  evaluation  of  the  potential  of  such  numerical 
simulations,  and,  of  course,  also  point  out  possible 
disadvantages  and  limitations.  Figures  7  and  8 
show  results  for  a  boundary- layer  flow  on  a  flat 
plate,  disturbed  at  the  upstream  boundary  with  small 
periodic  disturbances.  This  case  is  particularly 
suitable  for  demonstration  purposes.  The  ensuing 
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Disturbance  variables  versus  x/. 
.  '  ,  >:i)  .  '  (different.  view)  . 


and  y/.*y  (persi-eet  i vo  representation)  at.  -  80;  a)  u' 


Tollmien-Schlichting  waves  that,  can  be  studied  irom 
such  calculations  are  thoroughly  investigated, 
experimentally  as  well  as  theoretically,  and  the 
results  of  these  calculations  are  therefore  more 
intelligible  than  those  of  more  complicated  phe¬ 
nomena  of  transition. 

For  these  calculations,  based  on  the  u,v  for- 
mulation,  the  Reynolds  number  at  the  upstream  bound¬ 
ary  is  Re*=630.  For  the  periodic  disturbance  input, 
for  which  perturbation  profiles  of  linear  stability 
theory  ^re  uped,  the  frequency  parameter  (defined 


as  F=  10  Bv/u‘n  ,  with  disturbance  frequency  3)  is 


F=1.3.  In  this  case  the  flow  is  unstable  according 
to  linear  stability  theory  (the  location  of  the  left 
boundary  corresponds  to  a  point  on  the  neutral  curve) 
and  therefore  the  disturbances  should  become  ampli¬ 
fied  in  downstream  direction.  For  the  calculations 
an  equi-distant  grid  with  35  points  in  y-direction 
and  41  points  in  x-direction  was  used. 

In  Figures  7  and  8  the  function  values  of  the 
disturbance  flow  (obtained  by  subtracting  the 
quantities  of  the  basic  flow  from  those  of  the  total 
flow)  are  plotted  for  all  three  fields  of  variables 
u',v*  for  which  the  total  flow  variables  are 

directly  obtained  from  the  numerical  calculations . 

To  allow  simultaneous  representation  of  the  func¬ 
tion  values  at  all  grid  points  a  perspective  rep¬ 
resentation  was  chosen  where  the  function  values 
are  plotted  versus  the  downstream  coordinate  x/Ax 


and  the  coordinate  normal  to  the  wall  y/Ay.  These 
perspectxve  representations  allow  the  best  possible 
qualitative  survey  of  the  large  amount  of  data  ob¬ 
tained  from  such  calculations. 

In  Figure  7  the  disturbance  variables  u',v',u)' 
are  plotted  for  a  time  instance  of  t=80At,  which 
corresponds  to  a  time  of  two  time  periods  after 
initiation  of  the  disturbances  at  the  upstream 
boundary.  In  Figures  7a,  7b,  and  7c  the  view  is  in 
the  direction  away  from  the  wall,  looking  slightly 
in  upstream  direction.  In  Figure  7d  the  view 
is  also  in  the  direction  away  from  the  wall,  look¬ 
ing  now,  however,  downstream.  From  these  figures 
the  propagation  of  the  disturbance  waves  into  the 
undisturbed  flow  field  can  be  clearly  observed. 

Figure  8  shows  the  corresponding  drawings  for 
the  three  variables  u'  ,v'  ,co'  at  a  time  instance  of 
t=250At,  that  is,  more  than  two  time  periods  after 
the  disturbance  wave  reached  the  downstream  bound¬ 
ary.  These  plots  demonstrate  that  the  downstream 
boundary  conditions  work  properly.  Obviously,  the 
waves  can  smoothly  pass  through  this  boundary, 
causing  no  noticeable  reflections.  Even  after  hun¬ 
dreds  of  time-steps  the  flow  at  and  near  this 
boundary  maintains  its  time-periodic  character  and 
therefore  the  state  of  the  disturbance  flow  as  rep¬ 
resented  in  Figure  8  would  repeat  itself  periodi¬ 
cally  if  the  calculations  were  continued  for  further 
time-steps . 
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FMFKK  8.  hi stur banco  variables  v* r;;us  x/.'x  and  y/‘.y  (porspect  i ve  representation)  at  t/.'.t  250;  a)  u' , 

b)  v*,  c)  .  '  ,  d)  (different  view). 
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In  Figures  7  and  8  the  large  gradients  normal 
to  the  wall  of  the  u'  and  w*  disturbances  become 
clearly  visible  (for  u.'  this  can  be  best  observed 
from  Figures  7d  and  8d)  while  v'  changes  more  grad¬ 
ually.  The  large  gradients  observable  in  these  re¬ 
sults  indicate  already  the  ma jor  difficulties  and 
limitations  in  numerical  simulations  of  transition 
phenomena.  In  a  numerical  solution  method  these 
large  gradients  have  to  be  adequately  resolved  to 
obtain  meaningful  representation  of  essential  physi¬ 
cal  phenomena.  For  nonlinear  disturbance  waves  re¬ 
sulting  from  disturbance  input  with  larger  amplitudes 
[ Pasel  et  al.  (1977)]  or  for  other  more  complicated 
transition  phenomena  the  gradients  may  become  even 
considerably  larger.  Using  finite-difference  meth¬ 
ods  of  a  given  accuracy  (for  example,  second  order 
as  for  the  present  method)  better  resolution  can 
only  be  achieved  by  using  additional  grid  points. 
This,  however,  leads  to  ever  larger  equation  sys¬ 
tems  the  sizes  of  which  are  limited  by  computer 
storage  capacity  and  computation  time. 

Some  help  can  be  expected  from  employing  vari¬ 
able  mesh  systems  allowing  allocation  of  more  grid 
points  closer  to  walls,  where  the  gradients  are 
largest,  and  using  fewer  points  further  away  where 
gradients  are  small.  This  can  be  best  achieved 
using  coordinate  transformations  for  which  test 
calculations  have  shown  that  sizable  savings  in 
the  number  of  grid  points,  and  also  in  computation 


time,  are  possible  to  achieve  accuracy  comparable 
with  calculations  in  an  equidistant  grid.  Addi¬ 
tional  improvement  may  be  expected  from  application 
of  higher-order  accurate  difference  schemes  (higher 
than  second  order)  which  are  presently  in  the  state 
of  development  and  about  to  be  used  in  our  numerical 
method. 

The  results  shown  in  Figures  7  and  8  also  unveil 
the  considerable  potential  and  advantages  of  such 
numerical  simulations.  The  f inite-dif ference  so¬ 
lutions  produce  a  bulk  of  data,  i.e.  the  values  of 
the  variables  directly  involved  in  the  solution 
procedure  are  obtained  for  all  grid  points  and  for 
all  time-levels  that  are  calculated.  The  data  can 
be  conveniently  stored  on  mass  storage  devices, 
such  as  magnetic  tape  (used  for  the  present  calcu¬ 
lations,  for  example).  The  data  stored  can  be 
processed  immediately  or  at  any  later  data  to  ob¬ 
tain  any  specific  information  desired,  or  to  produce 
additional  data  that  might  be  deemed  necessary  for 
a  more  detailed  evaluation  of  particular  flow  phe¬ 
nomena.  For  example,  they  can  be  used  to  obtain 
frequency  spectra,  Reynolds  stresses,  energy  bal¬ 
ances,  amplitude  distributions,  or  to  produce  con¬ 
tour  plots  (equivorticity  lines,  stream  lines)  etc. 
Another  positive  side  of  such  numerical  simulations 
is  that  if  the  data  would  be  destroyed  or  lost,  they 
could  be  reproduced  identically,  which  would  be 
hardly  possible  in  comparable  laboratory  experiments. 
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7  .  OONC LAID  I  Nt :  REMARKS 

The  objective  of  the  present  review  was  to  discuss 
possible  approaches  to  numerical  simulations  of  sta¬ 
bility  and  transition  based  on  numerical  solutions  of 
the  Nav ier-Stokes  equations  using  finite-difference 
methods.  The  approach,  allowinq  invest iqal ions  of 
spatially  propaqatinq  disturbance  waves,  mainly 
elaborated  upon  in  this  paper,  appears  most  promis- 
inq  for  realistic  numerical  invest iqat ions  of  physi¬ 
cal  phenomena  occurring  in  transition.  Tlu*  immense 
amount  of  reproducible  data  obtained  from  such  cal¬ 
culations  allows  detailed  information  of  any  part 
of  the  flow  field  which  may  be  helpful  to  quin  in¬ 
sight  into  essential  mechanisms  oecurritiq  in  t  ran- 
s  i  t.ion. 

The  restriction  of  the  numerical  model  to  two- 
dimensional  flows  has  also  a  positive  side.  With 
this  model  truly  two-dimensional  numerical  experi¬ 
ments  can  be  performed  while  in  laboratory  experi¬ 
ments  it  is  always  difficult  to  completely  exclude 
unwanted  three-dimensional  effects.  Of  course  the 
later  staqes  of  transition  are  inherently  three- 
dimensional  in  nature  and  therefore  for  a  study  of 
these  later  developments  a  three-dimensional  model 
would  be  desirable. 

The  main  difficulties  and  limitations  of  such 
simulations  result  from  the  largo  gradients  which 
occur  in  the  transition  process.  For  adequate 
resolution  of  the  large  gradients  which  become  even 
larger  for  more  complicated  phenomena,  increasing 
numbers  of  grid  points  are  required  which  may  lead 
to  excessive  requirements  of  computer  storage  and 
comj >u t a t  i  on  t.  ime . 

In  spite  of  these  difficulties  the  number  of 
numerical  simulations  of  transition,  similar  to 
the  approach  discussed  in  this  paper,  is  likely  to 
increase  due  to  the  enormous  potential  inherent  in 
such  investigations.  Emphasis  will  probably  bo  on 
the  development  of  difference  methods  with  higher 
accuracy  which  are  applicable  for  such  studies. 
Additionally,  increasing  use  of  numerical  methods 
other  than  finite-difference  methods  i s  likely, 

.such  as  spectral  methods  or  finite-element  methods. 
Finally,  with  continuing  progress  in  the  develop¬ 
ment  to  high-speed  digital  computers,  detailed 
quantitative  investigations  of  three-dimensional 
transition  phenomena  will  probably  become  feasible 
in  the  near  future. 
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I  want  to  present  some  recent  experimental  observa¬ 
tions  that  provide  further  insiqht  into  the  physical 
processes  that  occur  in  the  transition  from  a  lami¬ 
nar  to  a  turbulent  boundary  layer.  We  know  that 
external  disturbances,  such  as  freo-stroam  turbu¬ 
lence  and  sound,  excite  small  pert ubat ions  in  the 
laminar  flow,  and  that  under  certain  conditions 
these  may  develop  downstream  in  the  form  of  growing 
wave  trains.  At  low  pertubation  levels  these  un¬ 
stable  travelling  waves  are  adequately  described 
by  the  linearised  equations  of  motion.  Measure¬ 
ments  on  weak  artificially  excited  wavers  have,  by 
and  largo,  provided  excellent  confirmation  of  linear 
theory.  Far  downstream  the  amplitudes  of  the  per¬ 
tubation  velocities  will,  however,  become  too  larqe 
for  thi'  neglect  of  the  non-linear  terms  to  be  valid, 
and  a  non-linear  description  of  the  motion  is  nec¬ 
essary.  Even  in  the  relatively  simple  situation 
of  the  constrained  parallel  Poiseuille  flow,  which 
has  b*en  extensively  studied,  the  non-linear  the¬ 
ories  so  far  developed  can  only  weakly  describe 
non-linear  events,  and  even  then  the  computations 
are  very  involved.  Those  non-linear  theoretical 
models  are  nevertheless  very  helpful  in  doscribinq 
the  various  interactions  between  the  fundamental, 
its  harmonics,  and  the  mean  flow,  but  they  cannot 
qo  far  toward  providing  a  model  of  the  process  of 
breakdown  to  turbulence,  nor  ire  they  intended  for 
that  pur|>useH. 

Non-linear  analyses  have  been  concerned  mostly 
with  the  evolution  of  purely  periodic  wave  trains. 

In  the  case  of  linear  problems  it  is  quite  proper 
to  consider  an/  disturbance  in  terms  of  its  Fourier 
elements.  Knowledge  of  the  behaviour  of  purely 
periodic:  wave  trains  enables  more  complex  distur¬ 
bances  to  be  described.  Unfortunately  this  is  not 
the  case  when  the  disturbance  is  non-linear,  and 
f he  welcome  simplification  obtained  by  breaking  down 
a  problem  into  harmonics  is  no  longer  valid.  When 
the  initial  disturbances  arise  from  natural  rather 
random  stimuli  the  linear  wave  train  will  initially 
consist  of  a  band  of  unstable  wavs.  After  some 


amplification  a  slowly  modulated  almost  sinusoidal 
oscillation  will  inevitably  develop.  When  the 
selective  amplification  is  very  large,  as  is  the 
case  in  many  boundary  layer  flows,  the  modulations 
are  slow,  and  it  does  not  seem  too  much  of  an 
idealisation  to  treat  the  non-linear  problems 
analytically  as  if  it  were  a  purely  regular  wave 
train.  It  turns  out,  however,  that  the  degree  of 
modulation  does  not  have  to  bo  large  for  its  in¬ 
fluence  on  the  Reynolds  stresses  and  thus  the  'mean 
motion*  to  be  very  significant.  In  a  typical  ex¬ 
periment  on  a  laminar  boundary  layer  over  a  flat 
plate,  in  a  low  turbulence  wind  tunnel  one  finds 
that  the  instability  waves  are  modulated  suffi¬ 
ciently  to  influence  the  transition  process.  It 
is  found,  for  example,  that  breakdown  to  turbulence 
occurs  violently  and  in  a  random  manner  quite  un¬ 
like  the  type  of  breakdown  that  is  observed  m 
controlled  periodic  wave  trains.  Measurements  on 
isolated  wave  packets  also  show  the  effect  that 
modulation  of  the  wave  train  has  on  transition,  but 
in  a  more  controlled  way. 

Previously  reported  measurements  [Gaster  and 
Grand  (1975)]  on  artifieally  excited  wave  packets 
showed  consistent  and  quite  well  defined  deviations 
from  the  structure  predicted  by  linear  theory. 

Since  the  maximum  level  of  the  velocity  fluctua¬ 
tions  measured  lay  below  that  for  which  significant 
non-linearity  is  exhibited  by  regular  periodic  wave 
trains,  the  reason  for  this  behaviour  was  at  that 
time  unclear.  In  the  experiments  only  one  level 
of  input  excitation  was  used  and  so  there  was  no 
direct  way  of  assessing  the  importance  of  the  non¬ 
linear  terms.  These  experiments  have  been  repeated 
at  the  National  Maritime  Institute  with  various 
levels  of  input  excitation  and  it  has  now  been  con¬ 
clusively  established  that  the  previously  observed 
warping  of  wave  fronts  and  the  non-Gaussian  char¬ 
acter  of  some  of  the  hot-wire  signal  envelopes  arose 
from  non-linearity.  This  behaviour  can  best  bo  il¬ 
lustrated  by  showing  a  comparison  of  the  hot-wire 
signals  that  arise:  (a)  with  a  sinusoidal  input, 
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and  (b)  a  pulsed  input.  As  in  the  previous  series 
of  exper imont s  the  boundary  layer  flow  was  excited 
by  an  acoust ic  device  mounted  in  a  recess  on  the 
reverse  side  of  the  flat  plate.  A  small  hole 
through  the  plate  provided  the  necessary  fluid 
dynamic  coupling  at  a  point  on  the  boundary  of  the 
working  face.  Figure  1  shows  a  set  of  hot-wire 
anemometer  records  taken  with  the  probe  mounted 
just  outside  the  boundary  layer  one  metre  down¬ 
stream  of  the  leading  edge.  The  exciter  was  driven 
sinusoidally  at  four  different  amplitude  levels 
increasing  from  (i)  to  (iv) .  The  velocity  fluc¬ 
tuations  appear  to  be  regular  and  show  no  harmonic 
or  other  distortion  until  the  Level  of  turbulence 
intensity  exceeded  l'fc  peak-to-peak  of  the  free¬ 
st  ream  velocity  (see  iv) .  Exciting  the  flow  with 
isolated  pulses  on  other  hand,  produces  a  some¬ 
what  different  picture.  Figure  2  again  contains 
four  hot-wire  records  obtained  with  different 
levels  of  drive  applied  impulsively.  At  the  lowest 
level  shown  the  signal  consists  of  a  smooth  roughly 
Gaussian  packet  of  ripples,  but  even  a  small  in¬ 
crease  in  driving  amplitude  produces  a  clearly 
discernible  distortion  to  this  signal.  Those  dis¬ 
tortions  are  similar  to  those  obtained  in  the 
earlier  experiments  quoted.  As  the  amplitude  is 
furthei  increased  the  signal  becomes  increasingly 
distorted  until  at  some  level  a  secondary  burst 
of  relatively  high  frequency  oscillations  appears. 
It  should  be  remarked  that  the  amplitude  scaling 
on  both  Figures  t  and  2  are  identical,  showing  that 
non-linear  effects  occur  at  much  lower  amplitudes 
for  the  impulsively  applied  disturbance  than  for 
a  periodic  one.  In  these  particular  experiments  it 
appears  that  non-linearity  becomes  apparent  in  the 
hot-wire  signal  at  a  peak  to  peak  amplitude  of  only 
1/5^  that  for  a  continuous  wave  train. 

The  high  frequency  oscillation  appears  to  be 
associated  with  a  steep  shear  layer  that  forms 
within  the  velocity  profile  momentarily  as  the 
wave  packets  sweep  past  the  measuring  station. 

These  shear  layers  initially  appear  on  either  side 
of  the  centre  line,  and  not  surprisingly  therefore 
the  peak  levels  of  the  high  frequency  secondary 
oscillation  also  arise  off  centre  at  roughly  these 
locations.  The  high  frequency  waves  grow  rapidly 
with  downstream  distance,  initially  developing 
exponentially  but  later  the  growth  levels  off.  At 
that  stage  the  filtered  secondary  wave  packets  wore 
observed  to  distort  in  a  way  reminiscent  of  the 


FIGURE  2.  Hot-wire  signals  from  pulsed  excitation. 

primary  wave  packet.  It  was  therefor*'  conjectured 
that  there  might  be  yet  a  further  level  of  insta¬ 
bility  on  the  secondary  wave  oscillations  when 
these  became  sufficiently  large.  Just  two  days 
before  leaving  for  this  meeting  this  idea  was 
tested.  Hot-wire  signals  from  appropriate  regions 
of  the  flow  were  filtered  to  see  whether  there  was 
any  signal  above*  the'  frequency  of  the  secondary 
oscillations.  When  the  secondary  wave  amplitude 
was  large,  a  burst  of  high  frequency  oscillations 
could  be  seen  on  the  oscilloscope.  Figure  3  shows 
the  result  of  applying  a  high-pass  filter,  set  to 
pass  above  2  kHz,  to  such  a  hot-wire  anemometer 
signal.  The  time  scale  of  this  record  is  con¬ 
siderably  expanded  compared  with  that  of  Figures  1 
and  2,  and  hows  that  the  oscillation  frequency  in 
the  burst  was  around  5  kHz.  The  basic  primary 
wav*>  packet  of  roughly  150  Hz  developed  over  1  m 
before  breaking  and  supporting  a  secondary  burst 
of  i  kHz.  This  secondary  instability  grew  in  am¬ 
plitude  to  levels  large  enough  to  indicate  the  in¬ 
fluence  of  non-linearities  in  a  distance  of  roughly 
A  cm.  The  tertiary  mod*'  of  5  kHz  detected  at  this 
stacie  seems  likely  to  grow  even  more  rapidly.  One 
can  only  presume  that  further  stages  in  this  evo¬ 
lutionary  process  are  inhibited  bv  viscosity. 

These  experiments  on  the  non-linear  wave  packet 
and  its  breakdown  to  turbulence  are  as  yet  incom¬ 
plete  and  it  is  my  purpose  here  to  indicate  only  the 
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FIGURE  3.  High  frequency  burst. 
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most  important  features  of  the  process.  Firstly, 
a  clear  demonstration  of  the  difference  between 
a  purely  periodic  wave  train  and  a  modulated  train 
as  far  as  the  level  at  which  non-linear  effects 
occur  is  presented.  The  local  breakdown  observed 
in  the  wave  packet  case  is  similar  to  that  observed 
in  the  breakdown  of  the  modulated  wave  trains  that 
arise  from  natural  random  excitations.  Secondary 
breakdown  does  of  course  also  occur  on  large  enough 
periodic  waves,  but  modulation  seems  to  cause  this 
phenomenon  to  take  place  at  somewhat  lower  levels 
of  primary  disturbance  and  in  a  slightly  different 
form.  The  artifically  driven  wave  packet  embodies 
some  of  the  most  important  features  found  in  natu¬ 
rally  occurring  waves,  and  since  they  can  be  gen¬ 
erated  in  a  controlled  manner  the  effects  can  be 
quantified.  It  is  essential  to  understand  this 
process  if  one  is  going  to  make  estimates  of  where 
transition  occurs  on  the  basis  of  the  amplitudes 
of  instability  waves  calculated  from  linear  theory. 

At  present,  most  prediction  methods  rely  solely  on 
the  intensity  of  the  most  unstable  wave.  This  is 
clearly  inadequate  as  breakdown  is  also  dependent 
on  the  modulation  of  the  wave  train,  and  consequently 
the  bandwidth  of  the  amplified  part  of  the  spectrum 
must  also  be  taken  into  account  in  some  way  yet  to 
be  established. 

Secondly,  the  transition  from  regular  waves  to 


turbulence  appears  to  occur  through  a  cascade  pro¬ 
cess.  The  stresses  induced  by  a  modulated  wave 
train  cause  steep  shear  layers  to  form  in  the  bound¬ 
ary  layer.  These  support  instabilities  of  higher 
frequencies  and  shorter  wavelengths  than  the  waves 
that  caused  the  distortions,  and  these  grow  to  large 
amplitudes  in  appropriately  shorter  distances.  This 
process  must  at  some  stage  be  tempered  by  viscosity, 
but  in  these  experiments  three  levels  of  instability 
have  been  so  far  detected.  The  lowest  frequency 
motion  was  artifically  excited  by  the  input  pulse, 
while  the  two  successviely  higher  frequencies  were 
excited  by  random  turbulence  in  the  flow  at  the 
particular  location  in  space  and  time  where  local 
instabilities  existed.  The  development  of  a  fine 
scale  structure  is  thus  a  local,  almost  explosive, 
phenomenon.  Such  a  cascade  breakdown  process  pro¬ 
vides  the  necessary  mechanism  for  the  generation  of 
fine  scale  motions  that  arise  in  a  fully  turbulent 
flow. 
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ABSTRACT 

The  instability  of  the  two-dimensional  flat  plate 
oscillatory  boundary  layer  induced  by  a  stream  with 
velocity  U  +  Uj  cos  u»t  is  considered.  The  velocity 
amplitudes,  U0  and  Uj,  are  constants  and  Uj/U0  is 
assumed  to  be  small.  The  instability  of  this  oscil¬ 
latory  boundary  layer  is  analyzed  by  a  time-dependent 
Linear  parallel  flow  instability  theory.  The  change 
of  the  Tollmien-Schl ichting  growth  rates  due  to  the 
imposed  oscillations  are  computed  to  second  order  in 
U|/U(>.  It  is  found  that  for  imposed  oscillation 
frequencies  in  the  range  of  the  Tol lmien-Schl ichting 
frequencies  of  the  underlying  Blasius  flow,  the 
boundary  layer  is  stabilized  by  the  oscillations  of 
the  external  flow. 


1.  INTRODUCTION 

In  this  paper,  we  study  the  instability  of  the  two- 
dimensional  oscillatory  laminar  boundary  layer  which 
form?;  on  a  flat  plate  that  is  exposed  to  a  stream 
with  a  velocity,  Uf)  +  Uj  cos  <ut,  perpendicular  to  the 
plate’s  leading  edqe .  The  velocity  amplitudes,  U 
and  Uj,  are  constants,  >o  is  the  angular  frequency  of 
the  ojici  l  lat  ion ,  and  t  denotes  time.  The  considera¬ 
tions  of  the  instability  of  oscillatory  flows  has 
become  an  important  field  of  research  in  recent  years 
and  has  been  reviewed  by  Davis  (1976).  The  partic¬ 
ular  class  of  problems  concerned  with  the  instability 
and  Laminar-turbulent  transition  of  oscillatory  bound¬ 
ary  layers  has  been  reviewed  by  Loehrke,  Morkovin, 
and  Fcjer  (1975).  The  latter  review  indicates  that 
very  few  studies  of  instability  and  transition  have 
focused  directly  on  the  subject  of  oscillatory  bound¬ 
ary  layers.  Such  studies  that  have  concentrated  on 
oscillatory  boundary  layers  have  been  mainly  experi¬ 
mental  investigations  which  were  restricted  to  low 
frequency  oscillations  compared  to  the  oscillation 
frequency  of  unstable  Tol lmien-Schl ichti ng  waves. 

The  only  analytical  work  concerning  the  instability 


of  oscillatory  boundary  layers  has  been  the  quasi¬ 
steady  analysis  of  Obremski  and  Morkovin  (1969)  which 
was  aimed  at  these  low  frequency  cases. 

The  study  of  the  instability  of  oscillatory 
boundary  layers  has  technological  as  well  as  funda¬ 
mental  importance.  Examples  of  a  fundamental  nature 
for  which  the  study  of  the  instability  of  oscillatory 
flows  may  have  relevance  are  the  problems  of  how 
ambient  disturbances  affect  the  instability  of  the 
underlying  steady  boundary  layer.  Specific  examples 
might  be  the  effects  of  ambient  acoustic  waves  or 
ambient  turbulence  on  steady  boundary  layer  insta¬ 
bility.  The  problem  of  the  effects  of  ambient  tur¬ 
bulence  on  the  instability  of  a  steady  boundary  layer 
probably  is  not  completely  accessible  by  the  theory 
of  the  instability*  of  oscillatory  boundary  layers. 
However,  a  sufficiently  complex,  but  organized,  am¬ 
bient  oscillation  may  be  adequate  for  duplicating 
some  aspects  of  the  effects  of  ambient  turbulence 
on  steady  boundary  layer  instability.  We  are  hope¬ 
ful  that  this  may  be  the  case  because  of  similar 
phenomena  in  the  field  of  nonlinear  ordinary  dif¬ 
ferential  equations.  The  study  of  the  instability 
of  forced  periodic  solutions  of  nonlinear  ordinary 
differential  equations  has  furnished  a  much  richer 
class  of  phenomena  than  the  corresponding  study  of 
the  instability  of  only  the  steady  solutions  of  these 
equations  [see,  for  example,  Hayashi  (1964);  in 
particular,  the  results  for  the  forced  van  der  Pol 
equation,  pp.  286-300]. 

In  the  present  study,  we  focus  on  the  very  simple 
oscillatory  boundary  layer  that  was  described  ear¬ 
lier.  The  purely  oscillatory  part  of  this  boundary 
layer  is  approximated  by  the  oscillatory  Stokes  layer 
which  has  no  spatial  structure  in  the  plane  of  the 
plate,  i.e.,  it  is  an  exactly  parallel  flow.  Thus, 
this  model  problem  may  be  too  simple  to  reveal  any 
particularly  important  features  of  realistic  ambient 
disturbances.  However,  the  model  problem  is  a  good 
starting  point  and  serves  as  a  basis  on  which  to 
develop  the  appropriate  methods  of  analysis  for  the 
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instability  of  oscillatory  flows.  We  will  be  con¬ 
cerned  mainly  with  moderate  and  high  frequency  os¬ 
cillations  comparable  to  the  oscillation  frequencies 
of  unstable  Tol lmien-Schlichting  waves.  Thus,  a 
direct  comparison  of  our  results  with  the  low- 
frequency  experimental  results  cited  by  Loerke, 
Morkovin,  and  Fejer  (1975)  will  not  be  possible. 

The  method  used  here  for  analyzing  the  instability 
of  the  oscillatory  boundary  layer  is  a  combination 
numerical  and  perturbation  method  (Yakubovich  and 
Starzhinskii  (1975)1.  In  this  method,  the  changes 
in  the  amplification  rates  of  the  free  disturbances 
of  the  underlying  steady  boundary  layer  are  computed 
as  perturbation  series  in  the  amplitude  parameter, 
U]/U0,  for  any  positive  value  of  the  frequency,  w. 
Certain  resonant  and  combination  frequencies  are  of 
particular  interest.  The  numerical  method  used  here 
to  evaluate  the  perturbation  series  allows  the  ef¬ 
ficient  and  easy  generation  of  many  terms  of  the 
series. 

The  plan  of  this  paper  is  as  follows:  In  Sec¬ 
tion  2,  wo  formulate  the  basic  flow  whose  instability 
is  to  be  examined  along  with  the  associated  theory 
instability  problem.  Section  3  outlines  the  solu¬ 
tion  method.  Section  4  discussed  the  numerical 
results.  Some  concluding  remarks  concerning  the 
instability  of  womewhat  more  complex  oscillatory 
boundary  layers  are  contained  in  Section  5. 


dimensional  linear  instability  theory  for  steady 
boundary  layers.  In  particular,  the  quasi-parallel 
temporal  instability  theory  as  outlined  by  Rosen- 
head  (1963)  is  followed.  The  restriction  to  two- 
dimensional  disturbances  can  be  justified  based  on 
an  extended  version  of  Squires’  theorem  (see  von 
Kerczek  and  Davis  (1974)].  The  perturbation  ve¬ 
locities  (u,v)  are  determined  from  the  stream  func¬ 
tion,  iMx,  n,  t)  =  ^(n^tje*®*: 
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The  disturbance  equation  for  the  perturbation  ve¬ 
locities  is  then  given  by 

|_f^=  +  ia  (Uf„-  (4, 

where  £  ,  i  =  Re  (a)  denotes  the 

real  part  of  a,  and  »»  is  the  wave  number  of  the 
sinusoidally  varying  disturbance  in  the  x-direction. 
The  boundary  conditions  are 

=  ~  =  0 ,  at  n  =  0  (5a) 

3n 


2.  INSTABILITY  THEORY 


and 


The  basic  flow  field  whose  instability  is  to  be  in¬ 
vestigated  is  the  oscillatory  boundary  layer  formed 
on  a  flat  plate  in  a  unidirectional  stream  with 
speed  U0  +  Uj  cos  u)t  perpendicular  to  the  leading 
edge  of  the  plate  and  parallel  to  its  plane.  Let 
the  cartesian  coordinate  frame  (x,y,z)  be  placed 
with  its  origin  in  the  leading  edge  of  the  plate, 
the  x-axis  pointing  downstream  parallel  to  the  plate, 
the  y-axis  perpendicular  to  the  plane  of  the  plate 
and  the  z-axis  pointing  in  the  spanwise  direction. 

For  values  of  the  parameter,  (w<o/U0)  >>  1,  the 
ratio,  =  6/6 s r  of  the  boundary  layer  thickness, 
iS  -  / xv/UQ ,  to  the  oscillatory  Stokes  layer  thick¬ 
ness,  Ss  -  /iv/io,  is  large  and  the  oscillatory 
boundary  layer  resulting  for  small  values  of  A  = 
U]/U0  can  be  approximated  well  [see  Ackerberg  and 
Phillips  (1972)]  by  the  sum  of  the  Blasius  profile 
Ug(y)  [see  Rosenhead  (1963),  p.  225]  and  the  Stokes 
layer  profile  Ug(y,  t)  [Rosenhead  (1963),  p.  381]. 

Let  us  scale  the  x-  and  y-coordinates  by  the 
local  value  of  the  displacement  thickness 

6*  =  1.7208  /xv/U  i  (1) 


Then  the  transverse  coordinate,  n,  is  defined  by 
n  yAS*  and  x'  =  x/<5*.  The  time  scale  is  <S*/U0 
so  that  dimensionless  time  is  t'  =  tUQ/6*  and  hence¬ 
forth  the  primes  will  be  dropped.  Then  the  basic 
oscillatory  boundary  layer  profile  is  given  ap¬ 
proximately  by 

U(n.t)  =  fB(n)  +  ARe  Ju-e~(l  +  1)f,n)e1“t^|  (2) 

where  fg(h)  is  the  Blasius  profile,  6  =  6*/^s,  11  = 
u)A*/U0  =  and  R^.  =  U06*/v. 

We  shall  consider  the  instability  of  the  basic 
flow  (2)  in  a  similar  manner  to  the  standard  two- 
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(5b) 


By  analogy  with  Floquet  theory  for  ordinary  dif¬ 
ferential  equations  with  periodic  coefficients 
[Coddington  and  Levinson  (1958)],  we  seek  solutions 
of  (4)  and  (5)  in  the  form 

*P  =  g(n,t)  e^t  (6) 


where  g(n>t)  is  a  periodic  function  of  t  with  period 
2n/tt.  This  is  a  reasonable  choice  of  solution  be¬ 
cause  we  are  mainly  interested  in  the  oscillation 
induced  changes  of  the  principal  disturbance  mode 
of  the  Blasius  flow.  The  principal  disturbance  mode 
of  Blasius  flow  has  multiplicity  one. 

We  shall  adopt  in  this  study  an  absolute  defini¬ 
tion  of  instability  which  requires  that  some  measure 
of  the  disturbance  amplitude  becomes  infinite  as 
t  -*■  If  the  amplitude  remains  bounded  as  t 
then  the  flow  is  defined  to  be  stable  to  infinites¬ 
imal  disturbances.  However,  we  must  keep  in  mind 
that  the  local  instantaneous  amplitude  may  be  im¬ 
portant  in  this  linear  theory  because  a  disturbance 
may  be  transiently  so  large  (but  bounded)  that  the 
linear  instability  theory  is  no  longer  valid.  Fur¬ 
thermore,  the  instantaneous  magnitude  as  a  multiple 
of  the  initial  magnitude  of  the  disturbance  is  an 
important  quantity  for  assessing  the  likelihood  of 
transition  from  laminar  to  turbulent  flow.  Thus  we 
shall  consider  in  detail  the  gross  amplification 
rate  G  of  a  disturbance  which  we  define  by 


G 
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where  eT  is  the  total  energy  of  the  disturbance  de¬ 
fined  by 
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co  2h/« 

eT  1  ftT  S  f  +  v2)dxdr)  (8) 

o  o 

Then  the  relative  amplification  ratio,  e^/e^,  of 
a  disturbance  as  it  grows  during  the  time  interval 
from  t0  to  t\  can  be  shown  to  be 


efficients,  a^_^,...,aN,  are  determined  by  the 
boundary  conditions  once  a  is  known.  The  matrices, 
Q,P,J,  and  V,  are  the  respective  representations  of 
the  operators ,£,£2 ,{ fB£-D 2 ffi/3y2)  and  tS/<*Y?)’ 

together  with  the  boundary  conditions  (6)  in  the 
space,  whose  basis  is  the  first  N  Chebyshev 

polynomials,  T0 , . . . ,  TN_j[Orszag  (1971)].  The 
f unction, jg£,  is  the  Stokes  layer  profile. 


and  \t  =  Re (A) . 

Since  the  disturbance  energy  oropogates  down  the 
boundary  layer  at  the  group  velocity,  c  [see 
Caster  (1962)]  one  can  compute  the  relative  ampli¬ 
fication  ratio,  eT  /e,j,  ,  by  calculating  the  integral 
in  the  exponential  function  of  Eq.  (9)  over  the 
spatial  interval,  x0  to  xj,  using  the  transformation, 

dx  =  Cgdt. 

3.  SOLUTION  OF  THE  DISTRUBANCE  EQUATION 

Solutions  of  Eq.  (4)  in  the  form  (6)  can  be  obtained 
as  a  series  in  A, 


=  (g^+Ag  j  +  .  .  . )  e 


(Ao+0]A+. . . ) t 


(ID 


A=  Re  ju-e'(1  +  l)  6n)e1“tJ.  (14) 

Note  that  the  matrices,  Q,P,  and  J,  are  real  constant 
matrices  and  V  is  real  and  time  periodic  and  of  the 
form 
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where  and  ^  are  constant  matrices. 

The  matrix,  Q,  is  invertable  so  that  we  can 
multiply  (13)  by  Q~ 1  to  get 

—  =  (P'+iaJ* )a+iaAV'a  (16) 

dt  R 

(3 

whore  P’  =  Q"'p  etc.;  henceforth  we  shall  dispense 
with  the  primes  in  (16) 

The  perturbation  procedure  is  most  easily  and 
illuminatingly  carried  out  by  transforming  (16)  so 
that  the  matrix,  (P+iaJ)/R^t,  is  in  diagonal  form. 
That  is  we  will  be  working  directly  in  the  (approx¬ 
imate)  eigenspace  of  the  steady  Orr-Sommerfeld 
equation  for  Blasius  flow.  Suppose  that  the  in¬ 
vertible  matrix,  B,  transforms  (P+iuJl/R^  into 
diagonal  form.  Then  let  * 


where  each  term  of  (11)  can  be  evaluated  by  solving 
appropriate  perturbation  equations  obtained  by  sub¬ 
stituting  (11)  into  (4)  and  (5).  Such  perturbation 
equations  are  basically  inhomogeneous  unsteady  Orr- 
Sommerfeld  equations  and  must  be  solved  numerically. 
Our  approach  is  equivalent  to  this  except  we  reverse 
the  procedure  by  first  executing  a  numerical  pro¬ 
cedure  which  reduces  the  Eqs.  (4)  and  (5)  to  a  sys¬ 
tem  of  ordinary  differential  equations  in  time. 

These  are  easily  solved  by  perturbation  theory  to  as 
high  an  order  as  desired. 

Let  us  first  expand  the  function  y?  in  the  Cheby¬ 
shev  series 


a  =  Bb  (17) 

and  substitute  (17)  into  (16)  and  left-multiply  by 
B“ 1 .  Then 

^  =  Db  +  AEb  (18) 

at 

where 

D  =  B'1  (P+iaJ)  B  =  pi . XN-4j  (19a) 


N 

(y,t)  =  V"  a  ( t)  T  (y)  (12) 

t _ ,  n  n- 1 

n=i 

where  the  Tn(y)  =  co£>-1(n  cos  y)  ,  n  =  0,1,... are  the 
Chebyshev  polynomials  of  the  first  kind  and  where 
we  have  mapped  the  interval,  ru  10,^1,  onto  ye  [-1,1] 
Then  we  use  the  T-method  as  described  by  Orszag 
(1971)  to  obtain  the  system  of  ordinary  differential 
equations 
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where  Q,P,J  and  V  are  (N-4)x(N-4)  term  matrices  and 
a  =  (a] , . . . ,aN_u)  .  The  dagger  (+)  superscript  de¬ 
notes  the  transpose  of  a  vector  or  matrix.  The  co- 


E  =  +i«B~1VB  -  E( 


iftt 


E(-n  {19b) 


and  the  notation,  Tdi,...,  dn  j  ,  stands  for  a  di¬ 
agonal  matrix  of  order  n. 

The  problem  is  now  to  find  solutions  of  (18)  in 
the  form 


b(t)  =  z(t)eH  (20) 

where  z(t+2ir/i i)  =  z(t).  We  are  mainly  interested 
in  perturbations  of  magnitude  A  of  the  steady  flat- 
plate  disturbance  mode  which  becomes  unstable  far 
downstream  of  the  leading  edge.  This  mode  is  as¬ 
sociated  with  one  of  the  eigenvalues  of  D,  say  A  , 
which  for  values  of  x  between  the  two  values,  x0P< 
X),  satisfies  ReAp  >  0.  It  is  known  that  Ap  is  a 
simple  eignevalue  [see  Mack  (1976))  so  that  a  solu¬ 
tion  of  the  form  (20)  can  be  expanded  as 
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(21a) 


2t\/Q  periodic  in  time.  All  of  the  equations  of  the 
set  (23) ,  (24)  etc.  have  the  form 


z(t)  =  z  (t)  +  Az,(t)  +  A2z0(t)  +. . . 

o  1  2 


A  =  A  +  Aoi  +  A 2oo  + _  (21b) 

P 

Substituting  these  two  expansions  into  (20)  and 
(18)  and  equating  the  terms  of  equal  order  in  A 
yields  the  set 


dz  . 


—f-  -  (D-A  l)z.  =  h ( t) 
dt  i  3 


(28) 


where  h(t)is  a  periodic  vector  function  which  has  a 
Fourier  series  representation  of  the  form 
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where  hj.  are  constant  vectors  and  the  p-th  component, 
hQp  of  is  zero.  (This  property  is  enforced  by 

the  solution  procedures.) 

Then,  application  of  the  Fredholm  Alternative 
for  solving  (28)  yields  the  requirement  that 


etc. 


<h(t) ,yQ>  =  0 


(30) 


Note  that  the  constant  coefficient  matrix  of 
these  equations  is 
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Assuming  condition  (30)  to  hold  (this  will  be 
achieved  by  properly  selecting  the  Oj's),  the 
general  solution,  Zj,  can  be  written  as 


where  Yj  -  A^  -  A  ^ , j  =  1,...,  N'  =  N  -  4. 
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exp [ ( D- A  I ) t )  x 


The  only  2tt/Q  periodic  solution  that  is  possible 
for  Eq.  (22)  when  (Aj •  Ap)^.m^  for  m  =  0,1, 2,... and 
j  /  p  is  the  solution 

i  =  c(5  )X  (25) 

o  P  3 

where  6p ^  is  the  Kroneckor  delta  and  c  is  an  arbi¬ 
trary  complex  constant.  This  statement  is  merely 
a  restatement  of  the  fact  that  the  eiqenfunct ion 
corresponding  t”  the  eigenvalue,  -\p,  is  the  p-th 
column  of  matrix  6,  i.e.,  the  least  stable  eigen- 
mode  of  the  underlying  steady  Blasius  flow. 

Since  the  solution  (20)  requires  that  z(t)  be 
periodic  with  period  in  t,  we  shall  need  the 

inner  product  <f,cj>  defined  by 
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where  the  asterisk  superscript  denotes  the  complex 
conjugate.  We  shall  also  need  the  adjoint  eigen¬ 
function  of  Eq.  (22)  that  corresponds  to  the  eigen¬ 
value,  Yp  =  0,  and  that  is  2ir/i,'  periodic  in  t.  This 
eigenfunction  is 

y  =  d  ( *5  .)  .  (27) 

o  P  3 

For  convenience  we  normalize  z  and  y  so  that 

<>  o 


by  setting  c  =  d  =  1. 

The  solution  of  any  one  of  the  equations  in  the 
set  (23),  (24),  etc.  is  obtained  from  the  solution 
of  the  previous  member,  by  the  application  of  the 
Fredholm  Alternative  and  the  requirement  that  these 
solutions  are  unique,  i.e.,  they  do  not  contain 
multiples  of  the  eigensolution  of  Eq.  (22)  and  are 


j  exp(-(D-ApI)s]h(s)ds?  (31) 


Equation  (31)  is  easily  evaluated  because 
■—Alt  Y  't 

exp[ (D-A^I) t ]  =  (  e  ,...,e  _ [ 


(32) 


Equation  (32)  is  the  main  reason  for  diagonalizing 
the  matrix,  ( I/R5*) (P+iuJ)  .  It  makes  evaluation 
of  the  exponential  matrix  and  the  integral  of  Eq. 
(31)  trivial.  Thus,  by  evaluating  Eq.  (31),  and 
requiring  that  Zj(t)  be  unique  and  2tt/^  periodic 
in  t,  values  fur  the  constant  vector,  £q,  are  ob¬ 
tained  which  eliminate  all  the  non-2n/Q  periodic 
functions  from  (31).  The  result  of  these  calcula¬ 
tions  is 


(33) 


The  solution  procedure  then  is  to  apply  Eqs.  (30) 
and  (33)  to  each  of  the  Eqs.  (23) ,  (24)  etc.  in 
sequence  starting  with  (23).  These  calculations 
have  been  programmed  and  are  quite  easily  performed. 
(Our  program  does  these  calculations  to  the  7th 
order  term,  but  more  terms  can  be  easily  incorpo¬ 
rated.)  We  are  mainly  interested  in  the  first  two 
perturbation  terms  which  result  in 
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We  note  that  the  order  A  perturbation,  oj,  of 
the  eigenvalue  A  is  zero  so  that  the  long-term 
effect  of  a  flov/  oscillation  with  amplitude  A  is 
only  of  order  AL.  However,  the  short-term  effect 
is  still  of  order  A  because  the  eigenfunction, 

Z)(t),  appears  in  the  term  I(t)  in  the  relative 
ampl i f ication  ratio,  eT  /eT  ,  given  by  Eq.  (9).  In 
fact,  the  structure  of  the  matrix,  E,  is  such  that 
all  values  of  3.  with  odd  indices  are  zero  and  A 
has  an  expansion  in  even  powers  of  A  about  the 
simple  eigenvalue,  Ap .  This  can  be  surmized  easily 
from  the  fact  that  the  phase  of  the  imposed  oscil¬ 
latory  part  of  the  boundary  layer  flow  should  not 
play  a  role  in  the  modifications  of  the  eigenvalue, 

A  .  Furthermore,  note  that  the  solutions,  zj(t) 
and  z?(t),  exhibit  clearly  the  possible  effects,  at 
second  order,  of  certain  resonant  couplings.  None 
of  the  denominators  in  (35)  and  (37)  are  zero  be¬ 
cause  *  ikft  for  any  integer  values  of  j  or  k; 

hence  these  solutions  are  uniformly  valid  for  any 
positive  value  of  the  frequency,  ft.  It  is  possible, 
however,  that  at  resonant  frequencies  such  as  at 
L=*ftfm(Yw)  ,  the  value  of  o-  will  have  a  relative 
maximum.  Of  particular  importance  is  that  in  the 
low  frequency  limit,  ft  -►  0,  the  Oj's  may  be  singu¬ 
lar.  The  lower  values  of  ft  will  be  an  important 
consideration  and  will  be  discussed  in  detail  in  the 
next  section. 


4.  NUMERICAL  RESULTS  AND  DISCUSSION 


the  instability  of  the  oscillatory  boundary  layer 
as  a  whole  is  being  compared  to  the  instability  of 
the  underlying  steady  Blasius  boundary  layer.  How¬ 
ever,  it  is  easier  to  describe  this  comparison  in 
the  terminology  of  the  oscillatory  forcing  of  the 
Blasius  boundary  layer  instability.  For  example, 
if  the  oscillatory  boundary  layer  is  less  stable 
than  the  steady  boundary  layer  by  itself,  then  we 
describe  this  situation  as  one  in  which  the  imposed 
oscillations  tend  to  destabilize  the  steady  flow. 

The  first  set  of  calculations  were  made  to  test 
for  resonant  interactions  at  second  order  in  A.  By 
consulting  the  solutions  (35)  and  (36),  it  can  be 
seen  that  the  mean  effect  of  the  imposed  oscilla¬ 
tions  on  the  eigenvalue,  Ap,  is  manifested  by  the 
term,  02 -  There  are  two  types  of  resonances  pos¬ 
sible.  The  first  type  is  the  "harmonic  parametric 
resonance"  which  corresponds  to  values  of  ft  given 
by  top/ft  =  1/2,  1,  2,...  where  ojp  is  the  response 
frequency  of  the  disturbance,  wp  -  «fimAp.  The 
second  type  of  resonance  is  the  "combination  reso¬ 
nance"  corresponding  to  values  of  ft  given  by«0  m 
(ift+Yj)  =  0  (note  the  denominators  of  solution  35). 
Figure  1  shows  the  computational  results  at  certain 
frequencies  ft  in  the  range,  l<wp/ft<3.  It  can  be 
seen  that  the  imposed  oscillations  stabilize  the 
flow.  Figure  1  shows  that  no  resonance  effects  are 
predicted  at  either  wp/ft  =  1,2,3,  or  at  up/ft  =  1.417 
and  1.74,  which  correspond  to  the  two  possible  com¬ 
bination  resonances  in  the  frequency  range  shown. 

This  lack  of  resonance  effect  results  mainly  be¬ 
cause  the  external  free  stream  oscillations  induce 
a  significant  amount  of  oscillatory  vorticity  in¬ 
side  the  boundary  layer  only  in  a  region  very  close 
to  the  wall.  This  can  be  seen  by  examination  of 
the  Stokes  layer  profile  (14)  where  the  exponential 
factor  has  a  vertical  decay  constant,  B,  which  is 
equal  to  about  5  in  the  range  of  frequencies  con¬ 
sidered.  The  main  fluctuations  of  the  disturbance 
velocity  are  concentrated  at  the  mean  critical  layer, 
nc  *  0-5  (where  ric  is  by  cr  =  fB(nc)  and  cr 

is  the  mean  phase  velocity  of  the  disturbance] . 

Thus,  instead  of  the  Stokes  layer  interacting 
directly  with  the  disturbance  of  the  underlying 
steady  boundary  layer  at  the  level,  where  most 

of  the  disturbance  energy  is  being  produced,  it  is 
confined  mainly  to  the  wall  region  where  it  cannot 
be  very  effective.  Furthermore,  the  Stokes  layer 
lacks  a  spatial  structure  in  the  x-direction  that 
can  match  in  some  way  the  spatial  structure  of  the 


FIGURE  1.  The  growth  rate  perturbation  Re  for  i  * 
0.15.  R..  =  1128  (on  the  neutral  curve)  u>f  =  u<  /Rr. 

-  0.43  -To-\  f  * 


Before  describing  the  computational  results  that 
hav^  been  obtained,  wo  emphasize  that  in  this  work 
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disturbance  mode.  It  is  notabl  that  the  imposed 
oscillations  have  an  increased  sabilizing  effect 
as  4Z  decreases  increases)  .  This  increased 

stabilizing  effect  can  be  expected  for  two  reasons 
The  first  reason  is  found  in  the  solution  (35) 
which  shows  that  the  terms. 


may  become  unbounded  i 1 


up 


or 


(-1) 


remains  bounded  as  •*  0,  because  >  4  -  0.  Secondly, 
it  can  be  seen  in  the  Stokes  layer  profile  (14)  that 
the  oscillations  of  the  boundary  layer  become  more 
effective  in  penetrating  up*  to  the  critical  layer 
when  decreases  (i.o.,  also  decreases  since 


8  =  *V:K  /?.)  . 

* 


However,  we  cannot  use  the  prison t  parallel  flow- 
model  at  very  low  frequencies  because  in  one  period, 
2n/i:,  of  the  imposed  oscillation,  a  disturbance 
will  propogate  down  the  boundary  layer  a  distance, 

Sx,  that  is  too  large  for  the  parallel  flow  assump¬ 
tion  to  hold  (i.e.,  constant  boundary  layer  proper¬ 
ties  in  the  x-direction) .  For  example,  the  change, 
Src  ,  in  the  displacement  thickness  Reynolds  number, 
R^,  over  the  distance,  Sx,  (near  the  values  of  a  = 
0.15  and  R <5*  =  1200)  is  given  approximately  by 

6Rc  :  3.5N/.J  (38) 

where  N  -  u)p/Sl.  Thus,  in  the  range  of  values  of  a 
and  R$*  of  our  calculations  6R^«  ~  70  N  so  that  for 
N  =  3,  6R*.#  is  nearly  20  percent  of  the  value  of 
R$*.  Under  the  circumstance,  the  parallel  flow 
approximation  is  only  roughly  valid.  Nevertheless, 
the  values  of  6R$*  as  a  fraction  of  R<$#  decrease  as 
one  goes  downstream  of  the  neutral  curve  for  fixed 
values  of  the  frequency  ratio,  u>p/ft«  Thus,  the 
parallel  flow  approximation  improves  as  one  follows 
a  constant  frequency  disturbance  downstream  of  the 
neutral  point. 

The  second  set  of  calculations  that  were  per¬ 
formed  was  for  the  amplification  of  a  fixed  frequency 
disturbance  propogating  down  the  oscillatory  bound¬ 
ary  layer.  Two  values  of  u)p/U,  equal  to  2  and  3, 
were  chosen  for  illustration.  The  disturbance  ex¬ 
amined  is  an  unstable  Tollmien-Schlichting  wave  of 
constant  absolute  frequency  =  to0/R^*  =  0.43  x  10“'* 
along  the  constant  frequency  line  a  =  0.00133  R^A. 
This  disturbance  first  begins  to  grow  in  the  steady 
boundary  layer  at  the  values  of  a  =  0.15,  R^ *  = 

1128,  and  ceases  to  grow  at  about  the  values  of  c*  = 
0.3  and  R^*  =  2255.  The  disturbance  trajectory  a  = 
0.00133  R^ *  passes  nearly  through  the  point  in  the 
<*,  plane  of  maximum  rate  of  ampl i f icat ion . 

Figure  2  shows  the  values  of  Rea?  obtained  for 
the  growing  Tollmien-Schlicht inq  wave  along  the 
trajectory,  t  ~  0.00133  at  the  two  different 

values  u»p/M  =  2  and  3.  An  interesting  feature  of 
the  results  in  Figure  2  is  that  |roo?|  increases 
with  R(^*  although  the  quantity  8  also  increases 
which  would  seem  to  indicate  further  decoupling  of 
the  oscillatory  Stokes  layer  (14)  from  the  distur¬ 
bance  oscillations.  Presumably,  the  values  of 


iP.i’H  J.  Growth  rati  perturbation  Re  "  along  »  = 
•  i.ooi  n  k,  „ . 


| Rea? |  decrease  as  R^*  becomes  sufficiently  large 
for  then  8  also  becomes  so  large  that  the  Stokes 
layer  will  almost  completely  disappear.  It  can  be 
seen  in  Figure  2  that  the  stabilization  of  the 
boundary  layer  can  be  substantial  for  the  value  of 
u>p/fl  =  3  and  at  the  larger  values  of  Rg*. 

Figure  3  shows  the  values  of  ReX  *  ReXp  +  A -Reop 
for  the  value  of  A  =0.1  and  the  three  values  of 
Wp/ft  =  0,2,  and  3.  (iop/£2  =  0  is  equivalent  to  A  = 

0) .  The  total  effect  of  the  imposed  oscillations 
with  A  =  0.1  is  not  very  substantial  at  the  value, 
u>p/ft  =  2,  but  at  the  value  of  a =  3,  the  sta¬ 
bilization  of  the  flow  is  significant.  We  note  that 
an  oscillation  amplitude  of  A  =  0.1  is  a  rather 
large  value  at  the  frequencies  considered  here  and 
would  require  a  large  amount  of  power  to  achieve 
in  an  experimental  test  facility  such  as  a  wind 
tunnel  unless  the  mean  flow  is  very  slow. 

The  rates  of  amplification  shown  in  Figure  3  can 
be  summed  according  to  formula  (9)  to  obtain  the 
relative  amplification  ratio,  eTj/eT  .  One  can 
show  that 


FIGURE  3.  The  amplification  rate  \r  along  the  trajec¬ 
tory  a  -  0.00133  R^#. 
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where  R;^  and  R*..  are  the  values  of  Rt.  at  the 
locations  of  the  disturbance  at  the  times,  t0  and 
tj,  respectively.  The  value  of  Cg,  the  group  ve¬ 
locity,  along  the  trajectory  a  =  0.00133  was 

computed  to  be  about  0.356.  We  neglected  the  0(A‘°) 
modification  of  Cg  due  to  the  imposed  oscillations. 
This  modification  of  cg  is  0(10~°)  and  thus  does 
not  affect  the  integral,  J,  in  a  substantial  way. 
From  the  results  shown  in  Figure  3,  one  obtains  (by 
a  trapezoidal  rule  integration) ,  the  values  of  J  ; 
11,8.7,  and  6.3  for  u./ii  =  0,2,  and  3  respectively. 
The  integral  I ( t )  of  (10)  is  evaluated  by  certain 
sums  and  products  of  the  vector  components  of  the 
solutions,  (35)  and  (37).  We  omit  the  details.  The 
resulting  expression  for  I(t),  to  second  order  in  A, 
has  the  following  form 


I  ( t )  =  A  j  +A  >.V  +.\  ( B  j  cosSit+B^sini't ) 
+A  (C icos2i?t+C?sin2>-.’t) 


(40) 


where  A  i  '0 ,  Aj  , B  j  ,Bt->  ,C i  and  Ct  are  real  numbers  that 
depend  on  the  Reynolds  number,  R$#.  These  coeffi¬ 
cients  have  been  computed  alonq  the  disturbance 
trajectory,  a  =  0.00133  R^  and  are  plotted  in 
Figure  4.  By  using  the  values  of  A2/Bj,  ,  C]  and 
C>  from  Figure  4  (A  1  1  1.0  by  suitable  normalization) 
in  Eg.  (40)  for  the  value  of  A  =  0.1  one  finds  that 


at  all  the  values  of  Reynolds  number,  R ^ ,  for  which 
the  disturbance  grows.  It  is  customary  to  assess 
the  overall  growth  of  a  disturbance  by  considering 
the  natural  logarithm  of  the  amplification  ratio, 
erp/erp  .  From  (9)  we  have 
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FIGURE  4.  The  coefficients  of  I  (t)  alonq  i  =  0.00133 


viewed  by  Loehrke,  Morkovin  and  Fejer  (1975).  How¬ 
ever,  we  shall  not  make  any  comparison  with  their 
experiments  because  these  were  for  very  low  frequency 
oscillations  (u>  /il  *  10)  for  wnich  our  parallel 
flow  instability  theory  is  of  doubtful  applicability. 
An  appropriate  analytical  instability  theory  for 
comparison  with  these  experiments  is  a  quasi-steady 
and  parallel  flow  theory  (see  Obremski  and  Morkovin 
(1969) ) . 


5.  CONCLUDING  REMARKS 


o 

and  one  can  see  that  although  the  term,  In  I(t)/I(t0), 
contributes  an  oscillatory  factor  to  £n  e^/e^ ^  (re¬ 
call  that,  by  following  the  disturbance  down  the 
plate,  t  «  R^)  this  contribution  is  minor  relative 
to  the  maximum  value  attained  by  J.  Thus  it  can  be 
seen  that  the  major  effect  of  the  parallel  free 
stream  oscillations  is  to  reduce  the  mean  growth 
rate  of  the  unstable  disturbances.  This  effect  is 
small  for  small  values  of  A  but  can  be  significantly 
larqe  at  such  large  values  of  A  as  A  >  0.1.  We  note 
that  typical  free  stream  turbulence  rarely  has  a 
velocity  magnitude  as  large  as  10  percent  of  the 
mean  free  stream  speed. 

Experimental  results  on  the  effects  of  parallel 
free  stream  oscillation  on  the  instability  and 
transition  of  the  flat  plate  boundary  layer  are  re- 


Our  main  result  is  that  the  parallel  free  stream 
oscillations,  which  manifest  themselves  in  the 
Blasius  boundary  layer  as  a  Stokes  layer,  lead  to 
a  mean  stabilization  of  the  flow.  This  stabiliza¬ 
tion  is  very  weak  except  for  oscillation  amplitudes 
that  are  at  least  near  10  percent  of  the  mean  free 
stream  speed.  Precise  experimental  data  on  the 
effects  of  such  oscillations  on  Blasius  boundary 
layer  instability  is  not  available  in  the  frequency 
range  considered  in  this  work.  However,  the  results 
are  in  accord  with  transition  data  for  oscillatory 
pipe  flows.  Sarpkaya  (1966)  has  shown  experimen¬ 
tally  that  transition  is  delayed  substantially  when 
harmonic  axial  oscillations  are  superimposed  on 
steady  pipe  flow.  Furthermore,  von  Kerczek  and 
Davis  (1975)  have  shown  that  the  oscillatory  Stokes 
layer  by  itself  is  very  stable,  probably  at  all 
Revnolds  numbers,  so  that  one  might  conjecture  that 
if  the  Stokes  layer  begins  to  dominate  the  boundary 
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layer  (which  occurs  for  low  frequencies  ft  and  large 
amplitudes  A) ,  then  the  Blasius  boundary  layer  can 
be  stabilized  by  these  oscillations.  However,  the 
Stokes  layer  stability  is  very  sensitive  to  extra¬ 
neous  effects  such  as  streamline  curvature.  For 
instance,  experiments  show  that  transition  of  plane 
Stokes  layers  occurs  at  Stokes  layer  Reynolds 
numbers,  Rst,  (where  Rgfc  =  AR^/3)  on  the  order 
of  500  (see  Li  (1954)).  However,  if  a  slight  amount 
of  streamline  curvature  exists,  as  would  occur  in 
Stokes  layers  induced  on  the  bottom  of  a  water  chan¬ 
nel  supporting  free-surface  gravity  waves  [see 
Collins  (1963) J,  the  transition  Reynolds  number  is 
reduced  to  about  160.  Thus,  the  effect  on  the  in¬ 
stability  of  the  Blasius  boundary  layer  of  free 
stream  oscillations  with  a  spatial  structure  such 
as  U0  +  U jcos (kx-wt)  can  be  expected  to  be  different 
from  the  parallel  flow  oscillations  considered  above. 

It  is  well  known  that  ambient  turbulence  tends 
to  promote  laminar  to  turbulent  transition  of  the 
boundary  layer.  Thus,  if  some  oscillatory  boundary 
layer  does  in  fact  properly  model  certain  features 
of  the  interaction  of  the  ambient  turbulence  with 
the  underlying  steady  boundary  layer  then  it  is  to 
be  expected  that  such  a  oscillatory  boundary  layer 
is  less  stable  than  the  underlying  steady  boundary 
layer.  Although  the  present  numerical  results  show 
only  a  stabilizing  effect  for  the  type  of  oscilla¬ 
tion  considered,  as  inferred  above  there  is  reason 
to  believe  that  a  more  complex  form  of  oscillation 
of  the  boundary  layer  can  be  destabilizing.  The 
theory  of  the  instability  of  forced  oscillatory 
boundary  layers  provides  an  alternative  point  of 
view  from  that  of  Rogler  and  Reshotko  (1974)  and 
Mack  (1975)  on  the  role  of  the  interaction  of  free- 
stream  disturbances  with  Tollmien-Schlichting  waves. 
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ABSTRACT 

Heating  the  walls  on  which  laminar  boundary  layers 
develop  in  water  can  delay  their  transition  to 
turbulent  flow  and  lead  to  significant  drag  reduc¬ 
tion.  This  paper  describes  the  work  done  over  the 
last  several  years  at  Case  Western  Reserve  Univer¬ 
sity  in  examining  the  bases  and  consequences  of  the 
heating  phenomenon.  Included  are  theoretical  and 
experimental  studies  of  the  stability  of  heated  wa¬ 
ter  boundary  layers  for  both  uniform  and  non-uniform 
wall  temperature  distributions,  and  experimental 
study  of  the  effect  of  heating  on  laminar  separa¬ 
tion  and  a  quantitative  assessment  of  the  prospec¬ 
tive  drag  reduction  on  underwater  vehicles. 


1.  INTRODUCTION 

It  was  noted  many  years  iqo  in  experiments  at  low 
subsonic  speeds  [Frick  and  McCullough  (1942), 
Liepmann  and  Fill  (1947)]  that  the  transition  lo¬ 
cation  of  the  flat  plate  boundary  layer  in  air  is 
advanced  as  a  result  of  plate  heating.  Based  on 
this  observation  it  had  long  been  suspected  that 
heating  would  have  the  opposite  effect  in  water, 
namely  that  it  would  delay  the  onset  of  transition. 
This  is  because  heating  in  water  reduces  the  vis¬ 
cosity  near  the  wall  resulting  in  a  fuller,  more 
stable  velocity  profile  for  a  flat  plate  than  the 
BLusius  prof il-'.  Cooling  in  water  (and  heating  in 
air)  on  t h< •  other  hand  tends  to  give  an  inflected 
velocity  profile  which  is  less  stable  than  the 
EUasius  profile. 

These  suspicions  remained  untested  until  con¬ 
firmed  by  the  analysis  of  Wazzan,  Okamura,  and 
Smith  (1968,  1970).  These  results  triggered  a 
significant  activity  in  the  United  States  to  deter¬ 
mine  whether  wall  heating  could  realistically  be 


used  as  a  technique  for  drag  reduction.  A  portion 
of  this  effort  was  undertaken  at  Case  Western  Re¬ 
serve  University  (CWRU)  under  the  joint  auspices 
of  the  Office  of  Naval  Research  and  the  General 
Hydrodynamics  Research  Program  of  the  David  W. 
Taylor  Naval  Ship  Research  and  Development  Center. 
The  CWRU  effort  has  been  both  analytical  and 
experimental  and  is  ongoing.  This  paper  will  re¬ 
view  the  results  to  date  of  the  CWRU  activity  and 
indicate  current  and  future  directions. 


2.  ANALYSIS  OF  THE  STABILITY  OF  HEATED  WATER 
BOUNDARY  LAYERS 

The  analysis  of  Wazzan  et  al.  (1968,  1970)  consid¬ 
ers  the  suability  characteristics  of  the  boundary 
layer  to  be  governed  by  the  disturbance  vorticity 
equation  including  consideration  of  viscosity  vari¬ 
ations  in  the  basic  flow  but  ignoring  temperature 
fluctuations  and  the  coupled  viscosity  fluctuations. 
The  disturbance  differential  equation  consists  of 
the  fourth-order  Orr-Sommerfeld  operator  augmented 
by  some  lower  order  terms  and  is  as  follows: 

(F-c)  ( ;  ”-u*  f)  -  U "  v  =  -  -^[jj(<^V  -  2a2$"  +  a1*^) 

+  2;: 1  (<K"  “  u2$) 

+  u"  (4>"  +  a24>)  ]  (1) 

with  boundary  conditions 

•;(o)  =  **(0)  =  *  (“»)  =  =  o  (2) 

The  analysis  of  Lowell  and  Reshotko  (1974)  on  the 
other  hand  is  b  ised  on  the  following  coupled  sixth- 
order  system  of  vorticity  and  energy  disturbance 
equations : 
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In  equations  (3)  and  (4)  all  properties  of  the 
basic  flow  are  variable.  The  quantities  r,  m,  and 
i-  are  the  density,  viscosity,  and  thermal  conduc¬ 
tivity  fluctuation  amplitudes  respectively  and 
the  coupling  comes  about  through  the  viscosity 
fluctuations  that  are  directly  related  to  the  tem¬ 
perature  fluctuations. 


Re6  *min.  crit. 
X  10'3 


The  results  of  these  two  analyses  for  the  min¬ 
imum  critical  Reynolds  number  with  wall  heating  are 
shown  in  Fig.  1.  The  curves  are  very  much  alike. 
Furthermore,  the  neutral  stability  characteristics 
and  the  growth  rates  as  calculated  in  the  aforemen¬ 
tioned  analyses  are  sufficiently  close  so  that  there 
is  no  important  quantitative  difference  between  the 
two.  The  coupling  of  vorticity  and  temperature 
fluctuations  through  the  viscosity  seems  therefore 
to  be  rather  weak. 

As  is  seen  in  Figure  1,  both  sets  of  calculations 
predict  significant  boundary  layer  stabilization 
(increased  minimum  critical  Reynolds  number,  de¬ 
creased  disturbance  amplification  rates,  etc.)  with 
moderate  heating,  but  display  a  maximum  and  sub¬ 
sequent  decrease  as  the  wall  to  free-stream  tem¬ 
perature  difference  is  further  increased.  The 
significant  stabilization  indicated  for  overheats 
of  up  to  40°C  (,v70oF)  prompted  a  study  of  the  pos¬ 
sible  drag  reduction  due  to  heating  to  see  if  this 
drag  reduction  technique  was  in  fact  worth  pur¬ 
suing  further. 


3.  DRAG  REDUCTION  IN  WATER  BY  HEATING 


It  is  shown  in  this  section  that  significant  reduc¬ 
tions  of  drag  are  available  to  water  vehicles  with 
on-board  propulsion  system  is  discharged  through 
heating  the  laminar  flow  portion  of  the  hull.  The 
analysis  is  as  follows  [following  Reshotko  (1977)]: 

For  a  vehicle  with  an  on-board  propulsion  system 


D 


F 


q 
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where  q  is  the  dynamic  pressure,  cf jj  and  Cft  are 
respectively  the  laminar  and  turbulent  friction 
coefficients,  wdx  is  the  area  element  at  length  x, 
L  is  the  vehicle  length,  and  xfcr  is  the  transition 
location. 

The  total  drag  can  be  written 


D  =  DF(D/Dr) 


(7) 


where  D/DF  is  the  ratio  of  total  to  friction  drag. 
For  an  axisymmetric  body  this  ratio  is  a  function 
of  the  fineness  ratio  of  the  configuration. 

Hoerner  (1958)  suggests  that 

,  3/2 

D/D  =  1  +  1 . 5 ( — )  +  . . .  (8) 

r  L 

The  drag  power  can  then  be  written 

Pd  =  Duw  =  q  Uw(D/Df) (CDpA)  (9) 


where  (CD  A]  ir.  the  quantity  in  brackets  in  equa¬ 
tion  (1)  . 


FIGURE  1.  Effect  of  wall  temperature  on  minimum  cri¬ 
tical  Reynolds  number  J f rom  Lowell  and  Reshotko  (1974)]. 
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The  power  available  for  heating  is  related  to 
the  thermal  efficiency  of  the  power  plant  as 
follows : 


where  neff  is  effectiveness  of  transmitting 
the  reject  heat  to  the  water  in  the  desired  manner. 

If  one  considers  heating  only  the  laminar  por¬ 
tion  of  the  hull  then  the  power  required  to  accom¬ 
plish  such  heating  is 


P  =  u  cAT  f  tr  ct  wdx  (11) 
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where  c  is  the  specific  heat  of  water,  c^£  is  the 
laminar  Stanton  number  for  the  heated  boundary 
layer  at  AT  =  T-T^. 

Applying  the  available  heating  power  PA  to  the 
laminar  portion  of  the  flow,  (PA  =  PH) ,  after  some 
simplification  yields 
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The  left  side  is  the  ratio  of  overall  friction  drag 
to  the  laminar  friction  drag  and  is  configuration 
dependent.  The  right  side  depends  on  the  dimension¬ 
less  ratio  cATAw  and  on  the  bracketed  parameter 
in  the  denominator  related  to  the  amount  of  reject 
heat  that  can  be  transferred  to  the  boundary  layer. 
The  bracketed  parameter  in  the  numerator  is  a 
Reynolds  analogy  factor  which  is  configuration  de¬ 
pendent.  In  order  to  close  the  calculation,  a 
relation  is  needed  between  AT  and  transition 
Reynolds  number  Rex  which  is  also  dependent  on 
configuration.  tr 


Example  -  The  Flat  Plate 

In  order  to  quantitatively  evaluate  the  prospective 
drag  reduction  due  to  heating,  it  is  necessary  to 
choose  a  particular  configuration.  The  flat  plate 
is  chosen  because  of  its  great  simplicity  and  be¬ 
cause  some  information  on  transition  with  surface 
heating  is  available.  The  results  should  be  repre¬ 
sentative  of  what  can  be  obtained  for  slender  shapes 
having  pressure  gradients  that  are  not  too  large. 

For  a  flat  plate  (w  -  const) 
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Thus  for  the  case  of  the  flat  plate,  Eq.  (12)  be¬ 
comes 
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The  left  side  of  equation  (15)  is  the  ratio  of 
overall  friction  drag  to  laminar  friction  drag  for 
a  flat  plate. 

The  variation  of  transition  Reynolds  number 
ReXt^  with  overheat  AT  depends  on  the  choice  of 
transition  criterion.  A  criterion  that  has  been 
shown  to  give  plausible  trends  is  the  e*  criterion 
of  Smith  and  Gamberoni  (1956)  and  Van  Ingen  (1956). 
For  low  speed  flows,  these  authors  correlated  tran¬ 
sition  Reynolds  number  over  plates,  wings,  and 
bodies  witli  the  amplitude  ratio  using  linear  sta¬ 
bility  theory  of  the  most  unstable  frequency  from 
its  neutral  point  to  the  transition  point.  They 
found  that  the  transition  Reynolds  number  ReXtr  as 
predicted  by  assuming  an  amplification  factor  of 
o'  was  seldom  in  error  by  more  than  20%.  Wazzan 
et  al.  (1970)  have  calculated  and  presented  such  a 
curve  for  heated  flat  plates  in  wacer  a  portion  of 
which  is  shown  in  Figure  2.  Although  not  quite 
shown  on  the  figure,  ReXtr  reaches  a  maximum  value 
of  about  260  *  10^’  at  an  overheat  of  about  4  3°C. 

The  most  recent  data  of  Barker  (1978)  taken  in  a 
constant-diameter  pipe  are  shown  on  this  figure  as 
well.  Barker  obtains  a  considerable  increase  of 
transition  Reynolds  number  with  heating  in  the 
entrance  flow  boundary  layers  and  his  data  attests 


WALL  OVERHEAT,  AT.  °C 

FIGURE  2.  Variation  of  transition  Reynolds  number  for 
a  flat  plate  with  uniform  wall  overheat  according  to 
an  "e9"  transition  criterion,  =  60°F. 


and  by  Reynolds  analogy 
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to  the  reasonability  ot  the  assumed  transition  creases  quite  significantly  with  vehicle  length, 

schedule  with  overheat.  For  nth~0.17  (Figure  3),  drag  reduction  of  about 

Drag  reduction  calculations  have  been  performed  60%  are  atainable  for  vehicle  speeds  of  25  m/sec 

for  plate  speeds  up  to  24.4  m/sec  (80  fps)  ,  for  ('''SO  knots)  but  the  vehicle  is  far  from  full  lami- 

plate  lengths  of  3.05  m  (10  ft),  15.24  m  (50  ft).  narization.  The  variation  of  drag  ratio  with  nfh 

30.48  m  (100  ft),  152.4  m  (500  ft),  and  304.8  m  is  shown  in  Figure  4  for  selected  cases.  The  lower 

^  2  the  thermal  efficiency,  the  larger  the  drag  reduc- 

(1000  ft), and  for  values  of  l - rrJof  2,5, and  tion  and  vice-versa.  The  indication  from  the  cal- 


F  th 

9.  Since  the  product  Dn^^/Dp  might  be  very  close 
to  unity,  one  may  view  the  aforementioned  values  of 
the  "efficiency  factor"  (—  “  D’*  « 1  as  approx- 

d  n  eir 

*  th 

imately  corresponding  to  n  -  0.33,  0.17,  and  0.10 
respectively. 

Results  are  presented  in  Figure  3  for  the  case 
of  an  efficiency  factor  of  5(g  ,  -  0.17).  Shown 
in  Figure  3  are  D/D  the  ratio  of  the  drag  with 

heating  to  that  witnout' using  the  reject  heat  for 
drag  reduction  purposes,  the  corresponding  laminar 
fraction  of  the  plate  xtr/L,  the  wall  temperature 
rise  of  the  laminar  region,  and  finally  the  ratio 
of  the  computed  drag  with  heating  to  that  for  fully 
laminar  flow  over  the  entire  plate. 

Generally  speaking  the  drag  reduction  becomes 
noticable  as  speeds  exceed  10  m/sec  (*v20  knots) . 
Although  the  drag  ratio  is  not  a  strong  function 
of  length,  the  overheat  in  the  laminar  region  in- 


culations  is  that  full  laminarization  can  bo  ob¬ 
tained  in  a  number  of  cases  (Figure  4)  but  only  if 
rit}l  gets  below  about  0.03.  Since  the  eq  transition 
curve  (Figure  2)  has  a  maximum  value  of  Rex  be¬ 
low  3  x  io8f  vehicles  with  length  Reynolds  numbers 
above  3  *  108  cannot  be  completely  laminar ized. 

For  a  plate  of  qiven  length  at  a  proscribed 
speed,  the  fuel  consumption  (proportional  to  D/n^, 
the  slope  of  a  line  through  the  origin  in  Figure 
4)  increases  as  nth  *-s  reduced.  But  it  is  far  below 
that  of  the  unheated  plate. 


Real  Configurations 

Real  vehicle  configurations  involve  addition. il  fac¬ 
tors  not  considered  in  this  flat-plate  calculation. 
Favorable  pressure  gradient,  for  example,  can  be 
very  effective  in  delaying  transition  while  regions 
of  adverse  gradient  are  otherwise.  Non-uniform 
longitudinal  heating  distributions  can  result  in 
a  more  optimal  use  of  the  available  heat.  Effects 
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FIGURE  4.  Effect  of  thermal  efficiency  of  propulsive 
power  plant  on  dr aq  reduction. 


of  surface  roughness  on  transition  are  possibly 
more  pronounced  for  heated  surfaces  than  for  un¬ 
heated.  These  factors  are  presently  being  studied 
both  experimentally  and  analytically  by  a  number 
of  investigators  for  the  purpose  of  obtaining  an 
objective  evaluation  of  the  practical  capabilities 
of  this  relatively  simple  and  readily  available 
means  of  drag  reduction.  The  related  experimental 
investigations  done  at  CWRU  will  be  described  in 
the  next  two  sections. 


4.  STABILITY  EXPERIMENTS  IN  WATER 

The  first  experimental  study  of  flat  plate  boundary- 
layer  stability  in  air  was  by  Schubauer  and  Skram- 
stad  (1948)  who  used  hot  wire  anemometry  to  measure 
the  growth  characteristics  of  sinusoidal  velocity 
disturbances  introduced  into  the  boundary  layer  by 
a  vibrating  ribbon.  Ross  et  al.(J970)  repeated  the 
Schubauer  and  Skramstad  experiment  to  obtain  data 
for  comparison  with  improved  numerical  solutions 
of  the  Orr-Sommer feld  equation.  Similar  stability 
experiments  have  been  performed  in  water  by  Wortmann 
(1955)  and  Nice  (1973).  The  results  of  these  ex¬ 
periments  are  in  agreement  with  the  numerical  solu¬ 
tions  of  the  Orr-Sommer feld  equation  except  near 
the  minimum  critical  Reynolds  number,  where  the  de¬ 
parture  from  parallel-flow  theory  seemingly  results 
from  the  breakdown  of  the  parallel  flow  assumption. 
Among  the  attempts  to  correct  the  parallel -flow 
formulation,  those  of  Bouthier  (1972,  1973)  and 
Saric  and  Nay f eh  (1975,  1977)  using  the  method  of 
multifile  scales  yield  numerical  results  which  dis¬ 
play  the  best  agreement  with  experimental  results. 

A  natural  extension  of  the  above  work  is  in  the 
invest igation  of  factors  which  can  increase  bound¬ 
ary  layer  stability.  As  indicated  earlier,  one  of 
these  factors  i  ;  wall  heating  in  water.  The  ob¬ 
jective  of  the  experimental  work  done  at  CWRl)  was 
to  see  if  the  predicted  increase  in  stability  due 
to  heating  is  in  fact  realized.  To  this  end  the 
stability  of  flat  plate  boundary  layer  was  investi¬ 
gated  on  both  a  heated  and  unheated  plate.  For 
the  heated  plate,  the  case  of  uniform  wall  temper¬ 


ature  may  be  more  interesting  from  an  engineering 
viewpoint.  For  example,  since  the  portion  of  the 
plate  upstream  of  the  minimum  critical  point  of 
the  unheated  plate  is  stable  without  heati’  g,  why 
not  begin  heating  at  the  minimum  critical  point 
and  use  more  advantageously,  the  power  that  would 
have  gone  to  heating  the  leading  edge  region? 

To  systematize  the  approach  to  the  problem,  two 
types  of  nonuniform  wall  temperature  distributions 
were  studied:  step  changes  in  wall  temperature 
of  magnitude  At  occur ing  at  a  location  xs;  and 
power  law  wall  temperature  distributions  of  the 
form  Tw  (x)  -T,x>  ~  Axn  for  n  both  positive  and  nega¬ 
tive.  The  temperature  To>  is  that  of  the  external 
stream.  In  order  to  isolate  the  effect  of  the 
parameters,  n  and  xs,  on  the  boundary  layer  sta¬ 
bility,  one  of  two  quantities  must  be  held  fixed  - 
either  the  total  heating  power  put  into  the  plate, 
^total'  or  the  l°cal  wall  temperature  difference 
at  some  reference  location  Tw (xrp^) -T^.  Since 
heat  losses  from  the  test  plate  used  in  this  ex¬ 
periment  could  not  be  accurately  measured,  the 
total  heating  power  put  into  the  plate  could  not 
be  related  to  the  total  convective  heat  transfer 
to  the  boundary  layer.  Therefore  the  wall  tem¬ 
perature  difference  at  xref,  Tw(xref ) -To,,  was  held 
constant  as  n  and  x  were  varied,  with  xfe^  chosen 
in  the  region  in  which  stability  measurements  were 
performed. 

Experiment 

The  experiment  was  performed  in  a  low  turbulence 
water  tunnel  which  has  a  test  section  15.5  in.  long, 
9  in.  wide,  and  6  in.  high.  The  free  stream  tur¬ 
bulence  intensity  in  the  test  section  is  0.1  -  0.2% 
for  free  stream  velocities  ue  _<  11  ft/sec. 

The  flat  aluminum  test  plate,  which  is  13.6  in. 
long,  9  in.  wide,  and  0.625  in.  thick  is  suspended 
from  a  frame  which  fits  the  top  of  the  test  section 
as  shown  in  Figure  5.  The  origin  of  the  coordinate 
system  is  located  at  the  leading  edge.  The  x- 
coordinate  is  the  running  length  measured  in  the 
streamwise  direction,  y  is  measured  normal  to  the 
surface,  and  z  is  the  spanwise  coordinate  measured 
from  the  plate  centerline.  The  rounded  leading  edge 
(1/32  inch  radius)  is  located  0.425  in.  below  the 
top  of  the  test  section,  thus  forming  a  slot  which 
spans  the  top  of  the  test  section.  The  turbulent 
wall  boundary  layer  of  the  water  tunnel  is  removed 
by  suction  through  this  slot.  Suction  is  adjusted 
so  as  to  locate  the  flow  stagnation  point  at  a 
stable  position  just  downstream  of  the  leading  edge 
on  the  test  side  of  the  plate.  A  laminar  boundary 
layer  then  develops  along  the  plate  starting  from 
the  stagnation  point  location. 

Plate  heating  is  provided  by  eleven  electric 
heating  elements  positioned  as  shown  in  Figure  5. 
Plate  surface  temperature  is  monitored  by  eleven 
thermistors  imbedded  in  the  surface  of  the  plate 
along  the  centerline.  However,  because  of  the 
large  temperature  gradients  which  occur  in  the 
plate,  the  thermistors  do  not  yield  an  accurate 
indication  of  the  plate  surface  temperature.  The 
surface  temperature  is  determined  from  boundary 
layer  temperature  profiles  measured  with  a  hot- 
film  anemometer  operating  as  a  resistance  thermom¬ 
eter  . 

The  pressure  distribution  on  the  plate  surface 
in  both  the  spanwise  and  streamwise  direction  is 
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FIGURE  5.  Test  plate  instal lat ion . 


monitored  using  static  pressure  taps  in  conjunction 
with  a  manometer  board.  Artificial  velocity  dis¬ 
turbances  are  introduced  into  the  boundary  layer 
with  a  phosphorbronze  ribbon  0.001  in.  thick  and 
0.125  in.  wide  which  is  stretched  across  the  plate 
surface  3.75  inches  behind  the  leading  edge.  Ribbon 
vibration  is  achieved  by  passing  a  sinusoidal  cur¬ 
rent  through  the  ribbon  in  the  z-direction  in  the 
presence  of  a  magnetic  field  maintained  by  horseshoe 
magnets  located  on  top  of  the  plate. 

A  traversing  mechanism  located  in  the  water 
tunnel  diffuser  downstream  of  the  test  section  is 
,  used  to  position  hot-film  anemometer  probes  in  the 

x  and  y  direction  for  boundary  layer  profile 
measurements.  The  z-position  of  the  probes  is 
fixed  at  the  plate  centerline. 

Temperature  measurements  in  the  thermal  boundary 
layer  are  made  with  a  DISA  55DU1  anemometer  and  a 
55F19  hot-film  boundary  layer  probe  operated  in  the 
constant  current  mode  as  a  resistance  thermometer. 
This  unit  is  calibrated  against  the  free  stream 
temperature  measured  by  thermistors  extending  in- 
,  to  the  free  stream  through  the  side  walls  of  the 

*  test  section.  Boundary  layer  velocity  measurements 

*  are  made  with  a  DISA  hot-film  system  consisting  of 

*  ,  two  55F19  probes,  a  11M01  constant  temperature 

am  mometer  equipped  with  a  55M14  temperature  com- 
,  pensated  bridge,  a  linearizer,  r.m.s.  voltmeter, 

»  and  d.c.  voltmeter.  The  system  is  calibrated 

against  the  velocity  measured  by  a  pitot-static 
t  tube  located  in  the  center  of  the  test  section.  A 

;  General  Radio  1900-A  wave  analyzer  is  used  to 

measure  the  r.m.s.  amplitude  of  the  anemometer 
signal  resulting  from  ribbon-generated  disturbances 
j  in  the  boundary  layer. 

V.  The  mean  velocity  profile  is  measured  at  x  =  5.5 

(  inches,  which  is  the  center  of  the  region  in  which 

.  disturbance  growth  rates  are  measured.  This  posi¬ 

tion  is  also  the  value  of  xre£,  the  point  at  which 
(  the  local  wall  temperature  is  held  constant  as  the 

temperature  distribution  parameters  n  and  xs  are 
'  varied.  The  displacement  thickness,  6*,  is  deter- 

f*  mined  by  plotting  the  mean  profile  and  using  a  polar 

r  planimeter  to  graphically  perform  the  integration 


s 


u 


6*  -  /vx  f  (1  -  —  )dn,  where  n  =  y/u/vx 
—  °  u« 

u0  e 

Since  the  maximum  wall  temperature  difference  used 
in  the  present  work  is  Tw-Tm  =  8°F,  the  error  in¬ 


curred  by  using  the  incompressible  formulas  given 
here  to  calculate  6*  and  n  is  only  about  0.1%.  All 
experimental  results  reported  below  are  therefore 
based  on  the  incompressible  forms  of  6*  and  n.  The 
Reynolds  number,  R_.  =  u  <5*/v,  is  formed  using  the 
kinematic  viscosity  evaluated  at  the  free  stream 
temperature . 

For  a  fixed  Reynolds  number  and  ribbon  frequency, 
the  ribbon-generated  disturbance  amplitude  is 
measured  at  five  stations  spaced  0.25  in.  apart 
between  x  =  5  inches  and  x  =  6  inches.  In  this 
region  the  pressure  gradient  is  small  (Falkner-Skan 
R  <  0.02)  and  there  is  no  interaction  between  the 
ribbon-generated  disturbance  and  the  natural  dis¬ 
turbances  present  in  the  boundary  layer.  The  dis¬ 
turbance  amplitude  recorded  at  each  station  is  the 
peak  amplitude,  defined  as  A(x)  =  (u* (n,x) /ue]max# 
found  by  searching  through  the  boundary  layer  in 
the  y-direction.  The  spatial  disturbance  growth 
rate  is  then  calculated  from  the  slope  (dA/dx)|^_^ 
of  a  polynomial-curve  fit  of  the  A(x)  data.  By 
repeating  the  above  process  for  several  different 
frequencies  the  growth  rate  vs.  frequency  charac¬ 
teristics  of  the  boundary  layer  are  determined  for 
a  fixed  Reynolds  number  and  temperature  distribution. 

All  stability  measurements  reported  here  for 
non-uniform  wall  temperature  distributions  were 
performed  near  R.t  =  800.  At  Reynolds  numbers 
higher  than  800  the  ribbon-generated  disturbances 
become  more  difficult  to  follow  since  background 
noise  levels  in  the  boundary  layer  increase  with 
Reynolds  number.  At  Reynolds  numbers  lower  than 
800  the  disturbance  growth  rates  are  already  small 
for  uniform  wall  temperature  in  the  range  3°F  -  Tw 
(x)-Too  -  8°F,  and  measurement  of  the  decreased 
growth  rates  resulting  from  non-uniform  wall  tem¬ 
perature  distribution  is  subject  to  large  relative 
errors. 


Results  and  Discussion 

Uniform  Wall  Temperature  Distributions 

The  Mean  Flow  -  A  comparison  between  heated  and 
unheated  mean  velocity  profiles  measured  under 
identical  flow  conditions  is  shown  in  Figure  6 
together  with  the  calculated  unheated  profile  ob¬ 
tained  using  Lowell* s  (1974)  program  for  B  =  -0.0036, 
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which  is  the  measured  0  for  the  case  shown-  For 
n  "  6  the  measured  velocity  is  uniform  to  within  1%. 
The  unheated  boundary  layer  thickness  for  this  case 
is  iS  =  0.066  inches  (n=6.3).  Note  that  velocities 
measured  in  the  region  n<  0.75  are  consistently 
higher  than  would  be  expected  from  the  straight-line 
nature  of  the  velocity  profile  in  this  region. 

These  velocities  may  be  subject  to  wall  interference 
effects  due  to  the  size  of  the  hot- film  probe  rel¬ 
ative  to  the  boundary  layer.  At  the  last  measured 
point,  n-0.5,  the  prongs  of  the  hot- film  probe 
touch  the  wall.  The  probe  prong  diameter  is  0.010 
inches  (n=0.95  in  the  present  case),  while  the 
sensing  element  diameter  is  0.003  inches  (n=0.29). 
The  discrepancy  shown  in  Figure  6  between  measured 
and  calculated  profiles  for  Tw”Too  =  0  may  be  due  to 
the  integrated  effect  of  the  upstream  pressure 
distribution  on  the  measured  profile.  Note  that 
the  difference  between  the  heated  and  unheated 
velocity  profiles  is  within  experimental  error. 

The  heated  profile  is  slightly  fuller  than  the 
unheated  profile  in  agreement  with  Lowell* s  numer¬ 
ical  solutions  of  the  variable  fluid  property 
boundary  layer  equations.  The  calculated  ratio  of 

'S*heated/6*unheated  for  this  case  is  °’968  while 
the  measured  ratio  is  0.967. 

Mean  temperature  profiles  measured  at  varying 
values  of  T  -T^  and  are  compared  to  Lowell's 
(1974)  solution  of  the  boundary  layer  energy  equa¬ 
tion  in  Figure  6.  Note  that  the  thermal  boundary 
layer  thickness  is  smaller  than  the  velocity  bound¬ 
ary  layer  thickness  by  approximately  the  ratio 
6T/SU  =  -  0.54,  where  the  Praridtl  number  of 

water  is  taken  as  6.3  at  Tw  =  75°F.  Further  de¬ 
tails  concerning  the  mean  flow  field  may  be  found 
in  Strazisar  (1975) . 

The  Disturbance  Flow  Field  -  While  the  CWRU 
Water  Tunnel  has  a  relatively  low  turbulence  level 
of  0.1%  to  0.2%,  this  is  still  much  higher  than 
Ross  et  al.  (1970)  in  air.  It  has  nevertheless 
been  ascertained  by  Strazisar  (1975)  that  the  pres¬ 
ent  ribbon-generated  disturbances  do  not  interact 
with  disturbances  of  other  frequencies  present  in 
the  tunnel  turbulence  and  furthermore  display  the 
linearity  required  in  order  that  the  disturbances 
be  considered  "infinitesimal". 

The  development  of  ribbon-generated  disturbances 
just  downstream  of  the  ribbon  is  investigated  to 
insure  that  the  disturbances  develop  fully  before 


reaching  the  station  where  growth  rates  are  first 
measured,  namely  x  =  5  inches.  Figure  7  shows 
the  results  for  a  decaying  disturbance  with 
wr  =  138  x  10”6,  R^*  -  601  at  x  -  5.5  inches.  The 
dimensionless  frequency  u>r  is  defined  ajr  =  (2flf) 
v/ue2  where  f  is  the  ribbon  frequency.  (The  exper¬ 
imental  lower  branch  neutral  point  at  R^*  =  601  is 
at  cjr  =  150  x  Points  in  the  region  n  <  0.75 

are  shown  as  broken  symbols  due  to  possible  inter¬ 
ference  effects  because  of  probe  proximity  to  the 
wall.  The  disturbance  amplitude  distribution 
through  the  boundary  layer  attains  its  final  shape 
at  x  =  4.5  inches  but  the  peak  amplitude  rises  be¬ 
tween  x  =  4.0  and  x  =  4.5  inches.  Downstream  of 
x  =  4.5  inches  both  the  shape  and  peak  amplitude 
of  the  disturbance  display  expected  behavior  as 
seen  by  comparison  with  the  calculated  eigenfunction 
for  this  frequency  and  Reynolds  number  obtained 
using  Lowell's  (1974)  program.  Since  the  measured 
wavelength  of  this  disturbance  is  0.66  inches  the 
appropriate  disturbance  eigenfunction  is  seemingly 
established  in  less  than  1-1/2  wave  lengths. 

A  measured  disturbance  temperature  amplitude 
distribution  is  compared  with  the  corresponding 
numerical  solution  in  Figure  7.  The  calculated 
distribution  is  scaled  by  equalizing  the  area 
under  the  measured  and  calculated  distributions 
in  the  region  0.75  <  n  <3.  The  shape  of  the 
disturbance  temperature  amplitude  distribution  is 
also  found  to  be  virtually  independent  of  the 
disturbance  frequency  at  a  fixed  R<$*. 

Disturbance  Growth  Rates  -  Measured  disturbance 
growth  rates  as  a  function  of  frequency  for  uni¬ 
form  wall  temperature  are  shown  in  Figure  8  for 
Ry5*  =  800.  The  dimensionless  spatial  growth  rate 

=  1  dA  6* 
ai  A  dx  R6* 

where  A  is  the  amplitude  of  the  disturbance  at  the 
particular  frequency  under  consideration.  The 
solid  lines  in  Figure  8  are  curves  faired  through 
the  measured  points.  The  curve  through  the  cir¬ 
cular  symbols  is  for  the  unheated  plate.  It  is 
evident  that  with  increased  heating  of  the  plate, 
the  growth  rates  progressively  decrease  and  the 
range  of  disturbance  frequencies  receiving  ampli¬ 
fication  is  diminished.  Similar  behavior  is  in¬ 
dicated  at  other  Reynolds  numbers  as  well. 
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FIGURE  7.  Velocity  and  temperature  fluctua¬ 
tion  amplitudes  in  the  boundary  layer. 


Ribbon  at  x  c  3.75  mcha* 

Tw-T„  =  0  F  k  a  0.666  inches 
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O  Data  lor  Tw-Tw  =  S.Z'F 
w,  X  10®  ■  83  R6.  »  890 


Neutral  Stability  -  For  reference,  the  neutral 
stability  results  for  the  unheated  plate  will  be 
presented  first.  Neutral  points  obtained  in  the 
present  experiment  are  plotted  together  with  those 
from  prior  investigations  in  Figure  9.  The  solid 
line  in  Figure  9  is  the  non-parallel  flow  solution 
of  Saric  and  Nayfeh  (1975)  while  the  dashed  line 
is  the  corresponding  parallel  flow  solution  of 
the  Orr-Sommer feld  equation.  Lower  branch  neutral 
,  .ants  in  the  region  R^*  •  500,  wr  -  210  »  10”1"  are 


FIiilIRK  8.  Measured  disturbance  growth  character ist  ics 
for  uniform  wall  temperature  distributions,  He s ,  =  H00 . 


denoted  by  bars  in  the  present  work  because  dis¬ 
tinct  neutral  points  could  not  be  identified.  Ex¬ 
perimental  results  indicate  that  a  neutral  point 
lies  somewhere  in  the  barred  region  at  each  dis¬ 
turbance  frequency  considered.  The  present  re¬ 
sults  are  in  agreement  with  the  experimental 
results  of  Ross  et  al .  (1970),  Schubauer  and 


1  IlHJKi:  u.  Neutral  stability  results  for  the  unheated 
plate.  {Solid  symbols  denote  lower  branch  points, 
open  symbols  denote  upper  branch  points). 
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a)  Theory  b)  Experiment 


FIGURE  10.  Neutral  stability  characteristics 
for  uniform  wall  temperature.  T„  =  75®  F. 


Skramstad  (1948) ,  and  Wortmann  (1955) ,  and  provide 
further  verification  of  the  departure  from  parallel- 
flow  solutions  in  the  region  500.  The  agree¬ 

ment  obtained  allows  one  to  proceed  to  the  case  of 
the  heated  plate  with  some  credibility. 

Experimentally  determined  neutral  curves  in  the 
(<or,  R,5*)  plane  for  nominal  uniform  wall  tempera¬ 
ture  differences  of  Tw-Tv„  =  0,5,8°F  are  compared 
to  the  parallel  flow  results  of  Lowell  (1974)  in 
Figure  10.  The  experimental  results  are  curves 
faired  through  the  measured  neutral  points,  which 
have  not  been  shown  for  the  sake  of  clarity.  Com¬ 
parison  between  the  calculated  parallel-flow  re¬ 
sults  and  experiment  indicates  that  the  departures 
between  the  two  found  near  (R^*)  m^n  crit  for  t*ie 
unheated  case  persist  in  the  heated  cases.  It  is 
readily  seen  that  with  increases  in  TW-TTO, 

(R(5*)min  crit  increases  and  also  the  range  of 
frequencies  receiving  amplification  decreases. 

Note  that  while  the  theoretical  neutral  curves 
according  to  Lowell's  parallel  flow  calculation 
nest  within  each  other,  this  does  not  happen  ex¬ 
perimentally  until  Rt^*  exceeds  860. 

Predicted  and  measured  values  of  (R^*)  min. crit 
are  compared  in  Figure  11.  The  measured  rate  of 
increase  in  (R^*) min. crit  compares  favorably  with 
that  predicted  by  Lowell  (19741  and  by  Wazzan  et  al. 
(1970).  Over  the  range  of  values  of  Tw-Tu,  covered 
by  the  present  work  it  is  conjectured  that  the 


non-parallel  flow  nature  of  the  boundary  layer 
serves  to  reduce  the  value  of  ( R<5*) min . crit  by 
about  120  units  from  that  predicted  for  parallel 
flow.  This  reduction  seems  independent  of  the 
level  of  wall  heating.  A  more  complete  description 
of  these  results  ig  given  in  Strazisar,  Reshotko, 
and  Prahl  (1977). 


Non-Uniform  Wall  Temperature  Distributions 

As  indicated  earlier,  the  two  types  of  non-uniform 
wall  temperature  distributions  studied  are  a)  the 
power-law  type  in  which  (Tw-Too)  =  Axn  and  b)  step 
changes  in  wall  temperature  of  magnitude  AT  =  Tw~ 

Tlo  occuring  at  location  xs.  In  the  discussions 
that  follow,  n  is  the  exponent  of  the  power-law 
wall  temperature  distribution  and  s  -  xs/xref  is 
the  fraction  of  th>  distance  to  the  measuring 
station  (xref  =  5.5  inches)  at  which  the  step 
change  in  wall  temperature  is  located. 

The  Mean  Flow  -  Mean  velocity  profiles  for 
varying  values  of  n,  s  and  T^x^f)-^  are  compared 
to  the  Blasius  profile  in  Figure  12.  The  discrep- 


i'l  iuKF  11.  Effect  of  heating  on  minimum  critical 
Ft -y  no  Li:;  n  umbo r  . 


Fkll'RE  12.  Mean  velocity  profiles  for  varyinq  wall 
temperature  distributions. 
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ancy  between  the  unheated  profile  and  the  Blasius 
solution  may  be  due  to  small  pressure  gradient 
effects . 

Mean  temperature  profiles  and  wall  temperature 
distributions  measured  for  values  of  Tw <xref ) 

S5°F  are  compared  to  relevant  solutions  of  the 
boundary  layer  equations  in  Figure  19.  These 
similar  solutions  were  obtained  by  Runge-Kutta 
integration  of  the  coupled  momentum  and  energy 
equations  assuming  variable  viscosity  and  thermal 
conductivity.  Their  development  is  not  shown  here. 
The  error  bars  shown  in  Figure  13  represent  the 
maximum  measurement  error.  Agreement  between  the 
measured  and  predicted  profiles  is  reasonable  con¬ 
sidering  the  fact  that  the  wall  temperature  cannot 
be  monitored  or  maintained  near  the  leading  edge 


due  to  equipment  limitations.  The  thermal  boundary 
layer  near  the  leading  edge  is  too  thin  to  make 
temperature  profile  measurements  with  the  hot  film 
practical.  The  first  indication  of  the  wall  tem¬ 
perature  is  thus  provided  by  the  thermistor  imbedded 
in  the  plate  surface  at  x  =  1.2".  The  heater 
nearest  the  leading  edge  is  located  at  0.71"  <  x 
<  0.96".  The  actual  wall  temperature  thus  rises  in 
some  unknown  manner  from  Tw-Tgo  =  0  at  the  leading 
edge  to  a  value  near  the  desired  local  wall  tem¬ 
perature  at  x  -  0.71".  These  limitations  are  more 
severe  for  increasingly  negative  values  of  n,  which 
require  large  temperature  differences  near  the 
leading  edge,  and  may  be  the  cause  of  the  discrep¬ 
ancy  between  theory  and  experiment  seen  in  Figure 
13  for  the  attempted  n  =  -0.5  profile. 
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Temperature  profiles  measured  at  xrc£  -  5.5"  for 
several  values  of  S  =  xs/xref,  with  AT  =  5°F,  are 
compared  to  analytic  results  in  Figure  14.  The 
actual  wall  temperature  does  not  undergo  a  steep 
step  change  due  to  conduction  of  heat  through  the 
plate  upstream  of  the  first  heater  used  in  each 
case.  As  a  result  there  is  not  a  unique  value  of 
xs,  the  step  change  "location".  For  purposes  of 
comparison  solutions  were  obtained  to  the  constant 
property  energy  equation  assuming  that  the  temper¬ 
ature  profile  developed  entirely  within  the  linear 
portion  of  the  velocity  profile.  This  is  a  reason¬ 
able  assumption  for  the  Prandtl  number  of  water. 
Comparison  of  the  measured  profiles  with  these 
approximate  step  change  solutions  indicates  that 
the  best  agreement  between  theory  and  experiment 
results  when  xs  is  taken  as  the  x-location  at 
which  the  wall  temperature  first  begins  to  rise 
above  the  free  stream  temperature.  The  choice  of 
xs  is  used  in  all  of  the  results  reported  herein. 

The  agreement  between  measured  and  predicted 
temperature  profiles  shown  in  Figures  13  and  14 


FIGURE  15.  Measured  disturbance  growth  characteristics 
fur  power  law  wall  temperature  distributions  Tw(x)  -  T-„ 
=  Ax'1,  R4(|  -  800. 


for  Tw(xre£)-T„,  =  5°F  is  typical  of  that  obtained 
at  local  wall  temperature  differences  of  3°F  and 
8°F  as  well. 

Disturbance  Growth  Rates  -  Disturbance  growth 
rate  characteristics  for  vaying  values  of  n  at  a 
fixed  Reynolds  number  near  Rj*  =  800  with  Tw(xref) 
-T,.,  =  5°,  are  shown  in  Figure  15.  The  unheated 
case  is  included  for  reference.  The  curves  shown 
are  faired  through  the  measured  (a^,wr)  points, 
which  are  not  shown  for  the  sake  of  clarity.  For 
n  =  +1.0  the  maximum  disturbance  growth  rate  is 
greater  than  that  for  n=0  at  a  given  value  of  T w 
(Xj-gfl-T^,,  and  the  band  of  amplified  disturbance 
frequencies  moves  to  a  higher  frequency  range. 
Similar  results  are  obtained  for  Tw (xrej:) -T,^  =  3°F 
and  5»F. 

Disturbance  growth  rates  vs.  frequency  for 
various  values  of  s,  with  AT  =  5°i  are  shown  in 
Figure  16  at  a  nominal  Reynolds  number  of  Rj*  =  800. 
The  unheated  case  is  included  for  reference  and 
measured  points  (a^,wr)  are  once  again  not  plotted 
for  the  sake  of  clarity.  The  case  s  =  0  corresponds 


FIGURE  16.  Measured  growth  characteristics  for  a  step 
change  increase  in  wall  temperature,  R^„  =  800. 
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TW  T- 


(a)  <M 


FIGURE  17.  Maximum  growth  rates  for  power  law  wall 
temperature  distributions,  Tw(x)  -  TIV.  =  Axn,  ks*  800. 


number  is  a  minimum  for  n=0,  and  increases  by 
maximum  of  12%  for  values  of  n  in  the  range 
-  1/2  i  n  i  1.  This  behavior,  which  is  not  con¬ 
sistent  with  the  experimental  results,  may  be  due 
to  the  fact  that  significant  changes  in  wall  tem¬ 
perature  and  therefore  in  the  velocity  and  temper¬ 
ature  distributions  are  taking  place  over  one  or 
two  wave-lengths  in  violation  of  the  parallel-flow 
assumptions.  It  is  felt  that  a  proper  multiple 
scales  formulation  of  the  stability  problem,  which 
takes  into  account  the  rather  rapid  variation  of 
wall  temperature  with  x,  is  required  to  properly 
assess  the  present  results  for  power-law  and  step 
function  wall  temperature  variations.  The  results 
for  non-uniform  wall  temperature  distributions  are 
given  in  more  detail  in  the  paper  by  Strazisar  and 
Reshotko  (1978) . 


to  uniform  wall  heating  beginning  at  the  leading 
edge  while  the  case  s  =  1  corresponds  to  a  step 
change  in  temperature  occurring  at  the  measuring 
station  xre£  =5.5  inches.  The  peak  disturbance 
growth  rate  displays  a  minimum  as  s  increases  for 
each  value  of  AT  considered  here.  The  band  of 
amplified  disturbance  frequencies  also  moves  toward 
a  higher  frequency  range  as  s  increases. 

Disturbance  growth  rate  behavior  as  a  function 
of  wall  temperature  distribution  is  summarized  in 
Figures  17  and  18,  where  (“'H^max  defined  as 
the  maximum  disturbance  growth  rate  for  a  given 
value  of  Tw(xref)  -T.*,  at  fixed  values  of  n  is  shown 
in  Figure  17b.  We  see  that  positive  exponents  can 
result  in  large  disturbance  growth  rates  at  low 
wall  heating  levels.  At  higher  levels  of  wall 
heating  the  relative  reduction  in  (-a^)max  between 
any  two  temperature  levels  is  greatest  as  n  de¬ 
creases. 

The  variation  of  {~ai)max  with  s  at  values  of 
AT  =  3°F  and  5°F  is  shown  in  Figure  18.  The  min¬ 
imum  in  (-ui)max  at  each  wall  heating  level  occurs 
near  the  minimum  critical  Reynolds  number  of  the 
unheated  boundary  layer.  The  measured  value  of 
(KiS*)min.crit  for  AT  =  0  is  400 '  which  corresponds 
to  s  -  0.25  in  Figure  18,  while  the  predicted  par¬ 
allel  flow  value  of  (R^*) min.cr it  =  520  for  = 

0  corresponds  to  s  =  0.42. 

An  attempt  was  made  to  use  the  program  of  Lowell 
and  Reshotko  (1974)  to  solve  the  parallel- flow 
spatial  stability  problem  for  power  law,  wall 
temperature  distributions  since  the  solution  scheme 
allows  the  mean  flow  solution  to  be  read  directly 
into  the  coefficient  matrix  of  the  disturbance 
growth  rate  at  a  fixed  frequency  and  Reynolds 


5.  EFFECT  OF  WALL  HEATING  ON  SEPARATION 

An  underwater  vehicle  is  basically  a  body  of  rev¬ 
olution  having  generally  favorable  pressure  gra¬ 
dients  forward  of  the  maximum  diameter  and  adverse 
pressure  gradients  downstream  of  the  maximum 
diameter.  If  laminar  flow  can  be  maintained  all 
the  way  to  the  adverse  pressure  gradient  region 
then  the  boundary  layer  will  be  very  easily 
separated  unless  measures  are  taken  to  delay  such 
separation. 

An  obvious  way  to  delay  separation  is  by  suction. 
This  however  involves  the  complexities  of  suction 
slots,  internal  ducting  and  later  discharge  of 
the  flow  removed  from  the  vehicle  boundary  layer. 

A  "cleaner"  possibility  for  separation  delay  if  it 
in  fact  would  work  is  heating. 

Wazzan  et  al.  (1970)  showed  that  heating  can 
cause  a  separating  profile  to  fill  out  significantly. 
Figure  19  indicates  that  for  a  Falkner-Skan  6  = 
-0.1988,  an  overheat  of  90°F,  converts  a  separating 
profile  to  one  having  the  shape  factor  of  a  Blasius 
boundary  layer.  This  motivated  our  proposal  to 
investigate  experimentally  the  potential  effect  of 
heating  on  delay  of  laminar  separation.  Subsequent 
calculations  by  Aroesty  and  Berger  (1975)  using  an 
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FIGURE  20.  Effect  of  overheat  on  Fulkner-Skan  separa- 
t ion  parameter . 


approximate  procedure  showed  that  despite  the 
large  changes  in  profile  shown  in  Figure  19,  the 
value  of  6  at  separation  did  not  change  very  much 
with  heating  (Figure  20) .  This  was  confirmed  as 
also  shown  on  Figure  20  by  exact  calculations  of 
Strazisar  (1975)  using  Lowell's  (1974)  program. 

The  question  of  the  length  retardation  of  separa¬ 
tion  on  a  real  configuration  nevertheless  remained 
an  open  one. 


Experiment 

This  experiment  was  also  performed  in  the  CWRU  Low 
Turbulence  Water  Tunnel  described  in  Section  4 
using  a  specially  designed  two-dimensional  model 
having  an  NACA  632~015  profile.  The  model  (Fig¬ 
ure  21)  is  designed  as  part  of  the  upper  wall  of 
the  test  section  of  the  water  tunnel.  The  boundary 
layer  developing  on  the  upper  wall  of  the  nozzle 
is  removed  through  a  scoop  with  the  bleed  rate 
adjusted  so  that  the  stagnation  streamline  is 
straight  and  steady.  Rod  heaters  (Figure  22)  are 
provided  over  the  length  of  boundary  layer  develop¬ 
ment.  The  tests  were  conducted  at  rather  low  unit 
Reynolds  numbers  so  as  to  promote  laminar  flow 
in  the  separation  region  and  to  minimize  the  power 
needed  for  large  temperature  differences.  The 
electric  heaters  distributed  through  the  plate 
provide  wall  temperatures  of  the  order  of  60°F 


Experimental  model 

NACA  632-015  profile 
Maximum  thickness  ■  1.175" 
L  *  9.213" 
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FIGURE  22.  Location  of  rod  heaters  in  experimental 
model . 


above  the  free-stream  fluid  temperature  in  the 
region  of  separation.  Wall  temperature  distribu¬ 
tions  are  shown  in  Figure  23. 

The  separation  behavior  was  determined  by  com¬ 
binations  of  the  following  indicators:  1)  indi¬ 
cation  of  separation  by  visual  observations  of  a 
dye  stream  injected  along  the  surface  through  static 
pressure  holes,  2)  location  of  separation  indicated 
by  the  static  pressure  distribution  along  the  plate, 
and  3)  use  of  hot  film  anemometry  to  measure  bound¬ 
ary  layer  velocity  profiles. 

As  with  many  water  flow  facilities,  results  are 
dependent  on  the  state  of  cleanliness  of  the 
experimental  equipment.  In  particular,  the  veloc¬ 
ity  profiles  were  affected  by  the  condition  of 
the  airfoil  surface  and  the  screens  in  the  settling 
chamber.  Even  when  the  screens  and  airfoil  surface 
were  relatively  clean,  there  was  some  scatter  in 
the  level  of  the  boundary  layer  shape  parameter 
as  evidenced  by  the  results  for  the  unheated  air¬ 
foil.  The  effects  of  heating  on  shape  factor 
displayed  consistent  trends  that  were  generally 
independent  of  facility  condition.  The  experi¬ 
mental  setup,  procedures  and  measurement  systems 
are  described  in  detail  by  Timbo  and  Prahl  (1977) . 


Results 


When  dye  was  injected  into  the  boundary  layer 
through  the  pressure  taps  along  the  centerline  of 
the  airfoil,  it  usually  did  not  all  move  directly 
upstream  on  the  centerline.  Some  of  the  dye  moved 
initially  spanwise  and  then  upstream.  Regardless 
of  the  path  of  the  dye,  its  motion  was  never  steady. 
When  the  airfoil  surface  was  polished  and  the  most 
accessible  of  the  screens  in  the  settling  chamber 
cleaned,  the  most  forward  upstream  position  of  the 
dye  on  the  unheated  airfoil  was  4.1  inches  (x/L  = 
0.45) .  With  heating,  the  patter  of  upstream  dye 
flow  remained  indistinguishable  from  the  unheated 
case.  Thus  for  the  wall  overheats  tested,  up  to 
80 °F  measured  at  x  -  4.01”  (x/L  =  0.44  in  Figure 
23) ,  there  was  no  separation  delay  discernable 
using  the  dye  injection  method. 

In  looking  at  pressure  distributions,  separation 
is  identified  as  the  point  where  the  <-ixperimental 
pressure  distribution  departs  from  the  theoretical 
recompression  distribution  on  the  aft  portion  of 
the  airfoil.  The  pressure  taps  will  not  indicate 
a  separated  boundary  layer  unless  there  is  con¬ 
tinuous  separation  at  the  tap's  position.  Thus 
unless  the  upstream  motion  of  the  dye  is  very 
steady,  which  is  usually  not  the  case,  the  position 
of  separation  as  determined  by  the  most  upstream 
penetration  of  dye  is  consistently  farther  upstream 
than  indicated  by  pressure  distributions. 

The  separation  point  by  examination  of  pressure 
distributions  on  unheated  airfoil  occurs  at  x*4.9" 
(x/L  =  9.53).  This  is  close  to  the  location  x  ~  5" 
predicted  for  separation  using  the  Thwaites  method. 
Heating,  as  reported  by  Timko  and  Prahl  (1977), 
caused  no  significant  alteration  in  the  pressure 
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distributions  and  so  again  one  cannot  point  to  any 
delay  of  separation  by  heating  from  these  data. 

Since  the  first  two  indicators  showed  negligible 
shift  of  separation  with  heating,  the  boundary  layer 
velocity  profiles  were  measured  in  some  detail  at 
a  point  upstream  of  separation  with  and  without 
heating.  Figure  24  shows  the  results  for  boundary 
layer  shape  factor  at  a  station  3.88"  downstream 
of  the  leading  edge.  Heating  causes  a  reduction 
in  shape  factor  from  the  unheated  value.  The  un¬ 
heated  profiles  correspond  to  -0.17  <  8  <  -0.15 
and  the  slight  reduction  in  shape  factor  with 
heating  is  in  accordance  with  expectation  from  the 
similar  solutions  of  Wazzan  and  Gazley  (1977). 
Despite  these  shape  factor  reductions  the  profiles 
are  changing  so  rapidly  with  longitudinal  distance 
(hence  the  scatter  in  Figure  24)  that  the  separation 
location  is  hardly  affected. 

Thus  for  the  amounts  of  wall  heating  employed 
in  this  study  the  separation  point  does  not  move 
noticeably  from  its  unheated  position.  This  in  a 
sense  confirms  the  results  of  Aroesty  and  Berger 
(1975)  and  of  Strazisar  (1975)  (Figure  20)  which 
show  the  theoretical  insensitivity  of  the  value 
of  B  at  separation  to  heating. 


6.  CONCLUDING  REMARKS 

The  studies  to  date  reported  herein  together  with 
those  of  Wazzan  et  al .  (1970,  1977),  Barker  (1978) 
and  others  are  such  as  to  justify  further  investi¬ 
gation  of  the  various  elements  of  the  heating 
phenomenon.  Among  the  factors  affecting  the  prac¬ 
tical  application  of  heating  is  the  combined  effect 
of  heating  and  roughness  on  stability  and  transition. 
The  work  of  Kosecoff,  Ko,  and  Merkle  (1976)  suggests 
that  the  roughness  effect  is  due  to  the  instability 
of  the  mean  profile  as  distorted  by  the  roughness. 

An  alternative  view  being  investigated  at  CWRU  is 
that  the  roughness  introduces  disturbances  into 
the  boundary  layer  that  may  subsequently  be  ampli¬ 
fied  by  the  Tol lmien-Schlichting  mechanism.  In 
this  view  the  wavelength  of  the  roughness  is  im¬ 
portant  as  well  as  its  height.  An  experiment  has 
been  planned  that  will  map  out  the  mean  and  dis¬ 
turbance  flow-fields  in  the  vicinity  of  roughness 
elements  so  that  the  relevant  mechanism  can  be 
identified.  This  will  provide  a  fluid  mechanic 
characterization  of  roughness  and  help  in  further 
assessment  of  the  effects  of  roughness  on  trans¬ 
ition  of  heated  water  boundary  layers.  With  further 
attention  given  also  to  heat  exchanger  design  pro¬ 
pulsion  system,  and  fabrication  techniques,  there 
are  promising  prospects  for  the  achievement  of 
drag  reduction  by  heating  in  water. 
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Discussion 

CARL  GAZLEY,  Jr. 


Several  of  us*  at  Rand  and  UCLA  have  made  a 
series  of  computations  which  serve  to  illuminate 
some  of  the  experiments  described  by  Professor 
Reshotko.  His  experiments  with  non-uniform  wall 
temperature  distribution  indicate  the  sensitivity 
of  the  boundary-layer  stability  to  the  way  the 
surface  temperature  changes  with  distance  along  the 
plate.  For  the  power-law  variation,  AT  =  Ax11, 
Reshotko' s  experiments  for  AT  <  8°F  appear  to 
indicate  decreased  stability  and  increased  ampli¬ 
fication  rates  as  the  experiment  n  decreases  toward 
zero.  Our  computations  indicate  the  same  trend  at 
low  temperature  differences,  but  also  show  a 
reversal  at  a  temperature  difference  of  about  20°F 
with  an  increasing  stability  with  increasing  n 
above  this  AT.  In  fact,  very  large  increases  occur 
for  a  AT  above  30°. 

Our  results  were  obtained  both  by  exact  numer¬ 
ical  techniques  based  on  the  Orr-Sommerfeld  equa¬ 
tion  (Waz zan  and  Gazley  (1978))  and  by  a  modifiae- 
tion  of  the  Dunn-Lin  approximation  [Aroesty  et  al. 
(1978)).  The  results  for  flat-plate  flow  in  terms 
of  the  minimum  critical  Reynolds  number  based  on 
displacement  thickness  are  shown  in  Figures  1  and 
2  for  values  of  n  =  1  and  2  as  a  function  of  the 
local  temperature  difference.  The  modified  Dunn- 
Lin  approximation  is  seen  to  agree  remarkably  well 
with  the  exact  computations.  More  extensive 
results  of  that  approximation  are  shown  in  Figure  3 
for  values  of  n  ranging  from  zero  to  2.  For  temp¬ 
erature  differences  above  about  30°F,  the  advanta¬ 
geous  effects  of  an  increasing  temperature  differ¬ 
ence  are  seen  to  be  very  large. 
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FIGURE  2.  Variation  of  critical  Reynolds  Number  with 
local  temperature  difference.  Flat  plate  with  tempera¬ 
ture  difference  increasing  with  the  square  of  distance. 


FIGURE  i.  Variation  of  Critical  Reynolds  Number  with 
local  temperature  difference  for  several  surface- 
temperature  distributions. 
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ELI  RESHOTKO 


Dr.  Gazley  and  his  colleagues  have  long  been 
interested  and  active  in  the  topic  of  heated 
boundary  layers  and  his  comments  on  the  conse¬ 
quences  of  power-law  temperature  distributions 
are  greatly  appreciated. 

Let  me  first  restate  our  experimental  results. 
Referring  to  Figure  17  of  the  paper,  our  experi¬ 
ments  for  AT  <  8®F  appear  to  indicate  decreased 
amplification  rates  as  the  exponent  n  decreases 
toward  zero  and  in  fact  for  some  range  of  negative 
values  of  n,  the  disturbances  become  damped.  In 
th*‘  temperature  range  AT  <  8°F,  neither  our  cal¬ 
culations  (cited  in  the  paper)  nor  Gazley 's  give 
any  basis  for  this  experimental  result. 

Nay f eh  and  El-Hady  (private  communication) 

*ve  i-  cently  pointed  out  that  water  boundary 
i.tv*  i  with  non- isothermal  walls  cannot  have 
milar  boundary  layer  solutions  because  of  the 
vur  l.ii'le  properties  of  water.  They  show  that  if 
om  first  calculates  the  non-similar  boundary 
layer  profiles  expected  at  the  measuring  station 
of  the  St razisar-Reshotko  experiments  and  then 
analyzes  the  stability  of  these  profiles,  the 
resulting  growth  rates  are  qualitatively  in  accord 
with  the  St r az isar-Reshotko  results  as  shown  in 
the  figure  below  supplied  to  me  by  Professor 
Nay f eh.  Note  in  the  figure  that  as  n  decreases, 
the  growth  rates  also  decrease,  and  although  the 
calculated  maximum  growth  rates  are  not  negative 
for  the  non-parallel  calculations  with  n  =  -0.5, 
they  are  very  close  to  zero.  This  trend  is  opixj- 
site  to  what  was  obtained  for  the  stability  of 
similar  boundary  layer  mean  profiles. 

Nayfeh  and  El-Hady's  calculations  do  not  go 
beyond  AT  =  8°F.  But  I  believe  that  they  have 
made  their  point  that  when  studying  the  stability 
of  water  boundary  layers  with  power- law  or  other 
non- isothermal  wall  temperature  distributions, 
one  must  analyze  the  stability  of  the  appropriate 
non-similar  boundary  layer  profiles  in  order  to 
obtain  even  the  correct  qualitative  trends. 
Therefore  I  believe  that  the  results  presented  by 
Dr.  Gazley  in  his  comment  must  be  reexamined. 
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ABSTRACT 

The  method  of  multiple  scales  is  used  to  analyze  the 
1 ineur-nonparailel  stability  of  two-dimensional 
lie.it ed  liquid  boundary  layers.  Included  in  the  anal¬ 
ysis  are  disturbances  due  to  velocity,  pressure, 
temperature,  density,  and  transport  properties,  as 
well  as  variations  of  the  liquid  properties  with 
temperature.  An  equation  is  derived  for  the  modula¬ 
tion  of  the  wave  amplitude  with  stroamwiso  distance. 
Although  the  analysis  is  applicable  to  both  uniform 
and  nonuniform  wall  heating,  numerical  results  are 
presented  only  for  the  uniform  heating  case.  The 
numerical  results  are  in  good  agreement  witli  the 
experimental  results  of  Strazisar,  Reshotko,  and 
Prahl . 


1 .  INTRODUCTION 

It  is  generally  accepted  that  the  instability  of 
small  amplitude  disturbances  in  a  laminar  boundary 
layer  is  an  integral  part  of  the  transition  process. 
Significant  changes  in  the  boundary  layer  stability 
character ist ics  can  bo  achieved  by  utilizing  dif¬ 
ferent  factors,  such  as  pressure  gradients,  suction, 
injection,  compliant  boundaries,  and  heating  or 
cooling  of  the  boundary  layer. 

lurface  heating  in  a  liquid  boundary  layer  can 
be  utilized  to  yield  a  mean  velocity  profile  which 
is  more  stable  than  the  Blasius  profile.  The*  rea¬ 
son  is  that  heat  transfer  alters  the  shape  of  the 
boundary-layer  temperature  profile  which  in  turn 
alters  the  velocity  profile  through  the  viscosity- 
temperature  dependence.  The  effect  of  wall  heatinq 
on  the  stability  of  boundary  layers  in  water  was 
investigated  by  Wazzan  et  al.  (lr->f>8,  1970).  They 
included  the  variation  of  the  viscosity  with  tem¬ 
perature  through  the  thermal  boundary  layer.  They 
obtained  a  modified  Orr-Summor fold  equation.  How¬ 
ever,  they  did  not  include  tempera  tun.'  fluctuations 
in  the  disturbance  flowfield.  Their  results  show 
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that  while  cooling  the  wall  has  a  destabilizing  ef¬ 
fect  on  the  flow,  moderate  heatinq  has  a  strong 
stabilizing  effect.  Lowell  (1974)  reformulated  the 
problem  by  adding  fluctuations  for  the  temperature , 
density,  and  transport  properties.  The  results  of 
Lowell  did  not  vary  appreciably  from  those  of  Wazzan 
et  al .  (  1970) . 

The  presently  available  analyses  (Wazzan  et  al. 
and  Lowell)  for  the  stability  of  heated  boundary 
layers  in  water  are  all  parallel  flow  analyses.  The 
results  of  the  parallel  stability  analyses  do  not 
aqre<j  with  available  experimental  results.  Strazisai 
et  al.  1977)  performed  experiments  on  the 

stability  of  boundary  layers  on  both  unheated  and 
uniformly  heated  flat  plates.  Those  experiments 
confirmed  the  increased  stability  resulting  from 
wall  heatinq  in  water.  Strazisar  and  Reshotko  (1977, 
extended  their  experiments  to  cases  of  nonuniform 
surface  heatinq  in  the  form  of  power-law  temperature 
distributions;  that  is,  Tw(x)  -  Te  =  Axn.  Their 
results  are  given  only  for  a  displacement  thickness 
Reynolds  number  R*  =  800  and  indicate  that,  for  a 
given  level  of  wall  heating,  cases  with  n  •  0  have 
the  lowest  growth  rates.  Strazisar  and  Reshotko 
(1977)  found  that  applying  Lowell's  analysis  (1974) 
to  the  case  of  power- law  temperature  distributions 
yielded  results  that  did  not  uqroe  with  the  experi¬ 
mental  results. 

In  this  paper,  we  use  the  method  of  multiple 
scales  (1973)  to  analyze  the  linear,  nonparallel 
stability  of  two-dimensional  boundary  layers  in 
water  on  a  flat  plate,  taking  into  account  uniform 
as  well  as  nonuniform  wall  heatinq.  We  include 
disturbances  in  the  temperature,  density,  and  trans¬ 
port  properties  of  the  liquid  in  addition  to  dis¬ 
turbances  in  the  velocities  and  pressure.  However, 
we  present  numerical  results  only  for  the  case  of 
uniform  wall  heatinq  and  compare  our  results  with 
the  experimental  data  of  Strazisar  et  al.  (1975, 
1977).  When  the  variation  of  the  temperature, 
thermodynamic,  and  transport  properties  are  ne¬ 
glected,  the  present  solution  reduces  to  those  of 
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Bouthier  (1973),  Nayfeh,  Saris,  and  Mook  (1974), 
Gaster  (1974),  and  Saric  and  Nayfeh  (1975,  1977). 

The  formulation  of  the  problem  and  method  of 
solution  is  taken  in  the  next  section,  the  solution 
of  the  first-order  problem  is  given  in  Section  3, 
the  solution  of  the  second-order  problem  is  given 
in  Section  4,  the  mean  flow  is  discussed  in  Section 
5,  and  the  numerical  results  and  their  comparison 
with  the  experimental  data  of  Strazisar  et  al.  (1975, 
1977)  is  given  in  Section  6. 


2.  PROBLEM  FORMULATION  AND  METHOD  OF  SOLUTION 

The  present  study  is  concerned  with  the  two- 
dimensional,  nonparallel  stability  of  two-dimensional, 
viscous,  heat  conducting  liquid  boundary  layers  to 
small  amplitude  disturbances.  The  analysis  takes 
into  account  variations  in  the  fluid  properties  but 
neglects  buoyancy,  dissipation,  and  expansion  ener¬ 
gies.  All  fluid  properties  are  assumed  to  be  known 
functions  of  the  temperature  alone. 

Dimensionless  quantities  are  introduced  by  using 
a  suitable  reference  length  L*  and  the  freestream 
values  as  reference  quantities,  where  the  star 
denotes  dimensional  quantities. 

To  study  the  linear  stability  of  a  mean  boundary- 
layer  flow,  we  superpose  a  small  time-dependent  dis¬ 
turbance  on  each  mean  flow,  thermodynamic,  and 
trasport  quantity.  Thus,  we  let 

q(x,y,t)  =  tQ(x,y)  +  q(x,y,t)  (1) 

where  Qo(x*y)  *-s  a  mean  steady  quantity  and  q(x,y,t) 
is  an  unsteady  disturbance  quantity.  Here,  q  stands 
for  the  streamwise  and  transverse  velocity  compo¬ 
nents  u  and  v,  the  temperature  T,  the  pressure  p, 
the  density  p,  the  specific  heat  c.,,  the  viscosity 
U,  and  the  thermal  conductivity  k.  Substituting 
Eq.  (1)  into  the  Navier-Stokes  and  enerqy  equations, 
subtracting  the  mean  quantities  and  linearizing  the 
resulting  equations  in  the  q's,  we  obtain  the  fol¬ 
lowing  disturbance  equation: 

ft  +  h  (,\)u  *  ‘'u"  1  ♦  f:  ‘<'ov  +  *,v<»  ’  0  <2> 
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Pr  u,  k,  0^  =  functions  (T) 
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(6) 


Here,  cpo  is  the  liquid  specific  heat  at  constant 
pressure,  R  =  p|U|L*/pJ  is  the  Reynolds  number  and 
Pre  =  c*eu*/xj  is  the  freestream  Prandtl  number. 
Moreover , 


r  =  |  (e  +  2)  ,  s  =  j  (e  -  1)  , 
h  =  |  (1  t  2e)  ,  X  =  |  p(e-l)  (7) 


where  c  is  the  ratio  of  the  second  to  the  first 
viscosity  coefficients  (c  =  0  is  the  Stokes  assump¬ 
tion)  . 

The  problem  is  completed  by  the  specification  of 
the  boundary  conditions;  they  are 

u  =  v  =  T  =  0  =  at  y  =  0  (8) 

u,v,T  *0  as  v  *  (9) 
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We  restrict  our  analysis  to  mean  flows  which  are 
slightly  nonparal le 1 ;  that  is,  the  transverse  ve¬ 
locity  component  is  small  compared  with  the  stream- 
wise  velocity  component.  This  condition  demands  all 
moan  flow  variables  to  be  weak  functions  of  the 
streamwise  position.  These  assumptions  are  expressed 
mathomat ical ly  by  writing  the  mean  flow  variables  in 
the  form 


Uq  -  U,<i(X|,y),  V0  +  eVn(xlry), 
=  r.,(xi)  .  T0=  T0(X!  ,y) 


‘■•i  =  *  :i(xi,y)  ,  c  =  c  (xi  ,y)  , 
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where  x\  =  cx  with  i  being  a  small  dimensionless 
parameter  characterizing  the  nonparallelism  of  the 
mean  flow.  In  what  follows,  we  drop  the  caret  from 
VO- 


4 


55 


To  determine  an  appioximate  solution  to  Eqs.  (2) 
-(10),  we  use  the  method  of  multiple  scales  [Nayfoh 
(1973))  and  seek  a  first-order  expansion  for  the 
eight  dependent  disturbance  variables  u,  v,  p,  T, 

Pi  c  »  u  and  k  in  the  form  of  a  travel inq  harmonic 
wave;  that  is,  we  expand  each  disturbance  flow 
quantity  in  the  form 

q ( x i , y , t , )  =  (qi(xi,y) 

+  t  q  '  ( x i , y )  +  . ..Jexp(iO)  (11) 


where 


.  .  ao 

5i  =  52  =  -  “ 


(12) 


For  the  case  of  spatial  stability,  uq  is  the  complex 
wavenumber  for-  the  quasi -paral  lei  flow  problem  and 
.  is  tin'  disturbance  frequency  which  is  taken  to  be 
rea  l . 

Substituting  F.qs.  (11)  and  (12)  into  Eqs.  (2)^ 
(10) ,  transforming  the  time  and  the  spatial  deriv¬ 
atives  from  t  and  x  to  t»  and  X[,  and  equating  the 
coefficients  of  t  and  i  on  both  sides,  we  obtain 
problems  describing  the  v| i  and  q>  flow  quantities. 
Those  problems  art'  referred  to  as  the  first-  and 
second-order  problems  and  they  an*  solved  in  the 
next  two  sections. 


3.  THE  FIRST-ORDER  PKOHI.EM 

Substituting  Eqs .  (il)  and  (12)  into  Eqs.  (2)- (10) 
and  equating  the  coefficients  of  t  '  on  both  sides, 
wo  obtain  the  following 
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Tht'  boundary  conditions  are; 

uj  =  Vj  =  Tj  »  0  at  y  =  0 
u  i  ,  v  i  ,  T|  -0  a;;  y  ♦  •" 


(16) 


(17) 

(18) 


Equations  (13)  -  (18)  constitute  an  eigenvalue 
problem,  which  is  solved  numerically.  It  is 
convenient  to  express  it  as  a  set  of  six  first-order 
equ.it ions  by  introducing  the  new  variables  z.n  de¬ 
fined  by 


Z| 1  =  U]  , 


2 12 


3y 


Z  1  I  =  V]  , 


Z)|.  =  Pi  <  zl'.  =  T,  , 


zl(, 


Hi 

3y 


( 19) 


Then,  Ktjs.  (li)-(lH)  can  be  rewritten  in  the  com|iact 
form 

'Zli  " 

57 - i  aljZ,  .  *  0  for  i  =  (20) 


z  |  |  =  z  |  i  =  z  | *  0  at  y  =  0  (21) 

Z]  1 .  zi  ;i,  z, •  0  as  y  *  (22) 


wliere  the  a^  •  art*  tin*  elements  of  a  0  '  6  variable- 
coefficient  matrix.  The  nineteen  nonzero  elements 
of  this  matrix  are  listed  in  Appendix  I. 

We  solve  this  eigenvalue  problem  by  using  SUPORT 
| Scot t  and  Watts  ( 1977) ] .  To  set  up  the  numerical 
problem,  we  first  replace  the  boundary  conditions 
(22)  by  a  new  set  at  y  =  y  where  y  is  a  convenient 
location  outside  tire  boundary  layer.  Outside  the 
boundary  layer,  the  mean  flow  is  independent  of  y 
and  the  coefficients  a^j  are  constants.  Hence,  the 
general  solution  of  Eqs.  (20)  can  be  expressed  in 
the  form 

(> 

7. .  .  -  5  A  c  .exp(  \  .  v)  for  i  =  1 ,2  ,  ...  ,6  (21) 

11  jtq  111  r 

when'  the  Aj  arc  the  eigenvalues  of  the  matrix 
(a^],  the  Aj  j  arc  the  corresponding  eigenvector;* 
and  the  C-j  are  arbitrary  constants.  The  real  parts 
of  three  of  the  Aj  are  negative,  while  the  real 
parts  of  the  remaining  Aj  arc  positive.  Let  us 
order  these  eignevalucs  so  that  the  real  parts  of 
A|,A->,  and  \j  are  neqative.  Then,  the  boundary 
condition  (22)  demands  that  ct, , c s  and  c(,  are  zero. 
To  suit  up  this  condition  for  SUPORT,  we  first  solve 
Eqs.  (23)  for  the  CjOxp('..y)  and  obtain 

c^exp(\.y)  =  Y  for  ^  =  1,2,. ..,6  (24) 
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where  the  matrix  [b^j]  is  the  inverse  of 
Setting  C4  =  c$  -  cb  =  0  in  Eq.  (24)  leads  to 

6 

b.  .z, .  =  0  for  j  =  4,5,  and  6  at  y  =  y  (25) 
i=i  13  11 

where  the  b^j  are  the  elements  of  a  3  x  6  constant- 
coefficient  matrix. 

Using  Eqs.  (25)  as  the  boundary  condition  at  y 
-  y  and  guessing  a  value  for  uq,  we  use  SUPORT  to 
integrate  Eqs.  (20)  from  y  =  y  to  y  =  0  and  attempt 
to  satisfy  the  boundary  conditions  (21) .  if  the 
guessed  value  for  a0  is  the  correct  eigenvalue,  the 
three  boundary  conditions  will  be  satisfied.  In 
general,  the  guessed  value  is  not  the  correct  value 
and  the  boundary  conditions  at  the  wall  are  not 
satisfied.  A  Newton- Raph son  procedure  is  used  to 
update  the  value  of  ag  and  the  integration  is  re¬ 
peated  until  the  wall-boundary  conditions  are  satis¬ 
fied  to  within  a  prescribed  accuracy.  This  leads 
to  a  value  for  ag  and  a  further  integration  of 
Eqs.  (20)  leads  to  a  solution  that  can  be  expressed 
in  the  form 

z, .  *  A (xi ) C . (xi ,y)  for  i  =  1,2,. ..,6  (26) 

1 1  1  1  1  7 

where  A  is  still  an  undetermined  function  at  this 
level  of  approximation.  It  is  determined  by  im¬ 
posing  a  solvability  condition  at  the  next  level  of 
approximation. 


4.  THE  SECOND-ORDER  PROBLEM 

With  the  solution  of  the  first-order  problem  given 
in  Eq.  (26) ,  the  second-order  problem  becomes 
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where  the  G-  and  F.  are  known  functions  of  the 
'»0  and  the  mean  flow  quantities.  They  are  defined 
in  Appendix  II. 

Since  the  homogeneous  parts  of  Eqs.  (27) -(29) 
are  the  same  as  Eqs.  (20) -(22)  and  since  the  latter 
have  a  nontrivial  solution,  the  inhomogeneous  Eqs. 
(27) -(29)  have  a  solution  if,  and  only  if,  a  solva¬ 
bility  condition  is  satisfied.  In  this  case  the 
solvability  condition  demands  the  inhomogeneities 
to  be  orthogonal  to  every  solution  of  the  adjoint 
homogeneous  problem;  that  is, 


0 


where  the  W^(xj,y)  are  the  solutions  of  the  adjoint 


homogeneous  problem  corresponding  to  the  eigenvalue 
«g.  Thus,  they  are  the  solutions  of 

3W.  6 

- — l-  +  y  a..W.  =  0  for  i  =  1,2,. ..,6  (31) 

3y  :i  3 

j=l 

W2  =  W„  =  W6  =  0  at  y  =  0  (32) 


W2,  W,t,  W6  -*  0  as  y  ■*  «*  (33) 

Substituting  for  the  and  from  Appendix  II 
into  Eq.  (30) ,  we  obtain  the  following  equation  for 
the  evolution  of  the  amplitude  A: 


1  dA 
A  dxj 


iaj  (XJ ) 


where 


icti 


6 


Z 

j=i 


G.W.dy 
3  3 


The  solution  of  Eq.  (34)  can  be  written  as 

r 

A  =  Agexplis  /  ai(xi)dx) 


(34) 


(35) 


(36) 


where  Ao  is  a  constant  of  integration. 

To  determine  a\{x^) ,  we  need  to  evaluate  dag/dx] 
and  the  iKj/dX] .  To  accomplish  this,  we  differen¬ 
tiate  Eqs.  (20) -(22)  with  respect  to  xj  and  obtain 
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z 

j=l 


) 


G.  “7“^"  +  H.  for  i  =  1,2,..., 6 
l  dxj  i 


(37) 


9xj 


3^3 

9X] 


9£s 

dX  l 


*  0  at  y  =  0 


(38) 
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9x] 


3  C  3  3C5 


9xi 


9xi 


->  0  as  y  -* 


(39) 


The  initial  conditions  for  the  computational  pro¬ 
cedures  are  chosen  to  exclude  any  multiple  of  the 
homogeneous  solution.  The  are  known  functions 
of  ao  and  the  mean  flow  quantities  and  their 
derivatives;  they  are  given  by 


9a ,  . 


■i-ISs? 

i=i 


and 


“0 


_  3a .  . 

Ji  Z  for  i  =  1,2,. ..,6 

j=l  3X> 


(40) 


Using  the  solvability  condition  of  Eqs.  (37) -(39) 
we  find  that 
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iia 

dx  i 
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S  H.W.dy 
11 

i~l 


5  G.W.dy  (41) 
^  li 

i  =  l 


Therefore,  to  the  first  approximation 
:<l  -  A  r,(xj  ,y) exp (i  f  (<t  +  »:«ij)dx  -  i<ot]  +  0(e)  (42) 


where  the  zj  are  related  to  the  disturbance  variables 
by  F.q.  (19)  and  the  constant  Aq  is  determined  from 
the  initial  conditions.  It  is  clear  from  Eq.  (42) 
that,  in  addition  to  the  dependence  of  the  eigen- 
solutions  on  x,  the  eigenvalue  is  modified  by 
t  a | .  The  present  solution  reduces  to  those  obtained 
by  Nayfeh,  Saric,  and  Mook  (1974)  and  Saric  and 
Nay f oh  (1975)  for  the  case  of  nonheat  conducting 
flows . 


5.  THE  MEAN  FLOW 

For  flows  whose  thermodynamic  and  transport 
properties  are  functions  of  temperature,  the 
two-dimensional  boundary- layer  equations  for  a 
zero-pressure  gradient  are 


9  3 

t— r  <P*u*)  +  7—r  (p 
9x*  3y* 

*v*)  =  0 

(43) 

*  *  9u*  *  *  *  3u* 

3x*  3y  * 

3  .  3  u  * 

3y* 

(44) 

3T*  ;)t* 

P*u*c*  — +  p*v*c* - 

p  3x*  p  9y* 

3  3T* 

-  17  “* 

(45) 

temperature  dependence  of 

p  and  u  couples 

the 

momentum  and  the  energy  equations.  Note  that  buoy¬ 
ancy  and  viscous  dissipation  effects  are  neglected. 

Although  the  stability  analysis  is  applicable  to 
any  wall  temperature  variations,  we  present  stability 
results  for  the  case  of  constant  wall  temperature 
for  which  the  flow  is  self  similar.  Thus,  we  intro¬ 
duce  the  transformation. 


n 


0 


(46) 


where  R  is  the  freestream  x-Reynolds  number  defined 
,  x 

by 


R  =  p*U*x*/u*  (47) 

x  e  e  e 


Introducing  this  transformation  in  Eqs.  (43) -(45) 
and  solving  the  continuity  equations  for  v,  we  trans¬ 
form  the  original  set  of  partial-differential  equa¬ 
tions  into  the  following  set  of  ordinary-differential 
equations : 


3  .  9u  ,  9u 

(pp  —  +  q  t—  =  0 

9n  3n  3n 


9_ 

3n 


(p* 


", 

3n 


3T 

“pq  3n 


o 


(48) 


where 


g(.,)  =  ^ 

Note  that  all  fluid  properties  are  made  dimension¬ 
less  by  using  their  freestream  values. 

Equations  (48) -(50)  are  supplemented  by  the  fol¬ 
lowing  boundary  conditions: 

u  =  0,  T  =  T*/T*  and  g  =  0  at  n  =  0  (51) 

w  e 


/ 


pudn 


(50) 


u  -►  1  and  T  »  1  as  n  (52) 

where  the  subscript  w  denotes  wall  values.  Equa¬ 
tions  (48) -(52)  art*  numerically  integrated  by  using 
Runge-Kutta  and  Adams-Moulten  integration  techniques 
with  the  liquid  thermodynamic  and  transport  prop¬ 
erties  computed  at  each  integration  step.  All  nu¬ 
merical  results  presented  here  are  for  water;  the 
dependence  of  its  thermodynamic  and  transport  prop¬ 
erties  on  the  temperature  is  given  in  Appendix  III. 


6.  ANALYTICAL  RESULTS  AND  COMPARISON  WITH 
EXPERIMENTS 


Although  the  analysis  is  applicable  to  both  uniform 
and  nonuniform  wall  heating,  results  are  presented 
only  for  the  case  of  uniform  wall  heating  for  which 
the  mean  flow  is  self  similar. 

The  only  available  experimental  results  for  the 
stability  of  uniformly  heated  boundary- layer  flows 
are  those  of  Strazisar  et  al.  (1975,  1977).  Using 
a  water  tunnel,  they  introduced  disturbances  by 
vibrating  a  ribbon  and  measured  the  response  by 
using  a  temperature  compensated  hot- film  anemometry. 
They  used  the  r.m.s.  of  the  stream-wise  component 
of  the  disturbance  velocity,  u,  to  calculate  the 
growth  rates.  They  determined  the  growth  rate  as  a 
function  of  frequency  at  different  Reynolds  numbers. 

For  a  parallel  mean  flow,  u  j  =0,  a0  and  A  are 
constants,  and  the  f  are  function  of  y  only.  Hence, 
one  can  unambiguously  define  the  growth  rate  o  of 
the  distrubance  as  the  imaginary  part  of  Oq;  that 
is , 


o  =  -  I  m  ( n  q  ) 


This  definition  is  equivalent  to 


(53) 


3  3 

o  =  Re  (—  (nu)  =  Re(—  £nv)  = 
9x  3x 


Re  (|-  tnp)  =  Re  (~  InT) 
3x  3x 


(54) 


On  the  other  hand,  for  a  nonparallel  mean  flow,  a; 

/  0,  A  and  a 0  are  functions  of  x,  and  the  f,n  are 
functions  of  both  x  and  y.  Thus,  if  one  generalizes 
(51)  to  take  into  account  raj,  one  obtains 


o  ~  -  Im(‘»Q  +  ui|) 


(55) 


(49) 


which  is  not  equivalent  to  (54) .  Moreover,  the 
quantity  uj  and  hence  o  depend  on  the  normalization 
of  the  r„n  because  part  of  the  r,n  can  be  absorbed  in 


A  and  tj.  If  one  generalizes  the  definition  (54) 
and  uses  (42) ,  one  obtains 

o  -  -  Im (an  +  ecti)  4  eRo(— —  in<;  )  (56) 

u  Jx  n 

Thus,  the  growth  rate  in  (56)  depends  on  the  choice 
of  r  because  the  axial  and  transverse  variations 
of  the  f,n  are  not  the  same.  Since  the  are  func¬ 
tions  of  both  y  and  x,  one  may  term  a  stable  flow 
unstable  or  vice  versa. 

Since  there  are  many  possible  definitions  of  the 
growth  rate  in  a  nonparallel  flow,  one  should  be 
careful  in  comparing  analytical  and  experimental 
results.  Saric  and  Nayfeh  (1975,  1977)  found  that 
the  best  correlation  between  the  nonparallel  theory 
and  available  experimental  data  for  the  Blasius  flow 
is  obtained  if  one  uses  the  definition  (55).  In 
this  paper,  we  compare  the  definitions  (55)  and  (56) 
evaluated  at  the  value  n  where  r, j  is  a  maximum. 

Figure  1  shows  the  variation  of  the  calculated 
disturbance  growth  rates  o/R  with  frequency  FR=u)/R 
for  Tw-Te  =0,  3,5,  and  8°F  and  for  the  displacement 
thickness  Reynolds  number  R*  =  800.  This  range  of 
Tw-T0  is  chosen  for  comparison  with  the  existing 
t'Xper imontdl  results.  The  growth  rate  is  calculated 
by  using  the  definition  (55)  and  by  normalizing  r,  i 
so  that  j  *oxp(-aoy)  as  y-*»>.  This  figure  indicates 
that  the  disturbance  growth  rate  decreases  with  in- 
cn  using  Tw-Tt».  The  maximum  growth  rate  is  reduced 
by  approximately  56*  by  increasing  the  wall  temper¬ 
ature  by  r'°F.  The  maximum  growth  rate  is  very  small 
when  the  wall  temperature  is  increased  by  8°F  at 
K*  HvU).  Figure  1  shows  that  the  range  of  unstable 
f i equonci es  decreases  with  increasing  TW-TG. 
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KIbURK  2.  The  variation  of  tile  maximum  growth  rate 
with  streamwise  position  for  varyinq  wall  temperatures. 
- Nonparallel,  -  Parallel. 

Figure  2  shows  the  variation  of  the  maximum 
growth  rate  obtained  from  our  analysis  with  TW“TC. 

It  shows  that  the  maximum  growth  rate  decreases  with 
increasing  wall  temperature  at  all  Reynolds  numbers. 

Figures  1  and  2  show  a  comparison  between  the 
growth  rates  based  on  the  parallel,  (53),  and  non¬ 
parallel,  (55),  stability  theories.  The  nonparallol 
maximum  growth  rates  are  approximately  30%  larger 
than  the  parallel  ones.  Moreover,  the  nonparallel 
critical  Reynolds  number  is  approximately  20%  lower 
than  the  parallel  one  for  all  the  values  of  Tw-Te 
considered  as  shown  in  Figure  2. 

Figures  3a- 3d  show  comparisons  of  the  experi¬ 
mental  growth  rates  of  Strazisar  et  al.  and  the 
nonparallel  growth  rates  defined  by  (53) ,  (55)  and 
(56)  for  different  values  of  Tw-Te  and  different 
values  of  R* .  These  figures  show  good  agreement 
between  the  growth  rate  defined  by  (55)  and  the  ex¬ 
perimental  results,  in  contrast  with  the  parallel 
theory  which  underpredicts  the  experimental  results 
by  large  amounts.  Moreover,  including  the  distor¬ 
tion  of  the  eigenfunction  with  streamwise  position 
in  the  definition  of  the  growth  rate  yields  a  growth 
rate  that  is  very  close  to  the  parallel  one  and 
hence  underpredicts  the  experimental  results  by 
large  amounts. 


7.  CONCLUSION 

The  method  of  multiple  scales  is  used  to  analyze 
the  linear  nonparallel  stability  of  two-dimensional 
liquid  boundary  layers  on  a  flat  plate  for  the  cases 
of  uniform  and  nonuniform  wall  heatings.  We  include 
disturbances  in  the  temperature,  density,  thermo¬ 
dynamic,  and  transport  properties  of  the  liquid  in 
addition  to  disturbances  in  the  velocities  and 
pressure.  The  growth  rates  calculated  from  non¬ 
parallel  results  without  including  the  distortion 
of  the  eigenfunction  with  streamwise  position  are 
in  qood  agreement  with  the  experimental  results  of 
Strazisar  et  al .  (1975,  1977).  The  nonparallel 
results  show  that  wall  heating  in  water  has  a  sta¬ 
bilizing  effect  on  the  flow;  there  is  a  decrease  in 
the  disturbance  growth  rates,  a  decrease  in  the 
range  of  unstable  frequencies  and  an  increase  in 
the  critical  Reynolds  number. 
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APPENDIX  III 


The  variation  of  the  water  thermodynamic  and  transport  properties 
with  temperature  is  given  by 


o* 


i  L71-r_3 •  9863)-  (T*  a-  288.9414) 
'  1  '  508929T2  TT*  +  68Tl 2963 

in  gni/nt, ,  T*  in  C. 


+  0.011445  exp( 


374.3, 
T*  ; 


,1.002,  1 . 37023(T*  -  20)  +  8.36  x  10~'(T*  -  20) 

L°g(  ,  *  )  -  109  +  T* 

in  Cp,  T*  in  'C 


,*  =  -  9.901090  +  0.1001982T*  -  1.873892  xlO''‘T*: 

+  1.039570  x  10~7T*’ 

►  *  in  m  watts  cm~'K  T*  in  °K 

c*  =  2.13974  -  9.68137  x  10’’T*  +  2.68536  x  10"'T* 
-  2.42139  x  1  O' “T* 1 


c*  in  cal  g~  1 K~  1 ,  T*  in  "K 

p  3m 

A  discussion  of  the  sources  and  accuracy  of  these  formulas  can  be 
found  in  Lowell  (1974). 
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SUMMARY 

Most  work  in  linearized  boundary-layer  stability 
theory  has  been  carried  out  either  on  the  basis 
of  two-dimensional  mean  flow  and  plane  wave  dis¬ 
turbances  with  the  wavenumber  in  the  flow  direction, 
or,  for  a  more  general  case,  by  a  transformation 
of  the  equations  to  two-dimensional  form.  This 
procedure  can  obscure  important  physical  aspects 
of  wave  propagation  in  two  space  dimensions.  In 
this  paper  the  stability  equations  are  retained 
in  three-dimensional  form  throughout.  A  method 
for  treating  spatially  amplifying  disturbances  with 
a  complex  group  velocity  is  adopted  and  applied 
first  to  oblique  waves  in  a  two-dimensional  bound¬ 
ary  layer,  at  A  then  to  the  two-parameter  yawed 
Falkner-Skan  boundary  layers.  One  parameter  is 
the  spanwise  to  chordwise  velocity.  For  boundary 
layers  with  small  crossflow,  the  maximum  amplifi¬ 
cation  rate  with  respect  to  rrequency  is  calculated 
as  a  function  of  flow  angle  for  waves  whose  normal 
is  aligned  with  the  flow.  Next,  the  minimum  crit¬ 
ical  Reynolds  number  of  zero-f requency  crossflow 
instability  is  obtained  for  both  large  and  small 
pressure  gradients,  and  finally  the  instability 
properties  of  two  particular  boundary  layers  with 
crossflow  instability  are  determined  for  all  un¬ 
stable  frequencies. 

1  .  INTRODUCTION 

Most  work  in  linearized  boundary- layer  stability 
theory  has  been  restricted  to  two-dimensiona t  mean 
flows,  and,  for  these  flows,  even  further  r  stricted 
to  plane-wave  disturbances  with  the  wave  •  >rmal  in 
the  flow  direction.*  The  latter  restriction  is 
normally  justified  by  reference  to  the  theorem  of 

*Such  a  wave  is  called  two-dimensional  because 
it  has  only  two  disturbance  velocity  components. 

All  other  plane  waves  have  three  velocity  components 
in  any  coordinate  system,  and  are  called  three 
dimens iona 1 . 


Squire  (1933) ,  which  states  that  in  a  two-dimensional* 
incompressible  boundary  layer,  the  minimum  critical 
Reynolds  number  is  given  by  a  two-dimensional  wave. 
Even  though  the  most  unstable  wave  at  a  given 
Reynolds  number  is  two  dimensional  in  accordance 
with  the  theorem,  the  most  unstable  wave  of  a 
particular  frequency  can  well  be  three  dimensional. 
Furthermore,  the  unstable  three-dimensional  waves 
can  have  phase  orientation  angles  (the  angle  between 
the  local  frees tream  direction  and  the  wave  normal) 
up  to  almost  80°.  Any  method  for  the  estimation 
of  transition  that  is  based  on  stability  theory 
must  take  this  large  range  of  unstable  three  di¬ 
mensional  waves  into  account.  For  a  supersonic 
two-dimensional  boundary  layer,  even  the  most  un¬ 
stable  plane  wave  at  a  given  Reynolds  number  is 
three  dimensional.  The  two-dimensional  waves  be¬ 
come  of  little  importance  as  the  Mach  number  in¬ 
creases  above  one  until  the  hypersonic  regime  is 
reached,  where  a  two-dimensional  second-mode  wave 
is  the  most  unstable. 

When  we  turn  to  three-dimensional  boundary  layers, 
there  are  no  two-dimensional  waves,  but  the  trans¬ 
formation  of  Stuart  [Gregory  et  al .  (1955)]  reduces 
the  three-dimensional  temporal  stability  problem 
to  a  series  of  two-dimensional  problems.  That  is, 
the  temporal  amplification  rate  can  be  obtained  by 
solving  a  two-dimensional  problem  for  the  boundary- 
layer  profile  in  the  direction  of  the  wave  normal. 

This  approach  was  carried  through  numerically  by 
Brown  (1961)  for  the  rotating  disk  and  a  limited 
number  of  swept-wing  boundary  layers.  When  the 
same  approach  is  applied  to  the  spatial  theory, 
it  leads  to  complex  velocity  profiles  and  loses 
much  of  its  utility  except  as  a  computational  device. 

Instead  of  trying  to  make  a  two-dimensional 
world  out  of  a  three-dimensional  world,  it  might 
as  well  be  accepted  that  boundary- layer  instability 
is  inherently  three  dimensional,  even  with  two- 
dimensional  mean  flow,  and  to  formulate  the  insta¬ 
bility  problem  directly  as  three  dimensional  [Mack, 
(1977);  this  paper  will  be  referred  to  as  M77 ] .  A 
transformation  of  the  dependent  variables  reduces 
the  order  of  the  incompressible  eigenvalue  problem 
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from  sixth  to  fourth  order,  but  the  velocity  pro¬ 
files  and  wave  parameters  are  not  transformed. 

This  approach  is  equally  valid  for  the  temporal 
and  spatial  theories,  but  for  the  latter  a  growth 
direction  must  be  assigned  before  eigenvalues  can 
be  computed.  In  M77  this  direction  was  taken 
equal  to  the  direction  of  the  real  part  of  the 
group  velocity  and  numerical  results  were  obtained 
for  two-dimensional  incompressible  and  compressible 
flat-plate  boundary  layers  and  for  the  rotating 
disk  boundary  layer. 

In  the  present  paper,  a  theoretical  presentation 
is  given  in  Section  2  to  justify  the  use  of  a 
spatial  mode  whose  direction  of  growth  is  determined 
by  the  complex  group  velocity.  In  Section  3,  some 
results  concerning  three-dimensional  spatial  waves 
in  the  Blasius  boundary  layer  are  given  as  an 
example.  In  Section  4,  we  adapt  the  family  of 
yawed-wedge  three-dimensional  boundary  layers 
[Cooke  (1950) ]  for  use  in  stability  calculations. 

In  Section  5,  under  Boundary  Layers  with  Small 
Crossflow,  we  consider  the  effect  of  the  flow  angle 
(the  angle  between  the  local  potential-flow  direc¬ 
tion  and  the  direction  of  the  pressure  gradient)  on 
the  maximum  amplification  rate  for  small  pressure 
gradients.  Next,  in  Section  5  we  take  up  cross- 
flow  instability  and  determine  the  critical  Rey¬ 
nolds  number  for  several  combinations  of  pressure 
gradient  and  flow  angle.  We  then  obtain  the  max¬ 
imum  amplification  rate  and  instability  boundaries 
of  all  unstable  frequencies  as  a  function  of  the 
wavenumber  vector  for  a  favorable  pressure-gradient 
boundary  layer  which  is  unstable  at  low  Reynolds 
numbers  only  because  of  crossflow  instability. 
Finally,  in  the  last  part  of  Section  5,  we  repeat 
the  latter  calculation  for  an  adverse  pressure- 
gradient  boundary  layer  with  crossflow  instability 
at  a  Reynolds  number  where  the  boundary  layer  is 
unstable  even  without  crossflow  instability.  In 
all  of  the  examples,  only  the  amplification  rate 
is  calculated,  and  on  the  basis  of  locally  uniform 
flow.  No  results  concerning  wave  amplitude  are 
given,  although  in  Section  2,  we  make  use  of  a 
simple  wave  amplitude  equation  in  order  to  properly 
define  the  spatial  amplification  rate. 

2.  THREE  DIMENSIONAL  STABILITY  THEORY 


Formulation  and  Transformations 


The  linearized,  incompressible ,  parallel-flow, 
dimensionless  Navier-Stokes  equations  for  the 
elementary  modes 


u(x,y,z,t)\  /f(  y)\ 

v(x,y , z ,  t)  |  /  <p  (y)  j 
w(x,y,z, t)  I  1  h(y) I 
p(x,y,z,t )/  \tt  (y)J 


expf  i  (ctx  +  8z 


wt)  ] , 


(1) 


where  u,v,w  are  the  velocity  fluctuations  and  p 
is  the  pressure  fluctuation,  can  be  reduced  to 
(M77) 


Z\  =  z’, 

o  2 

Z'?  -  [u‘  +  8  +  iR(uU  +  BW  -  w)  ]Zj 

2  2 

+  (ciU'  +  8W ' )  RZ  3  +  i  (a  +  8  )RZU,  (2) 


Z'  =  -  iZ, 


Z‘'  =  -  i  Z2  - 


i(uu  +  ew  -  u)  + 


+  6 


for  the  determination  of  the  eigenvalues.  The 
primes  refer  to  differentiation  with  respect  to 
y,  and  the  dependent  variables  are 


Zj(y)  =  ctf(y)  +  Bh(y)  ,  Z3(y)  =  $  (y)  , 

Z4(y)  =  tt  (y)  . 

There  are  two  additional  uncoupled  equations  for 
h(y).  In  Eqs.  (2),  a  and  8  are  the  complex  wave- 
number  components  in  the  x  and  z  directions,  w  is 
the  complex  frequency,  U  and  W  are  the  mean  velo¬ 
city  components  in  the  x  and  z  directions,  and  R 
is  the  Reynolds  number  UpL*/v*,  where  the  velocity 
scale  Up  is  the  potential  velocity  and  L*  is  a 
suitable  length  scale.  Asterisks  refer  to  dimen¬ 
sional  quantities.  The  modes  in  Eq.  (1)  can  be 
termed  plane  waves  in  the  x,z  plane  because  of  the 
phase  function,  even  though  there  is  a  modal  struc¬ 
ture  in  the  y  direction. 

The  boundary  conditions  are 


(0)  =  0  ,  Z 3  ( 0)  =  0  ,  ( 

(y)  -*■  0  ,  Z3(y)  +  0  as  y  -►  «  . 

If  we  choose  x  to  be  the  direction  of  the  local 
potential  flow,  then  z  is  the  crossflow  direction 
and 

U(y)  *+•  1  ,  W(y)  -*■  0  as  y  -*■  00  . 


Thus  U (y)  is  the  mainflow  velocity  profile;  W(y)  is 
the  crossflow  profile. 

In  the  temporal  stability  theory,  a  and  8  are 
real,  and  Eqs.  (2)  can  be  reduced  to  two-dimension¬ 
al  form  in  two  different  ways.  The  first  transfor¬ 
mation  is 


2  2  l  o 

d  =  (a  +  6  )  ,  U  =  U  +  -  W, 

a 

dk  =  aR  ,  u>/d  =  aj/a . 


(4) 


When  W  =  0,  this  is  the  transformation  of  Squire 
(1933) .  It  relates  the  eigenvalues  of  a  three- 
dimensional  wave  of  frequency  u  in  a  velocity  pro¬ 
file  (U,W)  at  Reynolds  number  R  to  the  eigenvalues 
of  a  two-dimensional  wave  of  frequency  co/cosij/  in 
a  velocity  profile  U  +  W  tan^  at  Reynolds  number 
R  cosi|^,  where 

=  tan  1  (6/a) 


is  the  phase  orientation  angle. 

The  second  transformation, 

2  2k 

a  =  (a  +  6  )  ,  aU  =  aU  +  6W, 

R  -  R  ,  (L  =  a)  , 

is  that  of  Stuart  [Gregory  et  al.  (1955)  ].  It 
relates  the  eigenvalues  of  a  three-dimensional 
wave  of  frequency  w  in  a  velocity  profile  (U,W)  at 
Reynolds  number  R  to  the  eigenvalues  of  a  two- 
dimensional  wave  of  the  same  frequency  in  a  veloc¬ 
ity  profile  U  cosij/  +  W  sin^  at  the  same  Reynolds 
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number.  The  Squire  transformation  is  most  useful 
for  a  two-dimensional  boundary  layer  because  the 
velocity  profile  is  unchanged.  Thus  all  eigen¬ 
values  of  three-dimensional  waves  can  be  obtained 
from  known  eigenvalues  of  two-dimensional  waves 
with  no  additional  calculations.  In  a  three- 
dimensional  boundary  layer,  the  velocity  prof i It' 
must  change  and  the  Stuart  transformation  is  pre¬ 
ferred  because  the  frequency  can  remain  fixed  at 
a  given  Reynolds  number  as  the  phase  orientation 
angle  y  is  varied. 


Spatial  Stability  Theory 


Statement  of  the  Problem 


In  the  spatial  stability  theory,  i  and  ;•  are  com¬ 
plex  and  io  is  real.  Neither  transformation  is  of 
much  utility  except  when 


When  (6)  is  not  satisfied,  »  is  complex,  and  in  the 
Squire  transformation  both  R  and  >.■  are  also  com¬ 
plex  as  well  as  u  for  a  three-dimensional  boundary 
layer.  In  the  Stuart  transformation,  U  is  complex 
for  all  boundary  layers.  With  complex  quantities, 
we  might  as  well  deal  directly  with  (2),  as  those 
equations  have  already  been  reduced  to  fourth  order 
and  nothing  is  to  be  gained  from  an  additional  trans¬ 
formation.  There  only  remains  the  question,  to  be 
answered  later  in  this  Section,  of  whether  any  use 
can  be  made  of  the  simplification  offered  by  (6). 

It  is  convenient  to  define  a  real  wavenumber 
vector 


measure  of  the  relative  instability  of  different 
velocity  profiles,  and  its  amplitude  can  be  applied 
to  the  transition  problem. 


Intrihiuet.  ion  of  <m  AmjjJitude  K<nnt  i on 

In  order  to  describe'  wave  propagation  in  the  non- 
uniform  medium  of  the  boundary  layer,  equations  are 
needed  for  the  wave  amplitude  and  the  change  in  the 
wavenumber  vector  in  addition  to  the  dispersion 
relation.  liven  though  no  amj.)1itude  calculations 
are  included  in  this  paper,  a  consideration  of  the 
amplitude  equation  will  help  us  select  y. 

In  a  nonuniform  medium  the  elementary  modes  (1) 
are  not  general  enough  and  must  be  replaced  by 

u(x,y,z,t)  “  A (x, z , t)  expl o ( J)x  ! f (y)expf i (a  x 

+p  z  -  <jt) !.  r  (7) 

r 

In  this,  the  exponential  amplitude  factor  has  been 
written  separately  in  terms  of  the  spatial  amplifi¬ 
cation  rate  This  amplification  rate  is  the 

magnitude  of  o  (k  ,  tji  #ui,  x,  z)  considered  as  a  function 
of  k,^,w,x,z  with  a  fixed  value  of  i?.  Each  $  de¬ 
fines  a  coordinate 


x  =  cosij'  x  +  siny  z 

along  which  the  wave  growth  is  directed. 

Nayfeh  et  al .  (1978)  have  derived  an  equation 

for  the  amplitude  factor  A(x,z,t)  on  the  basis  of 
the  multiple  scales  technique,  with  A  considered 
to  be  a  slowly  varying  function  of  x,z,t,  as  are 
<x,h,u>  and  f(y).  In  a  uniform  medium,  and  with  A 
independent  of  time,  their  equation  reduces  to 


c  -- 

X  «*  X 


C 

z 


,VA 
3  z 


0, 


(8) 


*  = 

and  a  real  spatial  amplification  rate  vector 


where  C  =  (CX,CZ)  is  the  (complex)  group  velocity. 
We  may  note*  that  (8)  is  also  obtained  from 


=  <-‘i'  -*V' 

in  place  of  the  complex  vector  k  -  io.  The  magni¬ 
tudes  of  the  vectors  are  k  and  ■,  and  their  di¬ 
rections  an.-  given  by  the  two  angles 

ii'  =  tan  ),  *  tan”  1  (t^/oO  . 

Equation  (6)  is  now  seen  to  be  a  statement  that 
k  and  a  are  parallel  (ip  -  i|»)  .  Plane  waves  with 
V  /y  have  been  termed  inhomogeneous  by  Landau  and 
Lifshitz  (1960). 

The  solution  of  the  eigenvalue  problem  set  up 
by  (2)  and  (3)  gives  the  complex  dispersion  relation 

(k  ,o,x  ,z) . 

Even  with  ■«»,  x  and  z  fixed,  there  remain  four  real 
wave  parameters:  k,  y,  o  and  ’{'.  Only  two  of 
these  can  be  determined  in  a  single  eigenvalue 
calculation,  e.q.,  k  and  o  with  and  ip  specified. 
The  angle*  y  can  be  considered  an  independent 
variable  on  the  same  basis  as  the  frequency.  The 
problem  is  to  choose  T.  What  we  arc  looking  for 
is  a  single  spatial  mode  which  serves  the  same* 
purpose  as  a  two-dimensional  spatial  mode  in  a 
two-dimensional  boundary  layer,  where  it  represents 
the  wave  produced  by  a  stationary  harmonic  source. 
The  ampli fication  rate  of  this  mode  is  used  as  a 


-J~  +  (V.C)A'  =  0,  (9) 

which  is  the  energy  conservation  equation  of  Whit- 
ham’s  theory  (1974).  Davey  (1972)  has  applied  (9) 
to  non-conservative  wave  motion  in  a  two-dimensional 
mean  flow,  and  refers  to  the  amplitude  function  A 
as  a  pseudo  amplitude,  or  the  ’dispersive  part*  of 
the  amplitude. 


Spatial  Mode  -  Real  Croup  Velocity 

We  restrict  ourselves  first  to  the  case  of  C  real 
and  define  the  orthogonal  coordinates 

x  =  cosd»  x  +  sindi  z,  (10a) 

gr  gr  gr 


z  =  -simp  x  +  cos  (J;  z,  (10b) 

gr  gr  ’gr 

win*  re 

if  =  tan-1  (C  /Cx)  . 
gr  z  x 

The  angle  ipgr  defines  the  direction  of  the  charac¬ 
teristic  coordinate  xar,  which  is  identical  to  a 
group  velocity  trajectory,  and  A  is  constant  along 
each  characteristic  according  to  (8) . 
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The  amplitude  portion  of  (7)  is  now 

a(x,z)  =  A (z  )exp[ o (if) x ] ,  (11) 

gr 

and  (7)  can  be  interpreted  as  a  certain  type  of 
solution  for  a  uniform  medium  when  A  is  variable, 
provided  only  that  A  is  constant  along  a  character- 
istic.  A  knowledge  of  A  along  some  initial  curve 
completely  specifies  a  along  the  characteristics 
of  A,  and  the  characteristics  of  A  are  also  the 
characteristics  of  a.  Therefore  we  can  write  (11) 
as 

a(igr)  =  ao(V>oxP<''grV>'  <12> 

where  (10)  has  been  used  to  eliminate  x  and 

egr  =  a (v)cos (y~Tgr) .  (13) 

Consequently,  (7)  becomes 
u(x,y,z,t)  =  aQ(zgr)oxp(a  xqr)f(y)exp 

t i  (•  trx  +  £rz  -  uJt)  ]  .  (14) 


normal  to  xgr,  the  growth  in  different  directions 
follows  the  usual  vector  law  with  the  amplification 
rate  in  direction  C' i  given  by 


o  ( ^  j  ) 


a  cos  ( i  )  • 

gr  1  gr 


We  can_use  (13)  to  (a)  determine  ogr  from  o(v) 
provided  i|'gr  is  known;  (b)  determine  if  two 
neighboring  values  of  u(if)  are  known;  and  (c)  answer 
the  question  left  open  previously  of  whether  we  can 
make  use  of  the  simplification  in  the  spatial  theory 
afforded  by  (6).  The  latter  is  easily  done.  With 
(6) ,  the  transformation  (5)  applies  to  spatial  waves 
and  gives 


=  o(i|/)  cosip. 

With  if  =  ,  (13)  relates  o  (C1) 

-a.  =  o  cosC> 

i  gr  gr 

=  [  a  (ij/)  cosiji  ]  ( 1  +  tanij.' 


to  -  x .  by 

l 


tan’|»  )  cos 
gr 


gr 


(15a) 


(15b) 


If  a0  is  a  constant  everywhere,  the  spatial  mode 
(14)  represents  a  physical  wave  in  the  entire  x,z 
plane  that  could  bo  produced  by  a  particular 
stationary  harmonic  line  source  in  a  uniform  medium. 
If  aQ  is  constant  only  along  a  characteristic,  we 
have  a  form  of  ray  theory,  and  (14)  in  turn  applies 
only  along  a  characteristic  (ray).  In  other  words, 
x  and  z  are  constrained  to  follow  the  characteristic. 
The  latter  viewpoint  is  more  useful  for  a  general, 
nonuniform  boundary  layer,  and  also  applies  to  a 
stationary  harmonic  line  source  in  a  uniform  bound¬ 
ary  layer  when  the  locus  and  amplitude  distribution 
of  the  source  are  arbitrary. 

Equation  (13)  was  derived  in  M77  from  a  general¬ 
ized  Gas ter  relation  between  temporal  and  spatial 
amplification  rates.  Its  meaning  can  best  be  seen 
from  Figure  1,  where  the  constant  amplitude  lines 
for  the  two  growth  directions  Pgr  and  i*;  are  shown. 
These  lines  are  normal  to  the  direction  of  growth, 
just  as  the  constant  phase  lines  are  normal  to  the 
direction  of  the  wavenumber  vector.  A  certain 
growth  along  xgr  in  distance  Axgr  requires  the 
amplification  rate  along  x  to  be  1/cos  U  -'Vqr) 
larger  than  the  amplification  rate  along  xgr  to 
yield  the  same  growth  along  x  in  the  shorter  dis¬ 
tance  Ax  =  Axgr  cos (v-vgr) .  It  is  this  relationship 
between  o(y)  and  egr  that  is  expressed  by  (13).  For 
a  fixed  orientation  of  the  constant  amplitude  lines 


It  is  evident  from  this  expression  that  (6)  is  valid 
only  for  if  =0  (or  ip  =  t|>gr)  -  However,  a  (CO  can 

be  used  to^calculate  o  ,  ± f  is  known,  on  the 

?r  — ,  gr 

a(ijj).  This  procedure  is 

obviously  to  be  avoided  when  the  direction  of  k  is 

1  ~v 

perpendicular  to  that  of  o  . 


Spatial  Mode  -  Complex  Group  Velocity 


With  a  complex  dispersion  relation,  the  group  veloc¬ 
ity,  defined  as 


>  (J_u  3u>\ 
\  J  a '  U'/ 


(16) 


is  also  complex.  For  pure  temporal  or  spatial  modes, 
£  is  real  only  at  points  of  maximum  amplification 
rate.  Consequently,  it  is  important  to  know  how 
the  complex  C  affects  the  preceding  analysis.  With 
C  and  C  complex,  (8)  is  no  longer  hyperbolic,  as 
pointed  out  by  Nayfeh  et  al .  (1978).  However,  it 

is  still  possible  to  proceed  by  defining  a  real 
characteristic  in  the  three-dimensional  space  (xr  + 
ix^,z).  Such  a  technique  was  used  in  a  different 
context  by  Garabedian  and  Lieberstein  (1958). 

The  complex  vector  group  velocity  is  conveniently 
described  in  terms  of  a  complex  magnitude  and  a 
complex  angle  by  writing 


where 


C  =  C  cosif  ,  C  =  C  sinif  , 
x  g  z  g 


C 


is  the  complex  magnitude,  and 


g 


gr 


i'4’ 


gi 


is 


the  complex  angle. 

The  complex  counterparts  of  (10) 


are 


x  =  cosii'  x  +  sinif  2, 

g  g  g 


(17a) 


(17b) 


(17c) 


FIGURE  1.  Wave  qrowt  h  in  dirn-t  inti  ,is  described 

by  constant  amplitude*  lines  normal  to  x{?r  and  to  X. 


z  =  -sin'T’  x  +  cosj1  z, 

g  g  g 
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With  x  -  x  +  ix. ,  and  x  required  to  be  real# 
r  1  g 

x.  =  tanhy  .  (tan<I»  x  -  z)  , 
l  gi  gr  r 

and 


cosh . 


qi 


x  -  tan*»  tanh'  4’ 
gr  gr  gi 


gr 


With  x^  real,  the  analysis  for  real  C  applies  and 

gives  for  the  now  complex  amplitude  along  the  real 
cf  la  ract  e  r  i  s  tic. 


a(xg)  ^  a  (z*)exp[o  (iM  cos(J  -  4>g)Xg].  (18) 

This  expression  differs  from  (12)  in  that  ijjg  is 
complex,  xgr  has  been  replaced  by  zg  and  zqr 
(orthogonal  to  x'gr,  see  below). 

We  define 


X' 

gr 


gr 


tan,  tanh*  y  . 
gr  gi 


gr 


(19a) 


as  the  characteristic  coordinate  in  the  physical 
plant'  to  replace  xgr.  The  angle  between  xgr  and 
Xgr  is  given  by 

tan  (s'gr  -  vgr)  -  -tanygr  tanh*  .  (19b) 

We  can  now  write  the  complex  amplitude  (10)  as 
a ( Xq )  =  a(!  (zgr)exp  (v)  j  cos (C  -  Vgr)  cosh*’ 

+  i  sinU  -  <!'gr)  coshC-gi  sinh?gjj  xg 

(20) 


"'yi 


The  real  part  of  the  exponential  factor  defines  the 
spatial  amplification  rate  along  x  *  to  be 


o  =  ei  y'  J  )  cosh*  "  .  .  (2  la) 

»’*•  gi 

This  expression  differs  from  its  real  counterpart 
(13),  aside  from  the  factor  coslr  .g^,  in  that  hero 
Tgr  is  the  real  part  of  the  complex  angle  v-g  and 
not  the  angle  formed  by  the  real  parts  of  Cx  and 

C z -  When  T-  =  Tgr- 

i  =  a  cosh  y  .  ,  (21b) 

gr  gi 

and,  unlike  a  ,  a  is  not  directly  calculable  as 
g  r 

an  eigenvalue.  The  imaginary  part  of  the  exponen¬ 
tial  factor  of  (20)  gives  the  phase  difference  be¬ 
tween  the  elementary  mode  growing  along  x  and  the 
spatial  mode  (20)  growing  along  x'  .  The  phase 
difference  can  be  written  as  5r 

-  -  --  -  -  (22) 

i  -  '»(i.')=  n(v-)  sinU  -  y  )  coshy  .  sinhy 
gr  gr  gi  gi  ' 


where  i  is  the  wavenumber  component  in  the  xgr 
di recti  on.  We  can  now  write  the  complex  '  counter¬ 
part  to  the  pure  spatial  mode  (14)  as 

ii(x,y,z,t)  •\)<Zqr)-x|'  (,’x,<Jr)  f(y) 

oxpvili  xtrztf'1  ~  '<(*>lx'  -  ..it/.  (23) 

;  r  r  [_  qi  J  qr  J 

With  (2  1)  we  have  arrived  at  the  spatial  mode 
that  will  be  used  for  the  numerical  calculations 
to  follow.  The  amplitude1  growth  is  along  xgr  with 


magnitude  o  given  by  (21b).  The  eigenvalues  are 
preferably  computed  with  y  =  ygr,  but  as  ygr  is 
generally  not  known  in  advance,  or  for  computation¬ 
al  convenience,  they  can  be  computed  at  a  neighbor¬ 
ing  y  and  a  obtained  from  (21a).  If  y  is  sufficiently 
close  to  yg r,  the  phase  shift  niven  by  (22)  is 
negligible  and  the  orientation  angle  y  is  unaffected 
by  the _ trans format ion . 

If  yg  were  independent  of  y,  both  (14)  and  (23) 
would  also  be  expected  to  be  independent  of  y.  How¬ 
ever,  as  y  departs  from  ygr,  o  (y)  becomes  large  and 
the  evaluation  of  the  complex  derivatives  in  (10) 
takes  place  in  a  region  of  the  complex  a  and  k 
planes  well  removed  from  the  points  which  give  I1 
The  same  difficulty  exists  in  making  comparisons^ 
between  temporal  and  spatial  amplification  rates. 
Although  the  elementary  modes  with  arbitrary  y  are 
available  for  the  solution  of  an  initial  value 
problem  by  superposition,  we  give  physical  signifi¬ 
cance  here  only  to  the  special  spatial  mode  with 
y  =  y  .  All  of  the  other  spatial  modes,  as  well 
as  tho^combined  temporal/spat ial  modes  with 
all  complex,  do  not  enter  the  present  analysis 
except  for  computational  purposes. 


OBLIQUE  WAVES  IN  A  TWO-DIMENSIONAL  BOUNDARY  LAYER 


Numerical  Example  of  Transformation  Formulas 

Wo  shall  first  discuss  the  transformations  from 
three-  to  two-dimensional  form  and  then  the  trans¬ 
formation  between  a  spatial  mode  with  arbitrary 
growth  direction  and  the  mode  with  growth  direction 
ij’gr.  A  single  numerical  example  for  the  Blasius 
boundary  layer  will  suffice.  We  use  the  conventional 
dimensionless  frequency  parameter  F  =  w*v*/’J*  \  , 
and  choose  the  length  scale  to  bo  L*  =  (x*v*/U* ) 

With  tli is  choice,  the  Reynolds  number  appearing  in 
(2)  is  R  =  (U*  x*/v*)*\  The  subscript  1  refers  to 
freest ream  conditions. 

For  F  =  0.2225  *  in'"'4,  R  =  1600  and  y  =  50°,  a 
direct  calculation  of  the  eigenvalues  with  (6),  i.e., 
y  =  50°,  or  the.  completely  equivalent  two-dimensional 
calculations  with  either  the  Squire  or  Stuart 
transformations,  gives 

k  .  0.1671,  .>(0)  =  4.119  *  10'3. 

Application  of  the  wavenumber  transformation  rule 
in  (4)  and  (5)  gives 

i  =  0.1074,  -a.  =  2.648  v  10"  \ 
r  i 

for  the  complex  wavenumber  in  the  x  direct ion^^ 

If  Vgr  is  computed  in  the  neighborhood  of  y  = 

50®  from  (13)  by  means  of  the  assumption  that  a 
is  independent  of  y  and  with  the  frequency  held^r 
constant,  we  find 

l  =  9.39° 

gr 

to  be  an  approximate  value  for  the  real  part  of  the 
complex  angle  of  the  group  velocity  vector.  (If 
the  wavenumber  is  hold  constant,  ?'gr  =  8.80°;  a 
value  closer  to  the  angle  formed  by  the  real  parts 
of  rx  and  Cz.)  The  eigenvalues  of  the  y  -  50°  wave 
with  v  -  9.39®  are 

k  =  0.1669,  o  =  3.127  '  10"3, 

gr 
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and  in  the  x  direction 


=  0.1073,-iti 


3.085 


10“ 


The  eigenvalues  computed  with  (6)  differ  from  those 
values  in  the  fourth  decimal  place,  which  means 
that  a.  has  an  unacceptable  error  of  16.51.,  an 
error  which  can  also  be  calculated  directly  from 
(15b).  Consequently,  this  example  reiterates  that 
(6),  or  the  real  Squire  and  Stuart  transformations, 
can  only  be  used  if  #  r  =  0  (or  =  i;»gr) . 

For  the  check  of  the  transformation  of  an  ele¬ 
mentary  spatial  mode  with  growth  direction  x  to  the 
’physical'  mode  with  growth  direction  xgr,  we  start 
by  calculating  the  eigenvalues  as  a  function  of  i|i 
for  0  ««•  «■  95°  and  the  same  F,  R  and  ij»  as  in  the 

previous  example.  tn  addition,  we  calculate  the 
complex  group  velocity  by  evaluating  the  complex 
derivatives  of  (2)  from  central  differences  for 
increments  in  tr,  i-i ..  of  f0.001  about  the  calculated 
ar,  at  each  The  real  and  imaginary  parts  of 


the  complex 
of  Table  1. 


angle  yg  are  listed  in  columns  2  and  3 
The  angle  ygr  of  the  growth  direction 


xgr,  as  obtained  from  ( l9b) ,  is  listed  in  Column 
4.  Eigenvalues  were  computed  as  a  function  of 
with  C  -  50°  by  integrating  (2) ,  starting  at  y/L  = 
8.0,  with  a  fourth-order  Runge-Kutta  integration 
and  80  equal  integration  steps.  The  results  are 
listed  in  columns  5  and  6. 

If  (13)  wi tii  Jqr  =  tan" 1  <Czr/Cxr)  is  applied  to 


gr 


the  o(i|»)  given  in  column  6,  a  nearly  constant 
is  obtained  out  to  about  if  =  60°.  For  if  -•  60°,  •  (.r 
decreases  steadily,  and  at  r  =  95°  it  is  211.  lower 
than  the  ogr  for  =  tj*gr.  Columns  7  and  8  give  the 
angle  C-  ana  wavenumber  k  for  y  =  ygr  as  calculated 
from  the  phase-shift  formula  (22)  of  the  transform¬ 
ation  for  complex  group  velocity.  The  corresponding 
ampl  i  f  ication  rati',  as  calculated  from  (21a),  is 
listed  in  column  9.  Comparisons  of  directly  com¬ 
puted  eigenvalues  with  these  k  and  o  are  provided 
in  the  last  two  columns.  Column  10  lists  the  eigen¬ 
value  k  computed  for  the  £qr  of  column  2  and  the  ij> 
of  column  7.  Column  11  lists  the  amplification 
rate  a  obtained  from  the  eigenvalue  ogr  accompany¬ 
ing  k  and  from  (21b). 

Wo  see  that  the  transformation  formulas  work 


between  columns  9  and  11  is  0.131..  The  change  of 
the  a  in  column  9  with  if'  is  only  about  half  of  the 
change  given  by  the  transformation  with  real  group 
velocity  and  the  correct  i^gr  given  by  Cxr  and  Czr. 

In  this  particular  example,  at  least,  the  smallest 
change  of  a  with  is  found  if  (13)  is  used  with 
ifgr  also  computed  from  (13)  on  the  basis  of  two 
neighboring  values  of  o(C')  obtained  with  the  fre¬ 
quency  held  constant  and  ogr  assumed  to  be  indepen¬ 
dent  of  v •  The  conclusion  to  be  drawn  is  that  in 
order  to  obtain  the  desired  spatial  amplification 
rate  a  as  defined  by  (21b),  o(^)may  be  computed  at 
some  convenient  '!>  which  can  differ  from  the  correct 
by  as  much  as  40°  or  50°,  but  should  be  as  close 
as  possible.  Only  later,  after  i^gr  and  Ijjgi  are 
know,  is  o  U>)  converted  to  o  by  the  transformation 
formulas.  Almost  any  of  the  methods  discussed  above 
for  applying  the  transformations  gives  acceptable 
numerical  accuracy . 


Effect  of  Obliqueness  Angle  on  Instability 

The  frequency  F  =  0.2225  *  lO”4  used  in  the  examples 
of  the  previous  Section  is  the  most  unstable  fre¬ 
quency  at  R  =  1600,  and  the  maximum  amplification 
rate  for  this  frequency  occurs  for  t|;  =  0°.  The 
distribution  of  o  with  ^  is  shown  in  Figure  2  for 
this  frequency  and  F  v  10l4  =  0.280,  0.1490  and 
0.1008.  The  latter  two  frequencies  are  the  most 
unstable  for  =  60°  and  75°,  respectively.  They 
have  their  peak  amplification  rates,  not  for  ij»  =  0°, 
but  for  =  34.4°  and  61.8°,  respecti vely .  These 
results  demonstrate  that  although  the  maximum  am¬ 
plification  rate  at  a  given  Reynolds  number  with 
respect  to  both  frequency  and  orientation  occurs 
for  a  two-dimensional  wave,  the  maximum  amplification 
rate  with  respect  to  orientation  of  given  frequency 
occurs  for  a  three-dimensional  wave  if  the  frequency 
is  less  than  the  most  unstable  frequency. 

The  envelope  curve  formed  by  the  individual 
frequency  curves  is  also  shown  in  Figure  2.  This 
curve  gives  omax,  the  maximum  amplification  rate 
with  respect  to  frequency,  as  a  function  of  iK  The 
envelope  curve  emphasizes  the  wide  range  of  unstable 
orientations  in  a  two-dimensional  boundary  layer. 
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0. 1677 
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8.33 
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46 . 04 
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FLIUkE  2.  Amplification  rate'  as  fuiK't  ion  or  >  for  four 
frequencies .  Bias i us  boundary  layer,  K  H>oo. 


of  its  two-dimensional  value  until  ij»  has  increased 
to  60°.  With  unstable  waves  for  -79°  ■'  <  79°,  a 

consideration  of  only  the  two-dimensional  wave  gives 
an  incomplete  picture  of  the  instability  of  the 
boundary  layer. 


THREE-DIMENSIONAL  FALKNER-SKAN  BOUNDARY  LAYERS 

In  order  to  study  the  influence  of  three  dimension¬ 
ality  in  the  mean  flow  on  boundary- layer  stability, 
it  is  necessary  to  have  a  family  of  boundary- layers 
where  the  magnitude  of  the  crossflow  can  be  varied 
in  a  systematic  manner.  The  two-parameter  y awed- 
wedge  flows  introduced  by  Cooke  (1950)  are  suitable 
for  this  purpose.  One  parameter  is  the  usual  Falkncr- 
Skan  dimensionless  pressure  gradient;  the  other 
is  the  ratio  of  the  spanwise  and  chordwise  velocities. 
A  combination  of  the  two  parameters  makes  it  possible 
to  simulate  simple  planar  three-dimensional  boundary 
layers . 

The  inviscid  velocity  in  the  plane  of  the  wedge 
and  normal  to  the  leading  edge  is 

II*  -  C‘(x*)m, 

C1  c 

•■•here  the  wedge  anqle  is  (n/2)  and  ^  =  2m/<m+l). 

We  shall  refer  to  this  velocity  as  the  chordwise 
velocity.  The  velocity  parallel  to  the  leading 
edge,  or  spanwise  velocity  is 

W*  =  const. 

s  1 

The  subscript  1  refers  to  the  local  freestream.  For 
this  inviscid  flow,  the  boundary-layer  equations 
in  the  x  direction,  as  shown  by  Cooke  (1950), 
reduce  to 


/m+ l\ 

\pr) 

-  f' 

pendent  of  the  spanwise  flow.  The  dependent  vari¬ 
able  f (n)  is  related  to  the  dimensionless  chordwise 
ve  1  oc  i  t  y  by 

U  -1£  (  2  \  f'(ri)  , 

C  U*  \m+ 1  / 

C1 

and  the  independent  variable  is  the  similarity 
variable 


where  x*  is  measured  normal  to  the  leading  edge. 
Once  f (n)  is  known,  the  flow  in  the  spanwise  di¬ 
rection  zs  is  obtained  from 

g"  +  fg'  =  0  , 


where 


W* 

W  =  =  g  ( ?))  . 

s  W* 

S1 


Both  f’ (n)  and  g ( n )  are  zero  at  n  =  0  and  approach 
unity  as  n  rt5.  Tabulated  values  of  g(n)  for  a 
few  values  of S  .  may  be  found  in  Rosenhead  (196  3, 
p.  470) . 

The  final  step  is  to  use  f '  (n)  and  g(n)  to  con¬ 
struct  the  mainflow  and  crossflow  velocity  con?x>nent 
needed  for  the  stability  equations.  A  flow  geometry 
appropriate  to  a  swept  back  wing  is  shown  in  Figure 
3.  There  is  no  undisturbed  freestream  for  a  Falkner 
Skart  flow,  but  such  a  direction  is  assumed  and  a 
yaw,  or  sweep,  angle  i/*  is  defined  with  respect  to 
it.  The  local  freestream,  or  potential  flow,  is  at 
an  angle  i/'p  with  respect  to  the  undisturbed  free¬ 
stream.  It  is  the  potential  flow  that  defines  the 
x,z  coordinates  of  the  stability  equations.  The 
angle  of  the  potential  flow  with  respect  to  the 


and  0  is  related  to  ii>  and  by 
sw  p 


This  equation  is  the  usual  Falkner-Skan  equation 
for  a  two-dimensional  boundary  layer,  and  is  inde- 


FKJURK  3.  Diagram  of  coordinate  systems  used  for 
Falkner-Skan-Cooke  boundary  layers. 
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With  the  local  potential  velocity.  Up  =  (uJ'J  +  ws i )  2* 
as  the  reference  velocity,  the  dimensionless  main- 
flow  and  crossflow  velocity  components  are 

2  2 

U (n)  -  f' (n)  cos  0  +  g (n)  sin  0,  (24a) 

w(n)  =  j-f1 (n)  +  g(n)J  cosO  sine  .  (24b) 

« 

These  velocity  profiles  are  defined  by  8^,  which 
fixes  f ' (n)  and  g(n)»  and  the  angle  0.  We  note 
from  (24b)  that  for  a  given  pressure  gradient  all 
crossflow  profiles  have  the  same  shape;  only  the 
magnitude  of  the  crossflow  velocity  changes  with 
the  flow  direction.  In  contrast,  according  to 
(24a),  the  mainflow  profiles  change  shape  as  0  varies. 
For  0=0,  u(n)  =  f'(n);  for  0  =  90°,  u(n)  =  g(n); 
for  0=  45°,  the  two  functions  make  an  equal  con¬ 
tribution  . 

When  the  velocity  profiles  (24)  are  used  directly 
in  the  stability  relations,  (2),  the  velocity  and 
length  scales  of  the  equations  must  be  the  same  as 
in  (24) .  This  identifies  the  velocity  scale  as  U*, 
the  length  scale  as  ^ 


L* 


" 

v*x*/U* 
c  c 


and  the  Reynolds  number  U*L*/v*  as 

P 

R  -  R  /cosO  , 
c 

where  R  =  ("u*  (x*)x*)v*  **  is  the  square  root  of 

c  LC1  c  c  J 

the  Reynolds  number  along  the  chord.  For  positive 
pressure  gradients  (m  '  0) ,  0  =  90°  at  x  =  0  and 
0  *  0°  as  x  v  for  adverse  pressure  gradients 
(m  '  0) ,  0  =  90°  at  x  =  0  and  0  v  0°  as  x  v  for 
adverse  pressure  gradients  (m  -  0) ,  0  =  0°  at  x  = 

0  and  0  -  90°  as  x  •*  The  Reynolds  number  Rc  is 

zero  at  x  =  0  for  all  pressure  gradients,  as  is 
R  with  one  important  exception.  The  exception  is 
where  m  =  1  (8^  =  1)  is  the  stagnation-point  solution; 
here  it  is  the  attachment-line  solution.  In  the 
vicinity  of  x  =  0,  the  chordwise  veloci*y  is 


U*  = 
C1 


x* 

c 


(dU*  /dx*) 
c .  c 


x=0* 


The  potential  velocity  along  the  attachment 

Vi*  ,  and  the  Reynolds  number  is 
si 


R(x=0) 


W*  / 
si 


.1 


v*(dU*1/dx*)x=0  j 


line 


is 


a  non-zero  value. 

For  the  purposes  of  this  paper,  6  may  be  regarded 
as  a  free  parameter,  and  the  velocity  profiles  (24) 
used  at  any  Reynolds  number.  However,  for  the  flow 
over  a  given  wedge,  0  can  be  set  arbitrarily  at  only 

one  Reynolds  number.  If  0„c  is  0  at  R  =  (R  )  . 

c  c  re f 

the  0  at  any  other  R^  is  given  by 


tanO  =  tan  9 

ref 


(R  )  -/R 

ref  c 


m/ (m+1) , 


For  m  "  1,  the  dependence  on  R  is  so  weak  that  0 
is  constant  almost  everywhere.  One  way  of  choosing 
(Rc)ref  within  the  context  of  Figure  3  is  to  make 
it  the  chord  Reynolds  number  where  i(ip  =  0;  i.e., 
the  local  potential  flow  is  in  the  direction  of  the 

undisturbed  freestream.  Then  0  „  is  equal  to  the 

i  ,  ref 

yaw  angle  <p 

Figure  4  shows  the  crossflow  velocity  profiles 


FIGURE  4.  Four  crossflow  velocity  profiles,  Fulkner- 
Skan-vJooke  boundary  layers.  INI1,  inflection  point; 
MAX,  maximum  crossflow;  SEP,  separation  pressure 
gradient,  (r^  =  -0.1988377). 


for  0  =  45°  and  four  values  of  3  The  inflection 
point  and  point  of  maximum  crossflow  velocity  (Wmax) 
are  also  noted  on  the  figure.  In  Figure  5,  Wmax  for 
O  =  45°  is  given  as  a  function  of  3  ^  from  near  sep¬ 
aration  to  3^  =  1.0.  The  crossflow  velocity  for 
any  other  flow  angle  is  obtained  by  multiplying  the 
wmax  °f  the  figure  by  cosO  sin0.  The  maximum  cross- 
flow  velocity  of  0.133  is  generated  by  the  separa¬ 
tion  profiles  rather  than  by  the  stagnation  profiles, 
where  W  =  0.120.  However,  W  varies  rapidly 
with  is  ,  m  the  neighborhood  of  separation,  as  do 
all  otner  boundary- layer  parameters,  and  for S ^  = 
-0.190,  W  is  only  0.102. 

The  function  g(n)  is  only  weakly  dependent  on 


FIGURE  r' .  Effect  of  pressure  gradient  on  maximum  cross- 
flow,  Fa  1 knor-Skan -Cooke  boundary  layers. 
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TABLE  2.  Properties  of  three-dimensional  Falkner-Skan-Cooke  boundary  layers. 


•4h 

0 

"s 

96* 
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w 
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einf 

ninf 

SEP 

2.2 
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4.024 

0.0102 

0.00476 
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0.0455 
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40.0 
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0.1310 

0.06214 

5.709 

45.0 

8.058 
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3.167 

0.1330 

0.06339 

5.696 

50.0 

8.017 
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3.064 
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5.516 

-0.10 
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6.522 
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0.0349 

0.01619 

1.498 

3.213 

-0.02 

45.0 
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1.763 
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0.0058 

0.00267 

0.249 

2.940 

0.02 

45.0 

5.931 

1.682 

2.578 

-0.0054 

-0.00248 

-0.232 

2.835 

0.04 

45.0 

5.854 

1.646 

2.564 

-0.0104 

-0.00480 

-0.449 

2.787 

0.10 

45.0 

5.646 

1.551 

2.529 

-0.0239 

-0.01094 

-1.029 

2.659 

0.20 

45.0 

5.348 

1.424 

2.482 

-0.0423 

-0.01924 

-1.823 

2.478 

1.0 

2.4 

3.14  3 

0.6496 

2.227 

-0.0100 

-0.00503 

-0.406 

1.524 

10.0 

3.196 

0.6603 

2.226 

-0.0410 

-0.02021 

-1.669 

40.0 

3.574 

0.8050 

2.275 

-0.1181 

-0.05204 

-5.129 

45.0 

3.621 

0.8378 

2.301 

-0. 1191 

-0.05217 

-5.291 

50.0 

3.661 

0.8706 

2.332 

-0.1181 

-0.05081 

-5.295 

55.0 

3.695 

0.9024 

2.366 

-0. 1127 

-0.04804 

-5.135 

80.0 

3.791 

1.0153 

2.524 

-0.0410 

-0.01704 

-1.987 

87.6 

3.799 

1.0260 

2.542 

-0.0100 

-0.00416 

-0.489 

3^,  and,  unlike  f 1  (n)  ,  never  has  an  inflection 
point  even  for  an  adverse  pressure  gradient.  Indeed 
it  remains  close  to  the  Blasius  profile  in  shape, 
as  underlined  by  a  shape  factor  H  (ratio  of  dis¬ 
placement  to  momentum  thickness)  that  only  changes 
from  2.703  to  2.539  as  goes  from  -0.1988377  (sep¬ 
aration)  to  1.0  (stagnation).  The  weak  dependence 
of  g(n)  °n  h  was  first  pointed  out  by  Rott  and 
Crabtree  (1952),  and  made  the  basis  of  an  approximate 
method  for  calculating  boundary  layers  on  yawed 
cylinders.  For  our  purposes,  it  allows  some  of  the 
results  of  the  stability  calculations  to  be  antici¬ 
pated.  For  waves  with  the  wavenumber  vector  aligned 
with  the  local  potential  flow,  we  can  expect  the 
amplification  rate  to  vary  smoothly  from  its  value 
for  a  two-dimensional  Falkner-Skan  flow  to  a  value 
not  too  far  from  Blasius  as  0  goes  from  zero  to  90°. 

The  stability  results  in  the  next  section  will 
be  presented  in  terms  of  the  Reynolds  number  R  and 
the  similarity  length  scale  L*.  In  order  that  the 
results  may  be  converted  to  the  length  scales  of 
the  boundary- layer  thickness,  displacement  thick¬ 
ness  and  momentum  thickness.  Table  2  lists  the 
dimensionless  quantities  -  'VL* ,  =  A*/L*  and 

H  =  ’i.iVhy  of  the  mainflow  profile  for  several  com¬ 
binations  of  and  -J .  Also  listed  are  Wmax,  the 
average  crossflow  velocity  W  =  (/wdn)/n<$,  the 
deflection  angle  of  the  streamline  at  the  inflection 
point,  'inf*  and  the  location  of  the  inflection 
point,  ?iinf-  The  quantity  is  defined  as  *^he 
point  where  U  =  0.999. 


STABILITY  OF  FALKNER-SKAN-COOKE  BOUNDARY  LAYERS 


Boundary  Leyers  with  Small  Crossflow 

In  a  two-dimensional  boundary  layer,  the  most  un¬ 
stable  wave  is  two  dimensional.  Therefore,  we  can 
expect  that  in  three-dimensional  boundary  layers 
with  small  crossflow  the  most  unstable  wave  will 


have  its  wavenumber  vector  nearly  aligned  with  the 
local  potential  flow,  and  we  can  restrict  ourselves 
to  waves  with  ip  =  0°  for  the  purpose  of  determining 
the  maximum  amplification  rate.  With  the  temporal 
stability  theory,  this  procedure  is  equivalent  to 
studying  the  two-dimensional  instability  of  the 
mainflow  profile,  but  is  only  approximately  so  in 
the  spatial  theory_unless  ^gr  =0°.  As  ^gr  is 
usually  small  for  ip  =  0°,  even  with  large  cross- 
flow,  we  may  also  view  the  =  0°  spatial  results 
as  a  measure  of  the  instability  of  the  mainflow 
profile. 

In  order  to  place  the  three-dimensional  effects 
in  context,  it  is  helpful  to  first  consider  a  small 
deviation  in  the  assumed  pressure  gradient  on  the 
maximum  amplification  rate  of  two-dimensional 
Falkner-Skan  profiles.  Figure  6  shows  the  maximum 
spatial  amplification  rate  (with  respect  to  frequency) 
as  a  function  of  Reynolds  number  for  Blasius  flow 
and  for  3^  =  4  0.02.  What  is  noteworthy  about 
those  results  is  the  magnitude  of  the  shift  in  omax 
for  what  are  quite  small  pressure  gradients.  It 
is  evident  that  an  experiment  intended  to  measure 
amplification  rates  in  a  Blasius  boundary  layer  to 
within  an  accuracy  of  10%  is  required  to  maintain 
an  exceptional  uniformity  in  the  flow. 

The  effect  of  the  flow  angle  0  on  the  maximum 
spatial  amplification  rate  of  the  waves  with  i|/  =  0° 
is  shown  in  Figure  7  for  fy,  =  4  0.02  and  two  Rey¬ 
nolds  numbers.  In  these  calculations,  ij'gr  and  ij/gi 
were  both  taken  equal  to  zero.  The  amplification 
rate  amax  Is  expressed  as  a  ratio  to  the  Blasius 
value  (nb^max  shown  in  Figure  6.  It  will  be  re¬ 
called  that  with  =  0,  g(n)  =  f(n),  and  the 
velocity  profile  remains  the  Blasius  function  for 
all  flow  angles.  The  effect  of  a  non-zero  flow 
angle  with  8  /  0  is  destabilizing  for  a  favorable 

pressure  gradient,  and  stabilizing  for  an  adverse 
pressure  gradient.  Consequently,  it  reduces  the 
pressure-gradient  effect  shown  in  Figure  6.  The 
reason  for  this  result  is  easy  to  understand  by 
reference  to  (24) .  We  have  already  pointed  out  in 
Section  4  that  the  spanwise  velocity  profile  g(n) 
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We  must  still  show  that  the  waves  with  ^  =  0° 
properly  represent  the  maximum  instability  of  three- 
dimensional  profiles  with  small  crossflow.  For  this 
purpose  a  calculation  was  made  of  o  as  a  function 
of  ^  for  Bh  -  -0.02,  0  =  45°,  R  =  1000  and  F  = 

0.4256  *  10~4 ,  the  most  unstable  frequency  for  V  = 

0°  at  this  Reynolds  number.  It  was  found  that  the 
crossflow  indeed  introduces  an  asymmetry  into  the 
distribution  of  o  with  and  the  maximum  of  o  is 
located  at  \ p  =  -6.2°  rather  than  at  0°.  However, 
this  maximum  value  differs  from  the  omax  of  Figure 
7  by  only  0^7%.  It  was  also  determined  that  Ygr  * 
-0.04°  and  =  -0.3°  (approximately)  for  ip  =  0°, 
which  justifies  taking  both  of  these  quantities 
zero  in  all  of  the  ^  =  0°  calculations. 


Crossflow  Instability 

Minimum  Critical  Reynolds  Number  of  Steady 
Disturbances 


FIGURE  b.  Effect  of  small  pressure  gradients  on 
the  maximum  amplification  rate  with  respect  to  fre¬ 
quency  for  two-dimensional  Falkner-Skan  boundary  layers. 


is  always  close  to  the  Blasius  function.  Thus  as 
the  flow  angle  increases  from  zero  the  amplification 
rate  must  change  from  the  two-dimensional  Falkner- 
Skan  value  at  0  =  0°  to  a  value  not  far  from  Blasius 
at  0  =  90°. 

As  discussed  in  Section  4,  the  only  physically 
meaningful  flow  with  0  =  90°  and  a  non-zero  Reynolds 
number  is  the  attachment- line  flow  (3h  =  1.0).  For 
all  other  values  of  3^,  R  at  this  flow  angle  must  be 
either  zero  (3^  >  0)  or  infinite  (3ft  0)  .  With 
=1.0  and  R  =  1000  (R  =  404.2,  where  Rq  is  the 
momentum- thickness  Reynolds  number),  °max/(0b^max 
=  0.766.  The  minimum  critical  Reynolds  number  of 
this  profile  is  (R())cr  =  268  (the  parallel-flow 
Blasius  value  is  201)  ,  yet  turbulent  bursts  have 
been  observed  as  low  as  Rtj  =  250  for  small  distur¬ 
bances  by  Poll  (1977)  . 


FIGURE  7.  Effect  of  flow  angle  on  the  maximum  amplifi¬ 
cation  rate  with  respect  to  frequency  of  .  -  f'°  wave;? 

for  two  boundary  layers  with  small  crossflow  at  two 
Reynolds  numbers. 


The  instability  that  is  unique  to  three-dimensional 
boundary  layers  is  called  crossflow  instability. 

It  was  discovered  experimentally  by  Gray  (1952)  and 
later  given  a  detailed  theoretical  explanation  by 
Stuart  in  Gregory  et  al.  (1955).  This  instability 
arises  from  the  inflection  point  of  the  crossflow 
velocity  profile.  As  explained  by  Stuart,  there 
is  a  particular  direction  close  to  the  crossflow 
direction  for  which  the  mean  velocity  at  the  in¬ 
flection  point  of  the  resultant  velocity  profile 
is  zero.  Consequently,  at  sufficiently  large 
Reynolds  numbers  unstable  steady  disturbances  exist 
which  have  their  constant  phase  lines  nearly  aligned 
with  the  potential  flow. 

Although  crossflow  instability  is  by  no  means 
restricted  to  steady  disturbances,  these  disturbances 
do  make  a  convenient  starting  point  for  our  investi¬ 
gation.  The  reason  is  that  a  suitable  initial 
guess  for  the  angle  \l>,  which  must  be  known  rather 
accurately  for  the  eigenvalue  search  procedure  to 
converge,  is  given  by 

*  =  <Vlehl>  <n/2  -  Minf>  - 

where  is  the  streamline  deflection  angle  listed 

in  Table  2.  It  turns  out  that  this  value  is  with¬ 
in  a  fraction  of  a  degree  of  the  angle  of  the  most 
unstable  wavenumber.  There  is  no  such  convenient 
rule  for  the  wavenumber  itself,  but  the  inverse  of 
ninf'  the  l°cation  of  the  inflection  point  in  the 
similarity  coordinate,  or  better  still  0.9/ninf»  is 
usually  an  adequate  enough  initial  guess  to  ensure 
rapid  convergence  to  an  eigenvalue. 

As  the  crossflow  is  a  maximum  at  0  =  45°  for  a 
given  0^,  we  can  expect  the  crossflow  instability 
to  also  be  a  maximum  near  this  angle.  Figure  8 
shows  the  minimum  critical  Reynolds  number  Rcr  at 
0  =  45°  for  the  zero- frequency  disturbances  as  a 
function  of  6h.  For  comparison,  Rcr  of  the  two- 
dimensional  Falkner-Skan  profiles,  as  computed  by 
Wazzan  et  al.  (1968),  is  also  given.  For  adverse 
pressure  gradients,  the  steady  disturbances  become 
unstable  at  Reynolds  numbers  well  above  the  Rcr  of 
the  two-dimensional  profiles.  On  the  contrary,  for 
3^  >  0.07  the  reverse  is  true,  and  for  most  pressure 
gradients  in  this  range  the  steady  disturbances 
become  unstable  at  much  lower  Reynolds  numbers  than 
the  two-dimensional  Rcr  (for  0^  =  1.0,  the  two- 
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FIGURE  8.  Minimum  critical  Reynolds  number  as  function 

of  pressure  qradiunt : - ,  steady  disturbances,  Falkner- 

Skan-Cooko  boundary  layers  with  ••  4r>°;  * - ,  two- 

dimensional  Falkner-Skan  boundary  layers  (from  Wazzan 
et  al.  ( 1968)  1 . 


o  (deg) 


FI'lEkF  *.  Effect  of  flow  a*  ,]♦»  <m  mm. mum  critical 
hf-yno Ids  number  of  steady  . i st urbances  tor  1.0 

and  r.eparatjon  boundary  layers. 


TABLE  3.  Wave  parameters  at  minimum  critical 

Reynolds  number  of  steady  disturbances. 


0 

R 

cr 

k 

cr 

cr 

(ip  ) 

gr  cr 

SEP 

2.2 

535 

0.213 

-89.41 

0.2 

5.0 

237 

0.213 

-88.68 

0.4 

10.0 

121 

0.215 

-87.44 

0.9 

40.0 

46.5 

0.230 

-83.54 

3.0 

45.0 

46.7 

0.230 

-83.57 

3.0 

50.0 

48.4 

0.231 

-83.81 

3.0 

■0.10 

45.0 

276 

0.295 

-88.42 

0.9 

-0.02 

45.0 

1885 

0.310 

-89.74 

0.2 

0.02 

45.0 

2133 

0.322 

89.76 

-0. 1 

0.04 

45.0 

1129 

0.  32  7 

89.53 

-0.2 

0.10 

45.0 

527 

0.339 

88.93 

-0.6 

0.20 

45.0 

328 

0.  358 

88.12 

-l.i 

1.00 

2.4 

2755 

0.553 

89.60 

-0.3 

10.0 

671 

0.547 

88.33 

-i.i 

40.0 

219 

0.545 

84.88 

-3.4 

45.0 

212 

0.540 

84.70 

-3.5 

50.0 

212 

0.540 

84.70 

-3.5 

55.0 

218 

0.538 

84.85 

-3.3 

80.0 

563 

0.532 

88.00 

-1.5 

87.6 

2325 

0.532 

89.51 

-0.3 

dimensional  Rcr  is  19,280  compared  to  Rcr  =212  for 
zero- frequency  crossflow  instability) . 

The  distribution  of  Rcr  with  0  is  shown  in  Figure 
9  for  Ufo  =  1.0  over  the  complete  range  of  0,  and 
for  the  separation  profiles  (fc}-,  =  -0.1988377)  over 
the  range  0°  <  0  <  50°.  Near  0=0°  and  90°,  Rcr 
is  very  sensitive  to  0;  near,  but  not  precisely  at, 

9  =  45°  Rcr  has  a  minimum.  This  minimum  occurs 
close  to  the  maximum  of  (cf.  Table  2),  which, 

unlike  Wmax,  is  not  symmetrical  about  0  =  45°.  Table 
3  lists  the  critical  wave  parameters  for  a  few  com¬ 
binations  of  and  0 .  The  extensive  computations 
needed  to  fix  these  parameters  precisely  were  not 
carried  out  in  most  cases,  and  so  the  values  in  the 
Table  are  not  exact.  The  listed  ipgr  was  obtained 
from  (13)  ;  was  not  calculated. 


Boundary  Layer  with  Crossflow  Instability  Only 

As  an  example  of  a  boundary  layer  which  is  unstable 
at  low  Reynolds  number  only  as  a  result  of  cross- 
flow  instability,  we  select  6^  ~  1.0  and  0  =  45°, 
and  present  results  for  the  complete  range  of  un¬ 
stable  frequencies.  Although  this  pressure  gradient 
can  only  occur  at  an  attachment  line,  Figure  8  leads 
us  to  expect  that  all  profiles  with  a  strong  favor¬ 
able  pressure  gradient  will  have  similar  results. 

For  this  type  of  profile,  the  minimum  critical 
Reynolds  number  of  the  least  stable  frequency  is 
very  close  to  the  RCr  of  Figure  7.  We  therefore 
choose  a  Reynolds  number  well  above  Rcr  where  the 
instability  is  fully  developed. 

Figure  10  provides  a  summary  of  the  stability 
characteristics  at  R  =  400.  For  a  given  frequency, 
the  eignevalue  a (40  can  be  confuted  as  a  function 
of  either  k  or  i|»,  with  the  other  parameter  given  as 
the  second  eigenvalue.  For  strictly  crossflow 
instability,  k  is  the  more  suitable  independent 
variable  as  4>  can  have  an  extremum  in  the  unstable 
region.  All  unstable  eigenvalues  of  a  given  fre¬ 
quency  with  a  specified  increment  in  k  were  calcu- 
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lated  in  a  single  computer  run  with  i^gr  =  0°,  and 
then  corrected  to  an  approximate  ifgr(k)  obtained 
from  (13)  with  constant  wavenumber.  A  least-squares 
curve  fit  to  o (k )  provided  omax#  to  maximum  spatial 
amplification  rate  with  respect  to  the  vector  wave- 
number,  and  kmaX  and  4^^,  the  magnitude  and  direc¬ 
tion  of  the  wavenumber  of  omax. 

Figure  10a  gives  omax  as  a  function  of  the  di¬ 
mensionless  frequency  F,  and  also  shows  the  portion 
of  the  i|;-F  plane  for  which  there  is  instability. 

The  unstable  region  is  enclosed  between  the  curves 
marked  to  and  ip  .  These  curves  represent  either 
neutral  stability  points  or  extrema  of  4». 

The  corresponding  wavenumber  magnitudes  are 
shown  in  Figure  10b.  The  negative  frequencies 
signify  that  with  4>  taken  to  be  continuous  through 
F  =  0,  the  phase  velocity  changes  sign.  If  we 
choose  so  that  the  wavenumber  and  phase  velocity 
are  both  positive,  then  it  is  4'  that  changes  sign 
at  F  =  0.  Consequently,  there  are  two  groups  of 
positive  unstable  frequencies  with  quite  different 
phase  orientations.  The  first  group,  which  includes 
the  peak  amplification  rate,  is  oriented  anywhere 
from  5°  to  31°  (clockwise)  from  the  direction  opposite 
to  the  crossflow  direction.  The  second  group  is 
oriented  close  to  the  crossflow  direction  itself. 

All  of  the  unstable  frequencies  have  in  common 
that  the  direction  of  growth  is  within  a  few  degrees 
of  the  potential-flow  direction.  The  angle  ipgr  of 
y'max,  as  computed  :rom  (13)  ,  is  negative  and  has 
its  largest  magnitude  of  just  under  6°  near  F  = 

-0.60  x  10"!* .  Orientations  other  than  tj;max  can 
have  growth  directions  further  removed  from  the 
flow  direction. 


Boundary  Layers  with  both  Crossflow  and  Mainflow 
Instability 

As  an  example  of  a  boundary  layer  which  has  both 
crossflow  anu  mainflow  instability  at  low  Reynolds 
numbers,  we  select  3  =  -0.10  and  4  -  45°.  In  con¬ 

trast  to  the  previous  case,  the  steady  disturbances 
do  not  become  unstable  until  a  Reynolds  number,  R  = 
276,  where  the  peak  amplification  rate  is  already 
7.35  x  io" 3 .  (For  oh  =  -0.10  and  0  =  0°  omax  = 

11.0  x  lo~ 3  at  F  =  2.2  x  lo-1’  according  to  Wazzan 
et  al.  (1968)  ).  The  distribution  of  o  with  ij;  is 
shown  in  Figure  11  for  F  =  2.2  x  10"4,  a  frequency 
close  to  the  most  unstable  frequency  of  F  =  2.1  * 

10"  .  We  see  that  with  a  maximum  crossflow  velocity 
of  0.0349  (cf.  Table  2),  the  distribution  of  o  about 
ip  =  0°  is  markedly  asymmetric,  and  the  maximum 
amplif ication  rate  of  7.31  x  10" 3  is  located  at  ip  = 
-29.4°  rather  than  near  zero.  This  asymmetry  was 
barely  perceptible  for  the  small  crossflow  boundary 
layers  of  Figure  7  where  the  crossflow  is  only  one- 
sixth  as  large.  The  o  at  4>  =  0°  of  Figure  11  (5.82 
x  10"  3)  is  close  to  omax  with  respect  to  frequency 
of  the  =  0°  waves  (5.91  x  10“3).  since  this  value 
is  20%  below  the  peak  amplification  rate,  the  4>  = 

0°  waves  are  no  longer  adequate  to  represent  the 
maximum  instability  as  with  small  crossflow  boundary 
layers.  Figure  11  also  gives  the  distribution  with 
'P  of  k  and  jigr .  The  latter  quantitiy  was  obtained 
from  (13)  with  constant  wavenumber,  and  we  see  that 
it  remains  within  *  7.5°  of  the  potential-f low 
direction  throughout  the  unstable  region. 

Because  R  -  276  is  the  minimum  critical  Reynolds 
number  of  the  steady  disturbances,  the  unstable 
region  terminates  in  a  neutral  stability  point  at 


FIGURE  10.  Instability  properties  of  =  1.0,  =  45° 

Falkner-Skan-Cooke  boundary  layer  at  R  =  400.  (a)  maxi¬ 

mum  amplification  rate  with  respect  to  Wavenumber  and 
unstable  .  -  1  region;  (b)  unstable  k-F  region. 


F  =  0.  We  are  particularly  interested  here  in  Rey¬ 
nolds  numbers  where  F  =  0  is  also  unstable,  and  as 
an  example,  Figure  12  gives  results  for  all  unstable 
frequencies  at  R  =  555.  Figure  12a  shows  omax  as 
a  function  of  F  (here,  as  in  Figure  10,  omax  is  the 
maximum  with  respect  to  k) ,  as  well  as  the  unstable 
region  of  the  k-F  plane;  the  unstable  region  of  the 
i^-F  plane  appears  in  Figure  12b.  These  two  unstable 
regions  are  quite  different  from  those  of  Figure  10 
where  there  is  only  crossflow  instability.  The 
negative  frequencies  do  resemble  those  of  Figure  10 
in  that  the  unstable  range  of  ip  is  small,  of  k  is 
large,  and  with  4/  defined  so  that  F  >  0,  the  orien¬ 
tations  are  close  to  the  crossflow  direction.  How¬ 
ever,  for  the  higher  frequencies,  which  are  by  far 


FIGURE  11.  Effect  of  wavenumber  angle  on  o,  k  and  4'gr 
for  l-‘h  =  -0.10,  **  =  45°  Falkner-Skan-Cooke  boundary 
layer  at  R  276.  F  =  2.2  *  10"’*. 
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:  I  ••'KI.  i,'.  Instability  prof  ert  u-s  .if  ;  ^  -0.10,  H 

•b  i  a  lkritr -Skan-»‘ook**  boundary  layer  at  K  -  555. 
ui)  mxi  mum  aroj  1  1 1  ieat  ion  rate  with  r  os  poet  to  wavo- 
r.umbor  and  unstable  k-r  roaion;  (b)  unstable  v-F  region. 

the  most  unstable,  the  unstable  regions  of  Fiqure 
12  bear  more  of  a  resemblance  to  those  of  a  two- 
dimensional  boundary  layer  than  to  Figure  10.  The 
main  differences  from  the  two-dimensional  case  are 
the  asymmetry  about  =  0°  already  noted  in  Figure 
11,  the  one-sidedness  of  >'maX/  and,  for  F  <  0.4  * 

10“  •* ,  the  replacement  of  a  lower  cutoff  frequency 
for  instability  by  a  rapid  shift  with  decreasing 
frequency  to  waves  oriented  opposite  to  the  cross- 
flow  direction  and  which  are  unstable  down  to  zero 
frequency.  The  instability  shown  in  Figure  12 
represents  primarily  an  evolution  of  the  small  cross- 
flow  boundary  layers  of  Figure  7  to  larger  cross- 
flow.  Only  the  frequencies,  say  |f|  *  0.2  *  10“l4 , 

have  to  do  with  the  pure  crossflow  instability  of 
Fiqure  10.  For  frequencies  near  0.4  x  10"1’  , 
varies  little  with  k  in  one  part  of  the  unstable 
region,  as  with  crossflow  instability;  in  the  other 
part,  as  with  mainflow  instability,  the  opposite 
is  true.  This  behavior  becomes  more  pronounced  at 
high  Reynolds  numbers. 


CONCLUDING  REMARKS 

All  of  the  numerical  results  that  have  been  presented 
stem  from  the  viewpoint  adopted  in  Section  2  that 


useful  information  concerning  three-dimensional 
boundary- layer  stability  can  be  obtained  from  par¬ 
ticular  pure  spatial  modes  just  as  with  two- 
dimensional  boundary  layers.  Arguments  were  given 
to  support  using  the  modes  whose  growth  direction 
is  determined  from  (17)  or,  more  exactly,  from 
(19b) .  A  transformation  (21a) ,  was  derived  to 
enable  the  use  of  waves  with  an  arbitrary  growth 
direction  in  calculating  eigenvalues.  The  trans¬ 
formation  used  in  the  temporal  theory  to  reduce 
the  three-dimensional  problem  to  a  two-dimensional 
probe lm  in  the  direction  of  the  wavenumber  vector 
was  shown  to  apply  to  spatial  modes  only  when  this 
direction  is  close  to  the  correct  growth  direction, 
or  the  latter  is  the  same  as  the  potential-flow 
direction  (^gr  =  0°). 

The  waves  which  have  their  wavenumber  vector 
aligned  with  the  local  potential  flow  (^  =  0°  when 
the  x  axis  of  the  mean-flow  coordinate  sytem  is 
also  in  the  flow  direction)  always  have  their  growth 
direction  very  close  to  the  potential-flow  direction. 
If  the  crossflow  is  small,  the  maximum  amplification 
rate  of  the  =  0°  waves  is  almost  identical  to  the 
maximum  amplification  rate  of  the  three-dimensional 
boundary  layer.  Consequently,  if  we  are  only  in¬ 
terested  in  establishing  the  maximum  amplification 
rate  of  a  small  crossflow  boundary  layer,  it  can  be 
obtained  from  the  mainflow  profile  alone.  We  used 
this  approach  to  obtain  the  effect  of  the  flow  (yaw) 
angle  on  the  instability  of  the  Falkner-Skan-Cooke 
yawed-wedge  boundary  layers  for  small  pressure 
gradients,  and  found  that  yaw  reduces  both  the 
stabilizing  effect  of  a  favorable  pressure  gradient 
and  the  destabilizing  effect  of  an  adverse  pressure 
gradient . 

With  moderate  or  large  crossflow,  crossflow  in¬ 
stability,  which  arises  from  the  inflection  point 
of  the*  crossflow  velocity  profile,  is  present  and 
can  destabilize  a  boundary  layer  at  low  Reynolds 
numbers  which  would  otherwise  be  stable.  As  befits 
the  name,  the  unstable  waves  have  their  wavenumber 
vectors  oriented  near  the  crossflow  (or  opposite) 
direction.  Also  the  instability  covers  a  wide  band 
of  unstable  frequencies  (including  zero)  and  wave- 
numbers.  The  growth  direction  of  all  unstable  waves 
is  still  near  the  potential-flow  direction.  If  the 
mainflow  profile  is  also  unstable,  then  the  unstable 
frequencies  near  zero  act  as  with  pure  crossflow 
instability  and  the  higher  frequencies  as  with  pure 
mainflow  instability.  Intermediate  frequencies 
have  the  latter  behavior  for  small  wavenumbers,  and 
the  former  for  large  wavenumbers. 

The  results  demonstrate  why  crossflow  is  more  of 
a  problem  for  the  maintenance  of  laminar  flow  with 
strong  favorable  pressure  gradients  than  with  ad¬ 
verse  pressure  gradients.  In  the  former  case,  cross- 
flow  provides  a  powerful  instability  mechanism 
even  when  the  mainflow  profile  is  stable;  in  the 
latter,  the  crossflow  only  increases  the  amplifi¬ 
cation  rate  over  that  of  an  already  unstable  main- 
flow  profile.  This  increase  is  about  50%  for  the 
0  =  45°  separation  boundary  layer. 
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Experiments  on  Heat-Stabilized  Laminar 
Boundary  Layers  in  a  Tube 


Steven  J.  Barker 

Poseidon  Research*  and  University 

of  California  at  Los  Angeles 


There  has  been  considerable  recent  interest  in  the 
stabilization  of  water  boundary  layers  by  wall 
heating.  Calculations  based  upon  linear  stability 
theory  have  predicted  transition  Reynolds  numbers 
as  high  as  2  *  10fl  for  a  zero  pressure  gradient 
boundary  layer  over  a  heated  wall.  The  flow  tube 
experiment  described  in  this  paper  was  intended  to 
investigate  these  predictions.  The  test  boundary 
layer  develops  on  the  inside  of  a  cylindrical  tube, 
0.1  m  in  diameter  and  ^.1  m  in  length.  The  dis¬ 
placement  thickness  is  small  relative  to  the  tube 
radius  under  nearly  all  operating  conditions.  The 
tube  is  heated  by  electrical  heaters  on  the  outside 
wall.  The  location  of  transition  can  be  determined 
by  a  heat  flux  measurement,  by  flush-mounted  hot 
film  probes,  or  by  flow  visualization  at  the  tube 
exit. 

A  transition  Reynolds  number  of  10  can  be  ob¬ 
tained  without  heat,  which  shows  that  free  stream 
turbulence  and  other  perturbations  are  well  con¬ 
trolled.  At  7°C  wall  overheat,  a  transition 
Reynolds  number  of  42  *  10^'  has  been  obtained, 
which  is  at  least  as  high  as  the  prediction  for 
that  overheat.  However,  as  temperature  is  further 
increased  there  have  been  no  additional  increases 
in  transition  Reynolds  number,  which  is  in  contra¬ 
diction  to  the  theory. 

Possible  reasons  for  the  differences  between 
theory  and  experiment  have  also  been  investigated. 
New  test  section  exits  have  been  developed  to 
determine  the  effects  of  downstream  boundary  con¬ 
ditions  upon  the  flow.  An  instrumented  section 
has  been  used  to  measure  detailed  velocity  profiles 
in  the  boundary  layer,  and  determine  intermittency 
as  a  function  of  azimuthal  angle.  From  these 
measurements  we  can  evaluate  the  possibility  of 


buoyancy-generated  instabilities  in  the  tube. 
Future  tests  will  also  investigate  the  influence 
of  free  stream  turbulence,  streamwise  vorticity 
in  the  boundary  layer,  and  wall  temperature  vari- 


1.  INTRODUCTION 

Numerical  calculations  such  as  those  of  Wazzan, 
Okamura,  and  Smith  (1968,  1970)  have  predicted  large 
increases  in  the  transition  Reynolds  numbers  of 
water  boundary  layers  with  the  addition  of  wall 
heating.  The  stabilizing  mechanism  is  the  decrease 
in  fluid  viscosity  near  the  wall  resulting  from  the 
heating.  This  increases  the  negative  curvature 
of  the  velocity  profile,  making  the  flow  more  stable 
to  small  disturbances.  The  present  study  is  an 
experimental  investigation  of  these  predictions, 
using  the  boundary  layer  developing  on  the  inside 
wall  of  a  cylindrical  tube.  This  boundary  layer  is 
thin  relative  to  the  tube  diameter,  so  that  it 
approximates  a  boundary  layer  over  a  flat  plate. 

The  numerical  predictions  of  Wazzan  et  al.  are 
based  on  two-dimensional,  linear  stability  theory. 
The  mean  flow  is  assumed  plane  and  parallel,  and 
the  superimposed  small  disturbance  is  described  by 
a  stream  function, 

iHx,y,t)  =  <My)  exp  iu(x-ct)  (1) 

Here  <My)  is  the  disturbance  amplitude,  ct  is  the 
wavenumber  and  is  assumed  real,  and  c  is  the  wave 
velocity  which  may  be  complex.  The  imaginary  part 
of  c  determines  whether  the  disturbance  is  tempo¬ 
rally  amplified  or  damped.  If  we  substitute  this 
stream  function  into  the  Navier-Stokes  equations 
and  linearize,  taking  account  of  the  variation  of 
viscosity  u  with  distance  from  the  wall  y,  we  find 


(U  -  c)  ( 4 "  -  »'  4<)  -  UH* 


;u(f""  -  2-i  f"  + 


40  +  2n,(4,t' *  “  1  4'M  +  u"  (41"  +  *  4')  I  (2) 


This  work  was  performed  by  the  Marine  Systems  Division  of 
Rockwell  International,  and  Poseidon  Research.  It  was 
sponsored  by  the  Defense  Advanced  Research  Projects  Agency. 
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In  this  equation,  U(x)  is  the  external  flow  velocity 
and  He  is  the  Reynolds  number  based  upon  free  stream 
velocity  U.^,  and  boundary  layer  thickness  $  .  This 
is  known  as  the  "modified  Orr-Sommerfeld  equation," 
the  variable  viscosity  terms. 

Wa2zan  et  al.  have  solved  Eq.  (2)  numerically 
for  the  boundary  layer  over  a  heated  flat  plate, 
using  velocity  profiles  generated  by  the  method  of 
Kaups  and  Smith  (1967).  The  solutions  determine 
the  critical  Reynolds  number,  which  is  the  lowest 
Reynolds  number  at  which  any  disturbance  has  a 
positive  amplification  rate.  The  last  step  of  the 
calculation  is  to  relate  the  critical  Reynolds 
number  to  the  transition  Reynolds  number,  using  the 
"e  to  the  ninth"  criterion  of  A.  M.  0.  Smith  (1957). 
According  to  this  empirical  criterion,  transition 
occurs  when  the  most  unstable  disturbance  has  grown 
to  e'>  (which  is  8,103)  times  its  original  amplitude. 
The  linear  theory  is  used  in  calculating  the  growth 
of  the  disturbance  to  this  amplitude. 

Strasizar,  Prahl,  and  Reshotko  (1975)  have 
measured  growth  rates  of  disturbances  generated  by 
a  vibrating  ribbon  in  a  heated  boundary  layer.  They 
found  neutral  stability  curves  and  were  able  to 
determine  critical  Reynolds  numbers  for  wall  over¬ 
heats  of  up  to  5°F  (2.8°C).  They  found  that  in  this 
range  of  overheats  the  critical  Reynolds  numbers 
are  in  reasonable  agreement  with  the  theoretical 
predictions.  These  experiments  were  performed  at 
moderate  Reynolds  numbers  and  did  not  yield  data  on 
transition  or  on  stability  at  higher  overheats. 

The  results  of  the  Wazzan  et  al .  calculations 
predict  that  the  transition  Reynolds  number  of  a 
zero  pressure  gradient  boundary  layer  should  increase 
with  wall  temperature  up  to  about  70°F  (39°C)  of 
overheat  if  the  free  stream  temperature  is  60°F 
(U>°C) .  At  that  overheat,  the  transition  Reynolds 
number  should  bo  in  excess  of  2  *•  10  (based  upon 
distance  from  the  leading  edge).  Thus  the  experi¬ 
ment  designed  to  investigate  those  predictions  must 
be  able  to  generate  a  very  high  Reynolds  number 
boundary  layer  while  maintaining  low  free  stream 
disturbance  levels.  The  wall  should  be  very  smootli 
and  its  temperature  must  be  precisely  controlled. 
These  are  the  chief  considerations  that  led  to  the 
experimental  geometry  described  below. 


2.  EXPERIMENTAL  APPARATUS 
Conf igurat ion 

A  facility  in  which  water  is  recirculated  through 
the  test  section  was  not  used  for  two  reasons.  (1) 
Heat  is  continuously  added  to  the  test  section  so 
that  a  recirculating  experiment  would  require  some 
sort  of  heat  exchanger.  (2)  The  free  stream  tur¬ 
bulence  level  in  the  test  section  must  be  less  than 
0.05  percent,  which  has  previously  been  difficult 
to  achieve  in  a  recirculating  water  facility.  The 
experiment  must  then  be  of  the  "blow-down"  type, 
in  which  water  is.  removed  from  one  reservoir  and 
discharged  into  another.  Run  t. imes  of  more  than 
twenty  minutes,  are  desired,  which  requires  large 
reservoirs.  This  led  to  the  selection  of  the  Colo¬ 
rado  State  University  Engineering  Research  Center 
as  the  site  of  the  ox|*eriment.  Here  the  water 
supply  is  Horsetooth  Reservoir,  which  provides 
water  to  the  laboratory  through  a  0.6  m  diameter 
pipe  at  a  total  pressure  of  6.8  x  10  N/nv  (100  lb/ 
in.  ).  The  discharge'  runs  into  a  smaller  lake  be- 


FEilkF  1.  Experimental  geometry. 


low  the  laboratory.  At  the  maximum  flow  rate  of 
this  experiment  (200  liters/sec) ,  the  run  time  is 
effectively  unlimited. 

The  flow  tube  apparatus  consits  of  a  settling 
chamber  for  turbulence  management,  a  contraction 
section,  a  test  section  and  various  types  of  instru¬ 
mentation  described  below.  A  diagram  of  the  experi¬ 
mental  geometry  is  shown  in  Figure  1. 

Settling  Chamber 

The  inside  diameter  of  the  settling  chamber  is  0.6 
m,  the  same  as  that  of  the  supply  line  from  the 
reservoir.  The  test  section  is  0.102  m  in  diameter, 
so  that  the  contraction  ratio  is  35:1.  The  settling 
chamber  is  made  up  of  four  separable  sections,  as 
shown  in  Figure  2.  The  sections  are  made  of  fiber¬ 
glass  to  avoid  heat  transfer  through  the  walls,  and 
their  total  length  is  3.35  m.  Each  end  of  each 
section  is  counter-bored  to  hold  a  0.15  m  long 
aluminum  cylinder  with  a  1.3  cm  wall  thickness. 

Each  cylinder  will  hold  one  or  more  turbulence 
manipulators,  including  screens,  porous  foam,  or 
honeycomb  material.  This  design  allows  the  settling 
chamber  to  be  assembled  in  different  configurations, 
so  that  it  can  be  optimized  experimentally. 

The  details  of  the  design  and  optimization  of 
the  turbulence  management  system  have  been  reported 
separately  (Barker  (1978)].  The  configuration 
shown  in  Fibure  2  was  arrived  at  after  a  great 
deal  of  testing.  There  is  a  considerable  body 
of  literature  on  the  subject  of  turbulence 
management,  and  tins  provided  some  guidelines 
for  the  optimization  of  the  present  system. 

The  most  detailed  recent  study  is  that  of  Loehrke 
and  Nagib  (1972),  who  measured  mean  velocity  and 
turbulence  level  downstream  of  various  turbulence 
manipulators.  Further  recommendations  for  the 
construction  of  a  turbulence  management  system 
have  been  given  by  Corrsin  (1963),  Bradshaw  (1965), 
and  Lumley  and  McMahon  (1967). 

At  the  downstream  end  of  the  settling  chamber  is 
an  additional  <'■ .  30  m  long  section  containing  porous 
wall  boundary  layer  suction.  Hot  film  anemometer 
surveys  in  the  settling  chamber  have  shown  that 
at  test  section  velocities  above  9  m/sec  (0.26  m/sec 
in  the  settling  chamber)  the  boundary  layer  becomes 
turbulent  bofor<:  the  flow  enters  the  contraction. 

A  in  turbulent  boundary  layer  entering  the  strong 
favorable  pressure  gradient  of  the  contraction 
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1- I'.il'KK  .  Schematic  of  t  urbulonco  manage¬ 
ment  system. 


soot  ion  will  Loud  to  "  ro  1  cim  i  no  r  i  ze  ,  "  as  described 
by  La  undo  r  (1904)  and  Back  o  t  al.  (19(>9).  However, 
tiiis  woulil  leave  us  with  unknown  initial  condi tons 
at.  the  entrance  to  the  tost  not  ion.  The re fore  wc 
have  added  th«  suet  ion  soot  ion  to  c« >m|  1  •  -t  < ■  1  y  remove 
tiio  turbulent  boundary  lavor.  Ti:i:.  s.vt  irn  ha;  a 
0.1  m  lonutli  iif  porous  wall  surrounded  bv  an  annulai 
plenum  chainiior.  Tito  sii't  ion  flow  from  tin-  plenum 
is  controlled  by  a  valve  and  a  Venturi  meter.  At 
oaoh  test  soot  ion  v«-locity  above  o  m  s.  c,  the 
suction  flow  is  adiusteu  to  tin-  minimum  vain* 
noo.-ssary  to  remove  tin-  turbulent  boundary  layer 
at  tin-  ooutiaotion  entiar. •*<•. 

Contraction  and  Tost  Sect  ion 

Tho  >  S :  l  contraction  was  designed  by  a  potential 
flow  calculation  usincj  the  method  of  Chmieiewski 
(1974)  .  The  lotKjth  to  diameter  ratio  of  tho 
contraction  was  chosen  by  balancing  the  effect  of 
re  laminar i zat ton  with  that  of  the  doertlor  insta¬ 
bility  in  the  concave-curved  portion.  A  careful 
study  of  the  we  two  effect:?  U:d  to  a  length  to 
diameter  ratio  of  2. 2  V  which  made  th--  contraction 
1.37  m  long.  Tho  contraction  was  constructed  in 
two  s- -i.;t  i  •  ms  :  a  fiberglass  upstream  b  » 1  f  and  an 
aluminum  downstream  naif.  Tin-  ioinf  between  the 
two  sections  is  in  tin*  r*gion  of  greatest  favorable 
ti'-ssure  gradient,  and  Las  no  measurable  step  across 
i  f  . 

!•••  ‘ent  velocity  ne.isut  ement  s  in  tin-  test.  section 
ii  "is.--  1  below)  iiave  b-d  to  tiio  design  and  con- 
*  ;  i  i  •  t .  of  a  n*-w  contraction  section  to  »o|  lac 
*  ii  :  1 1 ; .  *  1  -m«  .  Th-  n-w  ./out  ract.  ion  will  have' 
c  • .  ;  i  1 1  bleed  flow  :.:i*roun  ding  all  entrance 
'  w.;  -,  i  .  all  c->:iV'x.  In  this  way  the 
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is  servocontrol led  by  a  system  which  maintain.';  a 
preset  temperature  on  a  thermocouple  located  near 
tin-  inside  tube  wall.  In  this  way  the  inside  wall 
temperature  can  be  controlled  independently  of  flow 
velocity,  and  different  variations  of  temperature 
along  the  tube  length  can  be  studied. 

To  avoid  tripping  the  boundary  layer,  no  pene¬ 
trations  of  the  inside  wall  are  allowed  except  at 
tlic  downstream  end.  The  only  instrumentation  in 
the  test  section  is  an  array  of  thermocouples  within 
the  wall,  spaced  along  the  tube  length.  At  each 
location,  there  is  one  thermocouple  on  the  outside 
surface  and  one  in  a  small  holt*  drilled  to  within 
e.lh  cm  of  the  inside  surface.  The  temperature 
difference  between  the  two  thermocouples  determines 
the  heat  flux  through  tho  wall  a  a  particular 
location.  Since  heat  flux  increases  by  a  factor  of 
about  ten  at  the  transition  point,  these  temperature 
measurement:;  should  provide  a  good  transition 
indicator.  A  total  of  r>3  thermocouple  voltages  are 
digitized  and  recorded. 

During  the  earlier  experiments,  there  was  a  single 
hot  film  anemometer  probe  at  tho  downstream  end  of 
1 1\«  test  section.  This  probe  was  located  within 
the  boundary  layer  and  was.  used  to  indicate  inter¬ 
ns  ttenoy  only.  In  the  more  recent  measurome;. .  ,  a 

new  instrumented  section  has  boon  developed  and 
installed  on  the . downst ream  end  of  tho  tost  section. 
Tiiis  section  is  d.nl  m  long  and  its  inside  diameter 
matches  that  of  the  test  section  to  within  2  *  10“ 
m.  Two  types  of  measurement  fan  be  made  in  the 
instrumented  section.  Very  small  Pitot  tubes  can 
be  used  to  traverse  the  boundary  layer  and  measure 
moan  velocity  profiles,  and  flush  mounted  hot  films 
an  determine  intermi ttonev  at  various  locations. 

Since  the  boundary  layer  is  typically  less  than 
O.L  cm  thick,  the  Pitot  tubes  must  be  very  small. 

The  one  being  used  at  present  lias  a  cross-section 
of  0.013  x  o.o 7(.  cm.  The  smaller  dimension  is 
oriented  in  the  direction  perpendicular  to  the  wall. 
The  tube  is  traversed  from  the  wall  to  the  free 
stream  by  a  mictometer,  which  can  position  it  with 
an  uncertainty  of  4 0.002  cm.  In  addition,  tin- 
entire  central  portion  of  the  tube  can  be  rotated 
m  the  azimuthal  direction  so  that  the  Pitot,  tube 
can  bo  traversed  about,  the  circumference  of  the 
test  section.  The  azimuthal  rotation  can  be  per¬ 
formed  while  the  experiment  is  running. 

Th*  hot  film  anemometers  in  the  instrumented 
section  an-  .ill  mounted  flush  with  the  wall  to  avoid 
tripping  the  boundary  layer.  The  Pitot  tubes  are 
removed  from  the  section  while  hot  film  measurements 
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are  being  made.  The  films  art*  used  only  to  dot  et  mi  no 
intermi t tency ,  hence  they  aro  not  cal  ibrated  .  There 
aro  eight  hot  film  locations— two  st Teamwise  sep¬ 
arated  stations  each  having  tour  probes  .it  different 
azimuthal  armies.  All  eight  outputs  can  bo  displayed 
simultaneously  on  oscilloscope  trace*,  or  recorded 
tin  a  photographic  strip-chart  recorder. 

A  high  static  pressure  must  bo  maintained  in  the 
test  section  to  avoid  possible  cavitation  or  out¬ 
classing  from  heated  walls.  Therefore  the  pressure 
loss,  for  controlling  the  flow  velocity  is  located 
at  the  downs t ream  end  of  the  experiment.  originally, 
a  set  of  sharp-edged  orifice  plates  was  used  on  the 
end  of  a  l  m  Iona  extension  tube  added  to  the  test 
section.  I'oneorn  over  possible  upstream  influence 
ot  the  d  i  st  ut  bailees  uener.it  ed  at  the  ori !  nv  plate 
led  to  the  development  of  a  smoot  h  cont.  ract  ion 
section  for  the  downstream  end.  With  the  smooth 
contraction,  it  i s  possible  to  maintain  laminar 
flow  all  the  way  to  the  exit  of  the  experiment,  and. 
thus,  determine  transition  by  flow  v  i  sun  l  i  zat.  ion  in 
the  exit  jet.  In  addr t ion,  a  "pluu  nozzle"  has 
been  developed,  which  consists  of  a  s.t  r  ut-support  ed 
central  cone  which  can  be  moved  in  and  out  of  the 
end  of  the  test  section.  This  adjustable  exit 
valve  permits  us.  to  vary  tin*  test  section  static 
pressure  independently  of  flow  velocity  while  main¬ 
taining  laminar  flow  all  the  way  to  the  exit.  With 
any  of  these  possible  exit  conditions,  the  test 
section  velocity  can  be  determined  from  the  test, 
section  static  pressure  and  the  known  disoharuo 
coefficient  of  the  nozzle. 


3.  RESULTS 

Free  Stream  Turbulence 

Mean  and  l  luctu.it  mu  velocit  ies  were  measured  iti 
the  settlinu  chamber  by  a  cylindrical  hot  film 
anemometer.  The  probe  penetrated  t  lie  settlinu 
chamber  wall  o. I  m  downstream  of  the  boundary  layer 
suction  section,  and  could  be  traversed  from  the 
wall  to  the  centerline.  Mean  velocities  and  tur¬ 
bulence  levels  were  measured  at  many  points,  and 
turbulence  spectra  were  measured  at  two  or  three 
points  for  each  flow  condition.  In  addition,  a 
1.2  m  lonu  instrumented  straight  tube  could  be 
substituted  for  the  n.4  m  test  section.  This  short 
tube  contained  a  Pilot  tube,  accelerometers,  and 
hot  t  i  1  in  probes.  The  unheated  transition  Reynolds 
number  was.  measured  in  the  1..'  m  tube  for  each 
.•.ettitnu  chamber  con  f  i  gurat  ion  .  This  Reynolds 
number  varied  from  800,000  for  the  empty  settlinu 
chamber  with  no  turbulence  manipulators  to  *>.0  *■ 
l  <’  ff,r  the  "best"  con  f  i  qurat  ion .  This  configura¬ 
tion  t  shown  in  Figure  2)  includes  one  piece  of  porous 
to. im,  two  •  i  t  imis  ot  honeycomb,  ami  four  screens. 

T:.>  la-  t  .«re.n  i located  o.  1  m  upstream  of  tin 
t  •  i : :  i:  1 1  x  ■ .  t  oj  the  . -on  t  r  act  i  on  ,  and  liar;  a  mesh  of  24 
si  n.  All  sc  t  eens  in  the  settlin')  chamber  have 
mot.  than  >  percent  open  area,  in  accordance  with 
»  S"  !  in  liti'i  .  of  Mradsliaw  ( 1  )  . 

I"  fail'd  results  of  the  velocity  measurement s 
in  *  :.■  .ettlinq  chamber  have  been  reported  separately 
sol.  t  i  l  ■  *  *  m  )  ,  and  are  only  summarized  here.  At 

’  •  f  eft, 'll  vilo.ities  less  than  9  m/st'c,  the 
•fflmi  ,  liaml»er  boundary  layer  remains  laminar  and 
hie  -nl  .  t  feet  of  the  sue ti on  is  to  make  it  thinner. 
The  f  in  bu  1  >  in  *e  level  is  about  0.07  percent  at  all 
list  in  e,  trom  the  wall  for  the  configuration  of 


Figure  2.  At  hiqher  velocities  the  turbulence  level 
near  the  wall  reaches  3  or  4  percent  with  no  suction, 
but  remains  0.07  percent  at  distance's  from  the  wall 
greater  than  2  cm.  As  the  suction  flow  rate  is 
increased,  the  mean  velocity  profile  shows  thinning 
of  the  boundary  layer  and  the  turbulence  level  near 
flu'  wall  drops  rapidly.  At  the  optimum  suction 
rate,  the  highest  turbulence  level  near  the  wall 
in  the  settling  chamber  is  about  0.4  percent.  The 
suction  has  no  measurable  effect  upon  the  mean 
velocity  profile  or  turbulence  level  more  than  2 
cm  from  the  wall. 

Tin.*  settling  chamber  velocity  measurements  and 
the  unheated  transition  Reynolds  numbers  indicate 
that,  the  turbulence  management  system  is  performing 
we  1  1  .  If  file  turbulence  level  reduction  through 
the  cont ract i on  is  proportional  to  the  square  root 
of  the  contraction  ratio  i Pankhurst  and  Holder 
( 19!  2)  ,  then  the  turbulence  levs1  in  the  test 
section  should  be  about  0.01  percent.  This  is 
lower  than  the  turbulence  level  recorded  in  most 
wind  tunnels,  and  certainly  lower  than  any  previ¬ 
ously  reported  water  tunnel. 

Transition  Reynolds  Numbers 

Figure  3  shows  measured  transition  Reynolds  numbers 
as  a  function  of  wall  overheat  for  the  uniform  wall 
temper  at  ur*-  case.  The  results  on  the  upper  curve 
were  obtained  with  the  smooth,  laminar  flow  nozzle 
at  the  downstream  end  of  the  test  section,  using 
t  low  visual izat ion  at  the  exit  to  determine  tran¬ 
sition.  The  water  temperature  was  approximately 
50 °F  ( 10°C)  during  these  tests.  Note  that  the 
transition  Reynolds  number  rapidly  increases  with 
wall  temperature  up  to  10°F  (6°C)  wall  overheat, 

.it  which  it  has  readied  a  value  of  42  *  10^’. 

This  represents  a  factor  of  four  increase  in  tran¬ 
sit  ion  Reynolds  number  for  a  relatively  small  heat 
input.  However,  above  10°F  there  are  no  further 
increases  in  transition  Reynolds  number,  while  the 
theory  predicts  that  it  should  increase  up  to  about 
(ii)°F  (33°C)  overheat.  Previously  published  results 
I  Parker  and  Jennings  (1977)]  have  shown  that  varying 
the  wall  temperature  distribution  does  not  change 


I'lCUKI  l.  Transition  Reynolds  numbers  measured  at 
exit:  one  extension  tube. 
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I  tv  Miii'i *d  tin-  1 . 1 1 q  o  s  t  t  i  an:- i  t  i  tin  Roynolds  iminlu’i  tn 
dato.  Tii'1  primal  s’  .1  i  t  t  ot  « -nn  *  botwoon  tho  tosulls 
shown  in  tv  and  thoso  jublishod  |  roviously  in  that 
tin-  ptosont  t -xpo j  i  mt  >nt  a  l  an  vt'  ivatin’s  tin-  limit 
Roynolds  tiumbt'i  v|  4.'  '  la*  at  a  lowor  owrhoat 
than  bi’t’i'tf.  Tins  ohanqo  is  attributod  to  tin* 
i  mj  i  •  tvt-in- -nf  o{  tin*  exit  oonditons  with  tin-  dovolop- 
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All  of  tin  .lata  of  riant  *•  *  w«  tv  t  .ikon  by  main- 
tatnina  1amin.it  !  low  avvi  tho  lull  lonqth  o!  tin- 
t  nbt-  and  obs.-rvinq  ttansition  at  tin'  oxit.  It  t  in¬ 
flow  Vi  l.'.-i  t  y  i  .  tnoioasod  tutthoi,  so  that  tin1 
transition  t*’aion  mows  uj-stit.im  in  tin*  tost 
if.  -t  ton,  tin’  moasuiod  transit  ion  Koyttobls  numb.  is 
it  i  tmiv’ii  lawi't  .  In  addition.  tin  to  is.  a  by  st  «•  tv i  *. 

:  *  t  t  *  - 1  ■  t  win’ll  ttansition  is  a)  K'W.’.l  to  mow  mot «  t  l:an 
ibout  l  m  ujstitMtn  t  turn  tin-  «*xit.  That  i--r  to 
h'stiitv  fully  laminat  flow  owi  tin-  tall  t-tb>-  bn«|th 
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m<i  tin*  :lua  valve.  In  alitti-n,  t b  tilt-,  .a 

i  m!  io  at  o.  i  t  ubo  bo  t  wo.  ti  !  ii.-  s.  a  t  o  i  t  .  •  oft  i  oi,  uni 

tin*  oxi  t  .an  i’o  va  t  t  •  d  !  t  on  .*«  •  *  '  •  > .  ni  in  t  n«  - 1  <•  • 

;n«  ’ti  t  : .  o  t  1  .  tn .  i’ot  >•  \  h  .-"ii!  i  ni.it  ion,  t  t  an- .  i  t  i  on 

oan  bo  dot  ormi  tn  -1  oitin-i  .it  tin  •  xi  t  i  t  •«  It  a  at 

tin’  I'tii  of  t;io  bo.it  od  ..  .-t  ion.  Ttansition  at  tin 
oxit  i  ;  oasily  dotoiinun-d  bv  t  low  vi  -  nil  li'at  i.'ii,  as 
shown  in  I  tauto  4.  Thi--  snoto.ii.n  ii  of  tin*  moot  h 
oxit  ,-nnt  t.iet  i.iii  shows  latninai  t  low  (4a)  and  tutbu 
bait  t  1  ow  (4b),  both  at  a  baiath  Rovnolds  numb.-t 
of  approximat  ol  y  40  •  1<*’  .  In  1‘ninie  hi,  not  o 

tin*  aiass.y  te.iion  veiv  tusn  tin-  oxit  ,  wiiu  h  soon 
l  eeonios  milky  in  appoaranoo  as  tin-  air-watoi  sinsu 
layot  undorqoos  t  t  ails  i  t  i  on .  Tho  I  <  aia  i  t  ud  i  na  l  stro. 
in  Ki  auto  4a  at.'  appiaontly  dm-  to  boot  t  lot  vnrt  io 
a-notatod  in  tin-  omoavo  part  of  tin-  s.  moot  it  oxit 


l  eeonios  milky  in  arpoa  ranoo  as  tho  air-watot  sinsu 
layot  undorqoos  t  t.uisit  ion.  Tbo  I « *nq  i  t  ltd  i  na  I  sttouks 
in  l-'iqiite  4a  ate  appiaontly  duo  to  boot  t  lor  vet  t  ieos 
qonotatod  in  tho  oonouvo  part  of  tbo  s.moot  it  oxit 
emit  r.iet  ion.  Thoy  ato  not  soon  witli  tin*  p !  uu  valve 
oxit  ,  whtoh  has  no  oonouw  re<|ioii. 

Tito  data  of  Piquio  \  ato  tor  otio  I..’.’  m  extension 
.eet  loll  on  tin  Olid  of  tllo  lie.ltod  S.ootion,  fol  lowod 
by  eitlna  tin  snioot  it  cont  i  aet  ion  ot  tin-  ot  it  wo 
>  1  it.  .  Transit  ion  is  me.isun*d  at  tin-  oxit  in  oithor 
a  -  .  Not  o  that  tin-  ttansition  Royttolds  numbors 
witli  tin-  .q  l  t  t  so  j  l»to  oxit  ate  about  .’0  poroont 
1-iW'  i  titan  witli  tho  smooth  cent  t.iet  ion,  showinq  a 
lot  in  to  ofj, ..a  ,q  tho  oxit  onndlt  imi.  Piquro  ‘> 
simws  tin-  s.ime  eoni|'.it  i  son  with  .'.44  m  of  unho.it  od 
oxtonsion  t  ub»-  h.-tw.-sn  tho  test  mvtton  and  oxit. 

H-  t .  wo  .o,  ,t  mu.  di  l.itqoi  d  i  f  for  «■  noo  between  ro;.;ults. 
witii  tin1  or  i  ft<f  and  w  i  t  ti  tho  smooth  eont  raet  ion. 

Tho  smooth  o out t aot  i on  transition  Roynolds  numbors 
ire  marly  tin*  s.ime  as  witli  1..!.'  m  of  oxtonsion 
t  ubo ,  win  le  tho  orifioo  Roynolds  tiumliors  havo 
dropjM’.i  almost  by  a  fuotor  of  two.  float  ly  tho 
off.  ot  of  tiio  oxit  solid  it  ion  upon  transition  Roynolds; 


em  smooth  no/",  b 


Plot'KP  -lb.  P.xit  jot  from  s;mot»t  h  no/./lo:  turbiib'iit 
boundary  layot. 
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I  v  ;i :  KK  s .  Transition  Roy  no  Ids  numbers  measured  at  exit: 
t  wo  ext  oris  ion  t  ube:>  - 


number  is  far  more  pronounced  here  than  for  the 
shorter  extension  tube  length.  The  most  reasonable 
explanation  of  this  lies  in  the  fact  that  in  the 
second  case  the  boundary  layer  has  passed  over  a 
much  longer  region  of  unheated  wall,  which  should 
have  a  destabilizing  effect.  This  less  stable 
boundary  layer  is  then  more  sensitive  to  external 
. erturbat ions  such  as  the  disturbances  created  by 
the  orifice  plate  exit. 

As  the  extension  tube  length  is  increased  still 
further,  the  transition  Reynolds  numbers  obtained 
with  the  smooth  contraction  begin  to  decrease. 
Apparently  the  destabilizing  effect  of  the  long 
unheated  wall  is  felt  even  with  the  low  disturbance 
exit  condition.  Those  results  indicate  that,  under 
some  conditions,  a  moderate  length  of  unseated  wall 
ran  be  used  downstream  with  no  measurable  reduction 
of  transition  Reynolds  number. 

When  transition  is  determined  at  a  distance  of 
1.4  m  upstream  of  the  exit  rather  than  at  the  -‘xit 
nozzle  itself,  the  influence  of  the  <xit  eondition 
is  greatly  diminished.  Taking  the  case  of  tin'  2.44 
m  unheated  extension  as  an  example,  t i  i 
factor  of  2.3  difference  in  tin*  maximum  ti  e,  it  i.»n 
Reynolds  number  obtained  with  th«-  oi  i  f  i  -  an!  with 
the  smooth  contraction  when  transit  i  ’:i  i  n. •  i  it-  1 
at  the  exit.  (Figure  r' )  .  How*  v«  r,  wh**n  *  ?  a:  iti->n 
is  measured  1.4  m  upstream  of  M-.*  .  xit  ,  is  *i  ?••• 
spondinq  d i  f  ferenei •  is  onlv  1  '*  |  •  t  •  :.t  m  !-•  \  n  >l  i 
number.  Clearly  the  disturbances  i  j.  ... it  t  :i»- 
exit  nozzle  can  affect  the  tiau  ut  i.m  }  ,  if 

it  occurs  near  the  nozzle,  but  tin.,  in!  I  nine.- 
diminishes  rapidly  as  transition  mov«*s  upstream 
of  the  exit.  Since  the  highest  transition  Reynolds 
numbers  have  consistently  been  obtained  with  laminar 
flow  over  the  full  length  *>f  th*  tube,  most  future 
measurements  will  be  made  using  one  of  th*'  two 
laminar  flow  exit  conditions. 

Although  it  is  difficult  to  assess  uncertainties 
in  transition  Reynolds  number  in  this  «-xj  >  i  l  m<  >n  t. , 
some  effort  should  be  made.  Results  for  th*  highest 
transition  Reynold?;  numbers  exhibit  a  large  amount, 
of  scatter,  but  most  of  this  can  now  be  attributed 
to  variations  in  the  free  stream  particulate  content.. 
The  purity  of  the  water  supply  varies  considerably 


with  weather  conditions  at  tic  site,  and  these 
changes  in  purity  have  been  directly  correlated 
with  changes  in  transition  Reynolds  number.  Under 
the  most  adverse  conditions,  this  effect  has  reduced 
the  maximum  transition  Reynolds  number  to  less  than 
15  *•  10b  (compared  with  42  *  10b  for  "clean"  water)  . 
If  we  compare  results  that  were  obtained  during 
periods  cf  relatively  high  water  purity,  the  stan¬ 
dard  deviation  in  transit  if  >n  Reynolds  number  is 
about  10  percent  of  the  me.n. 

This  extreme  sensitivity  of  the  results  to  water 
purity  was  quite  unexpected,  and  an  effort  has  been 
made  to  improve  the  water  quality  by  filtering 
upstream  of  the  settling  chamber.  Measurements  of 
the  particle  concentration  spectrum  have  been  made 
using  a  Coulter  Counter,  and  some  of  the  results 
are  shown  in  Figure  6.  The  bands  on  this  figure 
indicate  tin*  typical  ranges  of  concent rat  ion  that 
are  obtained  in  the  present  experiments,  as  well 
as  in  the  NSRDC  towing  basin  and  the  ocean.  Note 
that  the  flow  tube  particle  spectrum  has  a  steeper 
slope*  than  either  the  ocean  or  the  tow  basin,  which 
implies  that  for  particle  sizes  greater  than  10  U# 
the  flow  tube  water  is  much  cleaner  than  the  other 
two.  The  filtration  system  presently  used  in  the 
flow  tube  effectively  removes  all  particles  larger 
than  LOO  p. 

The  reason  for  the  strong  sensitivity  of  results 
to  relatively  minor  contamination  of  the  water 
supply  is  not  understood  at  present.  The  most 
likely  mechanism  seems  to  be  a  slight  increase  in 
wall  roughness  due  to  the  adhesion  of  particles 
to  the  wall.  Whatever  the  mechanism,  this  effect 
will  clearly  bo  of  importance  in  hydrodynamic 
applications . 


Comparison  with  Theory 

Wazzan  ot  al.  (1970)  have  presented  numerically 
predicted  transition  Reynolds  numbers  for  heated 
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versus  x  tor  several  values  of 


wall  boundary  layers  with  zero  pressure  qradient. 

Mori'  recently,  similar  calculations  have  been 
performed  for  boundary  layers  in  favorable  pressure 
qradient  flows.  Before  comparing  the  flow  tube 
results  with  such  predictions  we  should  estimate 
the  favorable  pressure  gradient  produced  by  the 
boundary  layer  displacement  effect  in  the  tube. 

The  most  common  way  to  characterize  streamwise 
pressure  gradient  in  a  boundary  layer  is  by  the 
similarity  parameter  [  Schl iehtincj  (1968)  |.  For 
the  general  class  of  wodqc  flows,  the  external 
velocity  U  is  given  by  U  =  Cxm,  and  the  parameter 
is  then  2m/ (m  +  1).  Both  m  and  ;•  are  constants 
in  any  wedge  flow,  and  are  equal  to  zero  for  the 
zero  pressure  gradient  boundary  layer.  We  have' 
calculated  approximate  local  value*;  of  ;*  in  the 
flow  tube,  using  the  Blasius  growth  law  for  the 
boundary  layer  displacement  thickness: 

6*  =  1 . 12  (vx/U.  ) !*  (3) 

(The  calculation  can  be  iterated  to  include*  the 
effect  of  pressure  gradient  upon  '•*,  but  the  differ¬ 
ence  is  negligible.)  The  resulting  values  of  as 
a  function  of  x  at  several  va  U.es  of  U  are  shown 
in  Figure  7.  is  proportional  to  the  square  root 
of  x,  and  thus  has  its  largest  value  at  the  down¬ 
stream  end  of  the  tube. 

Figures  3  and  5,  which  show  transition  Reynolds 
numbers  versus  overheat  for  the  flow  tube,  also 
include  the  theoretical  predictions  of  Wazzan  et  al. 

( 1970)  for  a  of  0.07.  This  represent.*;  an  approx¬ 
imate  average  of  .•  in  the  tube  for  the  velocity 
range  of  interest.  (Calculations  using  exact  b 
values  from  the  tube  will  be  done  in  the  near  future.) 
Note  that  the  experimental  results  lie  near  or  even 
above  the  .•  =  0.07  prediction  for  overheats  from 
zero  to  13°F  { 7°C) .  At  this  point  the  experimental 
curve  quite  suddenly  levels  out,  while  the  predicted 
curve  continues  to  rise  at  an  increasing  slope. 

The  predicted  curve  reaches  its  maximum  at  a  Reynolds 
number  of  about  250  10  (near  45®t*  overheat)  , 

while  tlv»  experiment  has  never  yielded  more  than 
42  *  10*  . 

There  are  several  possible  reasons  for  the 
disagreement  between  theory  and  experiment  at  the 
higher  overheats.  (1)  The  theory  doe.*;  not  account 
for  the  destabilizing  effects  of  density  stratifi¬ 
cation,  which  will  become  increasingly  important  as 
overheat  is  increased.  Buoyancy  effects  may 


destabilize  the  flow  in  three  distinct  ways:  (a) 
the  bottom  of  the  tube  wall  is  subject  to  thermal 
convection  rolls,  similar  in  form  to  the  Goertler 
instability;  (b)  the  side  wall  boundary  Layer  will 
experience  a  cross-flow  due  to  the  rising  fluid 
near  the  wall;  and  (c)  the  top  wall  boundary  layer 
will  grow  in  thickness  faster  than  normal  because 
of  the  fluid  rising  up  from  the  sides.  (2)  The 
theory  neglects  the  effects  of  temperature  and 
viscosity  fluctuations  upon  the  growth  of  the 
velocity  fluctuations.  There  is  evidence  that  this 
is  a  reasonable  approximation.  (3)  The  theory  relies 
upon  the  o9  transition  criterion,  which  may  become 
increasingly  incorrect  at  higher  overheats.  This 
criterion  has  never  before  been  applied  to  boundary 
layers  with  inhomogeneous  physical  properties. 

There  is  a  large  distance  between  the  minimum  crit¬ 
ical  point  jn  the  boundary  layer  and  the  predicted 
transition  point  using  oJ.  It  is  questionable 
whether  the  region  of  linear  growth  can  extend  ever 
such  a  large  range  of  Reynolds  numbers.  (4)  Wall 
roughness  is  not  accounted  for  in  the  theory,  and 
the  importance  of  roughness  will  increase  with  wall 
heating  (and  with  increased  velocity)  due  to  the 
thinning  of  the  boundary  layer.  Roughnesses  that 
are  insignificant  at  zero  or  low  overheat  may  become 
important  as  overheat  increases. 


Velocity  Profile  Measurements 

In  view  of  the  differences  between  experimental 
results  and  computed  transition  Reynolds  numbers, 
measurements  have  been  mad''  of  boundary  layer 
velocity  profiles  in  the  flow  tube  to  try  to 
establish  the  mechanism  of  transition.  If  the 
buoyancy  effects  described  above  are  in  fact 
significant,  they  should  produce  measurable  devi¬ 
ations  from  axi symmetry  in  the  mean  velocity  profiles. 
In  addition,  they  might  cause  transition  to  occur 
earlier  on  the  top,  side,  or  bottom  wall,  depending 
upon  which  mechanism  is  predominant.  We  therefore, 
designed  the  instrumented  section  (described  above) 
to  be  installed  on  the  downstream  end  of  the  6.1  m 
test,  section.  This  contains  Pitot  tubes  for  mean 
velocity  measurements  and  flush  mounted  hot  film 
probes  for  in termittency  measurements.  The  instru¬ 
mented  section  has  been  very  successful  in  measuring 
mean  velocity  profiles  in  the  flow  tube.  Figure  8 
shows  a  typical  measured  profile  that  has  been 
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FIiiUKK  8.  Normalized  velocity  profile  with  zero  over¬ 
heat,  compared  with  Blasius  profile. 


normalized  and  plotted  with  a  curve  representing 
the  Blasius  profile  for  a  zero  pressure  gradient 
boundary  layer.  Actually,  the  agreement  shown 
here  is  better  than  it  should  be  due  to  the  positive 
6  of  the  flow  tube  boundary  layer. 

The  most  surprising  result  that  has  been  obtained 
with  the  instrumented  section  is  the  large  deviation 
from  axisymmetry  in  the  profiles,  even  with  no  wall 
heat.  Figure  9  shows  a  plot  of  6*  (displacement 
thickness) ,  0  (momentum  thickness) ,  and  H  (shape 
factor)  versus  azimuthal  angle  4)  for  no  wall  heat 
at  a  free  stream  velocity  of  1.60  m/sec.  The 
dashed  lines  indicate  the  calculated  values  for 
B  -  0  and  0  =  0.16,  which  is  the  value  of  0  at  the 
downstream  end  of  the  test  section.  The  variations 
in  «S*  and  0  are  more  than  50  percent,  which  was 
totally  unexpected.  Figure  10  shows  an  azimuthal 
velocity  profile,  that  is,  u  versus  $  at  a  fixed  y. 
Here  wc  see  that  the  departure  from  axisymmetry  is 
wave- like  in  nature,  and  that  significant  changes 
in  velocity  occur  over  a  15°  change  in  rj>. 

This  behavior  suggests  that  the  asymmetries  may 
be  caused  by  stre^mwise  vortices  within  the  boundary 
layer,  which  would  have  a  cross-stream  length  scale 
on  the  order  of  the  boundary  layer  thickness. 

Such  vortices  could  be  caused  by  the  Goer tier 
instability  in  the  contraction  section,  as  described 
above.  To  test  this  hypothesis,  a  new  contraction 
section  is  presently  being  built  which  will  avoid 


FI  -  JUKI-;  Displacement  thickness,  momentum  thickness, 
and  shape  factor  vs.  azimuthal  angle  for  zero  overheat, 
! ; .  155  cm/sec . 


the  Goertler  instability  entirely.  This  new  con¬ 
traction  will  have  a  fully  convex  inlet  section 
surrounded  by  an  annular  bleed  flow.  All  fluid 
from  the  settling  chamber  boundary  layer  will  be 
removed  by  the  bleed  flow. 

Variations  in  mean  velocity  profiles  due  to 
heating  have  in  fact  been  measured,  but  they  are 
small  relative  to  the  changes  with  azimuthal  angle 
shown  in  Figures  9  and  10.  The  shape  factor  H 
tends  to  decrease  with  increasing  overheat  as 
expected.  However,  no  firm  evidence  of  buoyancy- 
driven  instabilities  has  yet  been  seen,  even  at 
low  flow  velocities  and  high  overheats. 
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4.  CONCLUSIONS 

The  flow  tube  experiment  has  already  demonstrated 
that  wall  heating  can  have  a  significant  effect 
upon  transition  Reynolds  numbers  in  water  boundary 
layers.  Although  the  maximum  transition  Reynolds 
number  of  42  x  10f’  is  well  below  the  predicted 
maximum,  this  value  has  been  obtained  with  only 
7°C  wall  overheat.  The  unheated  transition  Reynolds 
number  of  10 ’  shows  that  disturbances  are  well 
controlled  in  the  experiment. 

Possible  causes  for  the  differences  between  the 
predicted  and  realized  transition  Reynolds  numbers 
at  higher  overheats  are  still  under  investigation. 
Preliminary  results  from  the  instrumented  section 
indicate  that  buoyancy-driven  instabilities  are 
not  a  significant  factor.  However,  major  deviations 
from  boundary  layer  axi symmetry  have  been  observed 
even  with  no  wall  heat.  These  perturbations  of  the 
unheated  flow  could  themselves  have  an  effect  upon 
transition  Reynolds  numbers.  This  is  particularly 
true  if  the  actual  disturbances  are  Goertler  vortices, 
because  these  vortices  would  increase  in  strength 
with  increasing  flow  velocity.  Since  the  transition 
length  is  fixed  at  the  end  of  the  tube  in  this 
experiment,  transition  Reynolds  number  will  be 
directly  proportional  to  velocity.  Thus  the 
Goertler  vortices  could  impose  a  limit  in  transition 
Reynolds  number  if  they  begin  to  dominate  the 
transition  process  above  some  critical  flow  velocity. 
This  hypothesis  will  be  tested  by  the  installation 
of  the  new  contraction  section,  which  eliminates 
the  possibility  of  Goertler  vortex  formation. 
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ABSTRACT 

Some  of  the  effects  of  fr-  estreim  turbulence  and  a 
dilute  polymer  solution  on  the  fully  wetted  flow 
and  the  subsequent  cavitation  inception  has  been 
investigated  for  three  different  bodies.  Two  of 
these  bodies  possess  a  laminar  separation  and  one 
does  not.  In  the  fully  wetted  investigation  the 
flow  on  one  of  the  bodies  was  found  to  be  insensi¬ 
tive  to  the  present  disturbances  whereas  the  other 
two  were  found  by  comparison  to  be  very  sensitive. 
Although  there  is  a  pronounced  "suppression"  of 
inception  by  the  polymer,  it  seems  clear  that  the 
effects  observed  are  due  primarily  to  the  change 
in  the  real  fluid  features  of  the  flow  past  the 
bodies  themselves  and  not  to  an  intrinsic  cavita¬ 
tion  process.  There  appeared  to  be  no  special  poly¬ 
mer  effect,  insofar  as  cavitation  is  concerned,  on 
the  body  not  having  a  laminar  separation,  confirm¬ 
ing  the  results  of  van  der  Meulon.  Due  to  practical 
limitations  the  effects  of  turbulence  per  se  on  in¬ 
ception  could  not  be  separately  evaluated. 

The  inception  index  on  all  bodies  was  found  to 
be  qreatly  dependent  on  the  distribution  of  nuclei 
within  the  water  tunnel.  For  those  cases  in  which 
a  turbulent  transition  was  established  well  upstream, 
travelling  bubbles  were  a  common  form  of  cavitation 
observed  on  all  test  bodies.  The  number  of  these 
cavitation  events  were  so  few,  however,  that  in  one 
test  facility  having  a  resorber,  it  was  just  as 
likely  for  an  attached  cavity  to  form  as  it  was  to 
observe  a  travel  line  bubble.  In  both  cases  the 
inception  index  was  far  below  the  customary  minimum 
pressure  coefficient  reference  value.  Nuclei  counts 
made  with  the  aid  of  holograms  reveal  significantly 
fewer  microbubbles  within  the  flow  of  this  test 
facility  than  in  those  not  having  a  resorber. 


1.  INTRODUCTION 

Our  understanding  of  the  details  of  the  process  of 
cavitation  inception  (and  thus  our  ability  to  scale 
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laboratory  results  to  prototype  conditions)  is  far 
from  complete  [e.g.  Acosta  and  Parkin  (1975),  Morgan 
and  Peterson  (1977)].  This  lack  of  understanding 
is  well  illustrated  by  our  ability  to  do  no  more 
than  indicate  reasons  which  are  believed  to  be 
responsible  for  the  large  variations  in  the  results 
of  the  ITTC  comparative  test  series  [Lindgren  and 
Johnsson  (1966),  Johnsson  (1969)].  These  results, 
some  of  which  are  presented  in  Figures  1  and  2,  did, 
however,  prompt  a  considerable  amount  of  effort  to 
investigate  more  systematically  the  factors  influ¬ 
encing  cavitation  inception.  In  particular  there 
are  three  areas  in  which  there  have  been  significant 
developments:  (i)  the  influence  of  viscous  effects 

on  inception,  tii)  the  discovery  that  in  some  situ¬ 
ations  the  presence  of  drag-reducing  polymers  in  the 
water  cause  a  suppression  of  the  inception  index, 
and  (iii)  the  development  of  equipment  to  accurately 
measure  freestream  nuclei  populations. 


KUUtRK  1.  Results  of  the  comparat  ive  inception  test 
on  a  modified  ellipsoidal  headforn  sponsored  by  the 
International  Towing  Tank  Conference,  bindqren  and 
Johnsson  (I*)<>6). 
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FIGURE  2.  Photographs  of  dif¬ 
ferent  types  of  cavitation  ob¬ 
served  in  the  ITTC  tests, 
Lindgren  and  Johnsson  (1966) . 


Vi'i.-ous  Efforts 

[.irkin  and  Kt-rmocr)  (19S1)  appear  to  be  the  first 
investigators  to  appreciate  the  influence  of  the 
boundary  layer  on  the  inception  process.  However, 
even  though  their  interpretations  of  the  experi¬ 
mental  results  wt>re  used  in  many  subsequent  incep¬ 
tion  theories  [e.g.  van  dor  Walle  (1962),  Holl  and 
Kornhauser  (1969)  to  name  only  two]  further  experi¬ 
mental  investigations  of  these  viscous  effects 
were  carried  out  only  much  later. 

Among  these,  Arakeri  and  Acosta  (1963),  by  using 
the  schlieren  flow  visualization  technique,  were 
able  to  observe  cavitation  inception  within  the 
structure  of  the  flow.  A  primary  feature  of  the  flow 
observed  by  them  was  a  laminar  separation  in  which 
the  cavitation  was  seen  to  occur  first.  There  was 
further  some  suggestion  by  them  that  the  lammar- 
to-turbulent  transition  itself  may  promote  cavita¬ 
tion,  perhaps  throuqh  a  mechanism  similar  to  that 
for  inception  in  turbulent  pipe  flow  !Aindt  and 
Daily  (1969)].  In  any  case,  it  should  be  expected 
then,  that  any  factor  which  could  utluence  the 
presence  of  separation  or  ev»  ■  transition  may  also 
influence  the  inception  •  ivit.it  ion.  One  such 
well-known  factor  i  ■  • i earn  turbulence.  [For 

recent  account-.  <>t  ?:.<•  •  effects  on  transition  see, 
e.q.,  Spangler  ant  well;  (1968),  Hall  and  Gibbings 
(1972),  and  Ma  \  ti,’/)|.  Unfortunately,  the  mea¬ 
surement  of  turbulence  in  water  is  more  difficult 
than  its  aerodynamic  counterpart  and,  until  recent 


times,  there  has  been  no  great  demand  for  determin¬ 
ing  the  frees tream  turbulence  in  water  tunnels.  For 
reference  we  tabulate  in  Table  I  the  turbulence 
levels  for  a  few  water  tunnels  for  which  this  inform¬ 
ation  is  available  (12th  ITTC  Cavitation  Committee). 


Polymer  Effects 

It  was  inevitable  that  the  much-heralded,  drag- 
reducing  polymer  solutions  would  be  the  subject 
of  cavitation  experiments  also.  Very  early  in  the 
course  of  this  work  Hoyt  (1966)  and  Ellis  et  al. 
(1970)  found  that  the  inception  index  was  reduced 
by  as  much  as  a  factor  of  two  for  hemisphere-nosed 
bodies.  There  was,  furthermore,  a  pronounced  change 
in  the  physical  appearance  of  the  cavitation,  once 
it  was  well  developed,  as  subsequently  illustrated 
by  the  beautiful  photographs  of  Brennan  (1970).  Two 
possible  explanations  for  the  cavitation-suppression 
effect  were  then  advanced:  in  the  first,  it  was 
speculated  that  the  dynamics  of  individual  bubbles 
were  changed  by  the  presence  of  the  polymer,  and 
in  the  second,  it  was  assumed  that  the  basic  viscous 
flow  about  the  model  was  altered  by  the  presence  of 
the  polymer.  Ting  and  Ellis  (1974)  could  find  no 
difference  in  the  collapse  time  of  spark-generated 
bubbles  in  either  water  or  polymer  solutions  weak¬ 
ening  the  idea  that  the  bubble  mechanics  are  impor¬ 
tant  for  this  process.  Later,  however,  Holl  and 
co-workers  (1974)  in  commenting  on  experiments 
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TABLE  I  Turbulence  Levels  in  Some  Water  Tunnels 
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carried  out  at  the  Garfield  Thomas  Water  Tunnel 
(GTWT)  noted  that  there  appeared  to  be  no  laminar 
separation  on  a  hemisphere  nose  body  when  polymer 
was  added  to  the  water,  but  no  direct  flow  visual¬ 
ization  was  done-  Later  van  der  Meulen  (1976) 
verified  this  speculation  with  the  clever  use  of 
schlieren  holography  to  observe  simultaneously  the 
viscous  flow  and  cavitation  inception  on  a  10  mm 
diameter  hemisphere  nose  body.  His  results  showed 
clearly  that  when  polymer  was  injected  into  the 
boundary  layer  that  the  laminar  separation  was  re¬ 
moved.  van  der  Meulen  suggested  that  the  polymer 
removed  the  separation  by  causing  an  early  transi¬ 
tion  to  a  turbulent  non-separating  boundary  layer. 
He  then  attributed  the  suppression  effect  to  the 
removal  of  the  large  pressure  fluctuations  associ¬ 
ated  with  the  transition  zone  of  the  free  shear 
layer  (Arakeri  (1975)1. 


Freestream  Nuclei 

It  is  generally  accepted  that  inception  begins  at 
the  nuclei  in  the  liquid  and  that  there  are  two 
sources  for  those  nuclei — the  test  body  surface 
and  the  incoming  flow.  At  one  time  "surface  nuclei" 
received  considerable  attention  (e.g.  Acosta  and 
Hamaguchi  (1967),  Holl  and  Treaster  (1966),  Holl 
(1968),  Peterson  (1968)  and  van  der  Meulen  (1972)]. 
While  on  the  one  hand  it  was  shown  that  under  certain 
circumstances,  but  not  in  normal  cavitation  testing, 
surface  nuclei  could  exert  a  controlling  influence 
upon  inception.  It  seemed  evident  on  the  other  hand 
from  the  results  of  the  TTTC  tests  that  freestream 
nuclei  were  the  more  important.  Further,  the  de¬ 
velopment  of  the  concepts  of  cavitation  event  count¬ 
ing  (Schiebe  (1966)]  in  conjunction  with  Johnson 
and  Hsieh's  (1966)  trajectory  calculations,  the 
idea  of  "cavitation  susceptibility"  [Schiebe  (1972)] 
and  the  development  of  equipment  to  measure  free¬ 
st  roam  nuclei  populations  have  led  to  more  interest 
in  the  influence  of  freestream  nuclei  versus  surface 
nuclei.  In  particular,  the  experiments  of  Keller 
(1972)  have  prompted  considerable  interest  in  mea¬ 
suring  and  rolatinq  freestream  nuclei  populations 
to  inception. 

Morgan  (1972)  has  reviewed  the  various  typos  of 
instruments  available  for  measuring  freestream 
nuclei  populations  and  Peterson  et  al.  (1975)  have 
made  an  experimental  comparison  of  three  of  these, 
namely;  light  scattering,  microscopy,  and  holog¬ 
raphy.  At  the  moment  holography  seems  the  best 


in  that  no  "calibration"  is  required,  a  permanent 
record  is  obtained,  a  large  volume  is  sampled,  and, 
as  Peterson  observed,  one  can  determine  if  the 
nuclei  are  solid  particles  or  micro-bubbles. 

There  is  seen  to  be  ample  reason  then  to  pursue 
these  various  freestream  factors  in  inception  re¬ 
search.  Two  are  primarily  fluid-dynamic  in  nature 
and  of  these  the  questions  concerning  freestream 
turbulence  levels  are  of  historic  interest  in  fluid 
mechanics  and  naval  architecture .  The  cavitation 
nuclei  however  are  directly  involved  in  the  cavita¬ 
tion  inception  process  and  the  recent  experimental 
progress  cited  above  make  one  hope  for  a  more  quan¬ 
titative  predictive  ability  than  in  the  past  inso¬ 
far  as  inception  is  concerned.  The  present  work  is 
in  the  mains trean  of  these  observations;  briefly  we 
report  on  observations  made  in  two  different  flow 
facilities  having  widely  different  freestream  nuclei 
distributions  on  identical  bodies.  In  one  of  these, 
the  freestream  turbulence  level  is  varied  over  nearly 
a  factor  of  100  (but  not  in  a  condition  of  cavita¬ 
tion  then)  and  we  confirm  and  extend  the  observa¬ 
tions  of  van  der  Meulen  on  the  polymer  effect. 
Schlieren  photography  is  extensively  used  to  visu¬ 
alize  thermal  boundary  layers  on  the  test  bodies 
used  and  in-line  holography  is  used  to  determine 
nuclei  populations  in  the  working  section. 

Before  discussing  these  effects  we  should  com¬ 
ment  briefly  on  the  means  used  for  the  determination 
of  the  actual  inception  observation.  A  standard 
procedure  has  been  to  observe  the  test  body  under 
stroboscopic  light  and  to  say  that  inception  occurs 
when  macroscopic  cavities  or  bubbles  become  visible 
on  the  model.  However,  this  method  is  observer- 
dependent  and  the  trend  now  is  to  use  cavitation- 
event  counters  free  of  human  judgment.  Ellis  et  al. 
(1970)  and  Keller  (1972)  have  developed  optical 
techniques  which  count  interruptions  of  light  beams 
which  are  adjusted  to  graze  the  model  surface  where 
inception  has  been  observed  to  occur.  Peterson 
(1972),  Brockett  (1972),  and  Silberman  et  al. 

(1973)  have  also  determined  inception  acoustically 
by  locating  a  hydrophone  inside  the  test  model. 

There  are  problems  of  identifying  the  types  and 
location  of  the  cavitation  phenomena  occurring  with 
these  "events."  Aside  from  the  question  of  tech¬ 
nique,  there  is  also  the  question  of  selecting 
appropriate  threshold  levels  at  which  an  event  be¬ 
comes  countable  and  also  the  event  rate  at  which 
inception  is  defined  to  occur.  At  present  there  is 
no  universal  agreement  of  just  what  these  values 
should  be. 
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FIGURE  6.  Diagram  of  the  Low  Turbulence  Water  Tunnel 
(LTWT) . 


Low  Turbulence  Water  Tunnel  (LTWT)  both  at  the 
California  Institute  of  Technology.  Since  the 
HSWT  has  been  described  in  detail  elsewhere  [see 
Knapp  et  al.  (1948)  or  Knapp,  Daily,  and  Hammit 
(1970)),  it  will  only  be  noted  here  that  one,  it 
has  a  resorber  and  two,  the  freestream  turbulence 
level  has  been  measured  to  be  about  0.2  percent  by 
Professor  S.  Barker.  The  LTWT  (Vanoni  et  al. 

(1950)1  is  also  a  closed  loop  recirculating  tunnel; 
but,  as  can  be  seen  in  Figure  6,  it  has  no  resorber. 
In  this  facility  the  maximum  test  section  velocity 
and  minimum  cavitation  number  are  approximately  8 
meters  per  second  and  0.3  respectively.  The  unique 
feature  of  the  LTWT  is  that  the  freestream  turbu¬ 
lence  level  in  the  test  section  can  be  varied  from 
a  very  low  value  (for  water  tunnels)  of  0.05  per¬ 
cent  to  a  high  value  of  3.6  percent.  The  low  tur¬ 
bulence  level  is  obtained  by  use  of  small  turning 
vanes  in  each  elbow  of  the  circuit,  a  very  gradual 
diffuser  (included  angle  is  3°13')#  a  nozzle  with  a 
16:1  contraction  ratio,  and  by  turbulence  damping 
screens  and  honeycombs  in  the  "stagnation"  section 
of  the  tunnel  just  upstream  of  the  nozzle.  The 
configuration  of  screens  and  honeycombs  which  pro¬ 
duces  the  0.05  percent  turbulence  level  is  shown 
schematically  in  Figure  7  (with  the  exception  that 
no  turbulence  generating  grid  is  installed)  and  is 
based  upon  the  results  of  Loehrke  and  Nagib's  (1972) 
report. 

By  inserting  different  turbulence  generating 
grids  into  the  tunnel  circuit  the  turbulent  intensity 
can  be  gradually  increased  from  0.05  to  approxi¬ 
mately  3.6  percent.  The  description  of  these  grids 
is  as  follows: 


HONEYCOMB 

f  x  7"  TRu  JGULAR  CELLS 


1/8"  *2"  HEXAGONAL  CELLS 


grid  No.  1:  12.7mm  diameter  bars  with  50.8mm 

mesh 

grid  No.  2:  6.35mm  diameter  bars  with  25.4mm 

mesh 

grid  No.  3:  three  25.4mm  diameter  horizontal 
bars  on  76.2mm  centers 

grid  No.  4:  0.635mm  diameter  fishing  line  with 

19.05mm  mesh 

Grids  1,  2,  and  4  are  located  at  the  entrance  to 
the  test  section  as  is  shown  in  Figure  7  (the 
distance  from  these  grids  to  the  test  model  is 
approximately  1.2  meters).  Grid  No.  3  is  located 
in  the  "stagnation"  section  immediately  after  the 
final  turbulence  damping  screen.  Grid  No.  3  has 
this  particular  configuration  because  (after  much 
trial  and  error)  it  was  found  to  produce  a  turbu¬ 
lence  level  which  is  close  to  the  levels  measured 
in  a  number  of  other  facilities — see  Table  1. 

A  DISA  constant  temperature  anemometer  was  used 
to  measure  the  turbulence  levels  in  the  test  section. 
The  probe  was  a  wedge-shaped  hot  film  type  and  was 
firmly  mounted  on  the  tunnel  center-line  at  the 
model  position  (1.2  meters  from  the  test  section 
entrance) .  The  results  of  these  measurements  have 
been  summarized  in  Figure  8. 


Polymer  Injection  System 

The  injection  approach  of  introducing  the  polymer 
into  the  boundary  layer  versus  filling  the  tunnel 
with  a  polymer  solution  (polymer  ocean)  was  chosen 
After  considering  a  number  of  injection  configura¬ 
tions  [Wu  '1971)]  it  was  decided  to  follow  van  der 
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FIGURE  7.  Sketch  of  LTWT  contraction  nozzle  showmq 
the  turbulence  manipulators. 


FIGURE  8.  Summary  of  turbulence  intensity  measurements 
in  the  LTWT. 
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i-ToURE  9.  Cross-sect  ion  of  injector  used  for  these 
polymer  experiment  s  .  The  body  diameter  is  ‘j  cm. 


Meulen's  (1973)  example  and  inject  the  polymer  into 
the  boundary  layer  through  a  hole  at  the  stagnation 
point.  To  do  this  an  injector  was  designed  to  in¬ 
troduce  the  polymer  into  the  boundary  layer  without 
also  introducing  disturbances.  The  injector  is 
shown  schematically  in  Figure  9  assembled  inside 
the  hemisphere  nose  body  and  consists  of  first  a 
sett  Ling  chamber  12.7mm  in  diameter  and  31.75mm  long. 
This  section  was  packed  with  porous  plastic  foam 
held  in  place  by  a  sintered  brass  disc.  The  pur¬ 
pose  of  this  section  is  to  disperse  the  jet  enter¬ 
ing  the  injector  and  provide  a  smooth  flow  into  the 
9:1.  contraction  which  follows.  After  the  smooth 
contraction  there  is  a  tube  with  a  length  to  diam¬ 
eter  ratio  of  22  and  this  tube  ends  at  the  surface 
of  the  model. 

To  minimize  polymer  degradation,  the  polymer 
solutions  were  "pushed"  through  the  injector  from  a 
reservoir  by  using  compressed  air  instead  of  a  pump. 
A  check  with  a  turbulent  flow  rheometer  I  the  same 
one  as  used  by  Debrule  (1972) |  showed  degradation 
of  the  polymer  after  it.  passed  through  the  injec¬ 
tion  system  to  be  minimal.  Preliminary  tests  were 
carried  out  with  water  as  the  in jectant  to  ensure 
that  the  injection  process  itself  was  not  respon¬ 
sible  for  any  observed  changes  in  the  flow.  Results 
of  these  tests  for  the  NSRDC  body  are  presented  in 
Figure  10  and  show  that  even  at  an  injection  rate 
of  three  to  ten  times  higher  than  actually  used 
with  polymer  solutions  no  differences  are  detectable 
from  the  no-injection  case. 


FIGPRE  10.  Schlieren  photographs  showing  the  effect 
of  injecting  water  on  the  NSRDC  body  at  a  body  Reynold 
number  ot  3.2  *  10  ,  (a)  injection  rate  0  msec, 

(b)  1.8  m>  sec,  (c)  im/sor,  (d)  o.e  nr  sec, 

(e)  0.8  m-.'sec.  No  effect  is  observed. 
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Nuclei  Counter 


Nuclei  distributions  were  deduced  from  holograms 
of  the  test  fluid.  The  experimental  apparatus  and 
method  is  much  the  same  as  used  by  Peterson  (1972), 
Feldberg  and  Shlemenson  (1973)  and  is  described  in 
detail  in  Gates  and  Bacon  (1978).  Essentially  it 
is  a  two-step  image  forming  process.  In  the  first 
.step,  a  hologram  of  a  sample  volume  of  the  water 
in  the  tunnel  test  section  is  recorded  on  a  special 
high  resolution  film  by  a  "holocamera . "  In  the 
second  sto*->,  the  developed  hologram  is  reconstructed 
producing  a  three  dimensional  image  of  the  original 
volume  which  can  be  probed  at  the  investigator's 
leisure.  The  holocamera  and  reconstruction  system 
are  shown  schematically  in  Figure  11  and  12  respec¬ 
tively. 


E  F  G  H  I  J 


I  I  ■t’Kl-:  11.  Diagram  "1  the  holocamera;  (a)  dielectric 
mirror,  lb)  iris,  (c)  dyi-quetich  cell,  (d)  ruby-flash 
lomj  assembly,  te)  iris,  (t)  dielectric  mirror, 

(g)  beam  splitter,  (h)  neutral  density  filter, 

(i)  beam  expandet  lens,  (i)  ."u  pinhole,  (k)  collimat¬ 
ing  lens,  (1)  front  surface  mirror,  (n)  p.i.n.  diode, 
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and  also  to  lot  the  freestream  hubbies  qo  back  into 
solution  or  rise*  to  the  high  points  in  the  tunnel 
ci rcui t . 

The  same  general  test  procedure  was  used  in  the 
HSWr  except  for  small  differences  in  pressure  mea¬ 
surement.  However,  dosinont  cavitation  observa¬ 
tions  were  also  made  in  this  facility.  All  holograms 
made  in  the  HSWT  were  done  without  the  model  in 
place  but  at  conditions  of  velocity  and  pressure  at 
which  inception  had  been  observed  to  occur. 
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rUil.’H'  11.  Arrangement:*  to  n-t'o!;sf  ru.-*  and  read  the 
holograms. 


3.  GENERAL  EXPERIMENTAL  PROCEDURES 

Before  any  experiments  were  carried  out,  the  water 
in  each  facility  was  de-aerated  to  reduce  the 
number  of  freestream  air  bubbles  produced  in  the 
tunnel  circuit.  This  was  of  particular  importance 
in  the  LTWT  which  has  no  resorber.  During  the 
present  tests  the  air  content  in  the  LTWT  was  typ¬ 
ically  between  7  -  8 ppm  whereas  in  the  HSWT  it  was 
between  9  -  lOppm  (air  content  levels  were  measured 
with  a  van  Slyke  blood  gas  analyzer) .  At  these  air 
contents  there  were  very  few  macroscopic  air  bubbles 
visible  in  the  flow  approaching  the  model  in  the 
HSWT  (as  will  be  seen  later).  However,  in  the  LTWT 
there  were  always  many  macroscopic  air  bubbles 
easily  visible  in  the  approaching  flow. 

In  a  typical  cavitation  test  in  the  LTWT,  the 
tunnel  velocity  and  polymer  injection  rate  (if  any) 
were  first  adjusted  to  the  desired  values.  Incep¬ 
tion  was  then  obtained  by  reducing  as  rapidly  as 
possible  the  tunnel  static  pressure  until  the  pres¬ 
ence  of  cavitation  was  visually  observed  on  the 
model  under  stroboscopic  illumination.  At  the 
point  of  inception,  a  schlieren  photoqraph,  a  holo¬ 
gram,  the  tunnel  velocity,  and  the  tunnel  static 
pressure  were  recorded  simultaneously.  Each  test 
had  to  take  less  than  forty  seconds  since  by  that, 
time  the  abundant  supply  of  cavitation  bubbles  gen¬ 
erated  at  the  pump  would  reach  the  tost  section  and 
dramatically  change  the  freestream  conditions.  Af¬ 
ter  each  tost,  the  tunnel  pressure  was  raised  to 
about  one  atmosphere  and  the  tunnel  allowed  to  cir¬ 
culate  for  five  minutes.  This  recess  between  each 
test  was  required  to  let  the  ruby  laser  cool  down 


4.  PRESENTATION  AND  DISCUSSION  OF  FULLY  WETTED 
RESULTS 

Freestream  Turbulence  Levels 
Observe  t  i  oris 

The  influence  of  gradually  increasing  freestream 
turbulence  level  upon  the  viscous  flow  about  each 
test  body  is  illustrated  in  the  sequences  of 
schlieren  photographs  presented  in  Figures  13 
through  15.  In  each  sequence  of  photographs  the 
test  body  is  seen  in  silhouette  and  the  flow  is 
from  right  to  left.  The  magnification  is  such  that 
the  surfac<  length  shown  in  those  photographs  is 
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FIGURE  14.  The  effect  of  freestream  turbulence  level 
on  the  flow  past  the  hemisphere  body  at  a  body  Reynolds 
number  of  2.6  •  10  .  (Same  turbulence  values  as  in 
Figure  13.) 


approximately  10mm.  As  can  be  seen  in  the  first 
photograph  of  each  of  Figures  13  and  14,  the  NSRDC 
and  the  hemisphere  nose  bodies  respectively  have  a 
laminar  separation.  Transition  on  these  bodies  oc¬ 
curs  on  the  resulting  free  shear  layer  and  the  flow 
subsequently  reattaches  as  a  turbulent  boundary 
layer.  With  increasing  turbulence  intensities  the 
point  of  transition  on  the  NSRDC  body  moved  upstream 
on  the  free  shear  layer.  As  the  position  of  tran¬ 
sition  moved  forward,  the  size  of  the  separation 
bubble  decreased  until  finally  it  disappeared  when 
the  position  of  transition  and  separation  coincided. 
Once  the  point  of  transition  moved  upstream  of  the 
point  of  separation,  no  further  observations  of  the 
thermal  boundary  layer  could  be  made  with  the  pres¬ 
ent  schlieren  system.  Unlike  the  NSRDC  model,  the 
increasing  turbulence  level  seemed  to  have  no  ef¬ 
fect  upon  the  viscous  flow  about  the  hemisphere 
nose  body — as  can  readily  be  seen  in  Figure  14. 

This  rather  surprising  result  will  be  returned  to 
later. 

As  is  shown  in  the  first  photograph  of  Figure  15, 
the  Schiebe  body  has  no  laminar  separation  and  tran- 
sition  occurs  on  the  model  surface  rather  than  on  a 
free  shear  layer.  With  increasing  freestream  tur¬ 
bulence  level  two  effects  were  noted;  first,  as  can 
be  seen  in  Figure  15,  the  position  of  transition 
moves  substantially  upstream  and  secondly,  the  ap¬ 
pearance  of  the  disturbance  appears  to  change.  This 
change  is  not  quite  so  evident  in  only  a  few  pic¬ 
tures,  but  we  believe  we  observe  more-or-less  peri¬ 
odic  and  highly  amplified  boundary  layer  waves  in 
Figure  15a  and  even  b.  However,  for  the  higher 


turbulence  levels  frequent  "bursts"  interspersed 
with  a  periodic  phenomenon  seemed  to  be  more  common 
A  random  collection  of  schlieren  photographs  of  the 
same  body  (Figure  16)  at  an  intermediate  turbulence 
level  shows  these  various  forms  more  clearly. 


Discussion 

To  quantify  the  effects  of  turbulence  level,  the 
position,  length,  and  maximum  height  of  the  separa¬ 
tion  bubble  were  measured  for  the  NSRDC  and  hemi¬ 
sphere  nose  bodies.  For  the  Schiebe  body,  which 
has  no  separation,  the  position  of  transition  was 
recorded — the  position  of  transition  being  defined 
as  that  point  at  which  the  first  noticeable  dis¬ 
turbance  occurs  in  the  laminar  boundary  layer.  These 
quantities  are  defined  in  Figure  17  and  were  mea¬ 
sured  directly  from  the  negatives  of  the  schlieren 
photographs  with  the  aid  of  a  scale  or  reference 
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FIGURE  15.  The  effect  of  freestream  turbulence  level 
on  the  flow  past  the  Schiebe  body  at  a  body  Reynolds 
number  of  2.5  •>  10  '.  The  turbulence  levels  are  those 
in  figure  13  and  the  regions  shown  are.  at  arc-length 
diameter  ratios  of  (a)  0.82-1.07,  (b)  0.76-1.01, 

(c)  0.60-0.85,  (d)  0.61-0.86,  (e)  0.47-0.63. 
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FIGURE  10.  Random  photographs  of  the  flow  past  the 
Schicbo  body  at  a  Reynolds  number  of  1.4  <  lo'1  with 
background  turbulence  level  of  1.1  percent.  The 
region  shown  covers  the  arc  length  diameter  ratio  of 
>.t>8  to  O.'H. 


BODY  REYNOLDS  NUMBER  UD/^ 

FIGURE  18.  Observed  separation  locations  as  a  func¬ 
tion  of  turbulence  level  for  two  bodies. 

negative.  Note  that  the  position  of  transition  on 
the  free  shear  layer  coincides  with  the  definition 
of  the  end  of  the  separated  bubble. 

Each  of  these  measured  quantities  was  non- 
dimensionalized  by  dividing  by  the  body  diameter 
and  are  plotted  versus  the  body  Reynolds  number 
with  the  freestream  turbulence  level  as  a  parameter 
in  Figures  10  through  21.  For  the  NSRDC  body,  Fig¬ 
ure  19  shows  that  the  size  of  the  separation  bubble 
decreases  with  increasing  velocity  and  turbulence 
level — the  critical  Reynolds  number  being  reduced 
from  a  value  of  greater  than  4  *  10^  at  0.05  per¬ 
cent  to  near  2.5  *  10 ^  at  3.6  percent.  As  was  ex¬ 
pected  from  the  schlieren  photographs  of  the 
hemisphere  nose  (Figure  14) ,  Figure  20  shows  the 
length  of  the  separation  bubble  is  independent 
of  turbulence  level  but  decreases  with  increasing 
velocity.  Finally,  Figure  21  shows  that  as  with 
the  NSRDC  body,  the  position  of  transition  on  the 
Schiebe  body  moves  forward  with  increasing  velocity 
and  turbulence  intensity. 

The  most  startling  result  of  the  above  tests  was 
the  insensitivity  of  the  boundary  layer  on  the 
hemisphere  nose  to  the  present  disturbances  imposed 
by  the  freestream  turbulence.  Hall  and  Gibbings 
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(b)  LENGTH  AND  HEIGHT  OF  SEPAR A i  Lij  REGION 
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FIGURE.  1‘) .  The  length  of  the  separated  roqion  as  a 
function  of  freestream  turbulence  level  for  the 
NSKlX'  body. 
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FIGURE  20.  The  length  of  the  separated  region  as  a 
function  of  freestream  turbulence  level  for  the 
hemisphere  body. 


FIGURE  21.  The  location  of  transition  on  the  Schiebe 
body  as  a  function  of  turbulence  level. 


(1972)  have  summarized  the  available  experimental 
data  and  semi-empirical  correlations  at  that  time 
for  the  combined  effects  of  pressure  gradient  and 
freestream  turbulence  level  upon  transition.  How¬ 
ever,  this  correlation  does  not  predict  an  insensi¬ 
tivity  to  increasing  turbulence  levels.  No  doubt 
this  discrepancy  is  related  to  the  question  of  how 
the  freestream  disturbances  are  assumed  to  inter¬ 
act  with  the  boundary  layer.  For  example,  van 
Driest  and  Blumer  (1963)  accounted  for  the  effect 
of  freestream  turbulence  by  using  Taylor's  assump¬ 
tion  that  the  unsteady  perturbation  induced  in¬ 
stantaneous  variations  in  the  velocity  gradient. 

But,  as  just  noted,  this  type  of  correlation  did 
not  work.  Later,  Spangler  and  Wells  (1968)  demon¬ 
strated  that  not  only  the  intensity,  but  also  the 
energy  spectrum  and  the  nature  of  the  disturbance 
must  be  taken  into  consideration.  Reshotko  (1976) 
and  Mack  (1977)  have  re-emphasized  Spangler  and 
Wells'  conclusions  and  pointed  out  the  lack  of  un¬ 
derstanding  of  the  interaction  mechanism  between  the 
freestream  disturbance  and  the  boundary  layer*  is 
one  of  the  major  obstacles  in  the  consistent  predic¬ 
tion  of  transition.  Thus,  although  the  effect  of 
freest ream  turbulence  on  these  bodies  cannot  be  pre¬ 
dicted  with  confidence,  we  at  least  may  offer  some 
speculation  based  on  these  ideas  to  explain  the  be¬ 
havior  on  the  hemisphere  nose  body. 

It  is  readily  possible  using  the  approximate 
method  of  transition  prediction  suggested  by  Jaffe 
et  al.  (1970)  in  conjunction  with  the  stability 
charts  for  the  Falkner-Skan  profiles  computed  by 
Wazzan  et  al.  (1968b)  to  determine  the  critical 
frequency,  or  most  unstable  frequency  for  growth, 
for  each  body  at  a  number  of  velocities.  These 
estimates  are  presented  in  Table  2.  We  then  esti¬ 
mate  with  the  aid  of  measured  energy  spectra  of 
grid  generated  turbulence,  Tsuji  (1956)  that  there 
is  approximately  sixty  times  as  much  energy  avail¬ 
able  in  the  freestream  at  the  critical  frequency  of 
the  NSRDL  body  than  there  is  at  the  critical  fre¬ 
quency  of  the  hemisphere  nose  body.  Furthermore, 
the  distance  from  the  position  of  neutral  stability 
to  the  position  of  separation  is  only  0.07  diameters 
on  the  hemisphere  nose  model  whereas  on  the  NSRDC 

•ThLs  is  the  concept  of  boundary  layer  receptivity  devel¬ 
oped  by  M.  v.  Morkovin  (see  the  review  of  Reshotko  (1976)]. 


body  it  is  0.40  diameters.  Thus  on  the  NSRDC  body 
not  only  is  there  considerable  more  energy  available 
at  the  critical  frequency,  but  there  is  also  more 
opportunity  for  disturbances  to  grow  than  for  the 
hemisphere  nose  body.  This  same  trend  is  also  found 
for  the  Schiebe  body  at  the  low  turbulence  levels. 

The  critical  frequencies  are  even  less  than  those 
of  the  NSRDC  model  (Table  2).  There  is,  therefore, 
more  energy  available  at  those  frequencies  than  even 
on  the  NSRDC  model.  Finally,  the  distance  from  the 
position  of  neutral  stability  to  transition  is  be¬ 
tween  0.40  to  0.60  diameters — much  the  same  as  for 
the  NSRDC  model. 

We  find  it  somewhat  reasonable  then,  in  retro¬ 
spect,  for  the  hemisphere  body  to  be  found  insensi¬ 
tive,  in  the  present  experiments,  to  the  freestream 
disturbances.  Regrettably,  the  present  visual 
observations  are  not  sufficiently  quantitative  to 
shed  light  on  this  basic  problem  of  boundary  layer 
receptivity  to  external  disturbances  and  their  sub¬ 
sequent  growth  into  turbulence. 

By  using  an  oil  film  technique,  Brockett  (1972) 
found  the  NSRDC  model  to  have  a  critical  velocity 
of  2.8  meters  per  second  at  20°C  and  Peterson  (1972) 
reports  4.2  meters  per  second  at  10 °C  in  the  NSRDC 
12-inch  water  tunnel.  The  same  body  in  the  HSWT 
was  found  to  have  a  critical  velocity  of  about  9.2 
meters  per  second  and  it  was  observed  to  be  above 
7.6  meters  per  second  in  the  LTWT  at  0.05  percent 
turbulence  level.  To  reduce  the  value  of  the  criti¬ 
cal  velocity  to  4  meters  per  second  in  the  LTWT  re¬ 
quired  a  316  percent  turbulence  level,  which  is  as 
can  be  seen  from  Table  1  a  very  high  value  for  a 
water  tunnel  test  section.  (Initially  it  was  thought 
unlikely  that  the  disturbance  level  in  the  NSRDC 
facility  is  this  high.  However,  after  inspecting  a 
drawing  of  the  facility  (Figure  2.3  pg.  26,  Knapp 
et  al.  (1970) J  such  a  high  level  does  not  seem  so 
unlikely.)  However,  in  this  as  well  as  in  most 
water  tunnel  facilities  the  energy  spectrum  is  not 
known,  forestalling  therefore  a  direct  comparison 
of  transition  phenomena. 

The  present  observations  of  transition  on  the 
Schiebe  body  at  the  lowest  turbulence  level  are 
compared  with  calculations  of  Wazzan*  and  experi- 
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TABLE  II  Approximate  Critical  Boundary  Layer  Frequencies 
for  Several  Bodies 
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FIGURE  22.  Comparison  of  transition  observations  on 
the  Scrhiebe  body. 


It  would  seem  desirable  to  normalize  somehow  the 
injection  rate  of  polymer  fluid.  We  have  chosen 
to  do  this  by  dividing  the  mass  flux  of  polymer 


!  I  -I’M.  24.  Flow  past  the  hemisphere  body  with  itijoe- 
f  iur.  ot  I.m  wppm  lolyux  at  a  Reynolds  number  of  1.9  • 

1  .  '£ ;*« •  dimensionless  injection  values  are:  (a)  c  - 
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(.n  i  .v  •  ii.“'  ,  {,•)  2.0  •  i"~’  . 


material  by  the  mass  flux  of  the  boundary  layer 
displacement  flow.  Although  this  is  an  arbitrary 
normalization,  in  the  present  experiments  the  dis¬ 
placement  effect  of  the  injoctant  fluid  was  always 
much  less  than  the  boundary  layer  displacement 
thickness,  ^ .  Thus  we  define  a  quantity  u 


ing  to  the  laminar  boundary  layers  on  the  present 
test  models.  This  destabilization  effect  has  been 
observed  before:  in  fully  developed  cavity  flows 
past  spheres  and  cylinders  Brennen  (1970)  observed 
distortions  in  the  cavity  surface  and  separation 
line  due  to  the  presence  of  polymer.  Brennan  at¬ 
tributed  tiie  changes  in  cavity  appearance  to  a 
polymer  induced  instability  in  the  wetted  surface 
flow  on  the  head form.  Sarpkaya  (1973,  1974)  in¬ 
vestigated  the  flow  of  dilute  polymer  solutions 
about  cylinders  and  several  airfoils  and  also  ex¬ 
plained  his  observations  by  suggesting  a  polymer 
induced  instability  in  the  laminar  boundary  layer. 
Some  later  experiments  by  Tagori  et  al.  (1974) 
support  some  of  Sarpkaya* s  speculation  for  one  of 
the  airfoils. 

A  destabilizing  effect  is  rather  contrary  to  the 
general  impression  obtained  from  the  available  lit¬ 
erature  on  the  effects  of  drag-reducing  polymers  on 
fluid  friction  [see  for  example  Hoyt  (1972)].  We 
were  unable  however,  to  find  in  the  available  lit¬ 
erature  any  satisfactory  explanation  of  the  effect 
on  transition  of  the  polymer  fluids. 


where  c  is  the  polymer  concent rat io*  (weight  basis) 
in  the  injoctant  Q  the  volume  flow  rate  of  injoctant. 
(basically  the  same  fluid  as  the  test  medium)  with 
H  and  V..  being  the  body  diameter  and  tunnel  ve¬ 
locity  respectively.  For  the  NSRDC  and  hemisphere 
models-  was  calculated  at  the  position  of  the 

laminar  separation  whereas  for  the  Schiebe  body  it 
was  arbitrarily  calculated  at  S/D  «  1.00.  The  pres¬ 
ent  results,  so  normalized,  are  presented  in  Fig¬ 
ures  26,  27,  and  28.  As  with  the  freest ream 
turbulence  level,  no  change  in  the  position  of 
separation  on  the  NSRDC  and  hemisphere  nose  models 
was  observed  when  polymer  was  injected  into  the 
boundary  layer. 

Tile  results  of  the  experiments  show  the  presence 
of  very  small  quantities  of  Polyox  to  be  destabiliz- 


F 1 0,1/ RE  25.  Flow  past  tho  Schiebe  body  at  a  Reynolds 
mwtfx'r  of  4.2  *  10  with  injection  of  500  wppm  Polyox 
The  dimensionless  injection  parameters  are,  (a)  d  =  0 
00  •'.<  •  lu“*  ,  (e)  1.5  •  lit-'  ,  (d)  2.9  «  IO-’1.  Each 
t rame  is  u.2  body  diameters  in  length  and  they  are 
centered  at  arc  length  ratios  of  0.82,  0.75,  0.6, 

1 1 . 5  3 ,  respectively. 
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FIGURE  26.  The  length  of  the  laminar  separation  as  a 
function  of  polyox  injection  on  the  NSRDC  body. 


Comparison  of  Present  Results  with  those  of  van 
der  Meulen 

van  der  Meulen  (1976)  has  studied  the  influence  of 
dilute  polymer  solutions  (Polyox,  WSR  301)  upon  the 
fully-wetted  flow  and  cavitation  inception  for  a 
hemisphere  nose  body  and  was  the  first,  to  our 
knowledge,  to  observe  the  Schiebe  body  (Cpm^n  = 
-0.75) .  He  also  was  the  first  to  inject  the  polymer 
solution  at  the  stagnation  point.  To  observe  the 
flow  on  the  test  models,  van  der  Meulen  used  pulsed 
ruby  laser  holography.  However,  to  make  the  flow 
visible  a  salt  was  added  to  the  polymer  solution. 

In  his  case  the  injectant  was  a  2  percent  salt — 
SOOwppm  Polyox  solution. 

On  the  hemisphere  nose  body  he  observed  that  the 
injection  of  the  salt-polymer  solution  eliminated 
the  laminar  separation  and  he  further  speculated 
that  the  polymer  caused  an  early  transition  to  a 
turbulent  non-separating  boundary  layer.  On  the 
Schiebe  body,  which  has  no  laminar  separation,  the 
laminar  to  turbulent  transition  point  was  found  to 
move  upstream  of  the  no-injection  position.  The 
present  results  for  this  body  are  seen  to  agree 
qualitatively  with  those  of  van  der  Meulen  (Figure 
28) ,  although  the  deduced  injection  rates  of  the 
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FIGURE  27.  The  length  of  the  laminar  separation  as  a 
function  of  polyox  injection  on  the  hemispehre  nose 
body. 


FIGURE  28.  The  position  of  transition  on  the  Schiebe 
body  as  a  function  of  polymer  injection. 


latter  are  rather  larger.  Even  though  freestream 
conditions  of  these  two  tests  may  not  quite  be  the 
same,  it  is  evident  because  of  the  nearly  one  order 
of  magnitude  change  in  Reynolds  number  that  the 
polymer  fluid  is  the  chief  agent  of  boundary  layer 
instability. 


5.  EFFECT  OF  FLOW  VISUALIZATION  ON  TRANSITION 

It  is  now  well  documented  that  heating  a  laminar 
water  boundary  layer,  tends  to  stabilize  it  [see 
for  example  Wazzan  et  al.  (1968a,  1970)].  This 
point  was  further  discussed  with  reference  to  the 
hemisphere  and  ITTC  test  bodies  by  Arakeri  and 
Acosta  (1973)  who  concluded  that  for  the  separating 
flows  of  these  bodies,  the  effect  of  heating  was 
on  the  order  of  only  a  few  percent.  Since  the  heat¬ 
ing  rate  and  velocity  ranges  are  similar  in  the 
present  experiments,  it  is  expected  that  the  in¬ 
fluence  of  heating  on  the  hemisphere  and  NSRDC 
bodies  is  not  significant.  However,  there  is  some 
question  as  to  the  influence  of  heating  on  the  non¬ 
separating  flow  on  the  Schiebe  body.  Shown  in  Fig¬ 
ure  22  are  averaged  observed  values  of  the  position 
of  transition  calculated  by  Wazzan  with  and  without 
wall  heating.  First,  it  can  be  seen  that  there  is 
good  agreement  between  Wazzan* s  calculation  for  an 
unheated  boundary  layer  with  e9  amplification  and 
the  observed  position  of  transition.  However,  the 
point  to  be  noted  is  that  (with  a  wall  temperature 
10 °F  above  the  ambient  water  temperature)  these 
same  calculations  predict  a  40  percent  delay  in 
transition  at  ReD  =  2.5  *  10s.  This  would  suggest 
that  wall  heating  is  important  although  not  perhaps 
sufficient  to  alter  major  trends  in  the  present  ex¬ 
periments.  There  is  however  the  qualification  that 
the  calculation  assumes  a  constant  wall  temperature 
while  this  is  not  the  actual  case. 

An  attempt  to  measure  the  actual  wall  tempera¬ 
ture  was  made  by  installing  six  thermocouples  near 
the  surface  of  the  model  at  positions  of  S/D  *  0.4, 
0.6,  0.8,  1.0,  1.2,  1.4.  The  position  of  neutral 
stability  on  this  body  is  S/D  =0.37  and  the  average 
position  of  transition  varied  from  S/D  =  1.0  to 
S/D  =  0.8.  Since  it  is  the  heating  in  the  boundary 
layer  prior  to  transition  that  is  of  importance, 
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the  values  of  the  wall  temperatures  at  S/D  =  0.4, 
0.6,  0.8,  1.0  were  of  the  most  interest.  The  total 
heat  flux  was  set  at  250  watts  (about  3W/cm2)  at 
which  the  schlieren  effect  was  observable.  The 
wall  temperatures  were  then  measured  at  increasing 
values  of  velocity.  It  was  found  that  the  maximum 
wall  temperature  between  S/D  =  0.4  and  1.0  varied 
from  3°C  to  5°C  above  the  ambient  temperature. 
However,  it  must  be  emphasized  that  these  are  very 
conservative  values  since  the  thermocouples  are 
actually  somewhat  below  the  surface  in  a  region  of 
a  high  temperature  gradient.  When  this  gradient 
is  accounted  for  our  estimate  of  the  surface  excess 
temperature  is  from  1-3°C,  a  smaller  but  not  neg¬ 
ligible  amount,  van  der  Meulen  avoided  the  tem¬ 
perature  effect  by  injecting  a  two  percent  salt 
solution.  On  the  whole  this  method  and  the  present 
one  agree  quite  favorably  (Figure  22) .  There  is, 
however,  the  possibility  of  instability  via  a  de- 


F1GURE  30.  Cavitation  inception  on  the  NSRDC  body. 
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FIGURE  20.  Schlieren  photographs  of  the  Schiebe  body 
with  and  without  salt  water  injection.  The  top  photo¬ 
graph  of  each  group  is  without  injection;  the  bottom 
photograph  shows  the  injection  of  MgSOi,  solution  having 
a  specific  gravity  of  1.02.  The  Reynolds  number  is 
1.67  •  10  in  (a),  2.50  *  1C)'  in  lb)  ,  and  3.33  x  If)'1 
in  (c)  . 


stabilizing  density  gradient.  This  point  was  ad¬ 
dressed  experimentally  and  in  Figure  29  matched 
pairs  of  schlieren  photographs,  without  and  with 
salt  injection  are  presented.  It  was  found  that 
although  the  appearance  of  the  transition  changed 
markedly  the  location  of  transition  did  not  change 
significantly. 


6.  PRESENTATION  OF  CAVITATION  INCEPTION  RESULTS 
Freestream  Turbulence  Level 

The  data  on  the  influence  of  freestream  turbulence 
level  upon  cavitation  inception  is  limited  because 
of  the  low  maximum  water  speed  in  the  LTWT  of  about 
8m/s  but  more  importantly  because  the  turbulence 
generating  grids  located  at  the  entrance  to  the 
test  section  cavitated  themselves  before  the  test 
models  did.  Consequently,  only  the  0.05  and  0.65 
percent  turbulence  level  configurations  could  be 
used.  The  NSRDC  body  was  the  only  one  to  be  so  in¬ 
vestigated.  Some  of  these  inception  data  are  sum¬ 
marized  in  Figure  30  where  they  are  compared  with 
Brockett's  (1972)  data.  Inception  on  the  NSRDC 
body  was  always  of  the  band  type  which  occurred 
suddenly  without  any  precursor  bubble  type  cavita¬ 
tion.  As  can  be  seen  in  Figure  30,  inception  oc¬ 
curred  at  the  same  value  of  the  inception  index  for 
both  turbulence  levels,  but  as  illustrated  in  Fig¬ 
ure  31  the  subsequent  developed  cavitation  was  much 
less  steady  at  the  higher  turbulence  intensity. 


The  Effects  of  Polymer  Solutions 
Hemisphere  Nose  Body 

The  type  of  cavitation  and  the  value  of  the  incep¬ 
tion  index  were  found  to  be  strongly  dependent  on 
the  amount  of  polymer  present  in  the  boundary  layer. 
For  a  fixed  polymer  solution  concentration  and  free¬ 
stream  velocity  the  following  changes  in  inception 
were  observed  to  take  place:  at  zero  injection 
rate,  incipient  band  type  cavitation  as  illustrated 
in  Figure  32(a)  always  occurred.  At  injection  rates 
less  than  the  critical  value  (the  injection  rate 
at  which  the  separation  would  disappear) ,  band  type 
inception  still  occurred  but  as  can  be  seen  in  Fig¬ 
ure  32(b)  the  surface  of  the  developed  cavitation 


FIGURE  31 .  The  physical  appear¬ 
ance  of  cavitation  on  the  NSRDC 
body  at  two  turbulence  levels  in 
the  LTWT.  The  Reynolds  number 
is  1.4  '  liV’.  In  (a)  the  turbu¬ 
lence  level  is  0.05  jiercent  and 
the  cavitation  index  is  0.44. 

The  turbulence  level  in  the  re¬ 
maining  photographs  is  0.65  per¬ 
cent  and  the  cavitation  index  is 
about  0.35  for  all  cases. 


FIGURE  32.  In  these  photographs 
500  wppm  of  polyox  solut ion  is 
injected  at.  the  nose  of  the  hemi¬ 
sphere  body.  The  cavitation 
index  is  0.59,  and  the  Keynolds 
number  is  6.7  '  lo'  (HSWT) .  The 
dimensionless  injection  rate,  G, 
is  zero  in  (a)  1.9  •  10“'  in  (b) , 
4.4  •  I0_f  in  (:•>,  ami  r>..:4  • 

10-  iri  (d)  .  In  many  instance's 
the  attached  cavitation  would 
disappear . 


has  a  definite  wave  structure  and  the  separation 
line  has  become  very  irregular.  Inspection  of 
Schlieren  photographs  of  the  fully  wetted  flow  at 
this  injection  rate  showed  that  the  position  of 
transition  on  the  free  shear  layer  had  moved  upstream 
from  the  no  injection  case  and  that  the  separation 
region  was  smaller  in  size.  With  a  further  increase 
in  the  injection  rate  to  near  critical  values,  dif¬ 
ferent  types  of  cavitation  were  observed  depending 
upon  the  facility.  In  the  HSWT,  band  type  inception 
would  occur  intermittently  in  patches  with  irregular 
separation  lines  and  surfaces  as  is  shown  in  Figure 
32(c),  (d) .  At  injection  rates  above  the  critical 
value,  the  same  type  of  behavior  took  place,  but  with 
the  flow  altering  between  fully  wetted  and  patchy 
band  type  cavitation  more  rapidly.  A  decrease  in 


the  cavitation  number  at  this  injection  rate  would 
make  the  cavitation  more  "violent,"  but  no  steady 
attached  cavitation  could  be  obtained.  At  these 
near- and- above  critical  injection  rates  the  fully 
wetted  observations  howed  the  laminar  separation 
had  been  eliminated  with  only  an  occasional  short 
reappearance.  That  is,  the  flow  in  the  region  of 
interest  was  almost  always  turbulent.  If  then  the 
injection  rate  was  suddenly  reduced  to  zero,  a  large 
steady  cavity  would  quickly  form  on  the  body. 

In  the  LTWT  the  same  sequence  of  cavitation 
events  with  increasing  injection  rates  would  occur 
as  in  the  HSWT.  However,  near  and  above  critical 
injection  rates,  travelling  bubble  and  band  type 
cavitation  would  occur  simultaneously,  unlike  the 
HSWT  where  no  bubble  type  cavitation  was  observed. 
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FIGURE  33.  Cavitation  inception  with  polymer 
injection  on  the  hemisphere  body. 


This  difference  will  be  discussed  later.  These 
inception  data  have  been  summarized  in  Figure  33. 


NSRDC  Body 

The  NSRDC  body  was  tested  only  in  the  LTWT  and  it 
too  was  observed  to  go  through  a  sequence  of  cavi¬ 
tation  development  similar  to  that  of  the  hemisphere 
nose  body  in  the  LTOT;  namely,  that  the  injection 
of  polymer  at  sub-critical  rates  changed  the  orig¬ 
inal  band  type  inception  to  simul taneously  occurring 
intermittent  band  and  travelling  bubble  tvpe  incep¬ 
tion.  At  above  critical  injection  rates  the  inter- 
mi  ttency  became  more  rapid  but  still  no  steady 
attached  cavitation  could  be  obtained.  Examples 
of  these  types  of  cavitation  are  shown  in  Figure 
34.  Notice  in  particular  Figure  34(d)  where  only 
one  cavitation  bubble  is  visible  at  a  cavitation 
number  of  0.34.  Values  of  the  inception  index 


versus  body  Reynolds  number  are  presented  in  Fig¬ 
ure  35. 


Schiebc  Body 

The  Schiebe  body  was  tested  in  both  the  LTWT  and  the 
HSWT,  but  the  influence  of  polymer  was  only  studied 
in  the  LTWT.  Again  as  for  the  hemisphere  nose  body, 
the  type  of  cavitation  depended  upon  the  facility. 

In  the  LTV/T,  travelling  bubble  type  inception  always 
occurred  and  the  presence  of  polymer  was  found  to 
have  no  significant  effect  on  either  the  type  of 
cavitation  or  the  inception  index.  Lowering  of  the 
tunnel  pressure  below  the  inception  value  produced 
a  steady,  attached  cavity  of  the  type  normally  as¬ 
sociated  with  the  presence  of  a  laminar  separation. 
On  the  other  hand,  in  the  HSWT,  travelling  bubble 
type  cavitation  events  were  extremely  rare.  In¬ 
ception  occurred  with  the  sudden  appearance  of  an 
unsteady  attached  cavity  occasionally  preceded  by 
one  or  two  travelling  bubble  events.  Examples  of 
these  types  of  cavitation  on  the  Schiebe  body  are 
given  in  Figure  36  and  a  summary  of  the  inception 
data  is  given  in  Figure  37.  A  unique  location  of 
inception  could  not  be  accurately  determined  in 
either  facility  for  this  body. 


7.  DISCUSSION 
Freestream  Turbulence  Level 

The  main  purpose  of  the  investigation  of  freestream 
turbulence  level  upon  cavitation  inception  was  to 
determine  if  it  could  be  a  contributing  factor  to 
the  differences  in  cavitation  results  on  identical 
bodies  tested  in  different  facilities.  In  particu¬ 
lar,  could  the  differences  in  cavitation  inception 
on  the  same  NSRDC  test  body  between  the  CIT  HSWT  and 
the  NSRDC  12-inch  tunnel  be  explained  by  different 


FIGURE  34.  The  physical  appear¬ 
ance  of  cavitation  on  the  NSRDC* 
body  at  a  Reynolds  number  of 
3.4  x  lo'  in  the  LTWT  with  (a) 
no  injection,  (b)  G  =  3.4  •  10“  , 
cavitation  index  --  0.45  (same  as 
in  (a)],  (e)  3.4  *  lo“  ,  cavita¬ 
tion  index  ^  0.34,  and  (d)  7.]  ■ 
I0“f'  at  the  same  index! 


102 


BODY  REYNOLDS  NUMBER  -  UD/t/ 

FIGURE  35.  Cavitation  suppression  by  polymer  injection 
on  the  NSRDC  body . 


BODY  REYNOLDS  NUMBER-UD/v 

FIGURE  37.  Cavitation  inception  on  the  Schiebe  body 
in  three  different  facilities. 


turbulence  levels?  From  the  proceeding  discussion 
of  the  fully  wetted  results  it  appears  that  the 
differences  in  observed  critical  Reynolds  numbers 
are  probably  due  to  a  higher  turbulence  level  in 
the  NSRDC  facility.  It  follows  then  that  the  dif¬ 
ferences  in  the  type  of  inception  for  velocities 
less  than  30  feet  per  second  can  be  explained  in 
terms  of  the  different  viscous  flows.  However,  we 


still  need  to  account  for  the  different  freestream 
populations  of  nuclei,  the  subject  of  the  next 
section. 


Polymer  Injection 

Some  inception  data  for  the  hemisphere  nose  body 
with  polymer  injections  are  given  in  Figure  38  as 
a  function  of  the  injection  rate  for  two  concentra¬ 
tions.  The  same  data  have  been  replotted  in  Figure 
39  against  the  non-dimensional  injection  parameter 
G.  It  can  readily  be  seen  that  the  two  curves  have 
collapsed  onto  one.  A  similar  happy  result  was 
found  when  the  dimensions  of  the  laminar  separation 
bubble  on  the  hemisphere  nose  body  were  plotted 
versus  the  parameter  G.  These  correlations  of  the 
inception  index  and  separation  bubble  dimensions 
with  G  implies  that  the  polymer  ’'effectiveness"  is 
proportional  only  to  the  amount  present  within  the 
boundary  layer,  here  taken  to  be  the  displacement 
thickness. 

For  the  NSRDC  and  hemisphere  nose  bodies  it  can 
be  seen  that  increasing  amounts  of  polymer  in  the 
boundary  layer  produce  an  increasing  suppression 


O  50  WrPM 
•  500  WPPM 


O  0.5  -  • 


FIGURE  36,  Photographs  of  cavitation  on  the  (same) 
Schiebe  body  in  the  LTVT  (upper  picture)  at  a  cavita¬ 
tion  index  of  0.52  and  in  the  HSWT  at  an  index  of  0.41. 
The  flow  speeds  are  7.3  and  14  m/s,  respect ively . 


POLYMER  INJECTION  RATE  -  ml /sec 


FIGURE  38.  Cavitation  index  with  polymer  injection  on 
the  hemisphere  body  at  a  Reynolds  number  of  7.5  >  10^ . 
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FIGURE  39.  The  data  of  figure  38  replotted  against  the 
dimensionless  injection  parameter  G. 


of  cavitation  index.  There  is  a  limit,  however, 
beyond  which  no  further  increase  in  cavitation 
suppression  occurs.  In  the  present  experiments  on 
the  hemisphere  nose  body  this  limiting  value  of  G 
is  approximately  7  *  10"6  which  also  coincides  with 
the  removal  of  the  laminar  separation.  These 
results  and  others  are  summarized  in  Figure  40 
where  the  maximum  percent  reduction  in  cavitation 
index  has  been  plotted  versus  the  Reynolds  number. 
These  include  the  "polymer  ocean"  results  of  Baker 
et  al.  (1973),  Holl  et  al.  (1974),  and  Ellis  et  al. 
(1970) .  However,  the  information  from  their  re¬ 
ports  is  limited  and  all  that  can  be  said  is  that 
they  give  values  approximately  the  same  as  those 
noted  in  the  present  case.  The  agreement  is  be¬ 
lieved  to  be  reasonably  good  for  experiments  of  this 
type  insofar  as  the  maximum  effect  goes.  We  presume 
that  similar  effects  in  "ocean"  experiments  could 
be  achieved  at  much  smaller  concentrations  if  the 
G  parameter  has  significance. 

During  their  cavitation  tests  Baker  and  Holl 
noted  a  change  in  the  appearance  of  the  developed 
cavitation.  From  photographic  observations  of  these 
changes  they  speculated  that  the  cavitation  attenu¬ 
ation  was  due  to  a  "flow  reorientation  in  the  region 
of  the  laminar  separation  bubble."  They  further 
suppose  [Arndt  et  al.  (1975) ]  that  the  amount  of 
attenuation  might  depend  on  a  Deborah  number, 

TVw/^s,  where  T  is  the  molecular  relaxation  time 
of  the  molecule,  V  the  freest ream  velocity,  and 


B00Y  REYNOLDS  NUMBER  -  UD/F 

FIGURE  40.  Maximum  cavitation  inception  index  suppres¬ 
sion  by  polyox  WSK  201  on  the  hemisphere  nose.  The 
Ellis  and  Baker  results  are  for  polymer  "oceans." 


6S  is  the  boundary  layer  displacement  thickness  at 
separation.  It  now  seems  clearly  established  in 
our  opinion,  that  the  overall  gross  effect  caused 
by  the  polymer  in  the  flow  about  these  bodies  is  a 
removal  of  the  laminar  separation  by  stimulation  of 
transition  and  that  this  is  indeed  the  origin  of  the 
flow  "reorientation"  noted  by  Baker  and  Holl.  Pre¬ 
sumably,  the  molecular  relaxation  time  has  an  im¬ 
portant  role  in  boundary  layer  stability,  but  as 
yet  this  appears  to  be  unknown;  it  may  be  that  the 
parameter  proposed  by  Arndt  is  important  for  some 
laminar  flows  with  separation  (as  it  is  indeed  for 
the  flow  about  a  circular  cylinder) ,  but  we  think 
not  in  the  context  of  the  present  experiments. 

Since  the  suppression  of  cavitation  upon  these 
bodies  is  a  result  of  the  elimination  of  the  laminar 
separation  by  the  polymer  it  is  worthwhile  to  com¬ 
pare  the  present  results  with  those  in  which  the 
separation  is  eliminated  by  another  method.  Arakeri 
and  Acosta  (1976)  carried  out  a  series  of  tests  with 
a  hemisphere  nose  body  and  an  ITTC  body  using  bound¬ 
ary  layer  trips  to  reduce  the  critical  Reynolds  num¬ 
ber  in  the  HSWT.  It  was,  briefly,  found  that  with 
the  trip  present  and  at  velocities  above  the  new 
critical  velocity,  the  occurrence  of  cavitation  was 
significantly  suppressed,  and  that  at  higher  ve¬ 
locities  the  tunnel  would  choke  from  the  model 
support  before  the  body  could  be  made  to  cavitate! 
The  present  polymer  tests  show  a  very  similar  large 
effect  on  inhibiting  cavitation  but  not  quite  as 
dramatic  as  the  tripped  tests. 


8.  FREESTREAM  NUCLEI  AND  CAVITATION  INCEPTION 
Some  Observations  in  the  LTWT 

As  will  be  recalled  from  the  description  of  the 
LTWT,  this  facility  has  no  resorber  which  neces¬ 
sitated  cavitation  data  acquisition  before  pump¬ 
generated  bubbles  entered  the  test  section.  On  a 
number  of  occasions  the  cavitation  on  the  NSRDC  and 
hemisphere  bodies  was  deliberately  maintained  and 
the  pump-generated  gas  bubbles  allowed  to  pass 
through  the  test  section.  As  the  number  of  free 
gas  bubbles  increased,  the  initially-occurring  band 
type  cavitation  was  gradually  destroyed  and  replaced 
by  travelling  bubble  type  cavitation.  An  alterna¬ 
tive  procedure  was  to  lower  tunnel  static  pressure 
so  that  the  cavitation  number  had  a  value  below 
-CPmin  kut  above  the  inception  value  and  again 
allow  the  pump-generated  bubbles  to  accumulate. 

The  body  would  then  eventually  cavitate  with  in¬ 
ception  then  always  being  of  the  travelling  bubble 
type.  Schlieren  observations  of  the  basic  viscous 
flow  on  the  hemisphere  nose  were  made  at  these 
gradually  increasing  freestream  bubble  populations 
and  nuclei  populations  were  measured  when  band  type 
inception  occurred  and  when  this  above  deliberately- 
promoted  bubble  type  inception  occurred.  The 
schlieren  observations  show  (see  Figure  41)  that 
as  the  number  of  freestream  nuclei  increased,  the 
laminar  separation  on  the  hemisphere  nose  became 
unsteady  and  was  finally  greatly  diminished  if  not 
eliminated.  Thus,  in  effect,  the  free-stream  bub¬ 
bles  serve  to  trip  the  boundary  layer. 

Nuclei  populations  obtained  when  band  type  incep¬ 
tion  occurred  (o^  -  0.44)  are  shown  with  distribu¬ 
tions  obtained  when  deliberately  promoted  travelling 
bubble  inception  occurred  (o^  =  0.58,  0.73)  in 
Figure  42.  As  can  be  seen  in  this  figure,  for 
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nuclei  with  radii  less  than  100  microns  all  the  dis¬ 
tributions  are  essentially  the  same  whereas  for 
nuclei  greater  than  100  microns  radius  the  bubble- 
type  inception  distributions  have  many  more  nuclei 
than  the  band  type  inception  distributions.  Thus 
it  seems  possible  that  in  facilities  with  many 
macroscopic  freestream  gas  bubbles,  the  normally 
occurring  laminar  separation  on  some  bodies  can  be 
eliminated.  The  subsequent  cavitation  index  and 
form  of  cavitation  should  then  be  controlled  by  the 
nuclei  population. 

If  so,  the  experiments  on  the  NSRDC  body  at  that 
facility  and  those  tests  on  the  same  body  in  the 


PltfflRE  4 2.  Nuclei  distributions  measured  by  holography 
in  the  LTWT  (all  microbubbles)  and  in  the  HSWT  (essen¬ 
tially  only  solid  particles). 


LTWT,  when  bubble  type  inception  was  deliberately 
promoted,  should  be  very  similar.  This  is,  in  fact, 
the  case  as  the  inception  numbers  are  more-or-less 
the  same.  Beyond  that,  nuclei  distributions  are 
known  for  the  two  tests  [Peterson  (1972)  and  Fig¬ 
ure  42]  so  that,  following  the  philosophy  of  Silber- 
man  et  al.  (1974) ,  it  is  possible  to  estimate  the 
number  of  "cavitable"  nuclei  per  unit  volume  for 
each  experimental  point.  A  rough  estimate  of  the 
number  of  travelling  cavitation  events  can  be  easily 
made  if  we  take  Johnson  and  Hsieh's  (1966)  "capture" 
radius  of  0.01  body  radius  to  determine  the  flux 
of  fluid  through  the  cavitating  region.  These  data, 
calculated  and  measured  events  are  tabulated  in 
Table  3.  Peterson  measured  the  event  rate  acous¬ 
tically  and  chose  one  event/sec  as  the  threshold 
level  because  of  the  agreement  with  a  "visual"  in¬ 
ception  estimate.  (Only  the  visual  estimate  was 
made  in  the  LTWT.) 


Observation  in  the  HSWT 

On  the  whole,  the  agreement  of  observations  and 
event  rates  is  satisfactory  and  it  seems  clear  in 
this  circumstance  that  viscous  effects  are  not  of 
primary  importance  and  that  travelling  bubble  cavi¬ 
tation,  the  type  studied  by  the  St.  Anthony  Falls 
group,  is  the  prevalent  form.  But,  on  all  of  the 
bodies  studied  we  have  seen  different  forms  of 
cavitation  occur,  when  separation  was  not  present, 
if  the  number  of  freestream  nuclei  is  very  small, 
as  it  is  presumably  in  the  California  Institute  of 
Technology  HSWT  and  other  resorber  facilities.  Then 
even  on  the  Schiebe  body  we  see  attached  forms  of 
cavitation  at  inception  (see  Figure  36)  at  very  low 
inception  indices  with  only  rare  occurrences  of 
travelling  bubble  cavitation  [see  also  Arakeri  et  al 
(1976)].  In  these  circumstances  the  fluid  and  the 
nuclei  that  it  contains  pass  through  regions  of 
some  tension  (up  to  about  1/2  at  m  in  the  HSWT) .  It 
is  conceivable  then  that  the  substantial  pressure 
fluctuations  in  transition  regions  [Huang  and  Hannon 
(1975) ]  can  initiate  cavitation.  This  is  the  ra¬ 
tionale  for  Arakeri' s  (1975)  inception-transition 
pressure  coefficient  correlation.  Values  of  -cptr 
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TABLE 

III  CAVITATION 

EVEN  T 

RATES 

Facility 

Model 

Mat'L 

°i 

U 

oo 

(ft/sec) 

R 

c 

(microns) 

Cavitatable 
Nuclei  / cm^ 
(est) 

Calculated 
Events  /  sec 

Measured 
Events  per  sec 

NSRDC 

CL 

0.  62 

29.86 

12 

0.  5 

0.  9 

1.0 

CL 

0.66 

29.  86 

15 

1.8 

3.  2 

1.0 

AU- Plated 

0.65 

29.  86 

14 

2.  1 

3.8 

1 . 0 

DELRIN 

0.69 

29.  86 

18 

0.  5 

0.9 

1.0 

DELRIN 

0.71 

29 . 86 

21 

2.4 

4.  3 

1 . 0 

LTWT 

CL 

0.  58 

20.  15 

21 

8.9 

10.  7 

-- 

CL 

0.64 

20.  10 

29 

2.  0 

2.  4 

-- 

CL 

0.  bo 

20.  15 

32 

0.9 

1.  1 

-- 

CL 

0.  73 

20.  25 

58 

1.7 

2.  0 

-- 

Iso  shown 

for  the  Schiobo  body 

in  Figure 

37;  Comparison  of  Nuclei  Distributions 

again  the  correlation  is  suggestive  but  not  con¬ 
clusive.  Data  from  several  other  investigations,  reduced  to 

Further  evidence  of  the  difference  between  a  the  number  density  distribution  function,  N(R) ,  by 

resorber  facility  and  a  recirculating  tunnel  is  the  following  approximation 

given  by  the  nuclei  distributions  of  the  flow  in  the 

California  Institute  of  Technology  HSWT.  These  data  number  of  nuclei  per  unit 

are  averaged  in  the  graph  of  Figure  42.  Following  /R  +  r  \  with  radii  between  R]  and  R0 

Peterson  (1972)  it  is  possible  to  distinguish  par^-  N  (  - — j  = - — 

ticulate  matter  from  gaseous  microbubbles  down  to  2  Ri^ 

about  10  micrometers.  Thus  we  identify  solid  par'- 

ticulat.es  on  the  one  hand  and  microbubbles  on  the  are  shown  in  Figure  4  3.  A  tabulation  of  the  mea- 

other.  All  of  the  nuclei  reported  in  Figure  42  suring  techniques  and  test  conditions  for  each  in- 

for  the  LTWT  are  microbubbles .  It  is  significant  vestigation  is  given  in  Table  4.  All  the  data  have 

that  tlie  HSWT  shows  a  very  similar  distribution  of  approximately  the  same  slope,  but  the  values  of  the 

solid  particulates ,  but  very  few  microbubbles.  In  distribution  function  can  differ  by  several  orders 

about  ten  holograms  made  of  the  HSWT  flow,  within  of  magnitude,  i.e.,  although  the  nuclei  population 

the  various  sample  volumes  that  were  counted,  about  changed  by  several  orders  of  magnitude,  the  dis- 

100  part icles/cm *  on  the  average  were  found.  How-  tribution  of  the  nuclei  sizes  remains  constant, 

ever,  of  these,  loss  than  one  on  the  average  was  a  The  large  differences  in  populations  is  undoubtedly 

microbubble,  too  few  even  to  hazard  a  quess  as  to  a  consequence  of  the  large  variation  in  conditions 

the  distribution.  This  finding  certainly  tends  to  which  existed  in  the  water  when  the  data  was  col- 

explain  the  experimental  trends  in  this  facility  if  lected  and  is  no  doubt  one  of  the  contributing  fac- 

it  is  assumed  (as  appears  evident)  that  the  solid  tors  to  the  lack  of  repeatability  seen  in  cavitation 

particulates  do  not  act  as  nucleating  sources.  tests. 

In  closing  this  section  we  have  perhaps  come  A  goal  of  cavitation  research  is  to  be  able  to 

full  circle  in  inception  research  to  re-emphasize  predict  the  inception  of  cavitation  and  thus  be  able 

the  important  role  of  the  cavitation  nuclei.  The  to  scale  laboratory  results  to  prototype  conditions, 

influence  of  laminar  inception  on  cavitation  is  now  It  is  interesting  then  to  compare  nuclei  populations 

much  clearer  as  are  the  effects  of  the  processes  in  water  tunnels  to  those  in  the  ocean.  Medwin 

that  cause  stimulation  of  the  boundary  layer.  If  acoustically  measured  bubble  populations  in  the 

there  are  many  nuclei  present  (so  that  a  large  ten-  ocean  near  Monterey,  California,  and  in  Figure  43 

sion  on  the  body  does  not  exist  prior  to  cavitation)  two  of  his  measured  distributions  are  presented, 

it  is  likely  that  travelling  bubble  cavitation  will  The  summer  distribution  agrees  reasonably  well  with 

predominate,  then  the  notion  of  a  "standard  body"  the  distributions  obtained  under  cavitating  con- 

to  deduce  cavitation  susceptibility  appears  to  be  ditions  in  strongly  deaerated  water.  However,  in 

useful.  However,  with  only  a  few  nuclei  other  more  the  LTWT  there  are  considerably  more  bubbles  than 

complex  forms  of  cavitation  are  seen  at  inception.  found  in  the  ocean  for  radii  greater  than  about  30 
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TABLE  IV  COMPARISON  OF  NUCLEI  MEASUREMENTS 


Investigator  Measuring  Facility 

Technique 


Conditions  at  time 
of  Measurement 


Gavrilov  (1970) 

Acoustic 

-- 

Standing  tap  water 

Peterson  et  al  (1975) 

Light  Scattering 

Holography 

Microscopy 

Water  Tunnel 
at  TDF 

At  inception  on  50  mm  diameter 
NSRDC  body  0=0.49 

Arndt  &  Keller  (1976) 

Light  Scattering 

Water  Tunnel 
at  NSMB 

Cavitation  tests  on  a  sharp  edged 
disc.  Air  contents:  6.3  and 

12.5  ppm 

Keller  &  Weitendorf  (1976) 

Light  Scattering 

Water  Tunnel 
at  Hamburg 
Model  Basin 

Propeller  test,  gassed  water, 

Air  content:  ~30  ppm 

Medwin  { 1 977) 

Acoustic 

Monterey  Bay, 
California 

Various  depths  and  seasons 

Peterson  (1974) 

Coulter  Counter 

Santa  Catalina 

Channel 

California 

Various  depths 

U.S.  Navy  (Naval  Ocean 
System  Center,  San  Diego, 

Coulter  Counter 

San  Diego  Bay 
and  offshore 

Various  depths 

California.  Courtesy 
Dr.  T.  Lang) 

Present  Tests  Holography  LTWT  Air  content  ~  7  ppm,  0  =  0.44 


V  I<  iURK  41.  Nu«- 1  «*  i  dist  r  ibu<  ions  from  various  sources 


micrometers.  Further,  in  the  winter  the  measured 
bubble  population  in  the  ocean  is  one  order  of 
magnitude  less  than  in  the  summer.  We  see  then  it 
is  actually  possible  for  laboratory  facilities  to 
have  much  higher  nuclei  populations  than  actually 
occur  in  the  ocean.  Medwin  concludes  interestingly 
that  the  microbubbles  had  a  biological  as  well  as 
physical  origin  because  the  concentration  of  bubbles 
increased  with  depth.  This  observation  is  perhaps 
of  importance  for  the  Coulter  Counter  measurements 
of  Peterson  (1974)  and  Lang  (1977).  The  particulates 
measured  there,  although  thought  to  be  of  organic 
material,  may  actually  also  contain  some  gas. 

Finally,  it  is  amazing  to  observe  the  wide  range 
of  applicability  of  fairly  simple  power  laws  for 
particulate  and  microbubble  populations. 


9 .  CONCLUS IONS 

It  is  clear  that  the  onset  of  cavitation  and  its 
physical  appearance  at  this  onset  can  be  greatly 
affected  by  freestream  turbulence  and  the  presence 
of  minute  amounts  of  long  chain  polymer  solutes. 

The  present  results  support  the  conclusion  that 
these  effects  are  indirect  insofar  as  cavitation 
goes  and  that  the  primary  effect  is  on  the  viscous 
flow  past  the  test  body.  The  polymer  solutions  in 
particular  promote  an  early  boundary  layer  transi¬ 
tion  which  forestalls  the  presence  of  laminar  separa¬ 
tion  much  as  does  boundary  layer  stimulation  by 
freestream  turbulence  or  trips.  It  follows  that 
cavitation  on  bodies  not  having  laminar  separation 
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should  not  be  much  affected  by  freestream  turbu¬ 
lence  or  polymer  solutions.  This  appears  to  be 
the  case  if  the  test  medium  has  "many"  freestream 
nuclei  so  that  travelling  bubble  cavitation  is 
predominant.  However,  if  only  a  few  nuclei  are 
present,  attached  forms  of  cavitation  occur  at 
inception  even  on  nonseparat inq  bodies.  From 
recent  nuclei  measurements  in  the  ocean  it  appears 
that  some  test  facilities  may  have  too  many  nuclei 
and  others  possibly  too  few. 
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Discussion 

M.  A.  WEISSMAN 


My  question  was  "What  is  your  definition  of 
growth  rate?"  This  is  quite  a  crucial  point,  for 
in  comparing  theory  to  experiment,  we  must  make 
sure  that  we  are  comparing  like  to  like. 

The  meaning  of  growth  rate  for  nonparallel 
flow  is  not  obvious.  Let  us  consider  El-Hady  and 
Nayfeh's  lowest  order  solution  (Eq.  42): 

z  —  A  £;  (x  ,y)exp[i/(a  +  ea  )dx  -  ioit]  (1) 
10  1  0  1 

The  downstream  growth  of  the  magnitude  of  this 
function  is  not  purely  contained  in  the  expotential 
factor.  The  change  in  the  eigenfunction,  C,  with 
x  also  contributes  to  "growth."  In  fact,  a  com¬ 
plete  definition  of  growth  would  be 


which  reduces  to 

i  a|c| 

G  =  ao  +  c“i  +  7?7  37^ 


using  (1) ,  where  it  is  understood  that  fig  and  fij 
are  the  negative  and  imaginary  parts  of  a0  and  a  J . 
[Bouthier  (1972),  Gaster  (1974),  and  Eagles  and 
Weissman  (1975)). 

Equation  2  shows  that  the  growth  rate  is 
actually  a  function  of  y.  (It  is  also  a  function 
of  the  flow  quantity  under  consideration,  see  the 
above  mentioned  references.)  However,  if  we  agree 
to  measure  the  growth  rate  at  a  particular 
y-position  and  if  the  eigenfunction  is  normalized 
at  that  position  (so  that  3|t|/3x  =  0  at  that 

position) ,  then  the  influence  of  the  changing 
eigenfunction  on  growth  rate  will  disappear  (for 
this  particular  definition  of  growth  rate) .  The 
poit  is  that  fij  is  not  uniquely  defined:  it  depends 
on  the  normalization  used  for  t,.  [This  can  also 
be  seen  from  examination  of  the  equation  defining 
a  ,  Eq.  35].  The  authors  have  neglected  to  explain 
what  their  normalization  was. 
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Author’s  Reply 


ALI  H.  NAYFEH 


The  growth  rate  in  a  parallel  flow  can  be 
unambiguously  defined,  but  it  cannot  be  unambig¬ 
uously  defined  in  a  nonparallel  flow.  Because  the 
eigenfunctions  are  functions  of  y  as  well  as  x, 

Saric  and  Nayfeh  (1977)  note  that  stable  flows  may 
be  termed  unstable  and  vice  versa.  Saric  and 
Nayfeh  (1977)  discussed  in  great  detail  the  differ¬ 
ent  possible  definitions  of  the  growth  rate  and 
compared  these  definitions  with  all  available  exper¬ 
imental  data  for  the  Blasius  flow.  They  found  that 


all  the  experimental  data  (neutral  curves  or  growth 
rates)  obtained  at  the  values  of  n  for  which  fu| 
has  a  maxima  can  be  correlated  with  the  nonparallel 
results  if  the  growth  rate  is  defined  as  in  (55) . 
For  the  heated  liquid  problem,  we  arrived  at  the 
same  conclusion.  Including  the  distortion  of  the 
eigenfunction  with  the  streamwise  position,  the 
definition,  (56) ,  underpredicts  the  growth  by 
large  amounts. 


Discussion 


G.  CHAHINE  and  D.  H.  FRUMAN 


The  question  of  whether  polymer  solutions 
affect  cavitation  inception  through  changes  of  the 
flow  structure  or  through  the  inhibition  of  bubble 
growth  has  been  the  subject  of  much  controversy. 

In  this  excellent  paper  the  authors  seem  to  adhere 
to  the  first  school  of  thought  and  disregard  the 
second.  We  think  that  there  is  ample  evidence  of 
the  profound  flow  changes  introduced  by  the  ejected 
polymers  to  support,  at  least  partially,  their 
contention.  However,  evidence  also  exists  showing 
that  the  onset  of  acoustically  generated  cavitation 
is  delayed  by  the  presence  of  minute  amounts  of 
polymers  and  asbestos  fibers  (Hoyt  (1977)].  also, 
in  investigating  the  behavior  of  spark-generated 
bubbles  in  the  vicinity  of  a  solid  wall,  the  dis¬ 
cussers  have  observed  significant  changes  being 
promoted  by  the  presence  of  the  polymers. 

Figure  1  shows  the  geometric  dimensions  that 
have  been  considered  in  the  analysis  of  the  bubble 
behavior.  The  displacement  of  point  A,  where  the 
re-entering  jet  originates,  divided  by  the  maximum 
lateral  dimension  of  the  bubble,  R_,max,  is  plotted 
in  Figure  2  as  a  function  of  the  dimensionless  time 
parameter,  t/t  R,  and  the  parameter,  n,  which  is  the 
ratio  between  Rcmax  and  l,  the  distance  between  the 
center  of  the  spherical  initial  bubble  and  the  wall. 
As  shown,  the  polymer  solution  has  a  retarding 


effect  on  the  re-entering  jet.  This  effect  in¬ 
creases  with  increasing  n  [Chahine  and  Fruman 
(1979)].  Together  with  results  shown  in  Hoyt, 
our  data  further  confirm  that,  in  the  absence  of 
flow,  bubble  behavior  is  affected  by  the  intrinsic 
properties  of  dilute  polymer  solutions. 
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Authors’  Reply 

EDWARD  M.  GATES  and  ALLAN  J.  ACOSTA 


Messrs.  Chahine  and  Fruman  have  raised  the 
question  of  the  relative  importance  of  polymer- 
induced  changes  in  bubble  growth  versus  induced 
changes  in  the  flow  structure  with  regard  to  the 
suppression  of  cavitation.  Although  both  experi¬ 
mental  [Ellis  and  Ting  (1970) ;  Chahine  and  Fruman1 
(1979)]  and  theoretical  [Street  (1968);  Fogler  and 
Goddard  (1970)]  work  demonstrate  that  in  "no- flow" 
situations  the  growth  and  collapse  rates  in  polymer 
solutions  are  different  than  those  in  pure  water, 
the  magnitude  and  sense  (Street  predicts  an  in¬ 
crease  in  bubble  growth  rate)  of  the  changes  are 
open  to  question.  On  the  other  hand,  the  results 
of  Hoyt  (1976),  Brennen  (1970),  van  der  Meulen 
(1976) ,  and  the  present  work  show  drag-reducing 
polymers  have  a  very  dramatic  effect  upon  the  flow 
structure  in  jets  and  axisymmetric  bodies.  The 
authors  believe  that  in  the  present  work  the  influ¬ 
ence  of  these  profound  flow  alterations  predominate 
over  any  influence  of  modified  bubble  dynamics  as 
nicely  shown  by  them  as  evidenced  by  the  following 
observations : 

First,  it  was  observed  in  the  LTWT  that  cavi¬ 
tation  inception  on  the  non-separating  Schiebe  body 
was  not  influenced  by  viscous  considerations  and 
was  of  the  travelling  bubble  type.  In  this  situa¬ 
tion  we  would  expect  that  if  the  polymer  effect 
upon  bubble  dynamics  was  significant,  it  should  be 
well  illustrated  under  these  circumstances.  How¬ 
ever,  we  (like  van  der  Meulen)  observed  no  change 
in  either  the  cavitation  index  or  the  appearance 


of  the  cavitation  at  inception.  Second,  on  the 
hemisphere  nose  and  NSRDC  bodies  a  similarly  large 
suppression  of  the  inception  index  was  obtained  by 
Arakeri  and  Acosta  (1976)  through  the  elimination 
of  the  laminar  separation  by  a  mechanical  boundary 
layer  trip  -  a  situation  for  which  there  is  no 
change  of  bubble  dynamics. 

From  these  observations  we  infer  that  the  in¬ 
fluence  of  the  polymer  on  cavitation  inception  is 
dominated  by  changes  in  the  flow  structure  rather 
than  modified  bubble  dynamics.  However,  in  "non¬ 
flow"  sitations  it  must  be  assumed  that  modified 
bubble  dynamics  are  responsible  for  the  observed 
changes  and  the  work  of  Messrs.  Chahine  and  Fruman 
is  a  useful  addition  to  this  area  of  study. 
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The  differential  equations  of  the  thick  axisymmetric 
turbulent  boundary  layer  and  wake  are  solved  using 
a  finite-difference  method.  The  equations  include 
longitudinal  and  transverse  surface  curvature  terms 
as  well  as  the  static-pressure  variation  across  the 
boundary  layer  and  wake.  Closure  of  the  mean-flow 
equations  is  affected  by  a  rate  equation  for  the 
Reynolds  stress  deduced  from  the  turbulent  kinetic- 
energy  equation.  The  results  of  the  method  are 
compared  with  the  two  sets  of  data  obtained  at  the 
Iowa  Institute  of  Hydraulic  Research  from  experi¬ 
ments  in  the  tail  region  of  a  modified  spheroid 
and  low-drag  body  of  revolution,  and  also  with  the 
predictions  of  a  simple  integral  approach  proposed 
earlier.  It  is  shown  that  the  differential  approach 
is  superior,  provided  due  account  is  taken  of  the 
normal  pressure  variation  and  the  direct  influence 
of  the  extra  rates  of  strain,  associated  with  the 
longitudinal  and  transverse  surface  curvatures,  on 
the  length  scale  of  the  turbulence. 


1.  INTRODUCTION 

In  the  absence  of  flow  separation,  the  boundary 
layer  on  a  pointed-tailed  body  of  revolution  con¬ 
tinues  to  grow  in  thickness  up  to  the  tail.  Over 
the  rear  quarter  of  the  length  of  a  typical  body, 
the  boundary  layer  thickness  becomes  large  enough 
to  invalidate  the  assumptions  of  conventional  thin 
boundary-layer  theory.  The  measurements  of  Patel, 
Nakayama,  and  Damian  (1974)  on  a  modified  spheroid 
as  well  as  those  of  Patel  and  Lee  (1977)  on  a  low- 
drag  body  indicate  that  the  breakdown  of  thin  bound¬ 
ary  layer  approximations  is  manifested  by  several 
concurrent  flow  features,  namely  (a)  the  boundary 
layer  thickness  is  no  longer  small  compared  with 
the  local  transverse  and  longitudinal  radii  of  sur¬ 
face  curvature,  (b)  the  velocity  component  normal 
to  the  wall  is  not  small,  (c)  the  pressure  is  not 


constant  across  the  boundary  layer,  and  (d)  the 
pressure  distribution  on  the  body  surface  does  not 
conform  with  that  predicted  by  potential  flow  theory, 
as  a  consequence  of  the  interaction  between  the 
thick  boundary  layer  and  the  external  inviscid  flow. 
These  features  have  been  recognized  in  the  develop¬ 
ment  of  the  simple  integral  method  of  Patel  (1974) 
for  the  calculation  of  a  thick  axisymmetric  bound¬ 
ary  layer,  and  later  on,  in  the  formulation  of  the 
interaction  scheme  of  Nakayama,  Patel,  and  Landweber 
(1976a, b)  which  attempted  to  couple  the  boundary 
layer,  the  near  wake  and  the  external  inviscid  flow 
by  means  of  successive  iterations.  Although  the 
overall  iteration  scheme  proved  to  be  quite  success¬ 
ful,  the  treatment  of  the  boundary  layer  using  the 
integral  method,  and  particularly  its  extension  to 
calculate  the  near  wake,  required  many  assumptions 
which  remain  untested.  The  purpose  of  the  present 
work  was  therefore  to  develop  a  more  rational  pro¬ 
cedure  in  which  the  differential  equations  of  the 
thick  boundary  layer  and  the  near  wake  are  solved 
by  means  of  a  numerical  method,  since  it  appeared 
that  such  a  procedure  would  provide  not  only  a 
more  reliable  vehicle  for  the  extension  of  the 
boundary  layer  solution  into  the  wake,  but  also 
yield  the  detailed  information  on  the  velocity 
profiles  required  for  the  interaction  calculations. 
This  paper  describes  the  new  differential  method 
and  evaluates  its  performance  relative  to  the  inte¬ 
gral  method  as  well  as  the  available  experimental 
information . 


2.  DIFFERENTIAL  EQUATIONS  AND  TURBULENCE  MODEL 

In  the  (x,y,<(>)  coordinate  system  shown  in  Figure  1, 
x  and  y  are  distances  measured  along  and  normal  to 
the  body  surface,  respectively,  and  $  is  the  azi¬ 
muthal  angle.  As  shown  by  Patel  (1973)  and  Nakayama, 
Patel,  and  Landweber  (1976b),  the  momentum  equa¬ 
tions  of  a  thick  axisymmetric  turbulent  boundary 
layer  may  be  written 
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FIGURE  1.  Coordinate  system  and  notation. 
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and  the  continuity  equation  is 
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(rh  ^V)  =  0 


(2) 


(3) 


U  and  V  are  the  components  of  mean  velocity  in  the 
x  and  y  directions,  respectively;  h]  =  1  +  ry,  r 
being  the  lonqitudinal  surface  curvature;  :  -  -» uv 
+  t  :MJ/V*y,  where  .  is  density,  f.  is  viscosity  and 
-puv  is  the  Reynolds  stress;  r  =  rQ  ♦  y  cos  is  the 
radial  distance  measured  from  the  body  axis,  *• 
being  the  anqle  between  the  tangent  to  the  surface 
and  the  axis  of  the  body;  and  }.  is  the  static  pres¬ 
sure.  These  equations  resulted  from  order  of  mao- 
nit  ude  considerations  and  an  examination  of  the 
data  from  the  modified  spheroid  experiments  of 
Patel,  Nakayama,  and  Damian  (1974).  Specifically, 
from  Eq.  (2)  we  note  that  the  static  pressure  varies 
across  the  boundary  layer  anti  that  the  gradient  of 
the  pressure  in  the  direction  normal  to  the  surface 
is  associated  j  nnwrily  with  the  curvature  of  the 
mean  streamlines. 

Equations  (1),  (2),  and  (3)  also  apply  to  the 
wake,  with  »  -  0  and  •  =  0  (1.0.,  r  =  v) .  In  place 
of  the  no-slip  boundary  conditions  01.  the  body  sur¬ 
face,  however,  the  conditions  on  the  wake  center- 
line  are  'l'/  *y  =  0  and  :  =  0 . 

If  the  Reynolds  stress  is  determined  by  a  one- 
equation  model  using  the  turbulent  kinetic-energy 
equation,  as  proposed  by  Bradshaw,  Ferriss,  and 
Atwell  (1967),  then  the  appropriate  closure  equa¬ 
tion  for  the  flow  outside  the  viscous  sublayer  and 
the  blending  zone  is 


1  f  U_ 

2a  ]  |  h  j  rtx 


(4) 


with  the  usual  mixing  length.  G  and  £  are  assumed 
to  be  universal  functions  of  y/6,  where  f-  is  the 
boundary  layer  thickness.  The  particular  forms  of 
these  functions  proposed  by  Bradshaw  et  al.  (1967) 
for  a  thin  boundary  layer  have  gained  wide  accep¬ 
tance  and  have  proved  adequate  for  the  prediction 
of  a  variety  of  boundary  layers  developing  under 
the  influence  of  different  pressure  gradients  and 
upstream  history.  In  the  adoption  of  this  closure 
model  for  the  treatment  of  thick  boundary  layers 
and  wakes,  however,  it  is  necessary  to  consider  the 
influence  of  transverse  and  longitudinal  surface 
curvatures  on  the  turbulence. 

Figure  2  shows  the  conventional  transverse  and 
longitudinal  curvature  parameters  for  the  modified 
spheroid  and  low-drag  body  [Patel  and  Lee  (1977)]. 
The  ratio  of  the  boundary-layer  thickness  to  the 
transverse  radius  of  curvature,  t./rQ,  is  seen  to  be 
more  than  twice  as  large  in  the  latter  case  as  in 
the  former.  In  both  cases,  howeve  ,  -;/r0  is  less 
than  0.4  up  to  X/L  =  0.75,  so  that  the  boundary 
layers  may  be  regarded  as  thin  up  to  that  station. 
Over  the  rear  one-quarter  of  the  body  length,  the 
influence  of  transverse  curvature  would  prevail 
not  only  through  the  geometrical  terms  in  the  mo¬ 
mentum  and  continuity  equations  but  also  through 
any  direct  effect  on  the  turbulence.  The  precise 
nature  of  the  latter  is  not  known  at  the  present 
time  since  the  turbulence  is  also  aff<  ''ted  by  the 
longitudinal  curvature  of  the  streamlines  associated 
with  the  curvature  of  the  surface  as  well  as  the 
curvature  induced  by  the  rapid  thickening  of  the 
boundary  layer  over  the  tail. 

The  longitudinal  surface  curvature  parameter  t 
is  seen  to  be  quite  different  for  the  two  bodies. 

In  the  case  of  the  modified  spheroid,  the  curvature 
is  convex  up  to  X/L  -  0.933  and  zero  thereafter, 
while  that  of  the  low-drag  body  is  initially  convex 
and  becomes  concave  for  X/L  •  0.772.  Several 
recent  studies  with  nominally  two-dimensional  thin 
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where  a \  is  a  constant  (=0.15),  G  is  a  diffusion  ri  2.  Ratios  of  boundary-layer  thickness  to  the 

function  and  f  is  a  length-scale  function  identified  longitudinal  and  transverse  radii  of  surface  curvature. 
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turbulent  boundary  layers  (Bradshaw  (1969,  1973) , 

So  anti  Melior  (1972,  1973,  1975),  Meroney  and 
Bradshaw  (1975);  Ramaprian  and  Shivaprasad  (1977); 
Shivaprasad  and  Ramaprian  (1977) ]  have  indicated 
that  even  mild  (*.6-0.01)  longitudinal  surface 
curvature  exerts  a  dramatic  influence  on  the  turbu¬ 
lence  structure.  In  particular,  it  is  noted  that 
quantities  such  as  the  mixing  length  C,  the  struc¬ 
ture  parameter  a\  =  -uv/'q‘  and  the  shear-stress 
correlation  coefficient  uv/(*u‘  *v )  are  influenced 
markedly,  and  experiments  indicate  that  convex 
streamline  curvature  leads  to  a  reduction  in  these, 
whereas  concave  curvature  lias  an  opposite  effect. 

The  turbulence  measurements  on  the  modified  spheroid 
and  t he  low-drag  body  appear  to  confirm  these  ob- 
servatons  although  the  relative  influence  of  longi¬ 
tudinal  streamline  curvature  and  transverse  surface 
curvature  could  not  be  separated  readily. 

Bradshaw  (19"T3)  has  argued  that  whenever  a  thin 
turbulent  shear  layer  experiences  an  extra  rate  of 
strain,  i.e.,  in  addition  to  the  usual  9U/3y,  the 
response  of  the  turbulence  parameters  is  an  order 
of  magnitude  greater  than  one  would  expect  from 
an  observation  of  the  appropriate  extra  terms  in 
the  mean-flow  equations  of  momentum  and  continuity. 
For  THIN  shear  layers  and  SMALL  extra  rates  of 
strain  he  proposed  a  simple  linear  correction  for 
the  length  scale  of  the  turbulence,  vie. 
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(5) 


where  • 0  is  the  length  scale  with  the  usual  rate 
of  strain,  «  is  the  length  scale  with  the 

extra  rate  of  strain,  e,  and  *  is  a  constant  of 
the  order  of  10.  For  the  ax isymme tri c  boundary- 
layer  being  considered  here,  there  are  two  extra 
rates  of  strain; 

*  U  (6) 

"  f  Wy 

due  to  the  longitudinal  curvature,  and 
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due  to  the  convergence  or  divergence  of  the  stream¬ 
lines  (in  planes  parallel  to  the  surface)  associated 
with  the  changes  in  the  transverse  curvature.  The 
former  is  a  shearing  strain  while  the  latter  is  a 
plain  strain,  and  it  is  not  certain  whether  the 
two  effects  cun  be  added  simply  in  using  Eq.  (5) 
as  recommended  by  Bradshaw  (1973).  If  this  is  the 
case,  however,  we  would  expect  a  greater  reduction 
in  <  in  the  tail  region  of  the  modified  spheroid, 
where  »  is  positive  and  dr0/dx  is  negative,  than 
on  the  low-drag  body,  where  ►  becomes  negative  and 
would  therefore  tend  to  offset  the  influence  of 
the  negative  dr0/dx.  Although  the  available  data 
appear  to  bear  this  out  to  some  extent,  a  direct 
comparison  between  Eqs.  (5) ,  (6) ,  and  (7)  and  the 
data  was  not  attempted,  especially  in  view  of 
Bradshaw’s  [Bradshaw  and  Unsworth  (1976) ]  assertion 
that  F.q.  (5)  should  be  used  in  conjunction  with  a 
simple  rate  equation  which  accounts  for  the  up¬ 
stream  extra  rute-of-strain  history.  He  proposes 
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where  e  is  the  actual  rate  of  strain,  eeff  is  its 
effective  value  and  106  represents  the  "lag  length" 
over  which  the  boundary  layer  responds  to  a  change 
in  e.  In  order  to  determine  the  merit  of  this 
proposal,  it  is  of  course  necessary  to  incorporate 
it  in  an  actual  calculation  and  make  a  comparison 
between  the  predictons  and  measurement.  Such  an 
attempt  has  been  made  here. 

The  functions  and  G  used  in  the  present  study 
are  shown  in  Figure  3.  For  the  wake  calculation, 
the  linear  variation  of  i'0  in  the  wall  region  is 
replaced  by  the  constant  value  of  0.09,  as  shown 
by  the  dotted  line  in  the  figure.  The  local  dis¬ 
tribution  of  the  length  scale,  i,  is  thus  given  by 
Eqs.  (6)  through  (9)  while  the  diffusion  function, 
G,  and  the  structure  parameter,  a],  retain  their 
thin-boundary-layer  values. 


3.  SOLUTION  OF  THE  DIFFERENTIAL  EQUATIONS 

A  numerical  method  available  for  the  solution  of 
equations  corresponding  to  (1),  (3),  and  (4)  for 
a  thin  two-dimensional  boundary  layer  was  modified 
to  introduce  the  longitudinal-  and  transverse- 
curvature  terms.  Instead  of  incorporating  the  y- 
momentum,  Eq.  (2),  into  the  solution  procedure, 
however,  changes  were  made  such  that  a  prescribed 
variation,  across  the  boundary  layer,  of  the  pres¬ 
sure  gradient  3p/ >x  could  be  used.  This  implies 
that  the  pressure  field  is  known  a  priori.  The 
solution  of  Eqs.  (1),  (3),  and  (4)  together  with 
Eqs.  (6) ,  (7) ,  (8) ,  and  (9)  can  then  be  obtained 
through  step-by-step  integration  by  marching  down¬ 
stream  from  some  initial  station  where  the  velocity 
and  shear-stress  profiles  are  prescribed.  A 
•.taggered  mesh,  explicit  numerical  scheme,  similar 
to  that  used  by  Nash  (1969) ,  was  used  to  integrate 
the  equations  in  the  domain  between  the  first  mesh 
point  away  from  the  surface  (or  the  wake  center- 
line)  to  some  distance,  typically  1.25  6,  outside 
the  boundary  layer  and  the  wake.  The  fifteen  mesh 
points  across  the  boundary  layer  are  distributed 
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non-uniformly  to  provide  a  greater  concentration 
near  the  wall  and  the  wake  centerline.  Instead  of 
carrying  out  the  integration  of  the  equations  up 
to  the  wall,  i.e.,  through  the  viscous  sublayer 
and  the  blending  zone,  the  numerical  solution  at 
the  first  mesh  point,  located  in  the  fully  turbulent 
part  of  the  boundary  layer,  is  matched  to  the  wall 
using  the  law  of  the  wall.  In  the  extension  of  the 
method  to  the  wake,  the  matching  between  the  first 
mesh  point  and  the  wake  centerline  is  accomplished 
by  using  the  conditions  ZU/'dy  =  0  and  t  =  0  on  the 
centerline.  The  main  differences  between  the 
boundary  layer  and  wake  calculation  procedures  are 
therefore  the  treatment  of  the  flow  between  the 
first  mesh  point  and  the  wall  or  the  wake  center- 
line,  and  the  change  in  iQ  at  the  tail.  Note  that 
the  local  value  of  £  in  the  boundary  layer  as  well 
as  the  wake  is  different  from  due  to  the  lag, 

Eq.  (8) .  The  length  scale  recovers  the  reference 
distribution  CD  asymptotically  in  the  far  wake. 

Since  the  near  wake  data  from  the  low-drag  body 
indicated  that  most  of  the  adjustment  from  the 
boundary  layer  to  the  far  wake  is  accomplished  over 
roughly  five  initial  wake  thicknesses,  the  lag 
length  for  the  wake  calculation  was  taken  to  be 
5  c,  rather  than  10  6  used  for  the  boundary- layer 
calculation  on  the  basis  of  Bradshaw's  (1973)  sug¬ 
gestion.  Since  the  extra  rates  of  strain  vanish 
at  the  tail  (►  *  0,  dr0/dx  =  0),  the  length  scale 
approaches  the  v.Q  distribution  at  about  five  wake 
radii  downstream  of  the  tail. 

Preliminary  calculations  performed  with  the  dif¬ 
ferential  method  described  above  quickly  indicated 
that  the  extra  rates  of  strain  in  both  experiments 
were  much  larger  than  those  examined  by  Bradshaw 
(1973)  in  support  of  the  linear  length-scale 
correction  formula  of  Eq.  (8) .  In  fact,  the  use 
of  the  linear  formula  led  to  a  rapid  decrease  in  ?. 
and  indicated  almost  total  destruction  of  the 
Reynolds  stress  across  the  boundary  layer  in  the 
tail  region  and  the  near  wake.  In  view  of  this, 
recourse  was  made  to  a  non- linear  correction  formula 
in  the  form 


6eff ■-  1 
HU/^y 


(8a) 


which  reduces  to  the  linear  one,  Eq.  «ft),  for 
small  extra  rates  of  strain.  Equations  (1),  (3), 
and  (4) ,  together  with  (6) ,  (7) ,  (8a) ,  and  (9) , 
were  then  solved  with  the  following  inputs: 


A:  the  measured  wall  pressure  distribution  CpW 

(i.e.,  no  normal  pressure  variation)  and 
My/6)  =  ?0(y/6> 

B:  the  measured  CpW  with  My/6)  corrected  for 

only  the  longitudinal  curvature  (o  =  ef) 

C:  the  measured  Cpw  with  f (y/6)  corrected  for 

only  the  streamline  convergence  (e  =  e^-) 

D:  as  above,  but  with  e  =  e^  +  et 
E:  using  e  =  e^  -f  et  in  Eqs.  (8a)  and  (9),  and 
a  variable  ^p/3x  across  the  boundary  layer 
evaluated  by  assuming  a  linear  variation  in 
P  from  y  =  0  to  y  =  6  and  using  the  measured 
values  of  CpW,  Cp,^  and  6. 

Thus,  case  A  corresponds  to  an  axisymmetric  bound¬ 
ary  layer  with  thin,  two-dimensional  boundary- layer 
physics.  The  other  cases  enable  the  evaluation  of 
the  relative  influence  of  the  extra  rates  of  strain 
as  well  as  the  static  pressure  variation  through 


the  boundary  layer.  The  calculations  were  started 
with  the  velocity  and  shear-stress  profiles  mea¬ 
sured  at  X/L  =  0.662  on  the  modified  spheroid  and 
at  X/L  =  0.601  on  the  low-dray  body. 


4.  COMPARISONS  WITH  EXPERIMENT 


The  major  results  of  the  calculations  are  summarized 
in  Figure  4(a-k)  for  the  low-drag  body  and  in 
Figure  5(a-h)  for  the  modified  spheroid.  However, 
in  the  latter  case  the  calculations  are  restricted 
to  the  boundary  layer  since  detailed  measurements 
were  not  made  in  the  wake.  Both  figures  contain 
comparisons  between  the  experimental  and  calculated 
velocity,  shear-stress,  and  mixing-length  profiles 
at  a  few  representative  axial  stations  as  well  as 
the  development  of  the  integral  parameters,  62,  ^2 • 
H,  H,  and  Cf,  with  axial  distance.  These  parameters 
are  defined  by 


6,  = 


(1  -  o-ldy. 
6 


=  f0 

n 


H  «  6  i/d  ?  (10) 


(1  -  — )rdy, 

6 


,6  U  U  .  . 

=  ;o  u7  (1  -  uT  rdy' 

6  6 


H  =  Aj/Ap 


(11) 


and 


(12) 


Where  is  the  velocity  component  at  the  edge  of 
the  boundary  layer  and  wake  (y  =  6) ,  tangent  to  the 
body  surface  for  the  boundary  layer  and  parallel 
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FIGURE  4(a).  Comparison  of  measurements  with  the  solu¬ 
tion  of  the  differential  equations,  low-drag  body.  Ve¬ 
locity  and  shear  stress  profiles  at  X/L  =  0.920. 
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to  the  axis  for  the  wake.  In  the  interest  of  clar¬ 
ity,  the  results  of  all  the  calculations  (cases  A 
through  E)  are  shown  only  at  one  axial  station 
(Figure  4b  and  5b) ,  those  at  other  stations  beinq 
qualitatively  similar. 

Cons idcr inq  the  most  detailed  fiqures,  4b  and 
5b,  first,  it  is  clear  that  the  predictions  are 
rather  poor  when  the  length  scale,  V,  is  assumed 
to  be  the  same  as  that  in  a  thin  boundary  layer 
(case  A) .  This  is  particularly  evident  in  the  pre¬ 
diction  of  the  shear-stress  profiles  across  the 
boundary  layer  and  the  near  wake.  incorporation 
of  the  correction  to  ?  to  account  for  the  extra 
rate  of  strain  due  to  longitudinal  curvature  (case 
B)  leads  to  a  marginal  improvement  in  the  case  of 
the  low-drag  body  and  a  dramatic  improvement  for 
the  modified  spheroid.  This  is  to  be  expected  in 
view  of  the  grossly  different  surface  curvature 
histories  of  the  two  bodies  as  noted  earlier 


(Figure  2).  Nevertheless,  it  is  clear  that  this 
correction  by  itself  is  not  sufficient  to  account 
for  the  differences  between  the  data  and  the  calcu¬ 
lations  with  thin  boundary- layer  turbulence  models 
(case  A) .  The  application  of  the  correction  for 
the  extra  rate  of  strain  due  to  the  transverse 
curvature  (case  C)  appears  to  account  for  a  major 
portion  of  these  differences  for  both  bodies.  The 
influence  of  transverse  curvature  is  in  fact  seen 
to  be  somewhat  larger  for  the  low-drag  body  as 
would  be  expected  from  the  fact  that  6/r0  is  greater 
in  that  case  (Figure  2) .  The  simple  addition  of 
the  effects  of  the  two  rates  of  strain  (case  D) 
leads  to  a  significant  improvement  in  the  prediction 
of  both  the  velocity  profiles  and  the  shear  stress 
profiles.  The  incorporation  of  a  variable  pressure 
gradient  across  the  boundary  layer  (case  E) ,  which 
is  an  attempt  to  account  for  the  normal  pressure 
gradients,  appears  to  make  a  significant  improve- 
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mont  in  the  prediction  of  the  velocity  profile  in 
the  case  of  the  modified  spheroid,  but  its  influence 
is  small,  and  confined  to  the  outer  part  of  the 
boundary  layer,  in  the  case  of  the  low-drag  body. 

Examination  of  the  velocity  and  shear-stress 
profiles  at  several  axial  stations  shown  in  Figures 
4a-f  and  5a-c  suggests  that  the  incorporation  of 
the  non-linear  length-scale  correction  of  Eq.  (8a) , 
the  associated  rate  Kq.  (9)  and  the  static-pressure 
variation  in  the  equations  of  the  thick  boundary 
layer,  which  already  include  the  direct  longitudinal 
and  transverse  curvature  terms,  leads  to  satis¬ 
factory  overall  agreement  with  the  data  for  both 
bodies.  It  is  particularly  noteworthy  that  the 
velocity  and  shear  stress  distributions  in  the 
far  wake  (X/L  -  2.472)  of  the  low-drag  body  are 
predicted  with  good  accuracy.  The  level  of 
agreement  can  obviously  be  improved  further  by 
appropriate  modifications  in  the  empirical  functions 
in  the  turbulent  kinetic-energy  equation  and  changes 
in  the  iaq- length  used  in  the  length-scale  equation. 
The  predictions  of  the  shear  stress  profiles  arc 
consistent  with  those  of  the  mixing- length  distri¬ 
butions  shown  in  Figures  4g  and  5e  insofar  as  lower 
shear  stresses  correspond  to  an  over  correction  in 
the  mixing  length.  These  comparisons  provide 
further  insight  into  the  manner  in  which  the  length 
scale  must  be  modified  to  improve  the  correlation 
between  the  calculation  method  and  experiment.  It 
is  apparent  that  the  consistent  discrepancy  between 
the  calculated  and  measured  velocity  and  shear- 
stress  profiles  near  the  outer  edge  of  the  boundary 
layer  and  wake  stems  from  a  poor  representation  of 
the  length  scale  distribution. 

It  is  interesting  to  note  that,  for  both  bodies 
the  calculation  procedure  predicts  normal  components 
of  mean  velocity  which  are  of  the*  same  order  of 
magnitude  as  those  measured.  The  relatively  close 
agreement,  between  the  predictions  and  experiment, 
for  both  components  of  velocity  is  perhaps  a  good 
indication  of  the  axial  symmetry  achieved  in  the 
experiments.  The  large  values  of  the  normal  veloc¬ 
ity  and  the  influence  of  static  pressure  variation 
noted  above  would  appear  to  indicate  that  incorpora¬ 
tion  of  the  y-momentum  equation  in  the  calculation 
procedure  would  be  worthwhile.  Note  that  this  has 
been  avoided  in  the  present  calculations  by  using 
the  measured  pressure  distributions  at  the  surface 
and  the  outer  edge  of  the  boundary  layer. 

Finally,  the  comparisons  made  in  Figures  4  (  i-k) 
and  5  (o-h)  with  respect  to  the  integral  parameters 
show  several  interesting  and  consistent  features. 

It  is  observed  that  the  prediction  of  the  physical 
thickness  of  the  boundary  layer  and  the  wake  is 
insensitive  to  the  changes  in  t  as  well  as  the  in¬ 
clusion  of  static  pressure  variation.  The  under 
estimation  of  the  thickness  is  associated  with  tire 
discrepancy,  noted  earlier,  in  the  velocity  profile 
near  the  outer  edge  of  the  boundary  layer  and  wake. 
The  planar  momentum  thickness  and  the  momentum- 
deficit  area  are  also  insensitive  to  changes  in 
The  variation  of  st.it  ic  pressure  across  the* 
boundary  layer  appears  to  make  a  small  but  not  ice- 
able  contribution  to  the  development  of  \,  in  both 
cast's.  However,  it  is  not  large  enough  to  account 
for  the  differences  between  the  calculations  anti 
experiment.  The  predictions  of  the  shape  parameters, 
11  anti  H,  presented  in  Figures  4  j  and  r»«i,  appear  to 
be  «;at  isfa  dory,  especially  in  view  of  the  rather 
large  scale  of  the  plots.  Nevertheless,  tire  re  is 
a  systematic  difference  between  the  data  and  tire 


calculation  in  the  tail  region  and  wake  of  the  low- 
drag  body.  As  indicated  earlier,  this  carr  be  im¬ 
proved  by  modifications  in  the  empirical  functions 
and  the  lag  length.  The  predictions  of  the  wall 
shear  stress,  shown  in  Figures  4k  and  5h,  indicate 
that  the  present  method  gives  acceptable  results 
for  both  bodies. 


5.  COMPARISONS  WITH  THE  INTEGRAL  APPROACH 

An  integral  method  for  the  calculation  of  a  thick 
axi symmetric  boundary  layer  was  described  by  Patel 
(1974)  and  its  extension  to  the  wake  was  proposed 
by  Nakayama,  Patel,  and  Landweber  (1976b).  A  few 
possible  improvements  in  this  method  were  examined 
recently  reLative  to  the  description  of  the  velocity 
profiles  in  the  near  wake  and  these  are  discussed 
by  Patel  and  Lee  (1977).  The  most  recent  version 
of  this  method  has  been  used  here  to  calculate  the 
development  of  the  boundary  layer  and  the  wake  of 
the  low-drag  body  in  order  to  assess  its  performance 
relative  to  the  experimental  data  (which  were  not 
available  at  the  time  the  method  and  its  extension 
were  proposed)  and  the  more  elaborate  differential 
me  t  hod . 

The  results  of  the  calculations  are  shown  in 
Figure  6.  It  is  seen  that  the  performance  of  the 
integral  method  is  comparable  with  that  of  the 
differential  method  (compare  Figures  4h-k  with 
6a-d)  with  respect  to  the  prediction  of  the  bound¬ 
ary  layer  up  to  the  tail.  The  prediction  of  the 
near  wake  is,  however,  distinctly  inferior  to  that 
of  t  lie  differential  method,  particular  with  respect 
to  the  physical  thickness  >'  and  momentum  deficit 
area  A#*.  The  main  conclusion  to  emerge  from  those 
calculations  is  that  the  integral  method  is  capable 
of  giving  a  good  overall  description  of  the  flow 
features  with  considerably  less  computing  effort. 

The  differential  approach  is  to  be  preferred,  how¬ 
ever,  since  it  affords  the  opportunity  for  further 
refinement-  and  gives  greater  details  which  may  be 
necessary  for  many  applications.  A  more  thorough 
discussion  of  tin-  integral  method  and  its  short¬ 
comings  is  given  in  Patel  and  Leo  (1977). 


6.  CONCLUSIONS 

From  the  present  solutions  of  the  differential 
equations,  using  the  (one-equation)  turbulent 
kinetic-energy  model  of  Bradshaw,  Ferriss,  and 
Atwell  (llH>7),  it:  is  clear  that  methods  developed 
for  thin  shear  layers  cannot,  be  relied  upon  to  pre¬ 
dict  the  behavior  of  the  thick  boundary  layer  and 
wake  of  a  body  of  revolution.  Although  these  cal¬ 
culations  have  demonstrated  that  the  boundary- layer 
calculation  can  he  readily  extended  to  the  wake 
ami  that  a  fairly  satisfactory  prediction  procedure 
can  be  developed  bv  incorpoi at i ng  ad  hoc  corrections 
to  the  model  for  the  extra  rates  of  strain,  along 
tlu*  lines  recommended  by  Bradshaw  (1^73),  it  is 
indeed  surprising  that  such  modifications,  proposed 
originally  for  small  extra  rates  of  strain  and  thin 
shear  layers,  work  so  well  for  the  two  bodies  which 
are  substantially  different  in  shape.  In  keeping 
with  recent  t  rends  in  tire  formulation  of  turbulence 
models,  one  inquires  whether  thick  axi symmetric 
boundary  layers  and  near  wakes  ought  to  be  treated 
by  the  so-called  two-equation  models.  From  the 
rapid  changes  in  the  mi xi ng- lengt h  indicated  by 
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prediction  of  the  thick  boundary  layer.  Its  ex¬ 
tension  to  the  wake  is  not  altogether  satisfactory 
and  this  is  attributed  largely  to  the  lack  of  a 
systematic  procedure  for  the  description  of  the 
velocity  profiles  in  the  near  wake.  This  method 
is  ideally  suited,  however,  for  rapid  calculations 
to  determine  the  state  of  the  boundary  layer  in  the 
tail  region  for  certain  applications. 
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the  data,  this  would  appear  to  be  desirable  since 
it  would  provide  an  extra  equation  for  the  length- 
scale  of  the  turbulence  in  addition  to  that  for 
its  intensity.  This  would  also  enable  the  incorpo¬ 
ration  of  the  variations  in  the  structure  parameter, 
at,  observed  in  the  experiments.  However,  the 
recent  work  of  Launder,  Priddin  and  Sharma  (1977) 
and  Chambers  and  Wilcox  (1977)  indicates  that  even 
two-equation  models,  at  least  of  the  type  available 
at  the  present  time,  require  further  modifications 
to  account  for  the  extra  rates  of  strain  stemming 
from  such  effects  as  streamline  curvature,  stream¬ 
line  convergence,  and  rotation,  two  of  which  are 
present  in  the  case  examined  here. 

In  addition  to  the  problem  of  turbulence  models, 
the  thick  boundary  layer  and  the  near  wake  contain 
the  complication  of  normal  pressure  gradients.  The 
available  data  show  that  there  exist  substantial 
variations  of  static  pressure  across  the  boundary 
layer.  The  calculations  presented  here  as  well 
as  those  performed  with  the  integral  method  by  Patel 
and  Lee  (1977),  suggest  that  the  influence  of  the 
normal  pressure  gradients  on  the  development  of 
the  boundary  layer  and  the  near  wake  is  not  negli¬ 
gible  although  it  is  masked  by  the  rather  major 
effects  of  the  transverse  and  longitudinal  surface 
curvatures  on  the  turbulence.  If  normal  pressure 
variations  are  to  be  taken  into  account  in  a  method 
based  on  the  differential  equations,  it  is  neces¬ 
sary  to  include  the  y-momentum  equation  in  the 
solution  procedure  and  regard  the  pressure  as  an 
additional  unknown.  This  is  perhaps  best  accom¬ 
plished  by  means  of  an  iterative  scheme  such  as 
that  proposed  by  Nakayama ,  Patel,  and  Landweber 
(1976a, b) ,  although  other  possibilities  can  be  ex¬ 
plored.  In  view  of  the  success  of  the  present  dif¬ 
ferential  method,  it  is  proposed  to  incorporate 
the  present  method  in  this  iterative  scheme,  in 
place  of  the  integral  method,  to  study  the  viscous- 
inviscid  interaction  in  the  tail  region  in  greater 
deta i 1 . 

The  representative  calculations  presented  in 
Section  5  demonstrate  the  overall  reliability  of 
the  simple  integral  method  of  Patel  (1974)  for  the 
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ABSTRACT 

Measurements  of  static:  pressure  distributions,  mean 
velocity  profiles,  and  distributions  of  turbulence 
intensities  and  Reynolds  stress  were  made  across  the 
stern  boundary- layers  on  two  axisymmetric  bodies. 

In  order  to  avoid  tunnel  blockage,  the  entire  after¬ 
body  was  placed  in  the  open- jot  test  section  of  the 
DTNSRDO  Anechoic  Wind  Tunnel.  The  numerical  itera¬ 
tion  scheme  which  uses  the  boundary  layer  and  open 
wake  displacement  body  in  found  to  model  satisfac¬ 
torily  the  interaction  between  the  thick  stern  bound¬ 
ary  layer  and  the  external  potential  flow.  The 
measured  static*  pressure  distributions  across  the 
entire'  stern  boundary  layer  and  the  near  wake  are 
predicted  well  by  potential  flow  computations  for 
the’  displacement  bodies.  The  measured  distributions 
of  mean  velocity  and  eddy  viscosity  over  the  stern, 
except  in  the  tail  reqion  <X/L  v  0.90),  are  also 
well-predicted  when  the  Douglas  CS  differential 
boundary- layer  method  is  used  in  conjunction  with 
the  inviseid  pressure  distribution  on  the  displace¬ 
ment  body.  However,  the  measured  distributions  of 
turbulence  intensity,  eddy  viscosity,  and  mixinq- 
lenqth  parameters  in  the  tail  reqion  are  found  to 
be  much  smaller  than  those  of  a  thin  boundary  layer. 
An  approximate  similarity  character ist ic  for  the 
thick  axisymmetric  stern  boundary  layer  is  obtained 
when  the  mixing- length  parameters  in  the  tail  reqion 
are  normalized  by  the  square-root  of  the  boundary- 
layer  cross-sectional  area  instead  of  the  boundary- 
layer  thickness. 


1.  INTRODUCTION 

Many  sinqle-serew  ship  propellers  operate  inside  of 
thick  stern  boundary  layers.  An  accurate  prediction 
of  velocity  inflow  to  the  propeller  is  essential  to 
meet  the  ever-increasing  demand  for  improving  pro¬ 
peller  performance.  Huang  ot  al.  (1976)  used  a 
Laser  Doppler  Ve  loci  me  ter  (I.DV)  to  measure  the  ve¬ 


locity  profiles  on  axisymmetric  models  with  and 
without  a  propeller  in  operation.  The  measured 
difference  between  these  velocity  profiles  has 
provided  the  necessary  clues  to  formulate  an  inviseid 
interaction  theory  for  propellers  and  thick  boundary 
layers.  An  iterative  scheme  was  employed  to  compute 
the  velocity  profiles  of  the  thick  axisymmetric 
boundary  layer.  In  this  approach,  the  initial 
boundary- layer  computation  proceeds  making  use*  of 
the  potential-flow  pressure  distribution  on  the  body 
iHess  and  Smith  (1966)1.  The  flow  calculations  are 
then  repeated  for  a  modified  body  and  wake  qoometry, 
by  adding  the  computed  local  displacement  thickness 
as  suggested  by  Preston  (1945)  and  Lighthill  (1958). 
Potential- flow  methods  are  then  used  to  compute  the 
pressure  distribution  around  the  modified  body  and 
the  boundary- layer  calculations  are  repeated  usinq 
the  new  pressure  distribution.  The  basic  iterative 
scheme  is  continued  until  the  pressure  distributions 
on  the  body  from  two  successive  approximations  agree 
to  within  a  qiven  error  criterion  (1  percent). 

The  Douglas  CS  differential  boundary- layer  method 
[Cobeei  and  Smith  (1974)],  modified  to  properly  ac- 
acount  for  the  effects  of  transverse  curvature,  was 
used  to  calculate  the  boundary- layer  over  the  axi¬ 
symmetric  body.  The  integral  wake  relations  qiven 
by  Granville  (1958)  were  used  to  calculate  the  dis¬ 
placement  thickness  in  the  wake.  In  the  stern/ 
near-wake  region  (0.95  1  X/L  -  1.05),  where  X  is  the 
axial  distance  from  the  nose  and  L  is  the  total 
length,  a  f i f th-degrec  polynomial  was  used,  with 
the  constants  determined  by  the  condition  that  the 
thickness,  slope,  and  curvature  be  equal  to  those 
calculated  by  the  boundary-layer  method  at  X/L  - 
0.95  and  by  the  integral  wake  relations  at  X/L  - 
L.05.  Comparison  with  experimental  results  of  Huang 
ot  al.  (1976)  show  that  the  potential-flow/boundary- 
layer  interaction  computer  program  predicts  accurate 
values  of  pressure,  shear  stress,  and  velocity  pro¬ 
files  over  the  forward  90  percent  of  the  bodies, 
where  the  boundary  layers  are  thin  compared  with 
the  radii  of  the  bodies.  Over  the  last  10  percent 
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of  body  lenqth,  the  measured  shear  stress  and  ve-  lines  of  the  fictitious  displacement  body.  Thus, 

loeity  profiles  became'  smaller  than  those  predicted  the  nonuniform  static  pressure  distributions  across 

by  the  theory.  These  differences  are  more  notice-  the  thick  stern  boundary  layer  can  be  interpreted 

able  over  the  last  5  percent  of  the  body  lenqth  mainly  as  an  inviscid  phenomenon  and  can  be  assumed 

where  the  boundary-layer  thicknesses  are  qreater  to  have  little  effect  on  the  stern  boundary- layer 

than  the  radii  of  the  bodies,  especially  for  fuller  development. 

sterns.  Two  ax i symmetric  bodies  without  flow  separation. 

In  order  to  examine  the  th-ck  stern  boundary-  Afterbodies  1  and  2  of  Huanq  et  al.  (1976),  were 

layer  properties  in  detail,  it  is  necessary  to  chosen  for  this  invest iqat ion .  Their  geometric 

measure  the  distributions  of  static  pressure,  tur-  simplicity  offers  considerable  experimental  and 

bulence  intensities  and  Reynolds  stress  across  the  computational  convenience  in  treatinq  fundamental 

thick  stern  boundary  layer.  The  magnitudes  of  the  aspects  of  thick  stern  boundary  layers.  Afterbody 

eddy  viscosity  and  the  mixing-length  parameter  were  1  is  a  fine  convex  stern  while  Afterbody  2  is  a 

determined  and  compared  with  those  obtained  for  full  convex  stern. 

thin  boundary  layers.  It  is  found  that  the  eddy  In  the  following  discussion,  the  experimental 

viscosity  and  the  mixinq  lenqth  for  thick  boundary  techniques  and  geometries  of  the  model  are  given 

layers  are  smaller  than  those  of  thin  boundary  in  detail.  The  measurements  of  mean  velocities, 

layers.  An  improvement  to  the  Douglas  CS  differ-  turbulence  intensities,  and  Reynolds  stresses  were 

ential  method  can  bo  made  by  modifying  the  mixinq-  analyzed  to  obtain  eddy  viscosity  and  mixing  length, 

length  model  in  the  tail  region.  The  distributions  The  application  of  the  present  results  to  improve- 

of  measured  static  pressure,  which  were  found  to  be  mont  of  the  accuracy  of  boundary-layer  computations 

nonuniform  across  the  thick  stern  boundary  layers  over  the  entire  stern  is  outlined, 

and  near  wake,  can  be  approximated  very  well  by 
potential  flow  computations  for  the  displacement 

bodies.  The  gross  curvature  effects  of  the  mean  2.  WIND  TUNNEL  AND  MODELS 

streamlines  on  the  static  pressure  distributions 

outside  the  displacement  surface  are  represented  The  experimental  investigation  was  conducted  in  the 

very  well  by  those  of  the  jxjtont i al- f low  stream-  wind  tunnel  of  the  DTNSkDO  anechoic  flow  facility. 
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The  wind  tunnel  has  a  2.44  m  by  2.44  m  closed- jet 
test  section,  followed  by  a  7.1b  m  by  7.U>  m  open- 
jet  test  section.  The  lenqth  of  the  open- jet  sec¬ 
tion  is  0.40  m.  The  maximum  air  speed  which  can 
be  achieved  is  01  m/sec;  in  the  present  experiments, 
the  velocity  of  the  wind  tunnel  was  held  constant 
at  10. 4H  m/sec.  The  measured  ambient  turbulence 
level  in  the  open- jet  test  section  without  the  model 
in  place  was  0.1  percent.  Integration  of  the  mea¬ 
sured  noise  spectrum  levels  in  the  open- jet  test 
section,  over  the  frequency  range  of  0  to  10,000  Hz, 
indicated  that  the  typical  background  acoustic 
noise  at  .10.48  m/sec  was  around  93  db  re  0.0002 
dyn/cm' .  These  levels  of  ambient  turbulence  and 
acoustic  noise  were  considered  low  enough  so  as  not 
to  unfavorably  affect  the  measurements  of  boundary- 
layer  characteristics. 

Two  axisymmet ric  convex  afterbodies  without 
stern  separation  were  used  for  the  present  experi¬ 
mental  investigation.  Their  afterbody  length/ 
diameter  ratios  (L./D)  wore  4.308  and  2.247.  The 
detailed  offsets  for  Models  1  and  2  are  given  in 
Tables  1  and  2.  Each  afterbody  was  connected  to  a 
parallel  middle  body  of  length  and  an  existinq 
streamlined  forebody  with  a  bow-entrance  length 
diameter  ratio  (i^./D)  of  1.82.  The  total  length 
of  each  model  (L)  is  fixed  at  a  constant  value  of 
3.066  m.  The  diameter  of  the  parallel  middle  body 
(rmax)  is  27.94  cm.  The  common  forebody  and  a 
portion  of  the  parallel  were  constructed  of  wood. 

TABLE  2  -  Offsets  for  Model  2 


The  afterbody  and  the  remaining  portions  of  the 
parallel  middle  body  were  constructed  of  molded 
fiberglass;  specified  profile  tolerances  were  held 
to  less  than  !o . 4  mm,  all  imperfections  were  re¬ 
moved,  meridians  were  faired,  and  the  fiberglass 
was  polished  to  a  0.64 -mi cron  rms  surface  finish. 

The  tail  ends  of  the  afterbody  wore  shaped  to  ac¬ 
commodate  the  hub  of  an  existing  propeller.  This 
modification  caused  a  considerable  change  of  body 
curvature  in  the  region  of  X/L  2  0.96.  However, 
as  will  be  seen  later,  the  thicknesses  of  the 
boundary  layer  in  this  region  are  much  larger  than 
the  local  radii  of  the  body.  This  deficiency  does 
not  cause  serious  degradation  of  boundary- layer 
flow  at  that  point. 

The  model  was  supported  by  two  streamlined  struts 
separated  by  roughly  one -third  of  the  model  length. 
The  upstream  strut  had  a  15  cm  chord  and  the  down¬ 
stream  strut  a  3  cm  chord.  The  disturbances  gener¬ 
ated  by  the  supporting  struts  were  within  the  region 
below  the  horizontal  centerplane.  Prior  to  the 
experiments,  pressure  taps  and  Preston  tubes  were 
used  to  check  the  axisymmetric  characteristics  of 
the  stern  flow  at  X/L  -  0.90,  0.95,  and  0.98.  The 
circumferential  variations  of  pressure  and  surface 
shear  stress  on  the  upper  half  of  the  two  after¬ 
bodies  at  these  three  locations  were  within  two 
percent.  All  the  final  measurements  were  made  in 
each  body’s  vertical  centerplane  along  the  upper 
meridian  where  there  was  little  extraneous  effect 
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from  tho  supporting  strut.  One  half  of  the  model 
length  protruded  from  the  closed-jet  working  sec¬ 
tion  of  the  wind  tunnel  into  the  open- jet  test 
section.  The  ambient  static  pressure  coefficients 
across  and  along  the  entire  open- jet  chamber  (7.16 
'  7.16  '  6.4  m)  were  found  to  vary  less  than  0.3 
percent  of  dynamic  pressure.  The  tunnel  blockage 
and  the  longitudinal  pressure  gradient  along  the 
tunnel  length  were  almost  completely  removed  by 
testing  the  afterbody  in  the  open- jet  test  section. 

The  location  of  boundary-layer  transition  from 
laminar  to  turbulent  flow  was  artifically  induced 
by  a  0.61  mm  diameter  trip  wire  located  at  X/L  - 
0.05.  When  the  flow  was  probed  with  a  hot-wire, 
the  trip  wire  was  found  to  effectively  stimulate 
the  flow  at  a  location  1  cm  downstream  from  the 
wire.  As  a  result  of  the  parasitic  drag  of  the 
wire,  the  boundary  layer  can  be  theoretically  con¬ 
sidered  to  become  turbulent  at  a  virtual  origin 
upstream  of  the  trip  wire.  This  virtual  origin  for 
the  turbulent  flow  is  defined  such  that  the  sum  of 
the  laminar  frictional  drag  from  the  body  nose  to 
the  trip  wire,  the  parasitic  drag  of  the  trip  wire, 
and  the  turbulent  frictional  drag  after  the  trip 
wire  equals  the  sum  of  the  laminar  frictional  drag 
from  the  nose  to  the  virtual  origin  and  the  turbu¬ 
lent  frictional  drag  from  the  virtual  origin  to 
the  after  end  of  the  model  [McCarthy  et  al.  (1976)]. 
The  location  of  the  virtual  origin  on  the  forebody 
with  a  0.61  mm  trip  wire  at  X/L  =  0.05  was  found 
to  bo  at  X/L  =  0.015  for  a  length  Reynolds  number 
of  5.9  '  10*’.  The  location  of  transition  in  the 
mathematical  model  for  the  present  boundary- layer 
calculation  is  specified  at  this  virtual  origin. 

Tin?  length  Reynolds  number  based  on  the  distance 
from  the  trip  wire  to  the  end  of  the  parallel  middle 
body  is  larger  than  for  4  *  10 ' ’  for  the  two  after¬ 
bodies.  It  can  be  assumed  that  a  fully  established 
axi symmetric  turbulent  boundary  layer  exists  at  the 
beginning  of  the  afterbody  and  that  the  trip  wire 
has  no  peculiar  effect  on  the  boundary- layer  char¬ 
acteristics  of  the  stern. 


3.  INSTRUMENTATION 

A  1.83-cm  Preston  tube  was  taped  to  the  stern  at 
successively  further  aft  locations  in  order  to 
measure  the  shear  stress  distribution  along  the 
upper  meridian  of  each  stern.  The  Preston  tube 
used  was  calibrated  in  a  2.54-cm  water  pipe  flow 
facility  described  by  Huang  and  von  Kerczek  (1972). 
Pressure  taps  (0.8  mm  diameter)  were  used  to  mea¬ 
sure  steady  pressures  at  the  same  locations  as  the 
Preston  tubes.  The  taps  were  connected  by  "Tygon” 
plastic  tubes  to  a  scanning  valve  located  inside 
the  model.  The  output  tube  from  the  scanning  valve 
was  run  from  the  model  through  the  supporting  strut 
to  a  precision  pressure  transducer  located  on  the 
quiescent  floor  of  the  open- jet  chamber.  The  pres¬ 
sure  transducer  was  a  Validyne  Model  DP  15-560  de¬ 
signed  fot  measuring  low  pressure  up  to  ±  1.4  *  lo'4 
dyn/cm*  (±0.2  psi) .  The  zero-drift,  linearity,  and 
hysteresis  of  this  transducer  system  wore  carefully 
checked  and  the  overall  accuracy  was  found  to  be 
wit]) in  0.5  percent  of  the  dynamic  pressure. 

A  Prandt l  type  pitot-static  pressure  probe  of 
1.125-mm  diameter  with  four  equally  spaced  holes 
Located  at  three  diameters  aft  of  the  nose  was  used 
to  measure  static  pressure  across  the  boundary 
layer.  The  yaw  sensitivity  of  the  static  pressure 


probe  was  examined  by  yawing  the  probe  in  the  f roe- 
stream.  It  was  found  that  the  measured  static  pres¬ 
sure  was  insensitive  to  the  probe  angle  up  to  5° 
yaw.  The  response  of  measured  static  pressure  to 
probe  angle  was  nearly  a  cosine  function  of  yaw 
angle  for  yaw  angles  less  than  15°.  The  static 
pressure  probe  was  aligned  parallel  to  the  model 
axis  for  all  of  the  static  pressure  measurements. 

The  local  angles  between  the  resultant  velocity  of 
the  boundary- layer  flow  and  probe  axis  were  found 
to  be  less  than  15°  (5°  for  most  cases).  The  maxi¬ 
mum  static  pressure  coefficient  in  the  boundary 
layer  was  less  than  0.2.  Thus,  the  error  in  the 
measured  static  pressure  caused  by  not  aligning  the 
probe  with  the  local  flow  was  less  than  0.8  percent 
of  the  dynamic  pressure. 

The  mean  axial  and  radial  velocity  components 
and  the  Reynolds  stress  were  measured  by  a  TSI,  Inc. 
Model  1241  "X"  wire.  The  probe  elements  were  0.05 
mm  in  diameter  with  a  sensing  length  of  1.0  mm. 

The  spacing  between  the  two  cross  elements  is  1.0 
mm.  A  two-channel  TSI  Model  1050-1  hot-wire  ane¬ 
mometer  and  linoarizor  were  used.  The  "X"  wire, 
together  with  temperature  compensated  probes,  were 
calibrated  at  the  factory  and  supplied  with  their 
individual  linearization  polynomial  coefficients. 

This  eliminated  the  time-consuming  linearization 
process.  The  frequency  response  of  the  anemometer 
system  claimed  by  the  manufacturer  is  dc  to  200  kHz. 
Calibration  of  the  "X"  wire  was  made  before  and  after 
each  sot  of  measurements.  It  was  found  that  this 
hot-wire  anemometer  system  had  a  ±0.5  percent  ac¬ 
curacy  (±0.15  m/s  accuracy  at  the  free  stream  ve¬ 
locity  of  30.5  m/sec)  during  the  entire  experiment. 
The  accuracy  of  cross-flow  velocity  measurements 
by  the  cross  wire  was  estimated  by  yawing  the  cross¬ 
wire  in  the  free  stream.  It  was  found  that  the  ac¬ 
curacy  of  the  measured  cross-flow  velocities  was 
about  one  percent  of  the  free  stream  velocity. 

The  linearized  signals  were  fed  into  a  Time/Data 
Model  1923-C  Real-Time  analyze) .  Both  channels  of 
analog  signal  were  digitized  at  a  rate  of  80  points 
per  second  tor  ten  seconds.  These  data  were  imme- 
diametely  analyzed  by  a  computer  code  to  obtain  the 
individual  components  of  mean  velocity,  turbulence 
fluctuation,  and  Reynolds  stress  on  a  real  time 
basis. 

A  traversing  system  enclosed  in  a  15  cm  chord, 
streamlined  strut  was  used  to  support  both  the 
static  pressure  probe  and  the  cross-wire  probe.  The 
traversing  system  was  mounted  either  on  an  I-beam 
along  the  axis  of  the  lower  floor  of  the  open- jet 
chamber  or  on  the  ceiling  of  the  closed- jet  section. 
The  combination  of  these  two  mounting  arrangements 
allowed  the  measurements  to  be  made  at  any  axial 
location  along  the  stern  and  up  to  50  percent  of 
the  body  length  downstream  from  the  aft  end  of  the 
body.  Positioning  of  the  traversing  system  was 
achieved  by  manual  adjustment  in  the  axial  direction 
and  by  remote  control  in  the  radial  direction.  The 
total  radial  traverse  of  the  probe  was  25  cm.  The 
radial  position  of  the  probe  was  monitored  by  a 
potentiometer  to  with  a  ±0.01  mm  accuracy. 


4.  COMPARISON  OF  EXPERIMENTAL  AND  THEORETICAL 
RESULTS 

In  the  following,  the  experimental  results  for  the 
thick  stern  boundary  layers  are  presented  and  com¬ 
pared  with  theoretical  results.  The  theories  used 
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in  the  comparison  are  the  Douqlas  CS  differential 
boundat y- layer  method  in  conjunction  with  the  dis¬ 
placement  body  concept.  The  iteration  procedures 
for  numerical  computation  are  given  by  Huang  et  al 
(107b).  In  this  investigation,  the  displacement 
body  concept  for  solving  the  interaction  between 
the  thick  stern  boundary  layer  and  potential  flow 
will  be  examined  and  an  eddy-viscosity  model  will 
be  evaluated. 


suggest  that  the  displacement  body  concept  as  used 
by  Huang  et  al.  (1976)  permits  accurate  computation 
of  the  pressure  distribution  on  the  stern. 

The  measured  and  computed  distributions  of  local 
shear  stress,  CT ,  are  compared  in  Figure  3.  The 
agreement  between  theory  and  measurement  is 
also  very  good  for  both  afterbodies  except  for 
x/L  >  0.95  where  the  measured  values  of  CT  are  lower 
than  the  computed  values. 
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Measured  and  Computed  Pressure  and  Shear  Stress 
Distr ibut ions 

Significant  improvement  in  the  accuracy  of  measur¬ 
ing  surface  pressure  and  shear  stress  have  been  made 
by  using  a  precision  pressure  transducer.  The 
present  results  are  more  reliable  than  the  earlier 
results  of  Huang  et  al.  (1976),  although  the  dif¬ 
ferences  are  small. 

The  measured  and  computed  values  of  the  pressure 
coefficient,  Cp  -  2(p  -  p_)/pU0*  ,  are  compared  in 
Figure  1  for  Afterbody  1  and  in  Figure  2,  for  After¬ 
body  2;  p  is  the  local  static  pressure,  p  is  the 
mass  density  of  the  fluid,  UQ  is  the  free-stream 
velocity  and  pG  is  the  ambient  pressure  (the  qui¬ 
escent  chamber  static  pressure  of  the  open- jet  sec¬ 
tion).  The  pressure  coefficients  computed  on  the 
displacement  body  were  carried  radially  back  to  the 
hull  surface  and  the  radial  distribution  of  pres¬ 
sure  at  a  given  axial  station  was  assumed  to  be  a 
constant  between  the  hull  surface  and  the  fictitious 
displacement  surface.  The  maximum  error  in  the 
static  pressure  associated  with  this  assumption  is 
less  than  two  percent  of  the  dynamic  pressure  (next 
sect  ion) .  The  agreement  between  theory  and  measure¬ 
ment  is  excellent  for  both  afterbodies.  The  results 


Measured  and  Computed  Static  Pressure  Distribution 

The  measured  and  computed  static  pressure  coeffi¬ 
cients  for  Afterbody  1  are  compared  in  Figure  4  at 
various  locations  across  the  stern  boundary  layer 
and  in  Figure  5  for  the  near  wake.  Figures  6  and  7 
show  the  comparisons  for  Afterbody  2.  The  off-body 
option  of  the  Douglas  potential-f low  computer  code 
was  used  to  compute  the  static  pressure  distribu¬ 
tions  off  the  displacement  body.  As  can  be  seen  in 
Figures  4  through  7,  the  computed  static  pressure 
distributions  across  the  entire  stern  boundary  layer 
and  near  wake  mostly  agree  well  with  the  measured 
static  pressure  distributions.  The  discrepancy 
between  the  measured  and  computed  values  of  Cp  is 
in  qeneral  less  than  0.01  which  is  about  the  accuracy 
of  the  measurement. 

As  will  be  seen  later,  both  displacement  bodies 
are  convex  from  the  parallel  middle  body  up  to  X/L 
=  0.91  and  become  concave  downstream  from  X/L  > 

0.91.  However,  the  actual  afterbodies  are  convex 
all  the  way  up  to  X/L  =  0.96.  The  measured  values 
of  Cp  shown  in  Figures  4  through  7  increase  with 
radial  distance  for  X/L  *  0.91,  indicating  that 

the  mean  streamlines  are  convex;  and  measured  values 
of  Cp  decrease  with  radial  distance  for  X/'L  >  0.91, 
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across  near  wake  o!  afterbody  1. 
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indicating  that  the  mean  streamlines  are  concave. 
Thus,  the  curvatures  of  the  mean  streamlines  are 
more  closely  related  to  the  curvatures  of  the  dis¬ 
placement  body  than  the  actual  body.  The  close 
agreement  between  the  computed  and  measured  static 
pressure  distributions  again  supports  the  displace¬ 
ment  body  concept  for  computing  the  potential  flow 
outside  of  the  displacement  surface. 


5.  MEASURED  AND  COMPUTED  MEAN  VELOCITY  PROFILE 

The  incompressible  steady  continuity  and  momentum 
equations  for  thin  axisymmetric  turbulent  boundary 
layers  are 

3(rug)/3s  +  3{rvn)/3n  =  0  (1) 


rQ  is  the  body  radius;  x  is  the  axial  distance;  u 
and  vn  are  the  mean  velocity  components  respectively 
parallel  to  and  normal  to  the  meridan  of  the  body 
(s  and  n  directions) ;  v  is  the  kinematic  viscosity 

of  the  fluid;  -u' v'  is  the  Reynolds  stress;  and  u' 
s  n  s 

and  v^  are  the  velocity  fluctuations  in  the  s  and  n 

directions  respectively.  The  Douglas  CS  method  as¬ 
sumes  that  the  Reynolds  stress  depends  upon  the  local 
flow  parameters  only,  e.g., 


for  o  <  n  <  n 

c 


for  n  <  n  <  6 

c  ~ 


(3) 


where 


3u 

(eddy  viscosity  in  the  inner 
region) 


u  9u  /9s  +  v  9u  /3n 
s  s  ns 


£  =  0.0168  y  j  (U  -u  ) dn  =  0.0168  U  6*  y 

°  tr  JQ  e  s  e  p  t 


=  -dp/pds  +  3[r{v3u  /3n) -u* v ' ] /r 3n 
s  s  n 


u  (s  ,0)  =  v  (s ,0)  =  0  at  n  =  0 


(eddy  viscosity  in  the  outer  region) , 


?,  =0.4  r^lnf^  )  <  1  -  exp 


r 

o  .  .r 
-  —  In  (~ 
A  r 

L.  o 


where 

r(s,n)  =  r  (s,n)  +  n  cosa 
o 

i  -  tan  ^(dr  /dx) 
o 


(mixing-length  parameter  in  the  inner 
region) , 


A 


,  (Van  Driest 's  damping 
factor) , 


6*  =  J"  (1  -  —  )dn,  [displacement  thickness 
*  o  e  (planar  definition) ) 

n&  - 1 

y  -  (1  +  5.5  (7-)  ]  ,  ( intermit tenev 

tr  5  £  .  . 

factor) , 

6  -  ,  (boundary-layer  thickness)  , 

t  ,  (wall  shear  stress) , 
w 

UtJ  is  the  potential-flow  velocity  used  in  the 
boundary-layer  calculations,  and  at  yc,  is  equal 
to  c  .  A  computer  code  to  solve  for  the  values 
us/Uc  and  vn/Ue  has  been  developed  by  Cebeci  and 
Smith  (1975)  using  Keller's  numerical  box  scheme. 

The  velocity  components  measured  in  the  present 
investigation  are  ux  and  v  the  components  in  the 
axial  and  the  radial  directions  of  the  axisymmotric 
body.  The  computed  values  of  ux  and  vr  are  given 
by 

u  ( r)  u  (n)  U  v  (n)  U 


v  (r)  u  (n)  U 


where  us/U  k  and  vn/U  are  computed  by  the  CS  method. 
The  potent! a 1- flow  pressure  is  assumed  to  be  con¬ 
stant  between  the  body  surface  and  the  displacement 
surface  and  is  equal  to  the  pressure  p<j  computed  on 
the  displacement  body.  The  value  of  Ue  used  in  Eqs. 
(4)  and  (5)  is  equal  to  /l  -  p^  and  is  assumed 
to  be  parallel  to  the  body  surface. 

The  displacement-body  concept  can  be  used  to 
improve  the  computed  values  of  ux  and  v^  outside 
of  the  displacement  surface  of  thick  boundary  layers 


u  (r)  u  (n)  U  cos(O-u) 


U  cos(fl-a)  U 
P  o 


v  (n)  U  sin(O-u) 

U  sint fj— 1)  U  sina' 

P  o 


v  (n)  u  (n)  U  cos(O-.i) 

r _ s  p 

U  U  cos  {  9— si)  U 

op  o 


v  (n)  U  sin(U-a) 


U  sin (£'-•*)  U 
P  o 


where  the  variation  of  the  inviscid  static  pressure. 
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Cp(r),  across  the  thick  boundary  layer  is  expressed 
in  terms  of  the  inviseid  resultant  velocity  Up 
[Up(r)  =  /l  -  Cp(r)]and  0  is  the  angle  between  the 
inviseid  resultant  velocity  Up  and  body  axis  (0  is 
positive  when  Up  is  directed  away  from  the  axis) . 

In  the  first  improvement  the  values  us/ (UpCos (8-n) ) 
are  taken  as  the  computed  values  of  f'  -  us/Ue  in 
the  CS  method  with  Ue  equal  to  the  inviseid  resul¬ 
tant  velocity  on  the  displacement  body.  At  the  edqo 
boundary  layer,  the  value  of  us { UpCos (0->O  )  is  equal 
to  1.0.  The  value  of  vn/(U  sin(O-.t) )  is  also  equal 
to  1.0  since  the  boundary- layer- induced  normal  ve¬ 
locity  is  assumed  to  be  equal  to  the  inviseid  normal 
velocity  of  the  displacement  body  at  that  point 
iLight.hill  (1950)1.  The  theoretical  {noof  for  an 
axisvmmetric  body  has  not  been  worked  out  in  the 
literature  and  will  not  be  given  here.  However, 
the  validity  of  the  assumption  will  be  borne  out 
by  the  experimental  measurements  of  vr.  There.' fore, 
Eqs.  (6)  and  (7)  reduce  to  the  proper  limit  at  the 
edge  of  the  boundary  layer,  e.q. , 


ll 

o 

V  <r-j  ) 

r  r 
U 

o 

which  are  the  inviseid  axial  and  radial  velocity 
components  of  the  displacement,  body,  where  IK  - 


(T  Kin"' 


(8) 


O) 


/l  -  C  { r  =  )  .  Outside  of  the  boundary  layer, 

Eqs.  (8)  and  V>)  are  also  valid  so  long  as  the 
local  inviseid  values  of  Up  and  0  for  the  displace¬ 
ment  body  are  used.  The  improved  values  in  Eqs. 

((>)  and  (7)  account  for  the  variation  of  the  in- 
viscid  static  pressure  and  potent ial-f low  vector 
across  the  thick  boundary  layer  and  make  appropriate 
use  ut  the  results  of  tile  CS  method.  As  already 
noted,  the  variation  of  static  pressure  computed 
across  the  boundary  layer  outside  of  the  displace¬ 
ment  surface  agrees  quite  well  with  the  experimental 
results. 

Figure  8  shows  the  comparison  of  the  mean  axial 
and  radial  velocity  profiles  ut  several  axial  sta¬ 
tions  on  Afterbody  1,  and  Figure  9  shows  the  mea¬ 
sured  axial  velocity  profiles  across  the  near  wake 
of  Afterbody  1.  The  theoretical  results  at  X/L  = 
1.00  were  calculated  at  X/L  =  0.998.  Fiqures  10 
and  11  show  comparisons  of  the  measured  and  computed 
velocity  profiles  for  Afterbody  2 .  The  mean  axial 
and  radial  velocity  components  ux  and  vr  were  mea¬ 
sured  by  a  cross-wire  probe  and  the  experimental 
accuracy  of  measurements  of  ux/UQ  and  vr/UQ  were 
respectively  about  0.5  percent  and  1.0  percent. 

As  shown  in  Fiqures  8  and  10,  the  theoretically 
computed  velocities,  which  account  for  the  variation 
of  static  pressure  distribution  across  the  thick 
boundary  layer,  agree  better  with  the  measured  axial 
and  radial  profiles  outside  of  the  displacement  sur¬ 
face.  These  results  sugqest  that  a  simple  improve¬ 
ment  of  the  existing  boundary-layer  computation 
method  can  be  made  for  the  thick  stern  boundary 
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layer  hy  means  of  tin*  d isplacoment  body  concept. 
However*  it  is  important  to  joint  out  that  the 
measured  axial  velocity  profiles  in  the  inner  region 
are  in  general  smaller  than  the  theoretical  values. 
The  eddy  viscosity  model  plays  an  important  role  in 
this  region;  therefore*  it  is  essential  to  examine 
the  eddy  viscosity  model  used  for  computing  the 
thick  stern  boundary  layer.  Figures  8  and  10  also 
show  the  comparison  of  the  axial  velocities  mea¬ 
sured  by  the  cross-wire  and  by  I.DV  (Huang  ot  al., 
197*0  .  The  agreement  is  very  good  inside  the  bound¬ 
ary  layer.  However,  due  to  the  artifical  seeding 
of  oil  mist  required  for  the  LDV,  the  axial  veloc¬ 
ities  near  the  edge  of  the  boundary  layer  measured 
by  LDV  are  smaller  than  that  by  the  cross-wire. 

b.  COMPARISON  OF  MEASURED  AND  COMPUTED  INTEGRAL 
PARAMETERS 

The  integral  parameters  are  derived  from  the  mea¬ 
sured  velocity  distribution.  The  two-dimensional 
displacement  thickness  is  defined  as 


lJx(r)  is  computed  by  the  potential-flow  method  ex¬ 
cept  inside  of  the  displacement  surface  where  it  is 
assumed  that  U^fr)  =  Ux(rd)  witl1  being  the  radius 
of  the  displacement  surface.  The  boundary- layer 
thickness  i$r  is  defined  at  the  radial  position  whore 
the  measured  value  of  ux(r)  equals  0.995  Ux(r).  It 
is  difficult  to  obtain  <.Sr  precisely  since  the  ac¬ 
curacy  of  the  ux/UG  measurement  is  only  about  0.005. 
Nevertheless*  the  overall  accuracy  of  the  values  of 
($j_.  estimated  in  the  present  investigation  is  about 
10  percent. 

A  measure  of  the  mass-flux  deficit  in  the  thick 
ax i symmetric  boundary  layer  is  defined  by 

r  +tf* 

°  r 

rdr  =  I  rdr  (11) 

o 

where  r  is  the  local  body  radius  and  is  the 
o  1 

axi symmetric  displacement  thickness.  Thus,  the 

axisymmetric  displacement  thickness  becomes 


r  +o 
f°  r 


u  (r) 
x 

U  ( r) 


u  (r) 
x 

u  (V) 

X 


dr  , 


(  10) 


where  is  the  boundary  thickness  measured  radially 
normal  to  the  body  axis  and  Ux(r)  is  the  value  of 
the  axial  component  of  inviscid  flow  velocity  com¬ 
puted  about  the  displacement.  body.  The  value  of 


(12) 


where  rmax  is  the  maximum  radius  of  the  body. 

The  displacement  body  in  the  present  investiga¬ 
tion  is  defined  by  r^  -  iS*  +  rQ  rather  than  the 
planar  definition,  r^  ~  h*  +  r0.  Similarity*  a 
measure  of  the  momentum- flux  deficit  is  defined  by 
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Th»*  measured  and  computed  values  of  A*  and  t  ire 
shown  in  I’Miiri’  1.’  for  Afterbody  1  and  in  Fiqure 
I  \  for  Afti-rbodv  2.  The  measured  values  of  6*  and 
*  r  for  X  1.  e .  >'•  are  slightly  larqor  than  the 
computed  values  for  both  bodies. 

The  t  runsvei  se  curvatures  of  the  boundary-layer 
flow  with  respect  to  the  body  radius,  (rc  t  ^J)/rQ 
and  (r0  ♦  ' r ) /r0 ,  are  also  shown  in  Figures  12  and 
11.  A  drastic  increase  of  the  values  of  (r0  +  <S£)/r0 
and  (rw  ♦  *r)/r0  occurs  at  X/L  =  0.9,  indicating  the 
important  effect  of  transverse  curvature  on  the 
stern.  Th<‘  long  1 1  u«l inal  curvature  of  the  body  is 
denoted  by  Kf)  (d  r()/dx’  )  [1  t  {dr0/dx^ )  ] "  ,-//*  and 

the  longitudinal  curvature  of  the  displacement  body 
is  h  riot«  d  |  v  K.j  (d'  r.j/dx1  )  1 1  *-  (dt\|/dx)  ■  . 

A  positive  i  in  for  K,,  or  Kj  indicates  concave  sur¬ 
face.  Th*  value  .  o(  k  r  .  and  K  ur«-  shown. 

o  max  d  max 

in  Figures  12  and  1  f  Th«oe  is  a  significant  dif¬ 
ference  between  K()  anil  K  j  in  the  thick  boundary 
Layer  region.  In  each  case,  the  curvature  of  the 
displacement  body  is  convex  u|  to  X  ~  0.02,  then 
changes  to  <’onc,ive  and  n’itiaini;  corn  rave  throughout 
the  entire  thick  boundary- 1  aye r  and  near-wake  region. 
The  curvature  of  the  body  surface  is  convex  up  to 
X/L  *■  n.oo.  As  already  shown  in  Figures  4  and  6, 
the  measured  distributions  of  static;  pressure  and 


hence  the  curvatures  of  the  mean  streamlines  are 
much  more  closely  related  to  the  displacement  body 
than  to  the  actual  body.  The  magnitudes  of  the 
maximum  concave  and  convex  radii  of  curvature  of 
the  displacement  bodies  are  estimated  to  be  8  rmax 
and  30  rmax  for  Afterbody  1  (Figure  12)  and  7  rmax 
and  8  rmax  for  Afterbody  2  (Figure  13) ,  respectively. 
The  magnitudes  of  the  radii  of  curvature  of  the 
mean  streamlines  outside  of  the  displacement  body 
are  expected  to  be  larger  than  10  rmax. 


7.  MEASURED  TURBULENCE  CHARACTERISTICS 

The  cross-wire  probe  was  used  to  measure  the  tur¬ 
bulence  characteristics  in  the  thick  boundary  layer. 
The  measured  Reynolds  stresses  and  the  measured 
mean  velocity  profiles  were  used  to  obtain  eddy 
viscosity  and  mixing  length. 

Measured  Reynolds  Stresses 

The  turbulence  characteristics  in  the  thick  boundary 
layer  can  be  represented  by  the  distributions  of 
Reynolds  stresses,  namely,  -u’ v7*,  u'*,  v'*,  and 
w,,?,  where  u*  ,  v'  ,  and  w'  are  the  turbulence  fluc¬ 
tuations  in  the  axial,  radial,  and  azimuthal  direc¬ 
tions,  respectively.  Figures  14  and  15  show  the 
measured  distribution  of  Reynolds  stress  ruTvT/U0‘ 
and  throe  components  of  turbulence  intensity  at 
several  axial  locations  along  the  two  afterbodies. 

In  general,  for  a  given  location,  the  intensity  of 
the  axial  turbulence- velocity  component  has  the 
highest  value  and  the  intensity  of  the  radial  com¬ 
ponent  has  the  smallest  value.  The  degree  of 
anisotropy  decreases  as  the  stern  boundary  layer  be¬ 
comes  thicker.  Furthermore,  the  increased  boundary- 
layer  thickness  is  accompanied  by  a  reduction  of 
turbulence  intensities  and  a  more  uniform  distribu¬ 
tion  of  turbulence  intensities  in  the  inner  region. 
The  variation  along  the  body  of  the  radial  location 
of  the  maximum  values  of  the  measured  Reynolds  stress 
-u*rvT/Uc •  layer  is  small.  The  spatial  resolution  of 
the  cross-wire  probe  is  not  fine  enough  to  measure 
the  Reynolds  stress  distributions  in  the  inner  re¬ 
gion  when  the  boundary  layer  is  thin.  As  the  stern 
boundary  layer  increases  in  thickness,  the  location 
of  maximum  Reynolds  stress  moves  away  from  the  wall 
(Figures  14  and  15) .  The  values  of  Reynolds  stress 
u' v'  decrease  quickly  from  the  maximum  value  to 
zero  at  the  edqe  of  the  boundary  layer.  As  shown 
in  Figures  14  and  15,  the  shape  of  the  Reynolds 
stress  distribution  curves  in  the  outer  region  is 
quite  similar  for  all  the  thick  boundary  layers. 

It  is  interesting  to  note  that  the  shapes  of  the 
Reynolds  stress  : istr ibut ions  in  the  inner  regions 
are  different  from  those  measured  in  the  wake  at 
X/I,  =  1.057  and  1.182  (Figures  14  and  15);  this  is 
a  typical  character istic  of  a  developing  wake 
[Chevray  (1968)].  The  Reynolds  stresses  experience 
a  drastic  reduction  in  magnitude  near  the  edge  of 
the  boundary  layer. 

A  turbulence  structure  parameter  defined  by  a\ 

=  -u’v'/.t",  where  q‘  =  uj1,  t  vj*’  +  w'*,  is  of 
interest.  The  measured  distributions  of  aj  are 
shown  in  Figure  16.  Most  thin  boundary  layer  data 
show  that  a \  is  almost  constant  (aj  -  0.15)  between 
0.05  and  0.86.  The  present  thick  stern  axi symmetric 
data  shown  in  Figure  16  indicate  that  a\  is  almost 
constant  up  to  0.6  6r,  and  the  magnitudes  of  aj 
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decrease  toward  the  edqo  of  the  boundary  layer.  The 
values  of  a\  also  decrease  in  the  inner  region  of 
wake  at  X/L  1.057  and  1.182  of  Afterbody  1.  It 
should  be  pointed  out  that  the  measured  values  of 
q'  contain  the  f roe-stream  turbulence  fluctuation, 
no  attempt  having  been  made  to  remove  the  free¬ 
st  ream  turbulence  fluctuation  from  the  measured 
values  of  q-  .  The  measured  reduction  of  aj  near 
the  outer  edge  of  the  boundary  layer  is  in  part 
caused  by  the  larger  contribution  of  the  froe-stream 
turbulence  to  q*  than  to  -u ' v ' .  Nevertheless,  the 
measured  values  of  the  turbulence  structure  param¬ 
eter  a^  are  quite  constant  across  the  inner  portion 
of  the  boundary  layer  where  the  effect  of  free¬ 
st  roam  turbulence  is  small. 


Cddy  Viscosity  and  Mixing  Length 


Tile  measured  distributions  of  shear  stress  -u’v' 
and  moan  velocity  gradient,  3ux/3r,  were  used  to 
calculate  the  variations  of  eddy  viscosity  and 
mixing  length  across  the  thick  stern  boundary  layers 
according  to  the  following  definitions 


and. 


(14) 


-u*  v ' 


lu 

X 


3r 


(15) 


eddy  viscosity  agree  resonably  well  with  the  eddy- 
viscosity  model  of  Cebeci  and  Smith  (1974,  Eq.  3) 
when  the  boundary  layers  are  thin.  However,  as  the 
stern  boundary  layer  thickens,  the  measured  values 
of  e/Ufl  6p*  in  the  thick  stern  boundary  layers  are 
only  about  1/6  of  the  values  for  thin  boundary 
layers  given  by  the  Cebeci  and  Smith  model  (1974). 
The  measured  distributions  of  mixing  length  shown 
in  Figures  19  and  20  also  agree  quite  well  with  the 
thin  boundary  layer  results  of  Bradshaw,  Ferriss, 
and  Atwell  (1967).  Again  as  the  boundary  thickens, 
the  measured  values  of  t/6r  reduce  drastically. 

The  values  of  £/6r  in  the  thick  stern  boundary 
layers  are  only  about  1/3  of  those  of  the  thin 
boundary  layers.  Similar  reductions  of  eddy  vis¬ 
cosity  and  mixing  length  in  thick  stern  boundary 
layers  were  also  measured  by  Patel  ot  al.  (1974, 
1977)  . 

As  the  axi symmetric  boundary  layer  thickens  in 
the  stern  region,  the  boundary  layer  thickness  <5r 
and  the  displacement  thickness  <5p*  increase  dras¬ 
tically.  However,  the  values  of  eddy  viscosity  and 
mixing  length  do  not  have  enough  time  to  respond  to 
this  change.  Therefore,  neither  the  eddy  viscosity 
model  of  Cebeci  and  Smith  (1974),  nor  the  mixing 
length  results  of  Bradshaw,  Ferriss,  and  Atwell 
(1967)  can  be  applied  to  the  thick  stern  boundary 
layer. 


8.  TURBULENCE  MODELS 
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The  experimentally-determined  distributions  of 
eddy  viscosity,  t  A'^p* '  -**'e  shown  in  Figure  17  for 
Afterbody  1  and  in  Figure  18  for  Afterbody  2,  when' 
U)S  is  the  potent  ial- flow  velocity  at  the  edge  of 
tlie  boundary  layer  and  5p*  is  the  displacement 
thickness  (based  on  the  planar  definition,  Kq.  10). 
Figures  19  and  20  show  the  oxper imontdl ly-determined 
d i s  t r i but  ions  of  mixing  length  * / y r  for  the  after¬ 
bodies,  whore  .vr  is  the  boundary-layer  thickness 
moasuted  normal  to  the  body  axis.  As  shown  in 
Figure's  19  and  29,  the  measured  distributions  of 


In  most,  works,  the  basic  assumption  made  in  the 
differential  methods  for  calculating  turbulent 
boundary  layers  is  that  the  mixing  length  or  eddy 
viscosity  is  uniquely  related  to  the  mean  velocity 
gradient  and  the  boundary- layer  thickness  parameter 
at  a  given  location.  So  long  as  the  boundary  layer 
is  thin  and  the  change  in  boundary- layer  properties 
due  to  the  pressure  gradient  is  gradual,  this  simple 
assumption  is  know  to  bo  satisfactory  (see  e.g., 
Cebeci  and  Smith  (1974)].  When  the  past  history  of 
boundary  layer  characteristics  is  important,  Brad- 
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shaw  et  al.  (1967)  argue  that  the  turbulence  energy 
equation  can  be  used  to  model  the  memory  effect. 

In  order  to  determine  the  rate  of  change  of  tur¬ 
bulent  intensity  along  a  mean  streamline,  three 
assumptions  have  to  be  made:  namely,  that  turbu¬ 
lence  intensity  is  directly  proportional  to  the 
local  Reynolds  stress,  a|  =  -u '  v' /q*  -  0.15;  that 
the  dissipation  rate  is  determined  by  the  local 
Reynolds  stress  and  a  length  scale  depending  on 
n/S;  and  the  energy  diffusion  is  directly  pro¬ 
portional  to  the  local  Reynolds  stress  with  a  fac¬ 
tor  depending  on  the  mixing  value  of  Reynolds  stress. 
On  the  basis  of  thin  boundary- layer  data  two  em¬ 
pirical  functions  for  the  last  two  assumptions  were 
proposed  by  Bradshaw  et  al.  (1967).  The  first  as¬ 
sumption,  i’/6  =  f|  In/ A)  ,  was  found  not  to  be 


applicable  to  the  present  thick  axisymmetric  stern 
boundary  layers.  The  deviation  of  the  apparent 
mixing  length  along  the  curved  boundary  from  that 
of  a  thin  flat  boundary  was  also  noted  and  dis¬ 
cussed  by  Bradshaw  (1969).  A  simple  linear  cor¬ 
rection  to  the  length  scale  of  the  turbulence  by 
the  extra  rate  of  strain  was  made  by  Bradshaw  (1973). 
The  extension  of  this  concept  has  just  been  made  for 
the  thick  axisymmetric  boundary  layer  by  Patel  et 
al.  (1978). 

It  is  important  to  note  that  the  boundary- layer 
thickness  of  a  typical  axisymmetric  body  increases 
drastically  at  the  stern.  Most  of  the  rapid  change 
takes  place  within  a  streamwise  distance  of  a  few 
boundary- layer  thicknesses.  Most  of  the  empirical 
functions  for  solving  the  turbulence  energy  equa- 
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tion  will  undergo  rapid  change.-;  in  basK'  forms.  The 
oiu'  known  for  certain  is  the  empirical  function  for 
mixing  length.  Therefore,  it  may  be  difficult  to 
compute-  tie  rate  of  change  of  the  t  urbulence  energy 
or  the  extra  rate  of  /.train  in  the  region. 

Fortunately  the  (ivst-nt  measured  distributions 
ot  Reynolds  st  resales  shown  m  Figures  14  and  15  are 
quite  sum  la t  in  the  outer  region  and  differences 
appear  in  the  inner  region  when'  the  turbulence  is 
reduced  in  intensity  and  more  homogeneous.  In  such 
an  axisymmet t io  flow  cont igurat ion,  the  character¬ 
istic  length  scale  is  more  closely  related  to  the 
entire  turbulence  annulus,  between  the  body  surface 
and  the  edge  of  the  boundary  layer  rather  than  the 
radial  distance  between  the  two.  Therefore,  we 
propose  that  the  mixing  length  of  an  axisymmetrie 
turbu- length  boundary  layer  is  proportional  to  tin' 
square  root  of  this  area  when  the  thickness  in¬ 
creases  drastically  at  the  stern: 


In  order  to  examine  this  simple  hypothesis,  the 
present  measured  values  of  » / v  ( rQ  +  tSr)-  -  r()-' 
together  with  the  data  of  Patel  et  al.  (1974,  1977) 
are  shown  in  Figure  21.  The  solid  line  is  the  best 
fit  of  the  present  data.  The  present  values  of  ? 
ate  slightly  greater  than  those  for  Patel's  modified 
spheroid  (1974)  and  are  slightly  lower  than  those 
for  Patel's  low-drag  body  (1977).  The  data  in 
Figure  .’1  support,  this  simple  hypothesis  although 
the  data  are  quite  scattered  due  to  large  varia¬ 
tions  of  stern  configurations  and  Reynolds  number, 
and  probable  measuring  errors. 

The  existing  thin  turbulent  boundary- layer  dif¬ 
ferential  methods  can  be  applied  to  the  forward 
portion  of  the  axisymmetrie  body  up  to  the  station 
where  the  boundary  layer  thickness  increases  to 
about  20  percent  of  tin*  body  radius.  Further  down¬ 


stream,  the  apparent  mixing  length  of  the  thick 
axisymmetrie  stern  boundary  layer  (C)  can  be  roughly 
approximated  by  the  mixing  length  for  a  thin  flat 
boundary  layer  ( «0)  by 


which  is  the  solid  line  of  Figure  21.  At  the  aft 
end  of  the  stern  rQ  is  zero  and  the  value  of  C/fQ 
is  1/3.33.  This  simple  approximation  of  the  mixinq 
length  for  thick  axisymmetrie  stern  turbulent  bound¬ 
ary  layers  can  bo  incorporated  into  most  existing 
differential  methods.  As  noted  earlier,  the  mea¬ 
sured  axial  velocities  inside  the  thick  boundary 
layer  (especially  in  the  inner  region)  arc  smaller 
than  the  computed  values  (Fiqures  B  and  10).  The 
present  CS  method  overestimates  the  magnitude  of 
eddy  viscosity  (Eq.  3)  for  the  thick  stern  boundary 
layer.  While  the  mixinq  length  approximations  ob¬ 
tained  in  the  present  investigation  can  be  incorpo¬ 
rated  into  the  CS  method  to  predict  more  accurately 
the  thick  stern  boundary- layer  velocities,  further 
refinement  of  the  theoretical  methods  is  desirable. 


9.  CONCLUSIONS 

In  this  paper,  we  have  described  recent  experimental 
investigations  of  the  thick  turbulent  boundary  lay¬ 
ers  on  two  axisymmetrie  sterns  without  shoulder  flow 
separation.  A  comprehensive  set  of  boundary  layer 
measurements,  including  mean  and  turbulence  veloc¬ 
ity  profiles  and  static  pressure  distributions,  are 
presented.  Two  major  conclusions  can  be  drawn: 

The  Lighthi 1 1/Proston  displacement  body  concept 
has  boon  proven  experimentally  to  be  an  efficient 
and  accurate  tool  for  treating  the  viscid  and  in- 
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viscid  stern  flow  intimation  on  axi symmetric  bodies. 
The  measured  static  pressure  distributions  on  the 
body  and  across  the  entire  thick  boundary  layer  and 
wake  were  predicted  by  the  displacement  body  method 
to  an  accuracy  within  one  percent  of  dynamic  pres¬ 
sure.  Theoretical  predictions  of  the  measured 
axial  and  radial  velocity  profiles  outside  the  dis¬ 
placement  surface  were  improved  significantly  when 
the  variations  of  the  static  pressure  and  radial 
velocity  of  the  displacement  body  were  incorporated 
into  the  computation. 

Neither  the  measured  values  of  eddy  viscosity 
nor  mixinq  lenqth  were  found  to  be  proportional  to 
the  local  displacement,  thickness  or  the  local 
boundary-layer  thickness  of  the  thick  axisymmetric 
boundary  layer.  As  the  boundary  layer  thickens 
rapidly  at  the  stern,  the  turbulence  character istics 
in  the  outer  reqion  remain  quite  similar  but  the 
turbulence  reduces  its  intensity  and  becomes  more 
uniformly  distributed  in  the  inner  reqion.  The 
measured  mixinq  lenqth  of  the  thick  axisymmetric 
stern  boundary  layer  was  found  to  be  proportional 
to  the  square  root  of  the  area  of  the  turbulent 
annulus  between  the  body  surface  and  the  edge  of 
boundary  layer.  This*  simple  similarity  hypothesis 
can  be  incorporated  into  exist i nq  differential 
boundary-layer  computation  methods. 
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APPENDIX 

Till'  raw  data  and  derived  results  of  the  present 
experiments  are  tabulated  in  the  following  so  that 
they  can  be  used  independently  by  other  investi¬ 
gators.  Table  *  shows  the  measured  pressure  and 
shear  stress  coefficients  on  Afterbodies  1  and  2. 
Tables  4  and  5  provide  the  measured  static  pres¬ 
sure  coefficients  across  the  stern  boundary  layers 
and  near  wakes  of  Afterbodies  1  and  2,  respectively. 
Tables  o  and  7  contain  the  values  of  measured  mean 
axial  and  radial  velocities,  throe  omponents  of 
turbulence  f  luctuat:  ions ,  and  Reynolds  stresses 
across  the  boundary  layer  and  near  wake  of  After¬ 
bodies  i  and  2,  respectively.  The  experimentally 
derived  data  on  eddy  viscosity,  mixinq  length, 
planar  and  axisymmetric  displacement  thickness,  and 
boundary  layer  thickness  are  also  given. 
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TABLE  3  -  Measured  Pressure  and  Shear  Stress  Coefficients  on 
Afterbodies  1  and  2 


AFTERBODY  1,  RL  =  6.6  x  106  AFTERBODY  2,  R^  =  6.8  x  106 


X 

r 

0 

r 

C 

C 

X 

r 

0 

r 

C 

C 

L 

max 

P 

T 

L 

max 

P 

T 

0.7060 

0.9690 

-0.062 

_ 

0.6000 

1.0000 

-0.013 

0.00281 

0 . 7455 

0.9267 

-0.064 

0.00281 

0.7000 

1.0000 

-0.024 

0.00284 

0.7952 

0.8423 

-0.050 

0.00265 

0.7455 

1.0000 

-0.035 

0.00288 

0.844  9 

0.7192 

-0.024 

0.00248 

0.7952 

1.0000 

-0.106 

0.00305 

0.8946 

0.5480 

+0.018 

0.00213 

0.8449 

0 . 94  76 

-0.160 

0.00295 

0.9145 

0.4633 

+0.050 

0.00185 

0.8946 

0.7349 

-0.010 

0.00200 

0.9344 

0.3636 

+0.074 

0.00163 

0.9145 

0.6137 

+0.053 

0.00156 

0.9543 

0.2396 

+0.112 

0.00130 

0.9344 

0.4834 

+0.090 

0.00123 

0.9642 

0.1900 

+0.133 

0.00115 

0.9543 

0.3317 

+0.170 

0.00090 

0.9741 

0.1394 

+0.135 

0.00104 

0.9642 

0.2547 

+0.183 

0.00060 

1.0000 

0.0000 

+0.116 

- 

0.9741 

1.0000 

0.1740 

0.0000 

+0.198 

+0.185 

0.00046 

TABLE  4  -  Measured  Static  Pressure  Coefficients  Across  Stem  Boundary 
Layer  and  Near  Wake  of  Afterbody  1 


x/L  =  0.7553 

x/L 

=  0.9144 

x/L 

=  0.9344 

x/L 

=  0.9642 

r-r 

r-r 

r-r 

r-r 

£ 

_ 0 

r 

_ 0 

r 

_ 0 

r 

0 

r 

r 

C 

r 

r 

C 

r 

r 

C 

r 

r  „ 

C 

max 

max 

P 

max 

max 

P 

max 

max 

P 

max 

max 

P 

0.9127 

0 

-0.0S60 

0.4633 

0 

0.050 

0.3636 

0 

0.0740 

0.1900 

0 

0.133 

0.9345 

0.0218 

-0.0530 

0.4997 

0.0364 

0.0604 

0.4214 

0.0578 

0.0821 

0.2209 

0.0309 

0.1344 

1.0283 

0.1156 

-0.0510 

0.5181 

0.0548 

0.0604 

0.4981 

0.1345 

0.0791 

0.2536 

0.0636 

0.1370 

1.1298 

0.2171 

-0.0500 

0.5508 

0.0875 

0.0587 

0.6102 

0.2466 

0.0674 

0.3260 

0.1360 

0.1318 

1.2392 

0.3265 

-0.0480 

0.5892 

0.1259 

0.0570 

0.7253 

0.3617 

0.0682 

0.4397 

0.2497 

0.1202 

1.4736 

0.5609 

-0.0434 

0.6687 

0.2054 

0.0546 

0.8375 

0.4739 

0.0624 

0.5945 

0.4045 

0.1050 

1.6767 

0.7640 

-0.0380 

0.7397 

0.2764 

0.0514 

0.9497 

0.5861 

0.0593 

0.7408 

0.5508 

0.0907 

1.8720 

0.9593 

-0.0350 

0.8519 

0.3886 

0.0492 

1.0989 

0.7353 

0.0518 

0.8942 

0.7042 

0.0791 

2.0908 

1.1781 

-0.0302 

0.9670 

0.5037 

0.0464 

1.2509 

0.8873 

0.0471 

1.044  8 

0.8548 

0.0686 

2.2861 

1.371 

-0.0287 

1.0835 

0.6202 

0.0434 

1.4000 

1.0364 

0.0421 

1.1939 

1.0039 

0.0604 

2.4736 

1.5609 

-0.0270 

1.1957 

0.7324 

0.0400 

1.5563 

1.1927 

0.0368 

1.3416 

1.1516 

0.0540 

2.8798 

1.9671 

-0.0226 

1 . 3093 

0.8460 

0.0370 

1.7054 

1.3418 

0.0333 

1.4993 

1.3093 

0.0482 

3.2783 

2.34  38 

-0.0214 

1.4386 

0.9753 

0.0338 

1.8546 

1 .4910 

0.0305 

1.6485 

1.4585 

0.0430 

3.7079 

2.7952 

-0.0197 

1.5906 

1.1273 

0.0301 

2.0066 

1.6430 

0.0264 

1.7976 

1.6076 

0.0393 

4.3251 

3.4124 

-0.0158 

1.7426 

1.2792 

0.0269 

2.0904 

1.7268 

0.0256 

2.0334 

1.8434 

0.0338 

1.8931 

1.4298 

0.0241 

3.0227 

2.6591 

0.0133 

3.9287 

3.7387 

0.0095 

2.0451 

1.5418 

0.0221 

3.3580 

2.9943 

0.0114 

4.1063 

3.9163 

0.0084 

2.1971 

1.7338 

0.0206 

3.6960 

3.3324 

0.0099 

4.2966 

4.1066 

0.0077 

2.3491 

1.8858 

0.0183 

4.0355 

3.6719 

0.0079 

4 .9429 

4.7529 

0.0052 
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TABLE  4  (Continued) 


x/L  =  0.9771 

x/L 

=  0.9830 

x/L  =  0.8462 

r-r 

r-r 

0 

r 

0 

r-r 

r 

r 

C 

r 

r 

C 

r 

0 

C 

r 

max 

p 

max 

max 

p 

r 

r 

p 

max 

max 

max 

0.1364 

0 

0.135 

0.1164 

0 

0.133 

0.7155 

0 

-0.0240 

0.1600 

0.0236 

0.1441 

0.1278 

0.0114 

0.1250 

0.7450 

0.0295 

-0.0239 

0.2324 

0.0960 

0.1400 

0.1647 

0.0483 

0.1249 

0.7620 

0.0466 

-0.0213 

0.3447 

0.2083 

0.1293 

0.2031 

0.0867 

0.1241 

0.7791 

0.0636 

-0.0200 

0.4569 

0.3205 

0.1172 

0.2471 

0.1307 

0.1224 

0.8018 

0.0864 

-0.0193 

0.5748 

0.4384 

0.1058 

0.2826 

0.1662 

0.1211 

0.8217 

0.1063 

-0.0193 

0.6827 

0.5464 

0.0950 

0.3153 

0.1989 

0.1189 

0.8572 

0.1418 

-0.0189 

0. 7949 

0.6586 

0.0856 

0.3892 

0.2728 

0.1142 

0.85  72 

0.1801 

-0.0183 

0.9057 

0.7693 

0.0781 

0.4659 

0.3495 

0.1090 

0.9297 

0.2142 

-0.0163 

1.0251 

0.8887 

0.0705 

0.5412 

0.4248 

0.1036 

0.9694 

0.2540 

-0.0142 

1.1373 

1 . 0009 

0.0628 

0 . 61 36 

0.4972 

0.0974 

1.0092 

0.2938 

-0.0118 

1.2466 

1.1102 

0.0574 

0.7684 

0.6520 

0.0858 

1.0873 

0.3719 

-0.0071 

1.3645 

1.2281 

0.0536 

0.8437 

0.7273 

0.0817 

1.1598 

0.4443 

-0.0054 

1.4796 

1.3432 

0.0490 

0.9162 

0.7998 

0.0774 

1.2322 

0. 5168 

-0.0045 

1.5918 

1 .4555 

0.0450 

0.9914 

0.8750 

0.0735 

1.3061 

0.5906 

-0.0040 

1 . 7395 

1.6031 

0.0406 

1.1463 

1.0299 

0.0650 

1.3785 

0.6631 

-0.0030 

1.8901 

1.7537 

0.0374 

1.2968 

1 . 1 804 

0.0555 

1.7000 

0.9945 

-0.0020 

2.0137 

1.8773 

0.0350 

1.4431 

1.3267 

0.0505 

1.5966 

1 .4802 

0.0441 

1.7343 

1.6179 
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x/L 
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x/L  = 
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r 
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C 

r 

C 

r 

C 

r 

C 
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P 
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P 
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P 
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P 

0.061 

0.1295 

0 

0.0995 

0 

0.0418 

0 

0.0181 

0.098 

0.1209 

0.099 

0.0987 

0.057 

0.0413 

0.036 

0.0174 

0.172 

0.1092 

0.192 

0.0963 

0.152 

0.0411 

0.074 

0.0172 

0.249 

0.1022 

0.327 

0.0897 

0.247 

0.0426 

0.149 

0.0178 

0.361 

0.0940 

0.453 

0.0815 

0.344 

0.0424 

0.224 

0.0189 

0.477 

0.0865 

0.585 

0.0740 

0.433 

0.0415 

0.303 

0.0194 

0.587 

0.0796 

0.720 

0.0677 

0.S27 

0.0400 

0.387 

0.0196 

0.702 

0.0716 

0.855 

0.0604 

0.616 

0.0396 

0.561 

0.0180 

0.814 

0.0656 

0.980 

0.0553 

0.831 

0.0364 

0.716 

0.0176 

0.928 

0.0604 

1.116 

0.0503 

1.000 

0.0353 

0.864 

0.0170 

1.081 

0.0527 

1.247 

0.0465 

1.169 
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TABU;  5  -  Measured  Static  Pressure  Coefficients  Across  Stem  Boundary 
Layer  and  Near  Wake  of  Afterbody  2 
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TABU;  6  -  Continued 
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TABLE  6  -  (Continued) 
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TABLE  7  -  Measured  Mean  and  Turbulence  Velocity  Characteristics  for  Afterbody  2 
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TABLE  7  -  (Continued) 
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TABLE  7  -  (Concluded) 
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ABSTRACT 

This  paper  describes  an  empirical  method  devised 
for  modifying  measurements  made  at  a  propeller 
position  at  the  rear  of  unpowered  bodies  such  that 
the  flow  at  the  same  position  on  a  full-scale  self- 
propelled  body  may  be  predicted. 

A  boundary  layer  calculation  procedure,  for  esti¬ 
mating  boundary-layer  velocity  profiles  at  the 
tail  region  of  a  body  of  revolution  is  discussed, 
and  the  inclusion  of  a  simple  representation  of  a 
propeller  is  described.  Comparisons  between 
velocities  measured  at  Reynolds  numbers  of  order 
10''  and  calculated  velocities  show  reasonable 
correlation  both  for  unpowered  and  for  powered 
bodies  of  revolution.  It  is  shown  how  the  results 
of  boundary- layer  velocity  calculations  are  used 
to  derive  a  method  for  modifying  flow  measurements 
at  model  scale  to  represent  full-scale  flow  over 
the  propeller  disc  area.  Comparisons  are  made 
between  predictions  based  on  this  method  and 
measurements  on  powered  and  unpowered  bodies  at 
high  and  low  Reynolds  numbers. 


1.  INTRODUCTION 

For  many  applications  a  self-propelled  marine 
vehicle  has  a  propeller  fitted  at  the  rear  of  the 
body  where  it  gains  in  propulsive  performance  and 
in  cavitation  performance  by  operating  in  the 
relatively  slow  moving  fluid  in  the  hull  boundary 
layer .  It  follows  that  a  fundamental  requirement 
for  propeller  design  is  a  knowledge  of  the  boundary 
layer  flow  at  the  propeller  position.  This  infor¬ 
mation  is  not  usually  known  since  there  are  no 
theoretical  methods  presently  available  for  calcu¬ 
lating  the  boundary  flow  at  the  rear  of  a  powered 
asymmetric  body  with  appendaqes.  An  estimate  of 
the  required  flow  field  can  be  obtained  from 
measurements  at  model  scale  but  as  the  Reynolds 
number  based  on  model  length  is  considerably  lower 


than  the  full-scale  value,  it  is  necessary  to  make 
some  modification  to  the  measurements  to  simulate 
the  effect  of  a  thinner  boundary  layer  at  full 
scale.  If  the  flow  field  is  measured  on  an  un¬ 
powered  model,  as  is  often  the  case,  further 
modification  is  required  to  allow  for  flow  acceler¬ 
ation  due  to  the  propeller. 

This  paper  describes  an  approximate  method 
which  has  been  developed  for  estimating  corrections 
required  to  flow  measurements  on  unpowered  bodies. 

A  boundary  layer  calculation  procedure  is  briefly 
outlined  and  then  compared  with  data  from  tests  on 
axisymmetric  bodies  at  low  Reynolds  numbers  and 
non  axisymmetric  bodies  at  both  low  and  high 
Reynolds  numbers. 

2.  BOUNDARY  LAYER  CALCULATION 

The  method  is  based  on  the  work  of  Myring  (1973) 
and  only  a  brief  outline  is  presented  herein.  An 
iterative  scheme  is  adopted  in  which  a  boundary 
layer  calculation  is  done  for  a  given  pressure 
distribution  over  the  body  and  a  potential  flow 
calculation  is  done  to  calculate  the  pressure 
distribution  over  the  body  with  boundary  layer  dis¬ 
placement  thickness  added.  In  the  boundary  layer 
calculation  procedure,  an  integral  method  is  used 
in  which  the  laminar  flow  region  is  calculated 
using  the  method  of  Luxton  and  Young  (1962)  and  the 
turbulent  flow  is  calculated  using  a  method  similar 
to  that  due  to  Head  (1960).  The  transition  point 
must  be  specified  and  it  is  assumed  that  momentum 
area  and  a  shape  parameter  are  continuous  at 
transition. 

An  important  feature  in  Myring’ s  method  is  his 
treatment  of  the  turbulent  boundary  layer  in  the 
region  of  the  tail.  The  usual  boundary  layer 
assumptions  become  invalid  in  this  region  where  the 
ratio  of  boundary  layer  thickness  to  body  radius 
tends  to  infinity  so  Myring  defines  a  momentum 
area  and  a  displacement  area  which  overcomes  the 
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problem  and  which  reduce  respectively  to  body 
radius  times  momentum  thickness  and  body  radius 
times  displacement  thickness  far  from  the  tail 
where  boundary  layer  thickness  is  small.  A  con¬ 
ventional  momentum  integral  equation  is  derived  in 
terms  of  the  defined  parameters  and  this  is  solved 
using  an  empirical  relationship  for  skin  friction 
coefficient  which  assumes  that  wall  shear-stress 
does  not  change  sign.  Therefore  the  method  is  only 
applicable  to  bodies  on  which  the  boundary  layer 
remains  attached.  It  is  also  assumed  that  the 
variation  of  static  pressure  across  the  boundary 
layer  is  negligible.  This  latter  assumption  has 
been  found  to  be  incorrect  for  bodies  with  blunt 
tails  (i.e.,  cone  angles  greater  than  30°)  and  an 
empirical  modification  has  been  made  based  on  the 
work  of  Patel  (1974)  who  developed  independently 
a  method  which  is  similar  to  Myring's  but  which 
recognises  the  importance  of  static  pressure  varia¬ 
tion.  The  modification  introduced  in  the  present 
method  is  that  the  predicted  velocity  distribution 
along  the  body  is  changed  empirically  in  the  tail 
region,  the  change  being  related  to  differences 
between  measured  and  predicted  velocity  distribu¬ 
tions  at  the  rear  of  a  given  body  with  a  blunt 
stern.  It  has  been  found  that  this  modification 
results  in  improved  correlation  between  measured 
and  predicted  boundary  layer  velocity  profiles. 

A  simple  actuator  disc  representation  of  a 
propeller  has  now  been  included  in  the  potential 
flow  part  of  the  calculation  in  order  to  give  a 
first  approximation  to  the  acceleration  effects 
on  the  flow  caused  by  the  action  of  the  propeller. 
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3.  RESULTS  AT  LOW  REYNOLDS  NUMBER  ON  AX I SYMMETRIC 

BODIES 

Comparison  between  Predicted  and  Measured  Results 

The  main  interest  in  the  present  work  is  in  the 
prediction  of  boundary  layer  velocity  profiles  in 
the  tail  reqion  of  a  body  and  the  results  presented 
in  this  section  relate  to  model  measurements  under 
conditions  giving  a  Reynolds  number  based  on  model 
length  from  1  *  10*'  to  (>  \  lO1*’. 

The  velocity  measurements  shown  in  Figure  1  were 
made  at  a  station  0.96  L  from  the  bow  of  a  body  of 
revolution  of  length  L.  and  having  a  relatively  fine 
stern  (cone  angle  26°) .  The  measurements  are  of 
total  velocity  whereas  the  calculation  method  gives 
values  of  velocity  component  parallel  to  the  hull. 
The  theoretical  curve  in  Figure  1  is  obtained  by 
applying  a  small  correction  to  the  calculated 
velocities  to  allow  for  the  difference  between 
local  flow  anqle  and  hull  angle.  It  can  be  seen 
that  the  resulting  predicted  curve  gives  values  to 
within  4%.  of  the  measured  velocities.  Detailed 
measurements  at  the  rear  of  a  body  of  revolution 
having  a  blunt  stern  have  been  reported  by  Patel 
et  al.  (1973)  and  results  for  a  station  0.96  L 
from  the  bow  are  shown  in  Fiqure  2.  The  broken 
line  is  the  theoretical  boundary  layer  profile 
predicted  from  My ring's  method  with  no  allowance 
for  static  pressure  variation  across  the  boundary 
layer.  This  curve  is  significantly  different  from 
the  measured  velocities  which  are  more  than  10% 
less  than  predicted  values  in  the  inner  part  of 
the  boundary  layer.  Correlation  between  measured 
and  predicted  results  is  improved  when  the  empirical 
mod i f icat ion  allowing  for  static  pressure  variation 
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has  been  made  and  the  resulting  curve  is  seen  in 
Figure  2  to  be  in  better  agreement  with  the  measure¬ 
ments. 

Theoretical  results  obtained  with  the  simple 
representation  of  a  propeller  included  in  the 
method  indicate  that  the  propeller  can  produce 
large  local  changes  in  the  boundary  layer  flow.  An 
example  for  which  measurements  are  also  available 
is  shown  in  Figure  3  where  results  are  presented 
for  various  stations  along  a  body  of  revolution 
having  a  fine  tail  and  contra-rotating  propellers. 
The  measurements  are  of  total  velocity  and  were 
made  with  rakes  of  probes  fixed  to  the  body,  the 
rake  at  the  forward  propeller  plane  being  removed 
when  the  propeller  was  fitted.  The  velocity  pro¬ 
files  on  the  unpowered  body  are  well  predicted 
except  close  to  the  tail  where  boundary  layer 
separation  appears  to  be  present:  it  is  noted 
earlier  that  the  calculation  procedure  will  not 
predict  separation.  The  changes  produced  by  the 
propellers  are  in  surprisingly  good  agreement  with 
predicted  changes  considering  that  an  actuator 
disc  representation  of  the  propellers  has  been 
adopted.  The  velocities  in  a  region  close  to  the 
hull  are  under-predicted  at  the  two  rearmost 
stations  and  at  the  station  very  close  to  the  tail 
the  velocities  near  to  the  edge  of  the  boundary 
layer  are  also  underpredicted.  Apart  from  these 
discrepancies  the  effect  of  the  propeller  is  well 
represented. 


Velocity  profiles  close  to  the  propeller  plane 
with  and  without  propeller  operating  have  been 
reported  by  Huang  (1976).  A  typical  example  is 
shown  in  Figure  4  where  it  can  be  seen  that  the 
Myring  theoretical  prediction  for  the  unpowered 
body  gives  velocities  which  tend  to  be  too  low. 
Nevertheless  the  discrepancy  is  less  than  4%  of  the 
measured  values. 


Reliability  of  Harmonic  Analyses  of  Measured  Flow 
Fields 

The  comparisons  between  theoretical  prediction  and 
measurement  indicate  that  the  calculation  method 
gives  a  good  approximation  to  velocity  profiles 
measured  on  powered  and  unpowered  bodies  of 
revolution.  The  method  is  not  expected  to  pre¬ 
dict  velocities  to  better  than  4%  in  absolute 
terms  but  this  is  satisfactory  for  the  purpose  of 
deriving  a  simple  means  for  modifying  model  measure¬ 
ments  to  represent  full-scale  values.  It  is  re¬ 
quired  to  obtain  a  representative  flow  field  over 
the  propeller  disc  area  and  an  essential  starting 
point  is  to  have  reliable  model  data  not  only  in 
the  sense  that  velocities  can  be  measured  accurately 
at  a  given  point,  but  also  that,  if  a  Fourier  anal¬ 
ysis  is  made  of  the  velocities  measured  during  one 
revolution  at  a  given  radius,  then  a  good  approxi¬ 
mation  to  the  magnitudes  of  wake  harmonics  is 
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associated  with  the  wakes  from  the  four  struts 
which  each  produce  a  ’trough'  in  the  measured  flow 
field.  The  high  harmonic  amplitudes  at  high  har¬ 
monic  numbers  implies  a  possible  inaccuracy  in 
results  from  a  Fourier  analysis  based  on  the  finite 
number  of  measured  points.  This  was  investigated 
theoretically  by  assuming  an  idealised  wake  defect 
giving  a  triangular  waveform  as  indicated  in 
Figure  6.  The  number  of  wake  defects  and  wake 
width  could  be  varied  and  for  each  assumed  flow 
field  an  exact  Fourier  analysis  was  obtained  ana¬ 
lytically  and  the  results  were  compared  with  similar 
analyses  determined  numerically  with  the  waveform 
described  at  discrete  points  as  specified  in  the 
measurements.  Figure  7  shows  results  obtained  with 
4  narrow  wake  defects  and  120  points  specifying  the 
velocity  profile.  Two  wake  widths  are  considered; 
when  maximum  wake  width  is  9°  harmonics  above  20 
are  in  reasonable  agreement  with  the  exact  solution 
although  harmonics  below  20  are  too  low;  when  wake 
width  is  reduced  to  4S°  the  amplitude  of  harmonics 
from  the  exact  solution  falls  slowly  with  increas¬ 
ing  harmonic  number  whereas  the  amplitudes  deter¬ 
mined  numerically  show  no  reduction  in  amplitude. 

In  this  case,  where  points  are  specified  every  3° 
and  the  width  of  each  wake  defect  is  only  4%° , 
’aliasing'  in  the  numerical  results  is  not  un¬ 
expected.  Such  pitfalls  in  numerical  analysis  are 
well  known  and  Manley  (1945)  shows  that  erroneous 
values  in  analyses  of  the  type  described  above 
might  be  expected  at  harmonic  numbers  given  by 
(N-jK)  where  N  is  the  number  of  specified  points, 

K  the  number  of  wake  defects  and  j  is  an  integer. 

A  parametric  study  for  triangular  waveforms  in 


obtained.  This  information  is  relevant  to  the 
estimation  of  unsteady  forces  generated  by  a  pro¬ 
peller.  Some  tests  have  been  made  in  a  wind  tunnel 
to  assess  the  reliability  of  model  measurements  at 
a  typical  propeller  position  on  a  three  dimensional 
body.  Inflow  non-uniformity  was  introduced  by 
fitting  four  struts  to  the  body  and  the  velocity 
field  was  measured  by  a  single  traversable  pitot- 
static  prove  with  head  1.5  mm  in  diameter.  Measure¬ 
ments  at  a  given  radius  were  made  on  different  runs 
with  incremental  steps  of  1°,  2°,  and  3°  in  the 
circumferential  position  of  the  probe  and  10  repeat 
runs  were  made  with  1°  incremental  steps.  A  Fourier 
analysis  of  each  set  of  results  was  made  and  the 
harmonic  spectra  are  summarised  in  Figure  5.  It 
can  be  seen  that  the  standard  deviations  in  the 
magnitudes  of  wake  harmonics  are  quite  small  show¬ 
ing  that  misleading  information  concerning  the 
relative  magnitudes  of  different  wake  harmonics 
would  not  be  obtained  on  any  one  run.  The  differ¬ 
ences  in  magnitudes  from  the  runs  with  1°,  2°,  and  3° 
steps  in  probe  position  are  also  quite  small  in 
general  although  a  few  wake  harmonics,  such  as  11, 
do  show  significant  changes.  No  consistent  trend 
is  observed  in  comparing  amplitudes  at  low  harmonic 
number  but  at  harmonic  numbers  greater  than  25  the 
amplitudes  obtained  from  the  run  with  1°  steps  tend 
to  be  higher  than  those  from  other  runs,  the  impli¬ 
cation  being  that  choosing  a  coarser  step  size  has 
resulted  in  a  small  loss  in  accuracy. 

The  amplitudes  of  wake  harmonics  at  harmonic 
numbers  greater  than  20  are  small  (less  than  0.005 
times  tunnel  speed)  except  for  harmonic  numbers 
which  are  multiples  of  4.  These  higher  values  are 
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which  N,  K,  and  wake  width  wore  varied  .showed  that, 
in  general,  errors  did  not  become  significant  until 
wake  width  was  less  than  twice  the  angular  spacing 
of  the  specified  points#  i.e.,  720°/N. 


4.  USE  OF  THE  PREDICTION  METHOD  IN  PROPELLER  DESIGN 

A  knowledge  of  the  flow  in  the  region  of  a  propeller 
is  required  first#  in  order  to  design  it,  and 
second#  to  estimate  its  performance  characteristics. 
The  former  requires  an  estimate  of  the  unpowered 
mean  velocity  through  the  propeller  position  to¬ 
gether  with  the  radial  variation  ot  mean  circum¬ 
ferential  velocity.  Of  the  latter,  the  prediction 
of  unsteady  propeller  forces  in  particular  also 
requires  the  detail  wake  structure  at  the  propeller 
position  in  the  powered  condition. 

The  theoretical  boundary  layer  prediction  method 
outlined  in  Section  2  cannot  be  used  directly  to 
predict  the  above  wake  information  for  practical 
vehicle  configurations  because  of  limitations  such 
as  its  restriction  to  unappended  bodies  of  revolu¬ 
tion.  How  ever,  it  can  be  employed  indirectly  by 
usinq  the  method  to  predict  the  changes  from  model 
testing  conditions  to  full-scale  vehicle  conditions 
and  then  applying  these  scale  effects  to  available 
model  data. 

The  procedure  adopted  for  the  predictions  dis¬ 
cussed  in  the  following  section  was  to  replace  the 
non  symmetric,  appended  vehicle  by  an  equivalent 
body  of  revolution.  Powered  and  unpowered  boundary 
layer  predictions  were  then  carried  out  and,  by 
assuming  a  simple  power  law  for  the  boundary  layer 
velocity  profile,  the  mean  circumferential  veloci¬ 
ties  were  determined  for  the  equivalent  model  and 
full-scale  bodies.  In  this  way  it.  was  possible  to 
estimate  at  any  position  the  scale  effect  upon  the 
unpowered  wakes,  the  propeller  induction  effects, 
and  any  combination  of  the  two.  These  effects  were 
then  applied  to  a  LI  the  measured  unpowered  model 
data  to  give  predictions  of  both  model  and  full- 
scale  powered  wakes  for  comparison  with  measured 
data . 


5.  COMPARISON  BETWEEN  PREDICTED  AND  MEASURED  RESULTS 
ON  NON- SYMMETRIC  BODIES 

As  part  of  a  programme  to  investigate  the  effects 
of  scaling  and  propeller  induction  on  wakes#  experi¬ 


ments  have  been  carried  out  on  two  practical  vehicle 
forms  covering  a  range  of  Reynolds  numbers,  based 
on  body  length,  from  approximately  1  *  10''  to 
0  *  loy.  The  two  vehicles  concerned  were  propelled 
by  a  single  centre  line  propeller  and  were  fitted 
with  a  set  of  cruciform  af ter-control  surfaces  just 
ahead  of  the  propeller.  The  afterbody  form  was 
axisymmetric  in  both  cases,  one  vehicle  having  a 
fine  stern  (vehicle  A)  and  the  other  a  blunt  stern 
(vehicle  B) . 

The  low  Reynolds  number  data  were  obtained  in  the 
ship  tanks  at  AMTE  (Haslar)  using  small  conventional 
pitot  static  tubes.  For  body  A,  measurements  were 
made  at  a  position  26  percent  of  the  local  control 
surface  chord  aft  of  the  control  surface  trailing 
edge.  This  corresponded  to  28  percent  of  the 
propeller  diameter  forward  of  the  propeller.  The 
measurements  were  made  at  2°  intervals  over  an  angle 
of  approximately  90°  centred  on  one  control  surface, 
and  at  radial  distances  from  the  body  surface  of 
12.5  percent  and  25  percent  of  the  propeller  radius. 
For  body  B,  data  were  obtained  24  percent  of  the 
local  control  surface  chord  aft  of  the  control 
surface  trailing  edge,  corresponding  to  22  percent 
of  the  propeller  diameter  forward  of  the  propeller. 
In  this  case  6  pitot  static  tubes  were  used  cover¬ 
ing  a  range  of  radial  distances  from  the  hull  of 
12.5  percent  to  65  percent  of  the  propeller  radius. 

The  high  Reynolds  number  data  were  obtained  from 
trials  carried  out  at  sea  on  vehicle  A  using  5  con- 
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ventional  pitot  static  tubes  at  each  of  the  above 
radial  positions. 

The  hiqh  Reynolds  number  measurements  could  only 
bo  carried  out  at  sel f -propuls ion  conditions. 
However#  the  model  experiments  in  the  ship  tank 
were  run  over  a  range  of  propulsion  conditions, 
the  model  speed,  propeller  rpm,  and  resistance  being 
recorded. 


Analysis  of  Experimental  Data 

The  low  Reynolds  number  results  for  vehicle  A  are 
presented  in  Figures  8  and  9  while  the  equivalent 
high  Reynolds  number  trail  data  is  given  in 
Figure  10.  For  body  B  the  available  data  is 
restricted  to  that  obtained  in  the  low  Reynolds 
number  ship  tank  tests  and  the  results  are  pre¬ 
sented  in  Figures  11  to  13.  For  the  sake  of 
brevity  the  velocity  profiles  given  in  Figures  11 
to  13  have  been  limited  to  those  for  alternate 
measurement  radii. 

It  can  be  shown  that  the  propeller  diffusion 
ratio,  defined  as  the  ratio  of  the  mean  velocity 
through  the  propeller  to  the  unpowered  mean  wake 
velocity  through  the  propeller  position#  can  be 
obtained  from  the  propeller  thrust  or  hull  resis¬ 
tance  together  with  the  mean  volumetric  wake  and 
thrust  deduction.  Thus,  using  the  model  lowered 
and  unpowered  resistance  measurements  and  values 


of  wake  and  thrust  deduction  obtained  from  previous 
model  tests,  the  propeller  diffusion  ratio  has  been 
calculated  for  the  model  propulsion  conditions 
pertaining  during  the  experiments.  Similar  calcu¬ 
lations  have  been  carried  out  for  the  sea  trial 
conditions  using  data  obtained  from  previous  pro¬ 
pulsion  trials.  The  results  of  these  analyses  are 
given  on  Figures  8  to  13,  and  also  in  Table  1  which 
summarises  the  experimental  and  trial  conditions. 

The  velocities  just  ahead  of  the  propeller  have 
been  averaged  at  each  radius  to  give  the  variation 
of  the  mean  circumferential  velocities  with  diffu¬ 
sion  ratio  presented  in  Figures  14  and  15.  In  an 
attempt  to  quantify  the  secondary  flow  component  in 
the  above  velocity  profiles  the  ratio  of  the  mean 
peak  velocity  to  the  mean  minimum  velocity  has  been 
evaluated  and  plotted  in  Figures  16  and  17.  The 
normal  parameter  used  to  specify  the  velocity  defect 
namely  the  ratio  of  the  minimum  velocity  in  the 
'trough'  to  the  mean  velocity  at  the  edge  of  the 
'trough'  is  giv.-n  in  Figure's  16  and  18.  No  values 
are  given  for  the  inner  radius  on  body  B  because, 
as  can  be  seen  from  Figure  11,  the  wake  defect  is 
not  clearly  defined  at  this  position.  The  latter 
parameter  is  also  compared  in  Figure  19  with  an 
empirical  relationship  based  on  two-dimensional 
data  [o.g.,  Raj  (1973)1. 

The  results  of  using  the  Myring  based  boundary 
layer  prediction  method  as  described  in  Section  4 
for  the  powered  model  and  trial  conditions  are 
also  plotted  in  Figures  14  to  18. 
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imi  Mom  Figure  l»>  that  the  relative  magn i - 
th.  velocity  deleft  at  tin'  two  ra.lii  mn- 
*'ii  vehicle  A  is  virtually  unatfected  by  the 
t  ,  and  is  subie.t  to  only  a  very  small 
f.-i-t  .  Tin*  latter  gives  r  i  so  ta  a  reduction 
lepth  of  tlu*  velocity  defect  between  the 


model  and  full-scale  equivalent  to  an  increase  of 
between  1  percent  and  3  percent  in  the  ratio  of 
minimum  velocity  in  the  ’trough’  to  the  mean  veloc¬ 
ity  at  the  edge  of  the  ’trough’.  It  can  be  seen 
from  Figure  1 l)  that  for  vehicle  A  the  actual  value* 
of  the  velocity  defect  are  considerably  lower  than 
predicted  by  the  empirical  relationship  derived 
from  two-dimensional  tost  results.  Tit  is  is  not 


165 


DIFFUSION  RATIO 


1-233 - SELF  PROPULSION 

1175 - 

I  *  <  I  I - 


surprising  since  the  two  radii  concerned  are  close 
to  the  hull  and  the  velocity  defect  is  developing 
in  a  complex  three-dimensional  flow  field  influenced 
by  the  secondary  flow  and  this  is  possibly  leading 
to  a  more  rapid  mixing  of  the  flow.  The  results 
obtained  over  a  much  larger  distance  from  the  hull 
on  vehicle  B  support  the  above  hypothesis  since  it 
can  be  seen  from  Figures  18  and  19  that  as  the 
distance  from  the  hull  increases  the  magnitude  of 
the  wake  defect  increases  and  approaches  the  two- 
dimensional  value.  The  model  results  for  vehicle 
B  shown  in  Figure  18  tend,  in  general,  to  indicate 
a  small  increase  in  the  depth  of  the  wake  defect 
as  the  propeller  diffusion  ratio  increases.  The 
maximum  value  of  this  increase  in  the  wake  defect, 
between  the  model  self-propelled  and  unpowered 
condition,  is  only  of  the  order  of  3  percent.  This 
change  is  somewhat  surprising  since  the  propeller 
produces  a  favourable  pressure  gradient  aft  of  the 
control  surfaces,  and  on  the  evidence  of  two- 
dimensional  data  this  would  be  expected  to  reduce 
the  wake  defect. 


9  FULL  SCALE  MEASUREMENTS. 
*  MODEL  EXPERIMENTS . 


In  contrast  to  the  velocity  defect  the  secondary 
flow  can  be  seen  from  Figures  16  and  17  to  be 
significantly  reduced  by  the  presence  of  the 
propeller,  this  reduction  becoming  larger  as  the 
diffusion  ratio  increases.  Additionally,  at  equal 
propeller  diffusion  ratio,  the  full-scale  secondary 
flow  is  significantly  less  than  measured  on  the 
model.  From  the  data  obtained  on  vehicle  A 
(Figures  14  and  16)  it  can  be  seen  that,  comparing 
the  results  at  model  and  full-scale  self-propulsion 
conditions,  the  magnitude  of  the  secondary  flow  and 
the  mean  circumferential  velocity  at  the  two  radii 
considered  agree  to  within  2  percent  and  3  percent 
respectively.  Although  comparison  between  the 
velocity  profiles  is  difficult  because  of  the  non¬ 
symmetry  of  the  trial  data,  Fiqures  1  to  3  indicate 
that  at  these  conditions  there  is  also  reasonable 
agreement  between  the  velocity  profiles.  These 
results  indicate  a  possible  condition  for  similar 
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inflow  to  the  propeller  at  model  and  full-scale; 
however ,  it  should  not  be  regarded  as  a  qcncral 
conclusion  on  the  basis  of  this  one  experiment. 
Additionally  although  the  ptopoller  inflow  may  be 
similar  at  self-propulsion  the  propeller  thrust 
loading,  as  indicated  by  the  diffusion  ratio,  will 
be  different. 

Comparison  between  the  wake  defect  and  secondary 
flow  model  measurements  for  the  two  vehicles 
(Figures  16  to  18)  show  generally  similar  magnitudes 
for  the  former,  but  a  much  larger  secondary  flow  in 
the  case  of  the  body  with  the  fuller  afterbody. 


The  latter  effect  can  also  be  seen  in  the  velocity 
profiles  given  in  Figures  8  and  11. 

Comparison  between  Predicted  and  Measured  Results 

It  can  be  seen  from  Figure  14  that  the  mean  circum¬ 
ferential  velocity  predictions  for  the  powered  model 
of  vehicle  A  are  always  higher  than  measured.  The 
maximum  differences  occur  at  model  self-propulsion 
conditions  and  are  7  percent  and  4  percent  for  the 
positions  12.5  percent  and  25  percent  of  the  pro¬ 
peller  radius  from  the  hull  respectively.  Both 
the  measured  data  and  the  predicted  velocities  can 
be  seen  to  vary  linearly  with  propeller  diffusion 
ratio.  For  the  blunter  stern,  Figure  15  indicates 
that  for  radial  positions  between  23  percent  and  44 
percent  of  the  propeller  radius  from  the  hull  the 
predictions  of  mean  circumferential  velocity  are 
generally  in  good  agreement  with  the  measured  data. 
For  the  two  outer  radii  the  predictions  tend  to 
be  high  as  in  the  case  for  body  A,  the  maximum 
errors  at  model  self-propulsion  being  of  the  order 
of  4  percent.  However,  for  the  innermost  radial 
position,  the  powered  predictions  are  up  to  14  per¬ 
cent  below  the  measured  values.  It  is  apparent 
for  Figure  15  that,  in  contrast  to  the  other  radii, 
the  model  results  for  this  position  arc  not  linear 
with  propeller  diffusion  ratio  because  of  the  low 
velocity  obtained  in  the  unpowered  condition.  Since 
the  measured  data  was  linear  at  a  similar  radial 
position  for  body  A  this  suggests  that  the  poor 
powered  prediction  of  velocity  for  body  B  is  due  to 
the  low  unpowered  velocity  measurement  which  is 
used  as  the  datum  for  the  prediction.  This  low 
measured  velocity  may  be  the  result  of  flow  separa¬ 
tion  on  the  vehicle  with  the  blunt  afterbody  which 
is  suppressed  by  the  favourable  pressure  gradient 
produced  when  the  propeller  is  operating. 

Comparison  between  the  full-scale  and  predicted 
mean  circumferential  velocities  in  Figure  14  show 
the  latter  to  be  less  accurate  than  for  the  model 
case,  the  predicted  values  being  15  percent  and  9 
percent  high  for  the  inner  and  outer  positions 
respectively.  However,  correlation  of  propulsion 
data  from  sea  trials  and  model  experiments  on 
vehicle  A  sugqest  an  equivalent  full-scale  hull 
Reynolds  number  of  one-tenth  of  the  true  value  and 


TABLE  1  Experimental  and  Trial  Conditions 


Hull 

Reynolds 

Diffusion 

Vehicle 

Conditions 

Number 

Ratio 

Remarks 

A 

Model 

1.3  *  10  7 

1 . 308 

Self  propulsion 

1.226 

1.130 

A 

Trial 

5.5  *  108 

1.160 

Self  propulsion 

B 

Model 

1.2  *  10  ’ 

1.233 

Self  propulsion 

1.175 

1.111 
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i  krt'Ki:  l'».  Variation  of  model  velocity  defect  with 
distance  from  the  control  surface. 


if  this  is  used  for  the  predictions  the  above 
differences  become  +  1  percent  and  -  2  percent 
respectively.  Thus  the  speed  trial  and  full-scale 
wake  data  become  compatible  and  both  suggest  a 
scale  effect  on  the  flow  velocity  for  the  vehicle 
A  with  the  finer  stern  much  smaller  than  predicted. 
This  may  be  due  to  the  fact  that  the  full-scale 
vehicle  is  hydraulically  rough  at  all  but  the  very 
lowest  speeds  while  the  prediction  method  assumes 
hydraulically  smooth  conditions. 

The  process  of  adding  the  predicted  mean  circum¬ 
ferential  velocity  changes  to  all  measured  veloci¬ 
ties  are  described  in  Section  4  naturally  leads  to 
a  change  in  the  ratios  used  herein  to  describe  the 
relative  magnitudes  of  the  velocity  defect  and 
secondary  flow.  For  the  velocity  defect  Figures  16 
and  18  show  that  the  predicted  magnitude  decreases 
slightly  with  increasing  diffusion  ratio  such  that 
at  model  self-propulsion  the  relative  magnitudes 
are  3  percent  higher  than  measured  for  body  A  and 
up  to  6  percent  for  body  B.  The  predicted  relative 
magnitude  of  the  wake  defect  at  the  full  scale 
condition  is  within  2  percent  of  that  measured, 
although  as  already  noted  the  absolute  velocities 
are  15  percent  and  9  percent  higher  than  measured. 
The  use  of  a  smaller  scaling  effect  based  on  the 
equivalent  Reynolds  number  discussed  above  would 
slightly  reduce  the  above  error  in  predicted 
velocity  defect. 

The  predicted  relative  magnitude  of  the  secondary 
flow  can  be  seen  from  Figures  16  and  17  to  decrease 
with  increasing  diffusion  ratio  but  at  a  slower 
rate  than  actually  measured  on  the  models.  Thus, 
the  propeller  is  having  an  influence  on  the  develop¬ 
ment  of  the*  secondary  flow  in  addition  to  the  simple 
change  in  relative  magnitude  arising  from  the 
propeller  induced  velocity.  It  is  clear  that  at 
mode]  conditions,  the  difference  between  the 
measured  and  predicted  secondary  flow  is  much 
greater  for  the  blunter  afterbody  form  of  vehicle 


d 


168 


B.  At  model  self-propulsion  conditions  these 
differences  are  up  to  5  percent  for  vehicle  A  but 
60  percent  for  vehicle  B.  The  secondary  flow  pre¬ 
diction  for  the  full-scale  conditions  on  body  A 
given  in  Figure  16  can  again  be  seen  to  be  higher 
than  the  measured  values  but  only  by  up  to  4  percent 
at  the  two  radii  considered.  In  this  case  the  use 
of  a  smaller  scaling  effect  would  lead  to  higher 
predicted  values  such  that  the  differences  between 
these  and  the  measured  values  would  increase  to  the 
order  of  6  percent. 

The  above  results  show  that  the  agreement  between 
the  measured  and  predicted  data  has  been  limited  and 
further  work  is  required  before  the  proposed  scaling 
method  can  be  regarded  as  satisfactory.  The  princi¬ 
pal  requirement  is  for  further  high  Reynolds  number 
data  and  it  is  proposed  to  obtain  this  by  additional 
full-scale  trials,  together  with  experiments  on 
models  in  a  compressed  air  wind  tunnel. 


6.  CONCLUSIONS 

An  integral  boundary-layer  calculation  method  for 
bodies  of  revolution  is  shown  to  give  a  good  pre¬ 
diction  of  boundary  layer  velocity  profile  for 
attached  flows  in  the  tail  region  of  a  body. 

Inclusion  of  a  simple  actuator  disc  representa¬ 
tion  of  a  propeller  in  the  calculation  method  gives 
a  reasonable  first  approximation  to  the  effect  of  a 
propeller  on  the  flow. 

Comparison  between  results  from  Fourier  analyses 
of  measurements  from  runs  repeated  a  number  of 
times  and  of  measurements  made  with  different 
incremental  steps  in  probe  position  indicates  that 
wake  harmonics  can  be  determined  reliably  from 
measurements  at  model  scale. 

Fourier  analyses  of  idealised  velocity  profiles 
representing  wake  defects  in  an  otherwise  uniform 
flow  field  have  been  obtained  analytically .  Com¬ 
parison  between  these  results  and  numerical  harmonic 
analyses  of  the  same  profile  specified  at  a  dis¬ 
crete  number  of  points  shows  no  significant  differ¬ 
ences  in  the  amplitudes  of  wake  harmonics  at  high 
harmonic  number  provided  that  the  width  of  the  wake 
is  not  too  small. 

The  measurements  presented  herein  indicate  that 
the  velocity  defect  produced  behind  a  control  sur¬ 
face  is  only  slightly  affected  by  either  the 
presence  of  a  propeller  aft  of  the  control  surface, 
or  by  the  change  in  Reynolds  number  from  model  to 
f ul 1-scale. 

Near  the  hull,  where  the-  flow  is  influenced  by 
secondary  flow  effects,  the  velocity  defect  behind 
a  control  surface  is  much  smaller  than  predicted 
from  two-dimensional  data.  For  j>ositions  outside 
the  influence  of  the  secondary  flow  the  velocity 
defect  approaches  the  two-dimensional  value. 

The  velocity  defect  is  of  a  similar  order  of 
magnitude  for  the  two  bodies  examined.  However,  the 
secondary  flow  effect:-,  are  significantly  larger 
for  the  vehicle  with  the  blunter  st'  rn. 

The  secondary  flow  produced  by  the  interaction 
of  a  control  su* face  with  the  hull  boundary  layer 
is.  reduced  significant  ly  by  the  presence  of  a 
propeller  aft  of  th->  -ontrol  surface,  and  from 
model  to  full-,  -ale  ions.  This  reduction 


increases  with  increasing  propeller  diffusion  ratio. 

By  using  the  unpowered  model  measurements  as 
datum  it  has  been  possible  to  predict  the  model 
powered  mean  circumferential  velocities  to  within 
4  percent  for  radial  positions  from  the  hull  greater 
than  12.5  percent  of  the  propeller  radius.  At  this 
radius  itself,  the  predictions  are  within  7  percent 
for  the  finer  stern  model  and  14  percent  for  the 
fuller  stern;  however,  the  latter  may  be  due  to 
separation  effects  which  are  not  taken  into  account 
in  the  prediction  method. 

Predictions  of  the  mean  circumferential  velocity 
at  the  full-scale  conditions  for  the  vehicle  with 
the  finer  stern  are  high  by  up  to  15  percent.  If 
the  ship  prediction  is  made  at  a  reduced  Reynolds 
number  suggested  by  speed  trial  results  the  pre¬ 
dictions  come  within  2  percent.  Predictions  of  the 
powered  velocity  defect  are  wit  in  6  percent  for 
model  conditions  and  2  percent  for  ship  conditions, 
the  latter  figure  applying  to  either  the  true  or 
reduced  full-scale  Reynolds  number.  Predictions  of 
the  model  powered  secondary  flow  are  within  5  per¬ 
cent  for  the  body  with  the  finer  stern,  but  up  to 
60  percent  for  the  fuller  form.  However,  for  the 
full-scale  conditions  obtained  on  the  finer  stern 
the  predictions  are  within  4  percent  at  the  true 
Reynolds  number,  and  6  percent  at  the  reduced  value. 

A  practical  method  of  estimating  propeller  in¬ 
duction  and  wake  scaling  effects  has  been  proposed 
and  demonstrated  to  give  limited  agreement  with 
model  and  full-scale  data.  Further  experimental 
data  are  required  to  refine  the  method  and  to  this 
end  high  Reynolds  number  model  experiments  are 
planned  to  be  carried  out  in  a  compressed  air  wind 
tunnel,  and  further  full-scale  trials  scheduled. 
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ABSTRACT 

Characteristics  of  the  boundary  layer  and  wake  flow 
of  ships  are  investigated  experimentally  and  at¬ 
tempts  are  made  to  estimate  their  velocity  distri¬ 
butions  . 

Boundary  layer  characteristics ,  before  the  onset 
of  separation,  are  studied;  a  three-dimensional 
boundary  layer  calculation  is  carried  out  by  the 
integral  method,  while  examining  the  boundary  layer 
assumptions  and  the  validity  of  auxiliary  equations 
by  direct  measurements  of  velocity  and  static  pres¬ 
sure  profiles  in  boundary  layer  as  well  as  skin 
fiiction  distribution  on  hull  surface. 

Assuming  that  the  wake  is  the  domain  of  influ¬ 
ence  of  the  boundary  layer  and  consists  of  three 
sub-regions,  i.o.,  vorticity  diffusion  region, 
separated  retarding  region,  and  viscous  sublayer, 
different  governing  equations  for  each  sub-region 
are  derived  by  local  asymptotic  expansions. 

Velocity  distribution  in  the  vorticity  diffusion 
region  is  estimated  in  two  steps;  first,  vorticity 
distribution  is  found  by  solving  the  vorticity 
diffusion  equation,  then  velocity  distribution  is 
calculated  from  the  obtained  vorticity  distribution 
by  invoking  Biot-Savart ' s  law. 

Satisfactory  agreements  are  attained  between 
calculations  and  measurements  both  for  boundary 
layer  and  wake. 

1.  INTRODUCTION 
Introductory  Remarks 

The  prediction  of  the  viscous  flow  field  around 
ship  hulls,  boundary  layer  on  the  hull  surface,  and 
the  wake,  is  one  of  the  most  important  problems  in 
ship  hydrodynamics.  Important  design-conditions, 
such  as  estimations  of  viscous  resistance  or  wake 
distribution  on  a  propeller  disk,  are  all  closely 
connected  with  this  problem.  Instabilities  of  ship 
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maneuvering  and  propeller-excited-vibrations  are 
also  presently  urgent  problems  in  practice;  they 
art  also  fundamentally  connected  with  the  viscous 

Calculations  of  a  ship  boundary  layer  have  been 
carried  out  by  many  investigators  during  the  last  de¬ 
cade;  e.g.,  Uberoi  (1969),  Gadd  (1970),  Webster  and 
Huang  (1970),  Hatano  et  al.  (1971),  Himeno  and  Tanaka 
(1973),  and  Larsson  (1975).  They  have  solved  bound¬ 
ary  layer  equations  in  integral  forms.  Cebeci  et  al. 
(1975) ,  as  well  as  Soejima  and  Yamazaki  (1978) ,  has 
tried  to  solve  them  by  the  finite-difference  method. 

Such  remarkable  progress  in  ship  boundary  layer 
calculations  are  mainly  due  to  studies  of  two- 
dimensional  boundary  layers  and  to  the  use  of  high 
speed  computers.  Though  some  of  them  yield  good 
results,  an  absence  of  experimental  examination  of 
boundary  layer  assumptions  or  auxiliary  equations 
can  be  found  when  applying  them  to  shiplike  bodies. 
Experimental  examinations  are  very  important  because 
most  of  auxiliary  equations  are  derived  from  two- 
dimensional  experiments. 

On  the  other  hand,  as  to  the  ship  wake,  many 
experimental  studies  have  been  carried  out  not  only 
for  ship  models  but  also  for  full  scale  ships,  e.g., 
Yokoo  et  al.,  (1971)  and  Hoekstra,  (1975)  mainly 
discussed  the  prediction  of  full  scale  wake  charac¬ 
teristics  based  on  model  wake  survey. 

Rational  theoretical  studies  are  still  more  im¬ 
portant.  As  to  theoretical  studies  of  wake,  we 
must  retreat  to  problems  of  flow  behind  rather 
simple  obstacles  like  flat-plates,  circular  cylin¬ 
ders,  or  bodies  of  revolution.  Even  in  such  cases, 
most  treatments  are  based  on  potential  theory  such 
as  free- streamline  theory  or  cavity-flow  theory, 
reviewed  by  Wu,  (1972).  However,  because  vortici- 
ties  existing  within  wakes  are  mainly  generated  in 
boundary  layers  of  hull  surfaces  and  shed  into  wakes 
viscously  and  convectively  through  separations,  the 
prediction  of  wake  flow  should  be  treated  in  close 
relation  to  boundary  layer  flow. 

The  previous  works  by  Hatano  et  al . ,  (1975,  1977), 
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were  carried  out  from  this  standpoint.  But  they 
are  only  the  beginning  of  research  on  ship  wakes 
and  many  future  problems  were  pointed  out,  especially 
requirements  for  further  experimental  studies. 

The  present  authors  are  firmly  convinced  that, 
for  such  viscous  flow  problems,  marriages  of  experi¬ 
mental  and  theoretical  studies  are  primarily  impor¬ 
tant  in  order  to  make  further  progress.  Because 
of  this,  the  present  paper  is  divided  into  two  parts; 
experimental  studies  on  ship  boundary  layers  and 
wakes  (Section  2  and  4) ,  and  theoretical  studies 
and  numerical  calculations  (Section  3  and  5) . 


TABLE  1  PRINCIPAL  DIMENSIONS  OF  MODELS 


GBT-125 

GBT-30 

MS-02 

L 

1  . 250^ 

3.000^ 

3.000(m^ 

B 

.193 

.462 

.485 

d 

.065 

.157 

.165 

Cb 

.836 

.836 

.768 

Coordinate  Systems  and  Models  Used 


Two  coordinate  systems  are  employed  throughout  the 
present  paper.  One  is  the  right-hand  linear  coordi¬ 
nate  system,  O-xyz,  whose  origin  is  at  midship  and 
on  the  waterplane  and  the  oncoming  flow,  U(),  is  in 
the  x-direction.  The  other  is  the  streamline  coor¬ 
dinate,  XJX-X3?  curves  of  constant  x2  coincide 

with  potential  flow  streamlines  on  hull  surface  and 
x <  is  normal  direction  to  hull  surface  (Figure  1) . 

All  quantities  are  dimensionless  by  half  ship 
length  C  (=L/2) ,  ship  speed  Uo,  and  fluid  density  p, 
unless  specified  in  another  form. 

For  the  present  research  three  ship  models, 
GBT-125,  GBT-30,  and  MS-02  were  used  whose  body 
plans  with  potential  streamlines  and  principal  di¬ 
mensions  are  shown  in  Figure  2  and  Table  1. 

GBT-125  and  GBT-30  are  practical  tanker  ship 
models#  similar  in  geometry  to  each  other.  GBT-125 
is  a  double  model  and  was  used  under  submerged  con¬ 
ditions  for  studies  of  boundary  layer  flow.  MS-02, 
which  was  used  for  the  studies  of  wake  flow,  has  a 
rather  simple  stern  form;  the  framelines  are  ellip¬ 
tic  and  given  by  the  equation. 


(fj 


x  2  a  (a= 0.4) 


yo  =  b0 


(s)  ■ 


and  bo  is  the  half  breadth  of  the  waterplane  at 
x  =  0.4  (S.S.3)  and  d  is  the  draft.  The  remainder, 
(x  £  0.4) ,  has  a  practical  hull  form.  This  is  be¬ 
cause  the  practical  stern  form  produces  a  very  com¬ 
plicated  stern  flow,  e.g.,  an  intensive  longitudinal 
vortex,  not  suitable  for  the  present  investigations. 

Experiments  were  carried  out  in  the  circulating 
water  channel  and  the  towing  tank  of  Hiroshima 
University . 


i  y  _A*i  _ 


L, £  ship  model  length  and  half  length 
b  ship  model  breadth 
Cb  block  coefficient  of  the  ship  model 
d  ship  model  draft 
p  density 

v  kinematic  coefficient  of  viscosity 
ve  eddy  viscosity  coefficient 
g  gravity  acceleration 
U o  velocity  of  oncoming  flow,  ship  speed 
Fn  Froude  number  =U  g/*/^jL 
Re  Reynolds  number  =UgL/v 
e  small  parameter  for  asymptotic  ex¬ 
pansions  =  Re“1//8 

x,y,z  orthogonal  linear  coordinates 
xi,xo«X3  orthogonal  curvilinear  coordinates 

s*n»£  distances  along  xlfx2,X}  coordinates 
hi,h2,h3  corresponding  metric  coefficients 
Ki#K2  convergences  defined  by  K]  = 

_  _1 _ i*h2  *  K  =  -  — _  i?LL 

hih23x i  2  h]h2  3x2 

C,n,c  1 

s / n , £  /normalized  distances  for  vorticity 
C, n, C*J diffusion  region,  separated  re¬ 
tarding  region,  and  viscous  sub¬ 
layer  respectively 
q  velocity  vector 
qv  viscous  part  of  velocity  vector 
u,v,w  velocity  components  in  x,y,z  direc¬ 
tions  excluding  uniform  flow 
(11/<12'CI3  mean  velocity  components  in  xi,x2,X3 
directions 

qi/q2»q3  fluctuating  velocity  components  in 
xi,x2,X3  directions 

Ue  resultant  velocity  at  boundary  layer 
edge 

Ul,Vi,Wj  velocity  components  at  boundary  layer 
edge  in  xj,x2,X3  directions 

Yo'Yi'Yi'wi  asymptotic  terms  of  normalized  mean 
j'  /  velocity  for  vorticity  diffusion 

j  region,  separated  retarding  region, 

'  '  ‘ * ' )  and  viscous  sublayer  reqion 
Ui',0{,w£  asymptotic  terms  of  normalized  fluc- 

(i=l,2,...)  r  tuating  velocity  for  separated  re- 
'  tarding  region 
u>  vorticity  vector 

u>x,u!y,o)z  vorticity  components  in  x,y,z  di¬ 
rections 

,  u>2  f<*>3  vorticity  components  in  xi,x2,X3 
directions 

uu- ijw^i  ,u>^i  asymptotic  terms  of  normalized  vor¬ 
ticity  for  vorticity 
(i=l,2,...)  diffusion  region 
p  pressure 


x >  vl'"l 

VI*  .  v  ■  .  w* 

1 '  l'wl 

( i=l ,2 .  ..) 
(i=l,2,  — ) 


I  I  :‘H  1.  Coordinate  systems. 
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FIGURE  2.  Body  plans  and  potential 
flow  streamlines  of  models. 


p„ 

Cp 

Pi (i=l, 2, . . . ) 

5 
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pressure  far  upstream  ^ 

pressure  coefficient  =  (p-pa>)/2  PU^ 
asymptotic  terms  of  normalized 
pressure 

boundary  layer  thickness 
three-dimensional  boundary  layer 
thickness  parameters  defined  by 
Eqs.  (5) ,  (19) 

shape  factor  of  streamwise  velocity 
profile  =^*A*il 

angle  between  surface  streamline 
and  external  streamline'  direction, 
positive  in  x.  direction 
index  for  power- law  velocity  profile 
parameter  for  wake  part  of  wall-wake 
law  in  qj,  q;  components 
coefficients  of  wall-wake  law 
wall  and  wake  functions  of  wall- 
wakc  law  defined  by  Eq.  (10) 
resultant  skin  friction 
components  of  skin  friction  in  xj 
and  x.  directions 
friction  velocity 
entrainment  function 
parameter  for  separation 
positions  of  onset  of  separation 
and  rcattaehment 

integral  region  for  induced  velocity 
gradient  vector 

symbol  of  orders  f-0(>. );  lim  7  =M 
(M: constant) 


2.  EXPERIMENTAL  STUDIES  ON  BOUNDARY  LAYER 

Kinds  of  Experiments  and  Measuring  Techniques 

In  order  to  examine  the  boundary  layer  assumptions 
and  the  validity  of  semi-empir ical  equations  in 
case  of  ship-like  bodies,  the  following  kinds  of 
experiments  were  carried  out  [Hatano  ot  al.,  (1978)). 


Static  pressure  measurements  on  hull  surface 

Static  pressure  holes  of  0.6mm  were  arranged  on  the 
hull  surface  along  streamlines  and  the  static  pres¬ 
sure  was  measured  by  towing  ahead  and  astern. 


Static  pressure  measurements  in  boundary  layer 

Static  pressure  in  the  boundary  layer  was  measured 
by  using  a  static  pressure  tube.  It  is  1.2mm  in 
diameter  with  two  0.4mm  $  holes  on  diametrically 
opposite  sides.  A  traverser  with  a  micrometer  was 
used  to  move  the  probe  normal  to  the  hull  surface. 
The  preliminary  experiments  showed  that  the  static 
pressure  was  free  from  incident  flows  whose  attack 
angles  were  less  than  20°. 


Velocity  measurements  in  boundary  layer 

A  total  head  probe,  made  from  hypodermic  tubing  of 
outside  diameter  0.28mm  and  2.7miTi  respectively, 
was  mounted  on  the  traverser.  Total  pressure  was 
measured  after  locating  flow  directions  by  yawing 
the  directionally-sensitive  hot  film  probe.  Using 
the  measured  static  pressure,  velocity  was  estimated 
and  decomposed  into  streamwise  and  crossflow 
components . 


Local  skin  friction  measurements 

Local  skin  friction  on  the  hull  surface  was  mea¬ 
sured  directly  by  a  floating-element  type  friction 
meter  [Hotta,  (1975)].  The  floating  element  is  14mm 
in  diameter  with  gaps  of  0.05mm  to  the  mounting  case 
and  balanced  by  electromagnetic  force. 

All  experiments  described  above  were  carried  out 
using  the  GBT-125  under  submerged  conditions  at  a 
depth  of  about  6  times  the  draft  of  the  model.  The 
Reynolds  number  was  kept  constant  at  106. 
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Experimental  Examinations  of  Boundary  Layer  Assump¬ 
tions  and  Semi-Empirical  Equations 

Boundary  Layor  Assumptions 

The  usual  first  approximate  calculations  of  the 
boundary  layer  were  carried  out  under  the  assump¬ 
tion  that  the  static  pressure  is  constant  across 
boundary  layers  and  is  equal  to  the  inviscid  flow 
pressure.  These  assumptions  are  open  to  experimental 
examination  when  the  boundary  layer  thickness  is 
not  thin,  especially  in  the  case  of  ship-like  bodies. 

Static  pressure  distributions  on  the  hull  sur¬ 
face  along  streamline  Nos.  5,  7,  and  11  are  shown 
in  Figure  3  with  calculated  potential  flow  pressures. 
Potential  flow  calculations  were  carried  out  by  the 
well-known  surface-source  method  [Hess  and  Smith, 
(1902)]  representing  the  hull  by  254  *  2  small  rec¬ 
tilinear  panels.  Static  pressures  while  being 
towed  onward  are  in  good  agreement  with  those  calcu¬ 
lated,  except  near  the  stern,  where  pressure  has 
not  recovered  and  is  slightly  low.  However,  towing 
astern  shows  good  agreements  even  near  the  stern. 

This  means  that  displacement  effects  of  the  boundary 
layer  are  appreciable  near  the  stern. 

Figure  4  shows  static  pressure  profiles  in  the 
boundary  layer  .  It  was  observed  that  pressure  pro¬ 
files  are  almost  constant  across  the  boundary  layer 
except  for  some  positions  where  the  pressure  is  mono- 
tonically  increasinq  or  decreasing  in  that  normal 
direction.  The  tendencies  of  increments  are  signif¬ 
icant  at  S.S.l'j  or  S.S.l1!  of  streamline  No.  11.  This; 
can  be  referred  to  the  centrifugal  force  due  to  the 
small  radii  of  curvature  of  the  bilge  keel.  On  the 
other  hand,  a  decrease  can  be  found  for  all  the 
streamlines  at  S.S.S  or  S.S.*a,  which  maybe  the 
effect  of  separation.  (As  described  later,  flow 

•Static  pressure  on  tli* ■  hull  surface  does  not  agree  with  that 
of  Figure  3.  While  the  measurements  whose  results  are  shown 
in  Figure  3  wer»-  carried  out  in  the  towing  tank,  those  shown 
in  Figure  4  were  m  the  circulating  water  channel.  The 
discrepancies  are  all  due*  to  this  difference  in  exper imenta 1 
conditions;  the  cross  section  of  the*  circulating  water  chan¬ 
nel  is  restricted  to  12nomm  *  820mm  and  pressure  is  under¬ 
estimated. 


can  be  assumed  to  have  separated  near  S.S.1*.)  There 
the  concept  of  boundary  layer  itself  should  be  dis¬ 
carded. 

It  can  be  safely  pointed  out  that  the  pressure- 
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constant  assumption  can  be  employed  unless  the  radii 
of  curvature  are  not  significantly  small;  the  dis¬ 
placement  effects  are  important  near  the  stern  and 
should  be  taken  into  account  in  higher  order  calcu¬ 
lations  [Hatano  and  Hotta  (1977)]. 


If  velocity  profiles  are  represented  by  Eqs.  (3) 
and  (4),  the  boundary  layer  thickness-parameters 
<5*,  Oji  and  shape  factor  H  are 


1 


-  /  (Uj  -  qi)dC  = 


n+1 


Veloci tu  Profi 1 es 

In  order  to  calculate  the  boundary  layer  equations 
by  an  integral  method  it  is  convenient  to  represent 
velocity  profiles  by  analytical  functions  which  in¬ 
clude  several  parameters. 

The  most  commonly  used  formulae  are  based  on  a 
1/n-power  law  and  on  a  wall-wake  law.  The  former 
has  a  definite  merit  of  simplicity.  The  latter, 
developed  by  Coles  (1956) ,  has  more  freedom  than 
the  1/n-power  law  and  can  be  expected  to  represent 
velocity  profiles  more  exactly. 

Mager's  expression  is  well  known  as  the  three- 
dimensional  velocity  profile  model  based  on  a  1/n- 
power  law,  Mager  (1951) .  He  gave  the  streamwise 
and  crossflow  velocity  profiles  as 


where  n  is  a  variable  parameter. 


"»1  =  £  'oV0'  '  qi,dt  =  T7T+T)(n+ir 


(5) 


H  = 


'"'l  n+2 


and  Eqs.  (3)  and  (4)  can  be  written  in  other  forms, 
H-l 


,  C  H-l  ,2 
ql/Ue  tijjHIH+l) 


q:/Ue  tan6  f  fc/ 1  H(H+lf5  11  0n  H 


H-l 

2 


H-l 

(H+l) 


(6) 


(7) 


If  a  and  5*  are  integrated  and  6  is  determined 
from  measured  velocity  profiles,  then  velocity  pro¬ 
files  represented  by  Mager's  model  can  be  calculated 
from  Eqs.  (6)  and  (7)  and  can  be  compared  with  the 
measured  profiles. 

Figure  5  shows  the  comparisons  of  them.  It  can 
be  safely  pointed  out  that  Mager's  model  is  employ- 
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able  for  tho  velocity  profiles  of  ship-like  bodies 
as  far  as  streamwise  components. 

Figure  6  shows  crossflow  profiles  measured  on 
aft  parts  of  a  model.  As  easily  observed,  there 
are  some  profiles  which  have  reverse  type  (S-shaped) 
profiles.  For  most  of  remaining  parts,  the  cross- 
flow  angles  are  very  small  and  do  not  show  reverse 
type  ;.rofiles.  Because  Eq.  (4)  has  only  one  inflec¬ 
tion  point,  such  S-shaped  profiles  can  not  be  repre¬ 
sented  by  it. 

To  represent  even  reverse  crossflows,  more  gen¬ 
eral  polynomial  expressions  are  proposed  [e.g., 
Eichelbrenner  (1973),  Okuno  (1977)].  However,  they 
require  additional  equations  or  boundary  conditions 
and  it  is  reported  they  do  not  always  yield  improve¬ 
ments  [Okuno  (1977)1.  This  is  because  the  cross- 
flow  does  not  always  have  such  universal  profiles 
near  the  stern. 

On  the  other  hand,  the  three-dimensional  veloc¬ 
ity  profiles  based  on  Coles'  wall-wake  law  can  be 
represented  by 


gj ,  g„  are  variable  parameters,  for  wake  parts,  u. 
is  the  friction  velocity,  and  B  are  constants. 

fj  given  by  Eq.  (10)  is  called  the  wake  function. 
Figure  7  shows  the  existence  of  such  parts  in  case 
of  ship-like  bodies  also.  Velocity  profiles 
deviate  from  linearity  when  approaching  the  outer 
edge  of  the  boundary  layer.  Velocity  profiles, 
represented  by  Eqs.  (8)  and  (9),  are  compared  with 
measured  profiles.  Here  parameters  gj  and  q-,  are 
determined  by  the  condition  that  qj  equals  Ue  and 
q.,  equals  zero  at  the  boundary  and  uT  is  determined 
by  a  least-squares  fit  to  the  measured  profiles. 

The  values  of  Clauser,  5.6  and  4.9,  were  used  for 
1/k  and  B  respectively.  Good  reproductions  are 
examined  except  crossflow  representations. 

As  to  crossflow  profiles,  the  situation  is  not 
much  improved  from  Mager's  model;  reverse  crossflow 
observed  in  experiments  can  also  not  be  represented 
by  the  wall-wake  law.  The  finite-difference  method 
may  be  a  possible  step  toward  representation  of  any 
type  of  velocity  profiles. 
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Local  Skin  Friction 
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and 

l/n 

u  -  (  t  /  i)  - 

T  V 


In  the  case  of  turbulent  flow,  most  of  the  friction 
is  due  to  the  turbulence  (Reynolds'  stress) .  For 
this  reason  it  is  necessary  to  introduce  additional 
equations  to  determine  it  in  closed  form. 

Ludwieg  and  Tillmann's  semi-empirical  equation 
for  the  skin  friction  (Ludwieg  and  Tillmann  (1949)] 
is  most  commonly  used;  it  is 

/  IM*  i  ,  \  -o .  26  8 

T  /pU2  =  O.123«lO_0-67eH  (  — - )  (12) 

w  i  e  \  v  / 

Because  Eq.  (12)  is  obtained  from  two-dimensional 
experiments,  the  validity  should  be  examined  when 
applied  to  three-dimensional  flow. 

When  Coles'  wall-wake  law  is  employed  for  the 
velocity  profile,  the  skin  friction  can  be  deter- 
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mined  from  the  friction  velocity.  But  it  should 
also  be  examined  experimentally. 

In  Figure  8,  three  kinds  of  experimental  values 
of  skin  friction  are  compared  along  streamline 
Nos.  9,  11,  and  18;  directly  measured  values,  those 
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obtained  from  Ludwleg-Tillmann * s  formula,  Eq.  (12) , 
and  those  from  friction  velocity,  Eq.  (11)  .  For 
estimations  of  the  latter  two  values,  measured 
velocity  profiles  are  invoked.  Calculated  results 
are  also  shown  here  for  later  discussions. 

The  values  of  Ludwieg-Tillmann1 s  formula  produce 
fairly  good  agreements  with  those  directly  measured, 
which  implies  that  Ludwieg-Tillmann * s  expression 
is  also  good  for  three-dimensional  flow. 


Entrainment  Equation 

In  streamline  coordinates,  the  continuity  equation 
is  given  by 


dr(qih2>  +  dr^hi)  +  hih2-^3 


0. 


(13) 


Integrating  with  respect  to  x^  ,  from  zero  to  6, 
gives 

h]3x]  1  l'  h23x2 


=  F 


(€-6*) { 


1  3h, 


hjh0  jx j 


1  3Ue 

U  h.  3x, 
e  1  1 


(14) 


where  F  is  the  entrainment  function  given  by 
36  36 

F  =  u;  W  +  V1H7HF  •  W1  • 


(15) 


Equation  (14)  is  often  used  as  the  third  (auxiliary) 
equation  when  the  boundary  layer  calculation  is 
carried  out  by  the  integral  method.  Here,  F  should 
also  be  given  in  someway  in  closed  form. 

In  two-dimensional  flow,  Eq.  (14)  is  reduced  to 


(16) 


Head  (1960)  gave  a  relationship  between  F  and 
(5-6* > /e ! J  which  was  examined  by  two- 
dimensional  experiments. 
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Introducing  an  assumption  that  the  entrainment 
equation  of  three-dimensional  flow  is  related  ex¬ 
clusively  to  the  streamwise  quantities,  Cumpsty  and 
Head  {1967}  employed  the  Head's  entrainment  function 
for  three-dimensional  boundary  layer  calculations. 
This  is  of  course  open  to  criticism. 

In  Figure  9,  Head's  entrainment  function  and 
experimental  values,  obtained  from  Eq.  (14),  invok¬ 
ing  measured  velocity  profiles,  are  compared.  It 
can  be  mentioned  that  Head's  function  gives  rather 
good  mean  lines  both  in  relation  to  Hg_^*  -  H  and 
F-H,s_£*.  The  values  of  *  are  not  fairly  related 
to  H  in  the  fore  part,  where  laminar  flow  may  still 
exist,  and  neither  F  to  H^.^i  in  the  aft  part.  The 
former  does  not  seriously  effect  F.  We  should  bear 
in  mind  here  that  the  determination  of  boundary 
layer  thicknesses  is  not  clear  in  the  three- 
dimensional  case  and  accurate  estimations  of  their 
derivatives  are  very  difficult. 

Himeno  and  Tanaka  (1973)  used  the  moment  of 
momentum  equation  as  the  third  equation  instead. 

In  this  case,  assumptions  for  the  Reynolds'  stress 
are  also  required  and  significant  improvements  are 
not  always  found. 

Summarizing  the  above  discussions  it  can  be 
safely  concluded  that  the  integral  method,  where 
either  Mager's  model  or  the  wall-wake  law  is  used 
for  velocity  profile,  Ludwieg-Tillmann ' s  equation 
for  skin  friction,  and  entrainment  equation  for 
auxiliary  equation,  is  expected  to  yield  meaningful 
results.  Moreover,  it  can  be  also  pointed  out  that 
improvements  can  be  attained  when  the  second  order 
approximation  for  the  static  pressure  is  taken  into 
account  near  the  stern.  However ,  in  the  region 
where  reverse  crossflows  or  large  crossflow  angles 
exist,  although  the  boundary  layer  assumption  is 
not  violated,  the  integral  method  is  no  more 
available. 


BOUNDARY  LAYER  CALCUI.ATIONS 

According  to  the:  preceding  conclusion:- ,  boundary 
layer  calculations  were  carried  out  by  the  integral 
method  and  compart'd  with  experimental  results. 


Basic  Equations  and  Auxiliary  Equations 

The  integrated  boundary  layer  equations  are  given 
in  st reaml  ir."  coordinates  by 


+  +  (H+2 ,iU.  ^  -Mo.rM 


=  t  ,  /  PIS  ,  (] 

wl  o 

+  A«22  +  3iy  +  #11  (H  +  1+  (Ml, 

3C  3n  uG  3n  ue  uji 


-  2K  j  U  2  i  =  lw?  /  nU£  .  (18) 

where  Ojj,  h]2,  ^21  •  and  ®22.  are  momentum  thickness 
parameters  defined  by 


Ue  11  =  o  qi (Ul”qi)d^  ' 


Ue  u12  *  ^  <32  (U i— qi  >dr,  , 


°21  =  /  qi  (V]-q?)dC  , 
e  0 


U‘  u22  =  /  <32  (Vj-qj)d?; 


The  entrainment  equation  is  employed  as  the  third 
equation; 

3U 

-  p-  (A-et)  <-k1+  —  <20) 

For  the  function  F,  the  relation  of  Head  is  used, 
which  has  already  been  examined. 

If  Mager's  velocity  profiles  are  employed  here, 
boundary  layer  thickness  parameters  are  given  usino 
<.*2  1,  H  and  £ , 

<*;>!  =  UjjElHJtanti  ,  =  C  i  ]C  (H)  tan?6  , 

0];.  =  i'2  ]  J(H)  tanfi  ,  6*  =  «j]D(H)tan6  , 

6-A*  =  0nN(H)  ,  (21) 
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(Tli<‘  '  means  dif  ft'ront  iat  inn  with  respect  to  11.) 

If  Ludwieq-Til Imann • s  skin  friction  formula, 

Eq .  (12),  is  used,  all  tin*  coot"  f  ic  ion  ts  of  Hq.  (24) 

arc  known  at  earlier  ?.  coordinate. 

This  formulation  is  the  same  as  that  of  Cumpsty 
and  Head  (19C>7). 


Numerical  Calculations  ami  Discussions 

Numerical  calculations  were  carried  out  for  PBT-125 
at  Rr--Ii)'.  First,  in  streaml  ines  were  traced  inter¬ 
polating  the  2**4  '  2  desrrete  values  of  velocity, 
obtained  by  tin*  surface  sou tee  method,  and  xj  coor¬ 
dinates  were  determined. 

The  differentials  with  respect  to  n  were  numeri¬ 
cally  determined  alonq  the  q  axis  which  was  defined 
by  bendinq  short  segments  orthogonal  ly  to  the  X) 
axis.  This  is  tlu*  main  difference  from  Oimpsty- 
Head*:;  oriqinal  calculations.  F-br  such  calculations 
as  2U0/tbi,  ami  so  on,  the  d i f  f eront  i a  1  s 

with  respect  to  q  should  be  carried  out  as  care¬ 
fully  as  possible.  Most  numerical  errors  stem  from 
these  terms. 


1  •  ’■>nu  ui  :  .  I  -n.  •: ?  •;:*•  •  i  -kv  ( 


0.5  '•  10“ 1.4,  and  0.0  wore  used  for  the 
initial  values  of  i*  j  |  ,  H  and  f  at  S.S.  9,M(x=-0.85)  . 
These  values  were  obtained  from  HuriVs  two- 
dimensional  formula  assuminq  the  flow  is  turbulent 
just  from  F.P.  (see  Fiquro  1).  Fortunately  they 
do  not  seriously  affect  tlu.*  calculations. 

About  200  steps  wore  taken  and  Eq.  (23)  is 
integrated  with  respect  to  ‘  by  Lunge-Kutta-di  1 1  * s 
method  (five  points  for  each  step). 

In  Figures  10,  11,  and  12,  calculated  results  of 
t‘ j  ]  ,  H,  and  n  alonq  typical  streamline  Nos.  t>,  9, 
and  11  art'  shown  alonq  with  experimental  results. 
The  skin  friction  is  shown  in  Fiquro  8.  Streamline 
No.  5  qenerates  a  simple,  quasi-two-dimensional 
curve  on  the  hull  surface  and  it  may  be  expected 
the  flow  can  be  truly  represented  by  the  present 
framework.  On  the  other  hand  streamline  No.  11 
passes  through  a  region  where  the  boundary  layer  is 
rather  thin  and  also  through  a  bilge  corner  where 
pressure  increments  were  observed. 

The  experimental  values  of  the  streamwise  momen¬ 
tum  thickness,  t* j  ]  ,  of  st  reamline  No.  11  wore  much 
greater  than  those  calculated  around  S.S.l.  This 
discrepancy  can  be  related  to  the  fact  that  S.S.l 
of  streamline  No.  11  corresponds  to  the  position 
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just  behind  the  bilge  keel  and  the  occurrence  of 
bilge  separation  can  be  suspected. 

Shape  factor  H,  in  every  case,  does  not  vary 
significantly  and  agreements  between  calculations 
and  measurements  are  good  except  near  the  stern. 
There,  as  shown  in  comparisons  of  8,  largo  cross- 
flow  angles  existed  and  the  present  scheme  can  not 
be  employed  here. 

It  is  interesting  that  large  crossflow  angles 
can  also  be  observed  in  experiments  near  the  bow. 
They  create  a  suspicion  of  the  occurrence  of  bow- 
bilge  separation. 

Skin  friction  iw,  shows  also  good  agreement. 

It  is  observed  that  both  experimental  and  calculated 
values  do  not  decrease.  This  suggests  three- 
dimensional  separation  differs  a  little  from  that 
of  two-dimensional  where  skin  frictions  vanish. 

As  a  whole,  it  can  be  safely  concluded  that , 
except  near  the  stern,  calculated  results  show  good 
agreements  with  measured  as  far  as  integral  quanti¬ 
ties  like  |  ]  or  H.  It  can  be  also  concluded  that 
the  present  scheme,  using  integrated  momentum  bound¬ 
ary  layer  equations  as  governing  equations,  can  be 
appreciated  in  spite  of  its  brevity. 


EXPERIMENTAL  STUDIES  ON  BOUNDARY  LAYER  SEPARATION 
AND  WAKE 

Kinds  of  Experiments  and  Mcasurinq  Techniques 

The  characteristics  of  separation  and  separated 
flow  of  ship-like  bodies  arc  dim.  Experiments  may 
throw  light  upon  them.  In  order  to  discuss  the 
characteristics  of  separation  and  separated  flow, 
the  following  experiments  were  carried  out  in  addi¬ 
tion  to  the  previous  experiments.  All  experiments 
were  carried  out  with  MS-02  and  experiments  (c)  and 
(d)  used  GBT-30  also.  Experiments  were  executed 
at  the  speeds  of  Fn-0.  1525  (R^n.  17*10*’)  and  Pn=0.16 
(R(,^2 .  18y  10*’)  for  MS-20  and  GBT-30  respectively. 


F 1  < >w  ()bs • 'rv.it  }t  vis 

Planting  twin  tufts  on  the  hull  surface,  flow  di¬ 
rections  near  the  stern  were  observed  by  a  submerged 


camera;  one  tuft  was  just  on  hull  surface  and  the 
other  was  22mm  off,  normal  from  surface. 

Free-surfacc  flow  around  the  ship  stern  was  also 
observed  in  relation  to  the  separated  flow  by  the 
aluminium  powder  method. 


Velocity  Measurements  in  Separated  Flow  Region 

Velocity  in  the  separated  region  was  measured  using 
a  hot  film  anemometer.  The  probe  is  a  conical  type, 
2mm  in  diameter.  One  horizontal  plane  of  Z--0.02 
was  covered  where  framelines  are  almost  vertical. 
Because  the  probe  was  set  parallel  to  the  uniform 
flow,  the  velocity  is  not  quantitatively  accurate. 


Vc 1 oc i t y  Me as u r em'nts  in  Wa k e 

Two  five-hole  pitot  tubes  were  used  for  velocity 
measurements  in  the  wake;  8mm-diameter  tube  for  MS-0 
and  lOmm-diameter  tube  for  GBT-30.  For  estimations 
of  vorticity,  measurements  were  carried  out  on  three 
dimensional  lattice-points  spaced  0.025,  0.015,  and 
0.015  in  x,  y,  and  z  directions  respectively. 


I'o rticity  Es  t i  ma  t  i  ons  i  n  Wa k e 

The  vorticity  can  be  estimated  by  differentiating 
the  measured  velocity  distributions; 

_  ?v  _  jHi  _  _3w  _  3v  _  jhj 

"'x  "  ay  3z  '  uy  ?z  9x  '  u,z  3x  3y  - 

125) 


The  differentials  were  obtained  numerically  by 
throe-point  approximation. 


Discussions  on  Boundary  Layer  Separation  and  Wake 
F  low 

Boundary  Layer  Flow  near  Separation 

Figure  13  shows  flow  directions  near  the  stern  of 
MS-02  obtained  by  the  twin  tufts  method. 

It  was  observed  that,  very  near  A.P.,  both  tufts 
are  drooping.  This  means  that  the  velocity  is  al¬ 
most  dead;  in  other  words,  separation  has  occurred. 

On  the  remaining  parts,  the  outer  tufts  show 
almost  the  same  direction  as  the  calculated  poten¬ 
tial  flow  direction;  on  the  other  hand  the  inner 
tufts  differ  greatly  from  them  and  produce  large 
crossflow  angles.  A  reference  to  the  surface  pres¬ 
sure  distribution  gives  a  clear  explanation  that 
flow  near  the  hull  surface,  whose  velocity  is  very 
low,  cannot  make  further  steps  against  the  pressure 
increments  and  change  direction  suddenly  from  the 
external  streamwise  direction  toward  the  low- 
pressure  regions.  Significant  occurrences  of  shear 
flow  and  generation  of  vortices  are  assumed  which 
correspond  to  beginnings  of  three-dimensional  sepa¬ 
ration  . 

The  above  situation  can  be  understood  more 
clearly  from  velocity  profiles  in  the  boundary  layer 
near  separation.  Figure  14  shows  the  velocity  pro¬ 
files  of  GBT-125  along  streamline  Nos.  5,  9,  and 
11.  A  sudden  large  crossflow  occurs  near  S.S.S 
for  all  the  streamlines  and,  correspondingly,  the 
streamwise  velocity  profile  also  changes.  The 
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maximum  crossflow  velocity  amounts  to  about  half 
of  the  st  reamwi.se  velocity. 

Such  behaviors  of  flow  near  the  stern  are  not  in 
the  category  of  boundary  layer  flow,  therefore, 
boundary  layer  calculations  should  be  stopped  and 
another  treatment  employed. 

Cri  trr  inn  /or  lUnuuLiru  /ai/rr  Separation 

It  is  necessary  to  introduce  some  criterion  for 
boundary  layer  separation  in  order  to  change  the 
governing  equations  from  boundary  layer  to  some 
others . 

There  are  many  criteria  mainly  for  two-dimensional 
separation  [e.g.,  Chang  (1970)1. 

A  parameter ,  !'a,  defined  by 


The  proposal  is  based  on  the  experimental  facts 
that  the  beginning  of  three-dimensional  boundary 
layer  separation  is  closely  related  to  the  pressure 
gradients,  as  discussed  in  the  previous  section, 
and  that  boundary  layer  flow,  such  as  with  large 
momentum  thickness  and  small  skin  friction,  can  no 
longer  exist.  Therefore,  flows  with  large  values 
of  Ta  cannot  exist  in  real  flow  in  the  sense  of 
boundary  layer  flow.  On  the  other  hand,  if  the 
boundary  layer  assumptions  are  kept,  the  calculated 
values  of  I'a  can  increase  without  any  upper  bound. 

Figure  15  shows  I'a  obtained  by  the  boundary 
layer  calculations  and  from  experiments.  The  calcu¬ 
lated  values  got  increasingly  large  approaching 
the  stern,  but  experimental  values  do  not  and  they 
seem  to  have  some  upper  bound. 

The  value  of  i’a  -  20  is  reasonable  as  a  criterion 
for  separation,  because,  as  shown  in  Figure  14, 
large  crossflow  angles  were  observed  near  x=0.9 
(S.S.S)  and  the  onset  of  separation  is  suspected. 

of  course,  more  experimental  data  are  necessary 
for  the  present  discussion  and  further  experimental 


is  proposed. 
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O  ESTIMATED 

FROM  MEASURED  DATA 


STREAMLINE  NO.S 


STREAMLINE  NO. II 


and  theoretical  studies  may  give  a  firmer  founda¬ 
tion  for  the  present  criterion. 


F  ! aw  Fj  « •  l d  a  ftor  uccu rrcnc «. *  o t  St  */m ra  t  i  on 

Once  separation  has  occurred,  the  flow  field  differs 
qrcatly  from  the  unseparated  boundary  layer  flow. 

The  existence  of  the  dead  reqion,  pointed  out  in 
the  previous  section,  is  one  phenomena. 

Figure  16  shows  velocity  profiles,  after  the 
occurrence  of  separation,  measured  by  the  hot  film 
anemometer.  The  bars  in  the  figure  represent  fluc¬ 
tuations  in  velocity.  The  region  where  the  velocity 
fluctuates  so  intensively  and  is  very  low  consists 
of  a  characteristic  thin  layer,  a  separated  retard¬ 
ing  region.  It  can  be  definitely  distinguished 
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from  the  outer  part  where  the  flow  does  not  differ 
greatly  from  the  unseparated  flow.  The  newly- 
generated  vortex  is  confined  to  this  region. 

Figure  17  is  free-surface  flow  of  MS-02,  it 
shows  more  clearly  the  existence  of  the  above 
mentioned,  separated  retarding  region.  The  divid¬ 
ing  streamline  can  be  observed  which  coincides  with 
the  border  line  of  the  separated  retarding  region. 

In  the  case  of  practical  ship  forms,  we  have  not 
enough  information  as  to  whether  or  not  such  regions 
exist.  But  from  the  velocity  profiles  of  GBT-125 
(Figure  14) ,  their  existence  can  be  supposed  in 
those  cases  also. 

According  to  the  present  experimental  studies, 
it  is  implied  that  any  single  approximate  equation 
of  the  Navier-Stokes  equation  completely  governs 
the  flow  field  near  the  stern. 


Eddy  Viscosity  Coofticicnt  in  Wako 

In  order  to  predict  turbulent  terms  in  the  Navier- 
Stokes  equation,  there  is  a  concept  of  eddy  viscos¬ 
ity.  It  is  based  on  an  idea  that  momentum  loss  due 
to  turbulence  can  be  represented  by  momentum  loss 
due  to  friction  and  the  coefficient  is  constant  as 
to  positions  and  directions.  According  to  this 
assumption,  the  Navier-Stokes  equation  is  written, 

q  -  Vi,  -  ui.Vq  -  v  V^l,  ,  (27) 

^  x  ^  e  x 

where  v0  is  the  eddy  viscosity  coefficient. 

Equation  (27)  is  a  kind  of  diffusion  equation 
with  vc  the  diffusivity  coefficient.  It  can  be 
determined  experimentally;  substituting  the  measured 
values  of  velocity  and  vorticity  into  Eq.  (27) 
leaves  only  vc  as  an  unknown. 

Using  experimental  data  of  the  GBT-30,  covering 
1 .OBlxiI . 16,  vc  is  determined  by  the  least-square 
method.  The  estimated  values  of  ve  are  not  unique; 
they  differ  slightly  for  each  direction,  2.7  *  10“4, 
2.4  *  10“ ‘4,  and  1.6  *  10“'*  for  <.x,  uy ,  and  uiz.  The 
mean  value  is  2.2  •  10"“,  and  consequently  the 
equivalent  Reynolds  number,  based  on  the  eddy  vis¬ 
cosity,  is  about-  1/100  of  the  real  Reynolds  number. 
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The  quantity  .  ,  was  first  introduced  by  Stewartson 
(1809)  and  >  1  in  case  of  a  larqe  Reynolds  number. 

If  the  xj  coordinate  can  be  assumed  to  be 
linear,  i.e. , 

hj  =  1,  (29) 

the  continuity  equation  and  Reynolds  equations  are 
written  in  streamline  coordinates  as  follows. 
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Subdivision  of  tin.-  Flow  Field 
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It  has  been  made  clear  by  experimental  studies 
that  the  separated  flow  has  at  least  two,  quite  dif¬ 
ferent  viscous  reqions  where  no  single  approximate 
equation  of  Navier-Stokes  equation  seems  to  be 
valid  for  both.  It  can  be  proposed  to  subdivide 
the  flow  field  near  the  stern  into  five  reqions  as 
shown  in  Figure  18;  potential  flow  region,  boundary 
layer  region,  vorticity  diffusion  region,  separated 
retarding  region,  and  viscous  sublayer  region. 

Their  characteristics  are  as  follows. 

Potential  flow  region: 

The  region  where  the  viscous  term  can  be  wholly 
neglected  and  only  displacement  effects  should  be 
taken  into  account. 

Boundary  layer  region: 

The  region  where  the  boundary  layer  assumption 
is  valid  and  the  backward  influence  of  separation 
can  be  neglected. 

Vorticity  diffusion  region: 

The  region  where  the  vorticity,  which  has  been 
generated  in  the  boundary  layer,  is  diffused  con- 
vectively  and  viscously.  No  vorticity  is  newly 
generated  in  this  region.  Krause  the  dividing 
streamline  is  a  kind  of  free-streamline,  the  pres¬ 
sure  on  it  might  be  constant. 

Separated  retarding  region: 

The  region  where  the  velocity  is  very  small 
and  the  turbulence  is  intensive.  Because  even  a 
recirculating  flow  can  be  observed,  the  governing 
equation  for  this  region  should  be  an  elliptic  type. 

Viscous  sublayer  region: 

This  is  the  very  thin  layer  region  which  just 
adheres  to  the  hull  surface.  The  molecular  viscos¬ 
ity  is  predominant  and  the  velocity  profile  should 
satisfy  the  no-slip  condition  on  the  hull  surface. 


CALCULATION  OF  VELOCITY  DISTRIBUTIONS  IN  THE  SHIP’S 
WAKE 


Approximation  of  Navier-Stokes  Equation  by  Local 
Asymptotic  Expansion 


In  order  to  got  appropriate  approximations  of  the 
Navier-Stokes  equation  for  each  region,  local  asymp¬ 
totic  expansions  of  relevant  quantities  are  made, 
using  small  parameter  >  defined  by 
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( \  :  POTENTIAL  FLOW  REGION 
B  ;  BOUNDARY  LAYER 

C  :  VORTICITY  DIFFUSION  REGION 


D  :  SEPARATED  RETARDING  REGION 


!•’ I ' ;i‘ HI  1M.  Subdivision  of  separatt'd  flow  t  lold  near 
the  storn. 
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where  wj,  ^2 *  are  the  components  of  vorticity 
given  by 


J±L. 

h->  lx-? 

aq, 

3x3 


3q2 


U13  = 


3cj2 

3x3 

h,3x! 

3qi 


(34) 


ht3xt 
and  they  satisfy 


h2  3x2 


+  K;>qi  -  k1c32* 


V  •  to  =  0 . 


(35) 


In  the  reduction  of  Eqs.  (31,  32,  33)  from  the 
Navier-Stokes  equation,  conventional  predictions 
for  turbulent  components  are  used;  the  velocity  is 
assumed  to  consist  of  time-averaged  terms  and 
fluctuating  terms. 

On  the  other  hand,  if  the  constant  eddy  viscosity 
can  be  assumed,  the  following  equations  are  derived 
directly  from  Navier-Stokes  equation; 
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Introducing  non-dimensional  curvilinear  small 
line  segments  3£,  3n,  and  3?,,  we  represent  the  dif¬ 
ferentiations 
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The  origin  of  the  new  variables  coincides  with  that 
of  O-X1X2X3  but  l~0  corresponds  to  the  position 
of  separation. 

We  tentatively  assume  that  the  asymptotic  series 
for  velocity  and  vorticity  of  C-reyion  have  the 
following  forms; 

q]/u0  =  uo(f,.n<£)  +  tu)(C,n,i)  +  fc-2u2  (t,n,r>)  +  , 
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All  the  quantities  appearing  in  Eqs.  (42)  and  (43) 
are  assumed  to  be  0(1). 

Moreover,  we  introduce  non-dimensional  variables 

k] ,k2,k] ] ,k22  by 


k,  =  L*K]  ,  k2  =  L-K?  ,  k ] j  =  L-K|| 
k22  “  L* K2 2  , 
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whose  orders  are  0(1)  for  all  the  regions. 

Substituting  Eqs.  (40) ,  (42) ,  and  (43)  into 
Eq.  (30)  and  Eq.  (35),  we  get  as  leading  terms, 
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and  into  Eqs.  (36,  37,  38)  we  get. 
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For  the  vorticity  diffusion  region,  the  constant 
eddy  viscosity  is  assumed. 


In  order  for  the  viscous  diffusion  term  to  exist, 
ve/U()L  should  be  at  least  0(e3). 


183 


We  have  obtained  four  equations,  Eqs.  (46-49) , 
for  three  unknowns,  uojui^j,  and  but  it  can  be 

easily  shown  that  one  of  them  is  not  independent. 

Changing  variables  back  into  the  original  ones, 
we  get,  as  the  governing  equations  for  C-region, 


h23x?<W2CIl)  +  axj ‘“SH'  -  0  < 

(50) 

3  2  “2  3 

e  37^  "  h13x1(u?qi)  -  0  ' 
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(52) 

The  terms  of  order  0(l/f  )  are  neglected  in  the 
above  equations. 


Separated  Retarding  Region  (D- region) 

Introducing  normalized  variables,  c ,  n,  C  for  the 
separated  retarding  region  in  the  same  manner,  the 
orders  of  differentiation  are  assumed, 
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hj3xi  L  r3f  '  h23x2  L  i3n 


-  .  0(1)  ,  —  -  0(1)  ,  —  -  0(1)  .  (54) 

Velocity  and  pressure  are  assumed  to  bo  expanded 
asymptotically, 

q i  /Uq  =  t:  (U]  +u  j )  +  , -?(u2+u')  + / 

q.'/U0  =  \  (V]+vJ)  +  tw’  (v2+v'>)  +  ...  ,  (6-3) 

q^/Uo  -  *  * (wj +wj )  +  >  4 (w ' +w  • )  +  . . .  , 
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where  u  ,  u,,...  are  all  t ime-avoraqed  variables 
and  ujf  u  ,...  are  fluctuating.  More  the  fluctu¬ 
ating  terms  of  pressure  are  omitted  because  they 
do  not  appear  in  the  basic  equations. 

The  vorticity  can  bo  also  expanded  asymj tot ical ly « 
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Under  these  assumptions,  the  leading  terms  of  the 
continuity  equation  are  written, 
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The  leading  terms  of  Eqs.  (59,  60,  61)  yield 

Pi  (t ,  n,r)  =  const.  (62) 

Equation  (62)  means  that  the  pressure  is  constant 
throughout  the  present  region  as  far  as  0(0  is 
concerned . 

Now  the  second  terms  of  Eqs.  (58,  59,  60)  yield 
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and  the  governing  equations  are 


In  the  above  equations,  the  molecular  viscosity 
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disappears  but  its  effects  are  still  existing  in¬ 
directly  through  turbulence. 

Equation  (65)  gives  the  so-called  boundary  layer 
approximation.  But  because  cross  terms  of  fluctu¬ 
ating  components  exist  in  Eqs.  (63)  and  (64) ,  they 
do  not  always  yield  the  same  type  as  boundary  layer 
equations  which  can  not  predict  the  recirculating 
flow  observed  in  experiments. 


satisfied  when  governing  equations  are  solved 
(i)  for  upstream; 


lim 


lim 


uo(£,n.C>  =  uB,  vi<£, n,0  =  vB, 


lim 
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Viscous  Sublayer  (E- region) 

In  the  viscous  sublayer,  E- region,  the  no-slip  con¬ 
dition  must  be  satisfied  on  the  hull  surface.  Here 
the  intensity  of  turbulence  may  be  very  small  and 
all  the  turbulent  terms  in  the  Reynolds  equations 
vanish  infinitesimally. 


where  uB,  vB,  and  wfi  are  the  velocity  components 
in  the  boundary  layer  in  the  xi,x?,X3  directions 
respectively. 

(ii)  far  from  the  hull  surface;  the  solutions 
should  be  matched  to  the  solution  of  the  A-region, 
potential  flow. 

(iii)  between  the  C-  and  D- region; 


The  following  asymptotic  expansions  are  assumed 
from  the  Blasius  solution. 
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where  the  orders  of  each  t->rm  are  all  0(1). 
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and  their  orders  are 
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Substituting  the  above  assumptions  into  Eqs. 

“ 

— | 

(31,  32,  13),  the  leading  terms  are  obtained  as 
follows  in  original  variables; 
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close.  Some  auxiliary  equations  are  required,  but 
this  problem  is  left  for  future  work. 


3q-  *q-  »q  j 
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The  continuity  equation  is 

:,<3l  ;>q  ■,  j 

+  —  =  0.  (72) 

n  X  .>X  I  h;.»X4,  .»X3 

Here  the  quantities  of  00^)  are  omitted. 

These  are  the  boundary  layer  equations  themselves. 
They  must  be  matched  with  the  solution  for  the  D- 
region  in  quite  the  same  manner  as  the  conventional 
method  of  boundary  layer  calculation. 

The  following  matching  conditions  should  be 


Numerical  Calculations  for  the  C- Reg ion 

To  solve  the  derived  equations  analytically  is  al“ 
most  impossible;  this  is  because  not  only  are  the 
equations  non-linear  but  also  the  hull  surface, 
where  the  boundary  conditions  are  prescribed,  is 
very  complicated  in  geometry.  Instead,  they  must 
be  solved  numerically.  But  it  may  be  still  more 
difficult  because  the  calculation  should  be  carried 
out  for  all  the  regions  at  the  same  time  in  order 
to  satisfy  the  matching  conditions.  However,  this 
difficulty  can  be  removed  by  an  iteration  method; 
the  surface  consisting  of  dividing  streamlines  (DSL) 
is  given  a  priori  in  the  beginning  as  the  inter¬ 
mediate  region  between  C-  and  D-regions  where  the 
matching  is  carried  out.  Of  course  the  surface  of 
DSL  can  be  obtained  finally  as  a  solution  of  the 
flow  field,  but  the  assumption  of  DSL  makes  it  pos¬ 
sible  to  solve  the  governing  equations  in  every 
region  almost  independently  and  it  is  expected  that 
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repeated  iterations  may  bring  forth  a  reasonable 
solution. 

The  flow  in  the  C-region  can  be  determined  by 
taking  a  new  streamline  coordinate  system  O-XjXpX^, 
where  the  x^-axis  coincides  with  DSL  and  the  x^- 
axis  is  normal  to  the  DSL  surface. 

By  the  finite-difference  scheme,  Eqs.  (48)  and 
(49)  are  transformed  into  tridiagonal  linear  equa¬ 
tions  for  k  >  2; 


velocity  distributions  can  be  calculated  as  induced 
velocity  of  vorticity  by  invoking  Biot-Savart ' s  law; 

q,,(x,y/z)  =  V  x  —  ///(  —  -  — Jdx'dy'dz* 
v  4ti  v  r  r  j 

where  <»q  is  the  mirror  image  of  u> '  whose  components 
are  Wy,  ”,i,2  and 

r?  =  (x-x')‘  +  (y-y1)'1  +  (z-z')1’  # 


w  ■>  (  i ,  j  ,  k-1)  -  2C(i,  j  ,k)to;?  (i,k,k)  +  u)o(i/j/k  +  l) 

=  A  *  (  i,  j  ,k)  ,  (80) 
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=  A  * (i, j ,k)  ,  (81) 

where  ui>(i,j,k)  etc.  denote  those  values  at  X]=X]p, 
x,=x  and  x.=x^, 

A  r  2 
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(82) 


and  \ft,  AC  are  short  segments  in  the  xj,  X3  directions. 

Equations  (80)  and  (81)  can  be  solved  by  the 
forward  marching  procedure  if  the  velocity  profile 
of  qj  is  given  at  the  separation  position.  Here  the 
value  of  vorticity  at  k=l,  on  DSL,  is  made  equal  to 
that  at  k=2. 

Once  the  vorticity  distributions  are  obtained 
throughout,  the  boundary  layer  and  wake,  say  V, 


rv  =  (x-x’)2  +  (y-y’)2  +  (z+z’):’  .  (84) 

Because  Eq.  (83)  gives  the  viscous  component  of 
velocity,  the  potential  component  should  be  added 
to  qv. 

In  the  present  calculation,  DSL  is  determined 
from  experiments  for  the  first  iteration;  it  con¬ 
sists  of  line  segments,  departing  at  xs=0.9  and 
reattaching  at  xr=l.l  (see  Figure  18).  The  stream- 
wise  velocity  qj  in  Eq.  (82)  is  given  by  a  quadratic 
function  of  C  which  is  equal  to  Uj  at  the  outer  edge 
and  to  2/3  Uj  on  DSL.  The  integral  intervals  for 
x  and  C  are  0.005  and  0.0025  respectively. 

In  order  to  obtain  the  velocity  distributions  at 
x=1.025,  the  region  covering  from  x=0.8  to  x-1.4 
is  integrated  in  Eq.  (83).  Here,  300-times  molecular 
kinematic  viscosity  is  used  as  ve. 

The  boundary  layer  and  the  potential  flow  calcu¬ 
lations  are  carried  out  in  the  same  manner  as  in 
Section  3. 

In  Figure  19,  typical  calculated  results  of  the 
first  iteration  for  MS-02  are  shown  compared  with 
experiments.  The  ship  speed  is  Fn=0.1525  and  the 
corresponding  equivalent  Reynolds  number  is  about 
8700.  Here  the  calculations  for  the  D-  and  E- regions 
have  not  been  carried  out;  therefore  both  regions 
are  excluded  from  the  vorticity-integrating  region  V. 

Satisfactory  results  are  obtained,  as  far  as 
C-region  is  concerned,  especially  in  u  and  w.  The 
velocity  v  is  always  underestimated,  in  other  words, 
overestimated  in  the  negative  direction;  this  may 
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be  because  in  the  present  calculations  the  potential 
components  are  determined  with  no  attention  to  dis¬ 
placement  effects. 

Figure  20  shows  the  calculated  wake  distribution 
compared  with  measured.  They  do  not  always  produce 
quantitative  agreement  with  each  other,  but  compli- 
mental  uses  of  the  present  calculations  with  model- 
wake  survey  may  offer  a  useful  method  for  the 
prediction  of  full  scale  wake  characteristics. 

It  is  expected  that  much  further  improvement  can 
be  attained  by  taking  into  account  the  D-  and  E- 
regions. 


CONCLUSION 

The  flow  characterist ics  of  boundary  layers  and 

wakes  of  ship-like  bodies  are  discussed.  The  fol¬ 
lowing  remarks  can  be  mentioned  as  conclusions; 

(i)  The  pressure-constant  assumption  of  boundary 
layer  is  a  qood  approximation  except  near  the 
ship  stern  or  bilge  keel  where  there  is  a 
small  radius  of  curvature.  The  pressure  does 
not  recover  near  the  stern  because  of  the  dis¬ 
placement  effects  of  the  boundary  layer. 

(ii)  Most  commonly  used  semi-empirical  equations 
for  velocity  profiles,  skin  friction,  and 
entrainment  can  be  safely  employed  in  case  of 
ship-like  bodies,  but  the  functional  expres¬ 
sion  for  crossflow  in  boundary  layer  has  a 
certain  limit  for  large  or  reverse  crossflows. 

(iii)  The  integral  method  of  boundary  layer  calcu¬ 
lation  may  be  carried  out  more  effectively  by 
a  hybrid  use  of  integral  and  finite-difference 
methods . 

(iv)  The  three-dimensional  boundary  layer  separa¬ 
tion  is  closely  related  to  pressure  distribu¬ 
tion  on  the  hull  surface.  Its  initiation  is 
referred  to  the  occurrence  of  large  crossflow. 

(v)  The  eddy  viscosity  coefficient  is  about  300- 
times  the  molecular  one,  in  the  ship's  wake. 

(vi)  The  separated  flow  region  has  sub-regions 
which  have  different  characteristics  and  no 
single  approximate  equation  of  Navier-Stokes 
equation  is  valid  uniformly  for  all  regions. 

(vii)  The  local  asymptotic  expansion  method  is 
promising  for  the  separated  flow.  Further 
experimental  investigations  as  to  turbulence 
are  necessary. 
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ABSTRACT 

A  general  method  for  representing  the  flow  proper¬ 
ties  in  the  three-dimensional  boundary  layers  around 
ship  hulls  of  arbitrary  shape  is  described.  It  make: 
use  of  an  efficient  two-point  finite-difference 
scheme  to  solve  the  boundary-layer  equations  and  in¬ 
cludes  an  algebraic  eddy-viscos i ty  representation 
of  the  Reynolds-st ross  tensor.  The  numerical  method 
contains  novel  and  desirable  features  and  allows  the 
calculation  of  flows  in  which  the  circumferential 
velocity  component  contains  regions  of  flow  reversal 
across  the  boundary  layer.  The  inviscid  pressure 
distribution  is  determined  with  the  Doug las -Neumann 
method  which,  if  necessary,  can  conveniently  allow 
for  the  boundary- layer  displacement  surface.  To 
allow  its  application  to  ships,  and  particularly  to 
those  with  double-elliptic  and  flat-bottomed  hulls, 
a  nonorthoqonal  coordinate  system  has  been  developed 
and  is  shown  to  be  economical,  precise,  and  compara¬ 
tively  easy  to  use.  Present  calculations  relate  to 
zero  F'roude  number  but  they  can  readily  be  extended 
to  include  the  effects  of  a  water  wave  and  the  local 
regions  of  flow  separation  which  may  stem  from  bul¬ 
bous-bow  geometric:; . 


l.  r:m<0E>ncTi'>r: 

A  general  method  for  determining  the  local  flow 
properties  and  the  overall  drag  on  ship  hulls  is 
very  desirable  and  particularly  so  with  the  present 
need  to  conserve  energy  resources.  It  is  difficult 
to  achieve  for  a  number  of  reasons  including  the 
turbulent  nature  of  the  three-dimensional  boundary 
layer,  the  complexity  and  wide  range  of  geometrical 
co.  .  iguratiot.s  employed,  the  possibility  of  local 
regions  of  separated  flow,  and  the  existence  of  the 
free:  surface.  Tn  addition,  anu  although  these  dif¬ 
ficulties  may  be  overoom«  in  tot  .1  or  in  part,  the 
resulting  calculation  met nod  must  hav°  the  essential 
features  of  generality,  efficiency  nd  accuracy. 


The  purpose  of  this  paper  is  to  describe  a  general 
method  which  is  capable  of  representing  the  flow 
properties  in  the  boundary  layer  around  ship  hulls 
of  arbitrary  shape.  It  is  based  on  the  general 
method  of  Cebeci,  Kaups,  and  Ramsey  (1977),  developed 
for  calculating  three-dimensional,  compressible  lami¬ 
nar  and  turbulent  boundary  layers  on  arbitrary  wings 
and  previously  proved  to  satisfy  the  requirements 
of  numerical  economy  and  precision.  To  allow  its 
application  to  ships  in  general,  and  to  double- 
elliptic  and  flat-bottomed  hulls  in  particular, 
an  appropriate  coordinate  system  has  been  developed. 
Previously  described  coordinate  systems,  for  example 
a  streamline  system  such  as  that  of  Lin  and  Hall 
(1966)  or  the  orthogonal  arrangement  of  Miloh  and 
Patel  (1972)  are  limited  in  their  applicability  and 
the  present  nonorthoqonal  arrangement  is  similar 
to  that  of  Cebeci,  Kaups,  and  Ramsey  (1977). 

The  numerical  procedure  for  solving  the  three- 
dimensional  boundary- layer  equations  makes  use  of 
Keller's  two-point  finite-difference  method  (1970) 
and  Cebeci  and  S tewartson ' s  procedure  (1977)  in 
computing  flows  in  which  the  transverse  velocity 
component  contains  regions  of  reverse  flow.  This 
is  in  contrast  to  previous  investigations,  for 
example  those  of  Lin  and  Hall  (1966)  and  Gadd  (1970), 
which  are  limited  either  to  zero  crossflow  or  to  a 
unidirectional  and  small  crossflow.  It  is  also  in 
contrast  to  the  previous  methods  of  Chang  and  Patel 
(1975)  and  Cebeci  and  Chang  (1977)  which  did  not 
have  a  good  and  reliable  procedure  for  computing 
the  flow  in  which  the  transverse  velocity  component 
contained  flow  reversal . 

In  representing  turbulent  flow  by  time-averaged 
equations,  a  turbulence  model  is  required  and  an 
algebraic  cddy-viscosi ty  formulation,  similar  to 
that  of  Cebeci,  Kaups,  and  Ramsey  (1977),  is  used. 
This  is  in  contrast  to  the  two-equation  approach 
which  Rastaqi  and  Rodi  (1978)  have  applied  to  three- 
dimensional  boundary  layers  and  which,  in  principle, 
should  be  bettor  able  to  represent  flows  which  are 
far  from  equilibrium.  The  previous  comparisons  pre- 
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sonted  in  Ceboci  (1974,  1975)  demonstrated  that  the 
present  eddy-viscosi ty  model  allows  excellent  agree¬ 
ment  between  measurements  and  calculations  but  did 
not  include  comparison  with  the  three-dimensional 
boundary-layer  measurements  of  Vermeulen  (1971). 
Since  this  data  includes  a  strongly  adverse-pressure 
gradient  case  which  allows  a  stringent  test  of  the 
present  model ,  corresponding  calculations  and  com¬ 
parisons  are  reported. 

The  calculation  method  is  described  in  dotai 1 
in  the  following  section  which  states  the  three- 
dimensional,  boundary-layer  equations  in  curvi¬ 
linear,  nonorthogonal  eoordinates  and  describes 
and  discusses  the  required  initial  conditions, 
turbulence  model,  and  transformations  in  separate 
subsections.  Section  3  is  devoted  to  the  coordinate 
system  which  is  an  essential  feature  of  the  present 
method.  The  numerical  method  is  discussed  briefly 
in  Section  4  and  calculated  results  are  presented 
in  Section  5  which  includes  comparisons  with  the 
measurements  of  Vermeulen  (1971)  and  demonstrations 
of  the  ability  of  the  method  to  represent  the  geom¬ 
etry  of  different  hull  conf igurat ions  and  to  result 
in  realistic  velocity  and  drag  characteristics. 
Summary  conclusion:;  are  presented  in  Section  6. 


2.  BASIC  POP  AT  IONS 
Boundary- buyer  Kguat ions 


geodesic  curvatures  of  the  curves  z  -  const  and  x 
const,  respectively.  They  are  given  by 


1 


n  ti,  siu  ’X 


(h  cos  ) 


K 


i 


(n  eos  ) 


1 1  *li  .  - 1 1 1  • 

The  paranv  ters  K  and  K  are  defined  by 
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At  the  edge  of  tin:  boundary  layer,  (2)  and  (3)  reduce 
to 
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Tile  governing  boundary- layer  equations  for  three- 
dimensional  incompressible  laminar  and  turbulent 
flows  in  a  curvilinear  nonort hogona 1  coordinate 
system  are  given  by: 


Continuity  equation 
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x-Momentum  equation 


Tlie  boundary  conditions  for  i.'qs.  (1)  to  (3)  are: 
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z- Momentum  liquation 
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Here,  hj  and  h.>  are  the  metric  coefficients  and 
they  are,  in  general,  functions  of  x  and  z;  that  is, 

hj  =  h|(x,z);  h  --  h  (x,z)  (4) 


Also,  represents  the  angle  between  the'  coordinates 
x  and  z.  The  parameters  K;  and  K.  are  known  as  the 


y  -  0 :  u ,  v ,  w  -  0  (11a) 

y  =  ' :  u  -  ut,  (x,z)  ,  w  =  wc(x,z)  (lib) 


Initial  Conditions 

Tile  solution  of  the  system  given  by  (1)  to  (3), 
subject  to  (11),  requires  initial  conditions  on 
two  planes  intersecting  the  body  along  coordinate 
lines.  In  general,  zhe  construction  of  these 
initial  conditions  for  three-dimensional  flows  on 
arbitrary  bodies  such  as  ship  hulls  is  difficult 
due  to  the  variety  of  bow  shapes,  which  may  be  ex¬ 
tensive  and  complicated.  For  this  reason,  assump¬ 
tions  are  necessary  in  order  to  start  the  calculations. 

In  our  study  we  choose  the  inviscid  dividing 
streamline  on  which  dp/dz  =  0  to  bo  one  of  the 
initial  data  line  (see  Figure  1).  In  the  case  of 
rectilinear  motion  of  a  ship,  this  streamline  runs 
along  the  plane  of  symmetry.  Because  of  symmetry 
conditions,  w  and  4p/ )z  are  zero  on  this  line  causuM 
(3)  to  become  singular.  However,  differentiation 
with  respect  to  z  yields  a  nonsinqular  equation. 

After  performing  the  necessary  differentiation  No 
the  z- momentum  equation  and  taking  advantage 
appropriate  symmetry  o-ditions,  we  can  wi it. 
so-called  longitudinal  attachment  - 1  i  ne  equate'* 
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Continuity  Equation 
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flow  is  presumed  (since  it  is  unlikely  that  the  flow 
remains  laminar  after  separation  and  reattachment 
with  high  Reynolds  number) .  Generation  of  the 
initial  data  for  turbulent  flows  is  much  more  in¬ 
volved  if  there  are  no  experimental  data  available. 
It  requires  sound  mathematical  and  physical  judgment 
and  tedious  trial-and-error  efforts.  We  shall 
discuss  this  aspect  of  the  problem  later  in  the 
paper . 


Turbulence  Model 


For  turbulent  flows,  it  is  necessary  to  make  closure 
assumptions  for  the  Reynolds  stresses,  -pu* V1  and 
-pv'w' .  In  our  study,  we  satisfy  the  requirement 
by  using  the  eddy-viscosity  concept  and  relate  the 
Reynolds  stresses  to  the  mean  velocity  profiles  by 


-u 1 v '  = 
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We  use  the  eddy-viscosity  formulation  of  Cebeci 
(1974) ,  and  define  cm  by  two  separate  formulas.  In 
the  inner  region,  is  defined  as 
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where 


L  =  0.4  y  [1  -  exp(-y/A)] 
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Where  wz  =  3w/3z  and  (w'v')z  =  3(w'v')/az.  These 
equations  are  subject  to  the  following  boundary  con¬ 
ditions  : 


y=0:  u  =  v  =  wz  =  0  (15a) 


In  the  outer  region  em  is  defined  by  the  following 
formula 


=  0.0168 
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y  =  <5:  u  =  ue,  wz  =  wze  (15b) 

The  other  initial  data  should  be  selected  near 
the  bow  of  the  ship  along  the  line  perpendicular  to 
the  z  -  const  coordinate  (see  Figure  1) .  However, 
because  of  the  variety  of  possible  bow  shapes, 
approximations  are  necessary.  For  a  simple,  smooth 
bow  section,  where  curvatures  are  small  and  no 
separation  is  expected,  the  flow  along  the  initial 
line  can  be  successfully  assumed  to  be  two- 
dimensional  without  pressure  gradient,  and  the 
governing  two-dimensional  equations  for  a  flat 
plate  are  solved.  However,  for  most  general  mer¬ 
chant  ships,  the  bow  section  is  complicated  and 
flow  separation  and  reattachment  are  expected  be¬ 
cause  of  large  curvature  variations  and  adverse 
pressure  gradients;  as  a  consequence,  the  boundary- 
layer  calculations  can  only  be  performed  downstream 
of  the  attachment  line  (or  point)  where  turbulent 


The  inner  and  outer  regions  are  established  by  the 
continuity  of  the  eddy-viscosity  formula. 


Transformation  of  the  Basic  Equations 

The  boundary-layer  equations  can  be  solved  either 
in  physical  coordinates  or  in  transformed  coordinates. 
Each  coordinate  system  has  its  own  advantage.  In 
three-dimensional  flows,  the  computer  time  and 
storage  required  is  an  important  factor.  The  trans¬ 
formed  coordinates  are  then  favored  because  the 
coordinates  allow  larger  steps  to  be  taken  in  the 
longitudinal  and  transverse  directions. 

We  define  the  transformed  coordinates  by 

b  x 

=  x,  z  =  z,  dg  =  'j  dy,  S]  =  f  hjdx  (21) 


x 


and  introduce  a  two-component  vector  potential 
such  that 


uh  -sinO 


vh  jh>sine 


wh isino 


=  _  fit  + 

\  3x  3x  / 


where  ,,  and  ^  are  defined  as 

V=  (vs [Ue) Svif (x,z,n)sina  (23a) 

4>  =  (vSjUgJijfu^j/UgJh^fx.z.rilsine  (23b) 

and  uref  is  some  reference  velocity. 

Using  these  transformations  and  the  relations 
given  by  (9),  (10),  and  (11),  we  can  write  the  x- 
momentum  and  z-momentum  equations  for  the  general 


x-Momentum 


(bf")'  +  miff"  -  m2(f')‘  -  mt,f'g' 

+  m„f"g  -  ms  (g  *  )•’  +  nq  j 

=  »10  (f  If  -  f"  |f)  +  (9*  ff-  *  f"  |f)  <24) 


z -Momentum 


(bg")  '  +  mi  fg"  -  mi.f'g'  -  mjtg')’  +  m^gg" 

-  me,  (f '  )•  +  mi 2 

=  (f'  If"  -  9"  |f)  +  («’  If"  *  9"  |f)  <25> 

and  their  boundary  conditions  as 

n  =  0:  f=f'  =g=g'=0; 

n  =  n„,  f'  =  1,  g'  =  we/uref  (26) 

Here  primes  denote  differentiation  with  respect  to 
>1 ,  and 

u  .  w  ,  m 

f  =  — -  9  =  ~  7’  b  =  1  +  'm'  'm  =  —  <27> 


ue  uref 


The  coefficients  mi  to  m j  are  given  by 

1  /  s  1  )Ue  \  s  1  3 

m  1  =  =r  1  +  — -  —  +  .  u  '  —  (h  isinn 

1  2  \  h  iue  ,x  I  h  jh  -sinO  .'X 


h,ue  3x 
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ue 


s  1  uref  '1ue  „  uref 
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'  i.i'  ■  h  u-  iz  1  1  ■  u„ 

e  e 

si  1  ,  /  _  uref  \ 

mf  =  -  -  ■  -■■■" - -  ■  - —  —  (  >iues  1  h  1  -  Sine  j  (28) 
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mu  =  m2  +  m5  — — ~  +  n>8 
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To  transform  the  longitudinal  attachment-line 
flow  equations  and  the  boundary  conditions,  we  use 
the  transformed  coordinates  given  by  (21)  and  de¬ 
fine  the  two-component  vector  potential  by 


.  ■  a  2lfl  ,  8(f) 

Uh2sine  =  ,  wzhisine  =  — 


ih2sin° =  -  (If +  0 


with  and  still  given  by  (23)  .  With  these  vari¬ 
ables,  the  longitudinal  attachment-line  equations 
in  the  transformed  coordinates  can  be  written  as 

(bf ”) '  +  mjff”  -  m2(f')2  +  mbf"g  +  mj j 


=  lL  ( f.  f„  3f^ 

h,  V  3x  Zx/ 


(bg”)’  +  m i g 11  f  -  mqf'g’  -  m3(g')2  +  me,gg"  -  m9(f')2 


=  ii  (r  &L 

hj  V  8x 


The  boundary  conditions  and  the  coefficients  mj  to 
mj;’  are  the  same  as  in  (26)  and  in  (28)  except  now 


S1  uref 


mq  =  0 ,  mji  =m2 


wze  \  •’ 
uref  / 


wze  1  "  ze 

+  tm,  — —  +  —  — - (32) 

uref  hl  uref  9x 


In  terms  of  the  transformed  variables,  the  alge¬ 
braic  eddy-viscosity  formulas  as  given  by  (17)  to 
(20)  become 


mq  =  s  j  K i -  cscfl  ,  m  j  o 


);  =  — ir  1  -  exp  (-  ( f  ” ) 2 

^  L  ^  v  fl  L 

+  (^r)  +  2  ^"g-cose 

>o  -  °-0168  f  +  (ff)  +  2 

-  (~Y^2 

+  2  — — — f '  g 1  cosO  1  dn 

Ue  J 


Here  =  ueSi/v  and 
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*  =  -*-n 


(fw>'  +(^f)  (Sw)-’ 


+  2  v'lfw«wcosO 


(35) 


3.  COORDINATE  SYSTEM 


Since,  in  general,  a  ship  hull  is  a  complicated  non- 
developable  surface,  a  Cartesian  coordinate  system 
is  not  suitable  for  boundary-layer  calculations. 

Most  existing  merchant  and  naval  vessels  possess 
the  following  features:  a  flat  bottom  [y  =  f(x,z) 
is  not  a  single-valued  function);  a  bottom  which  is 
not  parallel  to  the  water  surface;  and  a  bow  which 
has  a  submerged  bulb  extending  toward  the  origin. 

In  addition,  the  problem  is  further  complicated  by 
the  existence  of  a  free  surface,  corresponding  to 
the  water  level  of  a  partly-submerged  hull.  The 
chosen  coordinate  system  must  be  sufficiently  general 
to  allow  these  various  features  to  be  represented  in 
the  boundary-layer  calculations. 

The  streamline  coordinate  system  is  superficially 
attractive  but  the  determination  of  the  streamlines, 
the  orthogonal  lines,  and  the  associated  geometrical 
parameters  requires  considerable  effort.  They  are 
dependent  on  the  Froude  number,  and  also  on  the 
Reynolds  number  if  the  displacement  effect  is  taken 
into  account.  Consequently,  and  in  addition  to 
being  hard  to  compute,  this  coordinate  system  be¬ 
comes  uneconomical  to  use  when  the  effect  of  the 
Froude  number  and  the  Reynolds  number  are  to  be 
systematically  examined. 

A  desirable  requirement  of  a  coordinate  system 
for  the  boundary-layer  calculations  is  that  it  be 
calculated  only  once.  Miloh  and  Patel  (1972)  pro¬ 
posed  an  orthogonal  coordinate  system  which  depends 
only  on  the  body  geometry  and  is  calculated  once 
and  for  all.  This  coordinate  system  has  been  applied 
by  Chang  and  Patel  (1975)  to  boundary-layer  calcula¬ 
tions  on  two  simple  ship  hulls:  ellipsoid  and  double 
elliptic  ship.  One  of  the  coordinates  is  taken  as 
lines  of  x  =  x  -  constant  and  the  other  as  z(x,z)  = 
constant,  which  is  orthogonal  to  x  =  constant  lines 
everywhere  on  the  ship  hull,  and  is  obtained  from 
the  solution  of  the  differential  equation 


dz 

d* 


1  +  fr 


(36) 


of  this  coordinate  system  are  described  briefly 
in  the  following  paragraph. 

Now  consider  the  ship  hull  as  given  in  the  usual 
Cartesian  coordinate  system;  that  is,  x  along  the 
ship  axis,  y  and  z  in  the  cross-plane  (see  Figure 
1) .  We  select  x  =  x  =  constant  as  one  of  the  co¬ 
ordinates  and  the  other  coordinate,  z,  lies  in  the 
yz-plane.  Because  the  coordinate  system  is  non- 
orthogonal,  we  are  free  to  select  the  values  of  z 
in  the  plane  to  satisfy  the  condition  that  the 
boundary  lines  of  the  ship  hull  are  coincident  with 
z  =  constant  coordinate  lines.  There  are  several 
ways  of  finding  the  z-values.  Here  z  is  determined 
by  mapping  each  yz  crossplane  into  a  half  or  hull 
unit  circle  depending  on  whether  the  crossplane  in¬ 
tercepts  the  free  surface  or  is  completely  submerged. 
The  polar  angle,  normalized  by  it  or  2n  on  the  unit 
circle,  is  taken  as  z-values.  The  z-values  then 
range  from  0  to  1  on  each  crossplane.  The  advantage 
of  the  mapping  method  is  that  equi-interval ,  z  = 
constant  coordinate  lines  are  automatically  concen¬ 
trated  in  the  region  of  large  curvature  where  the 
boundary- layer  characteristics  are  expected  to  vary 
greatly.  Hence  the  number  of  z  =  constant  coordinate 
lines  can  be  reduced  without  loss  of  accuracy. 

There  are  several  methods  available  for  the  map¬ 
ping  of  an  arbitrary  body  onto  a  unit  circle.  Here 
we  use  the  numerical  mapping  method  developed  by 
Halsey  (1977).  It  makes  full  use  of  Fast  Fourier 
Transform  techniques  and  has  no  restrictions  on  the 
shape  of  the  body  to  be  mapped.  To  map  a  smooth 
crossplane  onto  a  unit  circle,  the  procedure  is 
fairly  easy.  If  there  are  inner  corner  points,  or 
trailing-edge  and  leading-edge  corner  points  (see 
Figure  2)  caused  by  the  reflection  of  the  cross¬ 
plane,  they  must  be  removed  before  mapping  is  per¬ 
formed  to  improve  numerical  accuracy  and  to  provide 
rapid  convergence.  The  inner  corner  points  are 
rounded  off  by  using  Fourier  series  expansion  tech¬ 
nique  and  the  leading-edge  and/or  trailing-edge 
corner  points  are  removed  by  using  the  Karman- 
Trefftz  mapping.  For  details  see  Halsey  (1977). 

To  use  the  mapping  method  to  find  the  coordinate 
system,  it  is  only  necessary  to  define  the  ship  hull 
as  a  family  of  points  in  the  x  =  constant  planes, 
to  locate  the  intersection  of  the  ship  hull  and  the 
free  surface,  and  to  indicate  whether  corner  points 
exist.  The  data  in  each  plane  is  then  mapped  into 
a  unit  circle  as  y  vs  z  and  z  vs  z  and  interpolated 
for  constant  values  of  z.  Another  set  of  spline 
fits,  in  the  planes  z  =  constant  for  y  vs  x  and  z 
vs  x,  completes  the  definition  of  the  coordinate 


Here  y  -  f(x,z)  defines  the  ship  hull,  and  (x,y,z) 
denote  the  Cartesian  coordinates.  The  major  ad¬ 
vantage  of  this  coordinate  system  is  its  simplicity. 
Because  one  of  the  coordinates  is  subject  to  the 
condition  (36),  there  is  no  guarantee  that  the 
boundaries  of  the  ship  hull  are  coincident  with  the 
coordinate  lines.  Furthermore,  for  a  ship  with  flat 
bottom  for  which  y  -  f(x,z)  is  not  a  single-valued 
function,  one  of  the  coordinates  cannot  be  calcu¬ 
lated  from  (36).  The  coordinate  system  is  limited, 
therefore,  to  some  special  geometries  only. 

In  this  study  we  adopt  a  nonorthogonal  coordinate 
system  similar  to  that  developed  by  Cebeci ,  Kaups , 
and  Ramsey  (1977)  for  arbitrary  wings.  It  is  based 
on  body  geometries  only  and,  hence,  it  is  calculated 
once  and  for  all.  In  addition,  the  system  can  deal 
wit!)  the  peculiar  features  of  most  merchant  and 
naval  vessels  discussed  previously.  The  details 
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system.  The  lines  formed  by  the  intersection  of 
the  planes  x  =  constant  and  z  =  constant  with  the 
hull  constitute  the  nonorthogonal  coordinate  net 
on  the  surface,  and  the  third  boundary-layer  coor¬ 
dinate  is  taken  as  the  distance  normal  to  the  surface 
in  accordance  with  first-order  boundary-layer  approx¬ 
imation  . 

Since  the  spline-fitting  also  yields  derivatives, 
the  metric  coefficient  and  the  geodesic  curvatures 
of  the  coordinate  lines  can  be  calculated  from  the 
formulas  given  below. 

The  metric  coefficients: 


h'‘  ■ 1  *  (8)z  *  (5) 

“HaV  •  (s)  ; 

X  X 


The  angle  between  the  coordinate  lines: 


i! 


With  the  definition  of  V  and  with  the  use  of  (43) 
and  (44),  Eqs .  (41)  and  (42)  can  be  written  as 


cost) 


The  geodesic  curvature  of  the  z  -  constant  line: 


(45) 


The  geodesic  curvature  of  the  x  =  constant  line: 
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The  other  parameters  Ki?  and  K • i  are  calculated  from 
(6).  It  may  be  noted  that  Kj  and  K.  can  also  be 
obtained  from  (5) .  This  provides  a  check  on  the  ex¬ 
pressions  given  by  (39)  and  (40) . 

In  the  boundary-layer  calculations,  we  need  the 
invisid  velocity  components  along  the  surface 
coordinates.  Let  be  the  total  velocity  vector 
on  the  hull,  (u,v,w)  the  corresponding  velocity  com¬ 
ponents  in  the  Cartesian  coordinates,  and  (ue,we) 
in  the  adopted  surface  coordinates.  As  can  be  seen 
from  Figure  3, 

$  *  -  V  •  t  ,  cost) 

u  =  - — — - 

e  sin*  0 

•  tp  -  V  •  tj  cosu 

w  =  - - - — - 

sin’  0 


(41) 

(42) 


Here  tj  and  t^  are  the  unit  tangent  vectors  along 
x  and  z  coordinates  and  are  given  by 
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4.  NUMERICAL  METHOD 

We  use  the  Box  method  to  solve  the  boundary-layer 
equations  given  in  Section  2.  This  is  a  two-point 
finite-difference  method  developed  by  Keller  and 
Cebeci.  This  method  has  been  applied  to  two- 
dimensional  flows  as  well  as  three-dimensional 
flows  and  has  been  found  to  be  efficient  and  accu¬ 
rate.  Descriptions  of  this  method  have  been  pre¬ 
sorted  in  a  series  of  papers  and  reports  and  a 
detailed  presentation  is  contained  in  a  recent 
book  by  Cebeci  and  Bradshaw  (1977) . 

In  using  this  numerical  method,  or  any  other 
method,  care  must  be  taken  in  obtaining  solutions 
of  the  equations  when  the  transverse  velocity  com¬ 
ponent,  w,  contains  regions  of  flow  reversal.  Such 
changes  in  w-profiles  will  lead  to  numerical  in¬ 
stabilities  resulting  from  integration  opposed  to 
the  flow  direction  unless  appropriate  changes  are 
made  in  the  integration  procedure.  Here  we  use  the 
procedure  developed  by  Cebeci  and  Stewart son  (1977) . 

In  this  new  and  very  powerful  procedure,  which  fol¬ 
lows  the  characteristics  of  the  locally  plane  flow, 
the  direction  of  w  at  each  grid  point  across  the 
boundary  layer  is  checked  and  difference  equations 
are  written  accordingly.  At  each  point  to  be  calcu¬ 
lated,  the  backward  characteristics  which  determine 
the  domain  of  dependence,  are  computed  from  the 
local  values  of  the  velocity.  Since  the  character¬ 
istics  must  be  determined  as  part  of  the  solution 
a  Newton  iteration  process  is  used  in  the  caJcula- 
tion  procedure  to  correctly  determine  the  exact 
shape  of  the  domain  of  dependence. 

To  illustrate  the  basic  numerical  method,  we  shall, 
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at  first,  consider  the  solution  of  the  longitudinal 
attachment- line  Eqs.  (30)  and  (31)  and  then  the 
solution  of  the  full  three-dimensional  flow  equations 
as  given  by  (24)  and  (25) .  We  shall  not  discuss  the 
Cebeci-Stewartson  procedure  for  computing  three- 
dimensional  flows  with  the  transverse  velocity,  w, 
containing  flow  reversal  since  that  procedure  will 
be  fully  described  in  a  forthcoming  paper. 


Difference  Equations  for  the  Longitudinal 
Attachment-Line  Equations 

According  to  the  Box  method,  we  first  reduce  the 
Eqs.  (30),  (31),  (32),  and  (26)  into  a  system  of 
five  first-order  equations  by  introducing  new  depen¬ 
dent  variables  u(x,z,n),  v(x,z,n),  w(x,z,n), 
t(x,z,rj),  and  0(x,z,n).  Equations  (30)  and  (31) 
then  can  be  written  as 

u*  =  v  (47a) 

w'  =  t  (47b) 


(bv)  '  +  Ov  -  n^u^  +  irq  \  =  m^o  u 


(bt)  '  +  Ot  -  muuw  -  nt3W*-  -  n^u^  +  m\p 


=  mio  u  - 


0'  =  m\u  +  me,w  +  — 


We  approximate  the  quantities  (u,v,g,t,G)  at 
points  (xn,Hj)  of  the  net  by  functions  denoted  by 
(Uj ,v^,w^, t j , 0^) .  We  also  employ  the  notation  for 
points  and  quantities  midway  between  net  points  and 
for  any  net  function  s^f. 


Xn-l/.>  2  Cxn  +  xn-iJ>  n,-l/2  2  (  nj  +  nj-.) 

sn->A  .  1  (sn  +  s0-l),  s._1/;  -  ±  (.»  ♦  s"_ ,  )  (49) 

The  difference  equations  which  are  to  approximate 
(47)  are  formulated  by  considering  one  mesh  rect¬ 
angle  as  in  Figure  4.  We  approximate  (47a, b)  using 
centered  difference  quotients  and  average  them 
about  the  midpoint  (xn,nj-i/;’)  segment  PjP,>. 

h"1 (uO  -  u"  )  =  Vj_,/ ,  (50a) 

hj1  (wO  -  w^.,)  =  t?_,/;,  (50b) 

Similarly,  (47c, d,e)  are  approximated  by  centering 
them  about  the  midpoint  xn_  j /  > , n  j  —  1  /  t^ie  rect" 
angle  PjP;>P3p|t.  This  gives 
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We  next  consider  the  net 

rectangle  shown  in  Figure 
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FIdUKt:  4.  Net  rue  tangle*  for  the  longitudinal 
at tachment - 1 inu  equations. 
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r N«'t  .Mibt*  for  thi*  ill  f  f«’iviu't‘  »'qu.i(  ions 
I*'!  t  mu-ns  iona  1  flows,  w,  t). 
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Difference  Equations  for  the  Full  Three-Dimensional 
Equations 

The  difference  equations  for  the  full  three- 
dimensional  equations,  as  given  by  (24)  and  (25) , 
are  again  expressed  in  terms  of  a  first-order  sys¬ 
tem.  With  the  definitions  given  by  (47a)  and  (47b) , 
they  are  written  as 


(bv)  '  +  0v  -  m,.u‘ 

Ou  3u 

=  m10  u  —  +  m7w  — 


msuw  -  mjjW-  +  m,  , 


(bt)  '  +  Ot  -  m4uw  -  m jw-'  -  mgu-’  +  m,^ 


3w  ,  3w 

m10  u  —  +  m7w  — 


O’  =  mju  +  m^w  +  m1(1 


Ou 

Ox 


0w 

^ 


Their  boundary  conditions,  (26)  become: 

n  =  0:  u  =  w  =  0  st  0 

n  =  n„!  u  =  1,  w  =  «e/uref 


(52a) 

(52b) 

(52c) 

(53a) 

(53b) 


The  difference  equations  for  (47a)  and  (47b)  are 
the  same  as  those  given  by  (50a)  and  (50b) :  they 
are  written  for  the  midpoint  [ (x) n, (z) ^ ,rij_ |/ > ]  of 
the  net  cube  shown  in  Figure  5;  that  is, 


hT'/u"'*  -  un"M  =  vn'i  ,, 

3  V  1  3-1  /  3-1/' 

h-'fw1}'*'  -  wb>i\  =  tn ' j 
3  V  3  3-1 y  3-1/' 


(54) 


The  difference  equations  which  are  to  approximate 
(52a, b,c)  are  rather  lengthy.  To  illustrate  the 
difference  equations  for  these  three  equations,  we 
consider  the  following  model  equation 

(bv)  1  +  13 v  +  mi  ]  =  u  ^  +  myw  ~  (55) 

The  difference  equations  for  (55)  are: 


h-1j^(bv)j  - 


lbV>j-3 


(6V)  j-1/2  +  (mn)jl'l/2 


,  u  -  u 

,  ,n-l/2-  n  n-i 

ml°  i-l/2  j-1/2  k„ 


n 


,  .n-1/2- 

Here ,  for  example , 


(56) 


-  1/  n,i  .  n, i- 1  ,  n-l,i-l  J  n-l,i\ 

3  4^  3  3  3  3  / 

1  (  n,i  ,  n,i-l  ,  n,i  n,i-l\ 

n  4  V  3  3  3-1  3-1  / 

1  f  n,i  n-l,i  n,i  ,  n-l,i\ 

l  4  V  3  3  3-1  3-1  / 


(57) 


and 

,n-l/2 

1 1 1 1 i-1/2 


/  .  n  ,  .  .  n-1  .  vn-l 

(mn>i  +  (mi  i>i-i  +  +  (mii>i-i 


zo  =  0 


zi  =  zi- !  +  ri  i  =  1,  2,  ...,  I  (58) 


Solution  of  the  Difference  Equations 

The  difference  equations  (50)  for  the  longitudinal 
attachment-line  flow  and  the  difference  equations 
for  (52)  are  nonlinear  algebraic  equations.  We  use 
Newton’s  method  to  linearize  them  and  then  solve  the 
resulting  linear  system  by  the  block-elimination 
method  discussed  by  Keller  (1974) .  A  brief 
description  of  it  will  be  given  for  the  streamwise 
attachment-line  equations. 

Using  Newton's  method,  the  linearized  difference 
equations  for  the  system  given  by  (50)  are: 

h. 

:«.ui  -  6u.  -  yp-  ( Sv .  +  flv.  )  =  (r  )  .  (59a) 

3  3-1  2  ]  3-1  1  3 


6Wj  -  (Sw^j  -  Y~  ( 6t^  +  itj_j)  =  (rj  .  (59b) 


(.-.l)  .v'v.  +  ( r, )  6v ^ t  +  ( C 3 )  j 150 j  +  u )  j S0-j_  j 

+  ('.hKiu^  +  (tjJjSu  =  ( r  3 )  (59c) 


(61)j6tj  +  (5;,)j«tj_i  +  (63)j60.  +  (e*,)  j  «ej_  x 

+  (DsKSw.  +  +  (e-yKSUj  +  (ps)j5uj.i 

=  (r„).  (59d) 

(mJ^th  +  (  0  2  5  j  6  0_j  _  J  +  (oj)^Al^  +  (OgKlSU^j 

+  (oc,)ji$w^  +  (o(,)  ..  (5w^_  J  =  (r  t.)  J  (59e) 


J '  if&t «  S* 
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Here  we  have  dropped  the  superscripts  n,  i  and  have 
defined  (rk)j,  (Ck)j,  (8k)j,  and  (ok)j  by 


r=u.  ,-u.  +h.v. 

1  J-l  J  J  J-1/2 

(60a) 

r.,  =  w.  ,  -  w.  +  h.t. 

2  j-l  j  j  j-1/2 

(60b) 

(r 3)  .  =  Rn 
J  3  J 

-1/2  '  ”11 

- 

(bv>  j-  1/2  +  (6V)  j-1/2 

-  (m?  +  a  )  (u2)  . 

2  n  J-1/2 

(600 

<ru ) .  =  S 


n-  i 


j  j“  1/ 2. 


(bt,j-l /2  +  <Gt) j-1/2  -  <m“  +  an> (uw) 3—1/2 


-  n, (w2) .  -  mq (u2 ) . 

i  J-l/2  9  J-1/2 

t  a  /w11  1  ,  u.  ,  -  u"  \  w.  ,  \  l  (60d) 

n\^  J-1/2  J-1/2  j-1/2  j-1/2  y 


(Be)  j 

(By)  j 

(Be)  j 

(Ol) . 

(02)  j 

(03)  j 
(04)} 

(05)  j 


-  2  (m4  +  an)uj-l  '  m3Wj-l 


1  n-1 
-  —  a  u 

2  n  j-1/2 


-  1  (m“  +  an,Wj  *  m9Uj  +  I  “n  Wj-!/2 


5  (■*.  +  “n,wj-i  -  m9Uj- 


1  n-1 

2  “n  Wj-l/2 


(mj  +  2a  ) 


-  j  <mi  +  2an> 


me 


(62f ) 

(62g) 

(62h) 

(63a) 

(63b) 

(63c) 

(63d) 

<63e) 


(r, ) . 


Vj 


T 


n-1 

j-1/2 


j-1/2 


1 

(m,  +  2lx  )u.  ,  .  -  m  w.  j  (60e) 

1  n  j-1/2  6  j-1/2 

(61a) 


(,;2 ) 


j 


1 

2  9j*l 


(61b) 


(^>j 


(61c) 


(°6' j  =  ~  J  m6  (63f ) 

The  boundary  conditions  become 

6uo  =  6wq  =  66q  =  0,  6uj  -  Sw^  =  0  (64) 

The  solution  of  the  linear  system  given  by  (59) 
and  (64)  is  obtained  by  using  the  block  elimination 
method.  According  to  this  method,  the  system  is 
written  as 

Af  =  f  (65) 

"J  V 

Here 


(44>  j  =  \  v._i  <61d) 


(CO  . 

‘  3 

=  -  (m  -  + 

a  )  u , 
n  D 

(61e) 

r.j. ) . 

3 

=  -  (m,;  + 

vv, 

(61f) 

(fc>'j 

-  UDj 

(62a) 

(e-  )  . 

3 

-  (0)j 

(62b) 

(BO  . 

3 

=  f‘j 

(62c) 

(6-’i 

-  i  v. 

(62d) 

<eo  j 

=  -  j  (ni4 

+  'n)uj  -  m3Wj  -  f  %  ujl!/2 

(62e) 
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The  Aj,  Bj,  Cj  in  /A  denote  5x5  matrices.  The 
solution  of  (65)  is  obtained  by  the  procedure 
described  in  Cebeci  and  Bradshaw  (1977) . 


5.  RESULTS 

Turbulent  Flow  Calculations  for  a  Curved  Duct  and 
Comparison  with  Experiment 

The  turbulence  model  described  in  Section  2  has  been 
used  with  considerable  success  to  compute  a  wide 
range  of  two-dimensional  turbulent  boundary  layers 
(see  for  example  Cebeci  and  Smith  (1974) ] .  The 
model  has  also  been  used  to  compute  three-dimensional 
flows  and  again  is  found  to  yield  accurate  results 
(see  for  example  Cebeci  (1974,  1975)  and  Cebeci, 
Kaups,  and  Moser  (1976)].  To  further  test  the  model 
for  three-dimensional  flows,  we  have  considered  the 
experimental  data  taken  in  a  60°  curved  duct  of  rect¬ 
angular  cross  section.  Figure  6  shows  a  sketch  of 
the  flow  geometry.  The  experimental  data  are  due 
to  Vermeulen  (1971) .  Here  z  denotes  the  distance 
from  the  outer  wall,  measured  along  normals  to  the 
wall;  x  denotes  the  arc  length  along  the  outer  wall; 
and  y  denotes  distance  normal  to  the  plane  x,z. 

To  test  the  computed  results  with  the  data,  it 
is  necessary  to  specify  the  initial  profiles  given 
by  experiment.  This  can  be  done  in  a  number  of  ways. 
In  the  study  reported  by  Cebeci,  Kaups,  and  Moser 
(1976)  the  profiles  were  generated  by  using  Coles' 
velocity  profile  formula.  That  formula,  which  repre¬ 
sents  the  experimental  data  rather  well  for  two- 
dimensional  flows,  was  not  very  satisfactory  for 
three-dimensional  flows.  Here  we  abandon  the  use 
of  Coles'  formula  in  favor  of  Thompson's  two- 
parameter  velocity  profiles  as  described  and  im¬ 
proved  by  Galbraith  and  Head  (1975) .  According 
to  this  formula,  the  dimensionless  u/ue  velocity 
profile  is  given  by 


&).. 


+  (1  -  YS>  <66> 


Here  Ys  is  an  intermittency  factor  defined  by  the 
following  empirical  formulas: 


<  X-  <- 


1  0.05  y  =  1 


0.05  <  7—  <  0.3  Yc  -  1  “  2 . 64214I  j - 0.05 


0.3  <  <  0.7 


^s  =  4-4053fe  -  °-5)  3 

-  1.8502^-  -  0.5^  +  0.5 


0.7  <  <  0.95  y_  =  2.64214 

60  s 


>  0.95  Y-  =  0.0 

60  s 

The  dimensionless  velocity  profile  for  the  inner 
layer,  that  is,  (u/ue)inner,  is  given  by 

y+  <  4  u+  =  y+ 

4  <  y+  <  30  u+  =  C)  +  cj In  y+  +  c3(ln  y+)2 
+  C4 (In  y+) 3 

y+  >30  u+  =  5.50  In  y+  +  5.45 

Here  c\  =  4.187,  C2  -  -5.745,  C3  =  5.110,  ci»  = 
-0.767,  y+  =  yUj/v,  =  ( T w/p )  *5 ,  u+  =  u/uT  ,  and  SQ 
is  a  parameter  which  is  a  function  of  0,  cf,  and  H. 

To  find  the  functional  relationship  between  6  , 
Cf,  0,  and  H,  we  use  the  definitions  of  displacement 
thickness,  6*,  and  momentum  thickness,  0.  Substitut¬ 
ing  (66)  into  the  definition  of  6*,  after  some  alge¬ 
bra  ,  we  get 


where 


A i  =  50.679,  A2  =  1.1942,  A3  =  0.7943,  A4  =  1.195. 

An  expression  similar  to  that  given  by  (67)  can  also 
be  obtained  if  we  substitute  (66)  into  the  defini¬ 
tion  of  0.  However,  the  resulting  expression  is 
quite  complicated.  For  this  reason,  the  expression 
for  9  is  obtained  numerically,  and  for  a  given  value 
of  9  and  H,  the  corresponding  values  of  cf  and  SQ 
are  computed  from  that  equation  and  from  (67) . 

Equation  (66)  is  recommended  for  two-dimensional 
flows.  Here  we  assume  that  it  also  applies  to  the 
streamwise  velocity  profile  by  replacing  u/ue  by 
us/uSe  with  cf  now  representing  the  streamwise  skin- 
friction  coefficient. 

In  order  to  generate  the  crossflow  velocity  com¬ 
ponent  (un/uSe> ,  we  use  Mager's  expression  and 
define  un/uSe  by 


rivirnr  *>•  inritf  sysfrin  and  notation  for  the 

ctirvcii  durt  . 
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tan^w  (68) 

6W  obtained  from 


with  the  limiting  crossflow  angle 
the  experimental  data. 

Once  the  streamwise  and  crossflow  velocity  pro¬ 
files  are  calculated  by  the  above  procedure,  we 
compute  the  velocity  prof: les  u/ue  and  w/we  in  the 
orthogonal  directions  x  and  z 
tionships 


s 

Uo 


un 


Figure  7  shows  a  comparison  of  generated  and 
experimental  total  velocity  profiles  along  the  line 
A.  As  can  be  seen,  the  procedure  discussed  above 
for  generating  the  initial  velocity  profiles  from 
the  experimental  data  is  quite  good.  This  is  impor 
tant  for  an  accurate  evaluation  of  a  turbulent 
model,  especially  for  three-dimensional  flows. 

Here 


i  r  .VKi:  H.  Coirpar  i  son  of  computed  momentum  t  hi  iknoss 
with  Vermewl  pfi '  s  data. 


2_  = 


(70) 


The  solution  of  the  boundary-layer  equations  also 
requires  the  specification  of  the  metric  coefficients 
and  the  geodesic  curvatures.  They  are  calculated 
from  the  following  expression: 


the 

rela- 

fl 

straight  section 

h,  =  i 

L1  -  z/Ro 

curved  section 

(69a) 

h2  =  1.0, 

Kj  =  0 

(71) 

(69b) 

f  ° 

straight  section 

. 

j_l/(R0-Z) 

curved  section 

A  comparison  of  calculated  and  experimental  values 
of  streamwise  momentum  thickness,  0 1 1 ,  shape  factor, 
Hu,  skin-friction  coefficient,  Cf,  and  limiting 
crossflow  angle,  3W,  is  shown  in  Figures  8,  9,  10, 
and  11,  respectively,  along  the  lines  B,  C,  D,  E. 

Here  the  limiting  crossflow  angle  is  computed  from 


i  U.fKi:  Comparison  of  computed  shape  factor  wit! 

Verne ul on  *  s  data. 


199 


W  /u  [ (u  ,/u  ) q"  -  f " ] 
e  e  ref  e  w 

(w  /u  ) 2  (u  ,/w  )g"  +  f" 
e  e  ref  e  w  w 


Figures  12  and  13  show  a  comparison  of  calculated 
and  experimental  total  velocity  profiles  and  cross- 
flow  angle  profiles  along  the  lines  C  and  E.  Here 
the  crossflow  angle  is  computed  from 


we/uei (uref/we)g'  "  f'l 

0/Ce  <Qe/ue): 


As  in  Figures  8  through  11 ,  again  the  agreement 
between  calculated  results  and  experiment  is  very 
good.  The  computed  results  follow  the  trend  in 
the  experimental  data  well  and  indicate  that  the 
present  turbulence  model,  as  in  two-dimensional 
flows,  is  quite  satisfactory  for  three-dimensional 
flows . 


Results  for  a  Double  Elliptic  Ship  Model 

To  test  our  method  for  ship  hulls,  we  have  con¬ 
sidered  two  separate  hulls.  The  first  one,  which 
is  discussed  in  this  section,  is  a  double  elliptic 
ship  whose  hull  is  given  analytically.  The  second 


one,  which  is  discussed  in  the  next  section,  is 
ship  model  S350  which  has  a  rather  complex  shape. 

Its  hull  is  represented  section-by-section  in  tabu¬ 
lar  form  and  contains  all  the  features  of  most 
merchant  and  naval  vessels.  It  proves  an  excellent 
test  case  to  study  the  computational  difficulties 
associated  with  real  ship  hulls. 

The  double  elliptic  ship  model  can  be  analytically 
represented  by 


It  has  round  edges  except  for  the  sharp  corners  at 
x  —  ±L  and  5  =  ±H.  The  body  of  L:H:B  =  1.0:0.125:0.1 
together  with  the  nonorthogonal  coordinate  nets  on 
the  hull  is  shown  in  Figure  14. 

The  potential-flow  solutions  were  obtained  from 
the  Douglas-Neumann  computer  program  for  three- 
dimensional  flows.  To  get  the  solutions,  120  control 
elements  on  the  surface  were  used,  12  along  the  in¬ 
direction  and  10  along  the  z-direction. 

Before  we  describe  our  boundary- layer  calculations 
it  is  useful  to  discuss  the  pressure  distribution  for 
this  body  shown  in  Figure  15.  As  can  be  seen  from 
the  figure,  the  streamwise  pressure  gradient  is 
initially  favorable  in  the  bow  region  and  then  ad¬ 
verse  up  to  the  midpoint  of  the  body.  This  is  fol¬ 
lowed  by  a  region  of  favorablt  pressure  gradient  and 
then  by  a  shape  adverse  pressure  gradient  very  close 
to  the  stern.  The  crosswise  pressure  gradient  varies 
in  a  more  complex  manner.  Near  the  bow  the  pressure 
decreases  down  from  the  water  surface  to  a  minimum 
and  then  increases  as  the  keel  is  reached.  As  the 
flow  moves  uownstream,  the  location  of  the  minimum 
pressure  moves  up  and  reaches  the  water  surface  at 
about  x/L  =  -0.80.  The  minimum  pressure  remains  at 
the  water  surface  to  about  x/L  =  0.80  and  then  moves 
toward  the  keel.  As  a  result,  near  the  bow  and  the 
stern,  one  may  expect  flow  reversal  of  the  crossflow 
across  the  boundary  layer  does  not  reverse  direction 
from  the  keel  to  the  water  surface.  This  conclusion 
is  drawn  from  considering  the  pressure  gradients  only 
The  real  situation  may  be  somewhat  modified  because, 
in  addition,  there  are  the  upstream  effects  and  the 
curvature  effects  on  the  flow  characteristics. 

The  boundary-layer  computation  starts  with  turbu¬ 
lent  flow  from  x/L  =  -0.90.  We  have  tried  to  start 
the  computation  from  x/L  =  -0.97  and  x/L  =  -0.95. 
However,  flow  separation  was  observed  at  x/L  =  -0.90 
near  the  keel  due  to  the  sharp  curvature  and  adverse 
pressure  gradient  in  the  bow  region  and  can  be  seen 
from  Figure  15.  In  the  previous  calculations  of 
Chang  and  Fatel  (1975)  and  Cebeci  and  Chang  (1977) , 
the  flow  separation  near  the  bow  was  not  found  due 
to  the  orthogonal  coordinate  system  they  adopted  in 
which  the  second  net  point  from  the  keel  is  so  far 
from  the  keel  that  the  region  of  adverse  pressure 
gradient  is  omitted. 

In  our  boundary-layer  calculations,  we  have  used 
40  points  along  the  x-direction  and  16  points  along 
the  z-direction.  In  the  normal  direction,  we  have 
taken  approximately  40  points.  The  nonuniform  grid 
structure  described  in  Cebeci  and  Bradshaw  (1977) 
is  employed  in  the  normal  direction  so  that  the  grid 
points  are  concentrated  near  the  wall  where  the 
velocity  gradients  are  large. 

Some  of  the  computed  results  for  RL  =  107  are 
shown  in  Figures  16  and  18.  Figure  16  shows  the 
spanwise  distributions  of  the  pressure  coefficients, 
Cp,  local  skin-friction  coefficient,  Cf,  the  shape 
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factor,  Hjj,  the  Reynolds  number  based  on  the  momen-  sign  across  the  boundary  layer  and  contains  regions 

turn  thickness,  R.-, ,  and  the  limiting  crossflow  angle  of  reverse  flow,  numerical  instabilities  results  from 

for  x/L  -  -0.85,  0.0,  and  0.75.  As  can  be  seen  from  integration  opposed  to  flow  direction  unless  appro- 

these  figures,  the  boundary-layer  parameters  vary  priate  changes  are  made  in  the  integration  procedure, 

greatly  near  the  keel  where  the  curvatures  and  the  The  new  numerical  procedure  of  Cebeci  and  Stewartson 

pi-  ssure  gradients  are  large  and  remain  almost  un-  (1977)  handles  this  situation  very  well  and  does  not 

changed  near  the  surface  where  the  curvatures  and  show  any  signs  of  breakdown  resulting  from  flow  re- 

the  pressure  gradients  are  small.  Except  at  x/L  =  versal  of  transverse  velocity  component. 

-0.85,  the  limiting  crossflow  angle  is  positive. 

This  implies  that  the  crossflow  near  the  wall  moves 

from  the  keel  to  the  free  surface  as  predicted  from  Results  for  Ship  Model  5350 

the  ptessuro  distribution.  Figure  17  shows  typical 

longitudinal  and  transverse  velocity  profiles  at  The  ship  model  5350,  unlike  the  one  discussed  in  the 

*’  -  O.iS  tor  several  values  of  (x/1),  and  Figure  18  previous  section,  is  a  realistic  tanker  model.  The 

shows  typical  transverse  velocity  profiles  at  (x/L)  qeometry  of  the  hull  is  so  complicated  that  it  is 

:  -0.2  for  several  values  of  2.  As  can  be  seen  from  represented  in  tabular  form  section  by  section. 

Figures  17(b)  and  18,  the  transverse  velocity  compo-  The  model  possesses  all  the  special  features  of 

neat  undergoes  drastic  changes  in  the  longitudinal  existing  merchant  and  naval  vessels,  that  is,  a 

and  transverse  directions  under  the  influence  of  bottom  which  is  flat  and  not  parallel  to  the  still- 

pressure  gradient  and  body  geometry.  As  was  dis-  water  surface  and  an  extended  bow  completely  sub¬ 
cussed  before,  when  the  transverse  velocity  changes  merged  under  the  water  surface,  and  consequently 


serves  as  an  excellent  case  on  which  to  apply  our 
me  t  hod . 

Figure  19  shows  a  three-dimensional  picture  of 
this  ship  model  together  with  our  nonorthogonal  co¬ 
ordinate  system.  We  see  from  this  figure  that,  as 
a  by-product  of  the  mapping  method  discussed  earlier, 
the  z  =  const,  coordinate  lines  are  concentrated 
in  the  bow  and  corner  regions  where  the  curvature 
is  large.  Figure  20  shows  different  cross-sections 
(indicated  by  solid  lines)  and  interpolated  values 
obtained  by  a  cubic-spline  method  (indicated  by 
circles)  from  which  the  geometric  parameters  are 
obtained . 

The  inviseid  velocity  distribution  for  the  model 
is  obtained  by  using  the  Douglas-Neumann  method 
treating  the  model  as  a  double  ship  model.  Figure 
21  shows  the  pressure  distribution  for  the  entire 
ship  and  Figure  22  shows  a  detailed  pressure  distri¬ 
bution  for  the  bow  region.  We  see  from  these  figures 
that  the  longitudinal  pressure  gradient  near  the  keel 
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is  favorable  and  then  later  becomes  adverse.  The 
pressure  gradient  in  the  transverse  direction  de¬ 
creases  rapidly  from  the  keel  to  a  minimum  value 
and  then  increases  continuously  up  to  the  free  sur¬ 
face.  Due  to  this  rapid  pressure  variation  in  the 
bow  region,  preliminary  boundary-layer  calculations 
showed  flow  separation  and  required  an  approximate 
procedure  to  generate  the  solutions  for  x  22.5  m. 
After  that  (x  •  22.5) ,  the  three-dimensional  boundary- 
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layer  calculations  were  performed  for  a  given  invis- 
cid  pressure  distribution.  The  initial  conditions 
at  x  =  22.5  m  were  generated  by  solving  the  boundary- 
layer  equations  in  which  the  z-wise  derivatives  for 
a  constant  z  were  neglected. 

Figures  23  to  25  show  some  of  the  computed  re¬ 
sults  for  RL  =  3  x  10® .  Figure  23  shows  the  varia¬ 
tion  of  Cp,  cf ,  Rq ,  Hj j ,  and  Sw  at  the  cross-planes 
of  x  =  30  m,  105  m,  and  210  m.  Typical  streamwise 
velocity  profiles  at  x  -  105  m  and  z  =  0.2  are  shown 
in  Figure  24  and  typical  crossflow  velocity  profiles 
at  x  =  GO  m  are  shown  in  Figure  25.  As  can  be  seen 
from  these  figures,  the  crossflow  velocity  profiles 
show  great  variations  and  indicate  clearly  the  flow 
reversal  that  takes  place  in  the  crossflow  plane. 

This  implies  that  differential  methods  based  on  two- 
dimensional  and/or  small  crossflow  approximations  as 
well  as  methods  based  on  integral  methods  are  not 
adequate  to  boundary-layer  calculations  on  ship 
hulls.  Other  interesting  results  that  emerge  from 
these  calculations  are  the  sudden  jumps  of  the  limit¬ 
ing  crossflow  angle  from  positive  to  negative,  and 
the  thickening  of  the  boundary  layer  in  the  corner 
region  of  the  crossplanes.  The  jumps  of  the  cross- 
flow  angle  indicates  the  convergence  of  the  flow  from 
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both  sides  of  the  corner  region  and,  hence,  enhances  Generation  of  Initial  Conditions  on  Arbitrary 
;  the  thickening  of  the  boundary  layer.  This  thicken-  Bow  Configurations 

i  ing  of  the  boundary  layer  in  the  corner  region  of 

ship  hulls  has  been  verified  experimentally  by  Hoff-  In  Section  5,  we  presented  calculations  lor  the  ship 

mann  (1976).  model  5350  and  mentioned  that  due  to  flow  separation 

in  the  bow  region,  we  had  to  start  the  boundary-layer 

j  calculations  at  some  distance  away  from  the  bow. 

6.  CONCLUDING  REMARKS  AND  FUTURE  WORK  Additional  studies  are  required  to  generate  the  ini- 

,  tial  conditions  on  the  bow.  These  studies  can  lead 

According  to  the  studies  presented  in  this  paper,  to  a  better  design  of  bow  configurations  and  to 

the  three-dimensional  boundary  layers  on  ship  hulls  better  handling  of  bilge  vortices,  which  contribute 

can  be  computed  very  efficiently  and  effectively.  to  the  total  drag  of  the  ship.  However,  tins  is  by 

The  turbulence  model,  as  in  two-dimensional  flows,  no  means  an  easy  task.  Consider,  for  example,  no 

again  yields  satisfactory  results  for  three-  ship  model  5350  discussed  earlier.  A  sketch  of  the 

•  dimensional  flows.  This  has  been  demonstrated  bulbous  nose  with  a  plausible  inviscid  stie.imline 

,  by  Soe  i  ima  and  Yamuzaki  (1978)  who  also  have  applied  distribution  is  shown  in  Figure  .'t>.  We  .issume 

t  the  present  turbulence  model  to  compute  three-  that  the  ship  is  symmetrical  about  :  he  keel  plane 

%  dimensional  boundary  layers  on  ship  hulls.  However,  and  there  is  a  nodal  attachment  point  on  the  bulbous 

}  there  are  additional  studios  and  problem  areas  that  nose  at  B.  If  the  ship  is  floating,  then  the  water 

*  ’  need  to  be  considered  and  investigated  before  the  line  is  determined  by  conditions  of  constant  pressure 

present  method  can  become  a  more  effective  tool  to  and  zero  normal  velocity.  Hence  the  intersection  A 

,  design  ships.  They  are  briefly  discussed  below.  of  the  plane  of  symmetry  with  the  water  line  and  the 
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bow  is  a  saddle  point  with  the  streamlines  of  the 
inviscid  flow  converging  on  A  along  the  line  BA  and 
diverging  along  an  orthogonal  direction.  It  is 
known  that  the  boundary-layer  equations  can  always 
be  solved  at  B  but  that  at  A  the  situation  is  more 
complicated  and  furthermore  it  is  still  not  entirely 
clear  what  their  role  is  in  relation  to  the  general 
solution.  It  is  likely,  however,  that  provided  no 
reversed  flow  occurs  at  A  in  the  component  of  the 
solution  along  the  direction  BA,  then  separation  can 
be  avoided  along  this  line  by  appropriate  choice  of 
design.  Furthermore,  if  separation  does  occur,  its 
effect  may  be  limited.  The  recently  developed  Cebeci- 
Stewartson  procedure  (1977),  however,  can  be  applied 
to  the  present  problem  but  there  are  some  hurdles  to 
be  overcome. 

Of  particular  difficulty  is  the  choice  of  coordi¬ 
nate  system  on  which  to  compute  the  solution  and  to 
join  it  with  the  already  well-established  method 
downstream  of  CD.  We  have  seen  that  in  the  case  of 
the  prolate  spheroid  (see  Cebeci,  Khattab,  and 
Stewartson  (1978))  it  is  helpful  to  have  a  mesh 
which  is  effectively  Cartesian  near  the  nose  and  the 
methods  which  were  used  to  produce  it  in  the  earlier 
study  are  applicable  to  any  body  which  can  be  repre¬ 
sented  by  a  paraboloid  of  revolution  in  the  neighbor¬ 
hood  of  the  nose.  Now  here  we  have  a  paraboloid  near 
B  but  n'"t  one  of  revolution,  but  we  believe  that  the 
neorr;:,  ,ry  generalization  is  possible.  The  mesh  now 
has  to  match  with  that  which  has  proved  convenient 
downstream  of  CD.  Again  we  believe  that  a  smooth 
transition  can  be  achieved  by  building  into  the 
mesh  sides,  right  from  CBA ,  an  appropriate  spacing 
such  that  the  points  of  a  uniform  mesh  on  CD  are 
also  points  of  this  mesh  although  not,  of  course,  at 
a  constant  value  of  one  of  the  coordinates.  Our 


evidence  for  this  is  based  on  a  successful  scheme 
that  we  have  already  worked  out  for  the  prolate 
spheroid,  Cebeci,  Khattab,  and  Stewartson  (1978). 

Other  aspects  that  need  further  study  include  the 
condition  at  the  water-line  section.  It  has  been 
usual  to  assume  that  the  normal  velocity  is  zero  at 
the  undisturbed  free  surface.  This  is  not  quite 
correct  and  the  error  may  have  implications  for  the 
nature  of  the  solution  near  A  and  especially  the 
question  of  separation  along  BA.  Even  if  separation 
does  occur,  it  may  be  possible  to  handle  the  post¬ 
separation  solution,  since  it  probably  extends  only 
over  a  limited  region  of  the  ship,  by  means  of  an 
interaction  theory,  i.e.,  modifying  the  inviscid 
flow  by  means  of  a  displacement  surface. 


Viscous-Inviscid  Flow  Interaction 

The  present  boundary-layer  calculations  are  done 
for  a  given  pressure  distribution  obtained  from  an 
inviscid  flow  theroy.  In  regions  where  the  boundary- 
layer  thickness  is  small,  the  inviscid  pressure  dis¬ 
tribution  does  not  differ  much  from  the  actual  one; 
as  a  result,  the  boundary-layer  calculations  are 
satisfactory  and  agree  well  with  experiment,  see, 
for  example,  the  papers  by  Cebeci,  Kaups ,  and  Moser 
(1976)  and  by  Soejima  and  Yamazaki  (1978).  When 
the  boundary-layer  thickness  is  large,  which  is  the 
case  near  the  stern  region,  the  effect  of  viscous 
flows  on  the  inviscid  pressure  distribution  must 
be  taken  into  account.  One  possible  way  this  can 
be  done  is  to  compute  the  displacement  surface  for 
a  given  inviscid  pressure  distribution  and  iterate. 
Such  a  procedure  is  absolutely  necessary  to  account 
for  the  thickening  of  the  boundary  layer  as  was 
observed  by  Soejima  and  Yamazaki  (1978) . 


Prediction  of  Wake  Behind  Ship  Hulls 

The  present  boundary-layer  calculations  can  be  done 
up  to  some  distance  close  to  the  stern;  after  that, 
flow  separation  occurs.  Since  one,  and  probably  the 
biggest,  reason  why  one  is  interested  in  boundary- 
layer  calculations  on  ship  hulls,  is  the  calculation 
of  drag  of  the  hull,  additional  studies  should  be 
directed  to  perform  the  calculations  in  the  separated 
region  and  in  the  wake  behind  the  ship.  Recent  calcu¬ 
lation  methods  developed  and  reported  by  Cebeci, 
Keller,  and  Williams  (1978)  for  separated  flows  by 
using  inverse  boundary- layer  theory  and  recent  calcu¬ 
lation  methods  developed  and  reported  by  Cebeci, 

Thiele  and  Stewartson  (1978)  for  two-dimensional 
wake  flows  are  appropriate  for  these  purposes. 


PRINCIPAL  NOTATION 

Van  Driest  damping  parameter,  see 
(18b) 

constants 

local  skin-friction  coefficient  in 
streamwise  direction 
constants 

transformed  vector  potential  for  ^ 
transformed  vector  potential  for  4> 
metric  coefficients 
net  spacing  in  n-direction 
boundary-layer  shape  factor  along 
streamwise  direction,  6*/0n 
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net  spacing  in  x-direction 
geodesic  curvatures,  see  (5) 
geometric  parameters,  see  (6) 
mixing  length,  see  (18a) ,  or  refer¬ 
ence  length 

coefficients,  see  (28)  or  (32) 
static  pressure 

total  velocity  in  the  boundary  layer 
Reynolds  numbers,  uesj/v  and  u^L/v 
Reynolds  number,  us  6*/v 
Reynolds  number,  us  0ii/v 
arc  length  along  coordinate  line 
unit  tangent  vectors  along  x  and  z 
directions 

velocity  components  in  the  x,y,z 
directions 

velocity  components  in  the  Cartesian 
coordinate 

velocity  components  in  boundary  layer 
parallel  and  normal,  respectively, 
to  external  streamline 
friction  velocity,  see  (18c) 
freestream  velocity 
reference  velocity 
nonorthogonal  boundary-layer  coor¬ 
dinates 

Cartesian  coordinates 
Reynolds  stresses 
crossflow  angle 
limiting  crossflow  angle 
boundary -layer  thickness 
displacement  thickness, 
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eddy  viscosity 


dimensionless  eddy  viscosity,  »  /v 
similarity  variable  for  y,  see  (21) 
momentum  thickness. 
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dynamic  viscosity 
kinematic  viscosity 
density 
shear  stress 

two-component  vector  potentials, 
(23) 


see 


Subscript s 

e  boundary- layer  edge 

s  streumwiso  direction 

t  total  value 

w  wa  1 1 

primes  denote  differentiation  with  respect  to  n 


acknowlech  ;ment 


This  work  was  sup-ported  by  the  David  Taylor  Naval 
Ship  Research  ami  Development  Center  under  contract 
N<  >00 14-7b-C  -0*1 3  0 . 


REFERENCES 


Chang,  K.  C.,  and  V.  C.  Patel  (1975).  Calculation 
of  three-dimensional  boundary  layers  on  ship 
forms.  Iowa  Institute  of  Hydraulic  Research, 
Ri'pt .  No.  17*?. 


Cebeci,  T.  (1974).  Calculation  of  three-dimensional 
boundary  layers,  pt.  1,  swept  infinite  cylinders 
and  small  crossflow.  AIAA  J. ,  12,  779. 

Cebeci,  T.  (1975).  Calculation  of  three-dimensional 
boundary  layers,  pt.  2,  three-dimensional  flows 
in  Cartesian  coordinates.  AIAA  J. ,  13,  1056. 

Cebeci,  T. ,  and  P.  Bradshaw  (1977).  Momentum 
Transfer  in  Boundary  Layers,  McGraw-Hill/ 

Hemisphere  Co.,  Washington,  D.C. 

Cebeci,  T.,  and  K.  C.  Chang  (1977).  A  general 

method  for  calculating  three-dimensional  laminar 
and  turbulent  boundary  layers  on  ship  hulls.  1. 
Coordinate  system,  numerical  method  and  pre¬ 
liminary  results.  Ropt . ,  Dept,  of  Mech.  Engy . , 
California  State  Univ .  at  Long  Beach. 

Cebeci,  T.,  and  A.  M.  0.  Smith  (1974).  Analysis  of 
Turbulent  Boundary  Layers,  Academic  Press,  New 
York. 

Cebeci.  T. ,  and  K.  Stewartson  (1977).  A  new 

numerical  procedure  for  solving  three-dimensional 
boundary  layers  with  negative  crossflow,  to  be 
published . 

Cebeci,  T. ,  K.  Kaups,  and  A.  Moser  (1976).  Calcula¬ 
tion  of  three-dimensional  boundary  layers,  pt. 

3,  three-dimensional  incompressible  flows  in 
curvilinear  orthogonal  coordinates.  AIAA  J •, 

14,  1090. 

Cebeci,  T.,  K.  Kaups,  and  J.  A.  Ramsey  (1977).  A 
general  method  for  calculating  three-dimensional 
compressible  laminar  and  turbulent  boundary 
layers  on  arbitrary  wings.  NASA  CR-2777 . 

Cebeci,  T.,  A.  A.  Khattab,  and  K.  Stewartson  (1978). 

On  nose  separation,  paper  in  preparation. 

Cebeci,  T. ,  H.  B.  Keller,  and  P.  G.  Williams  (1978). 
Separating  boundary-layer  flow  calculations,  paper 
submitted  for  publication. 

Cebeci,  T.,  F.  Thiele,  and  K.  Stewartson  (1978). 

On  near  wake  laminar  and  turbulent  shear  layers, 
to  be  published. 

Gadd,  G.  E.  (1970) .  The  approximate  calculation  of 
turbulent  boundary-layer  development  on  ship 
hulls.  RINA  paper  W5. 

Galbraith,  R.  A.  McD. ,  and  M.  R.  Head  (1975).  Eddy 
viscosity  and  mixing  length  from  measured  bound¬ 
ary-layer  developments.  Aeronautical  Quarterly , 
XXVI,  133. 

Halsey,  N.  D.  (1977) .  Potential  flow  analysis  of 
multiple  bodies  using  conformal  mapping.  M.S. 
thesis,  Dept,  of  Mech.  Engy.,  California  State 
Univ.  at  Long  Beach. 

Hoffmann,  H.  P.  (1976).  Untersuchung  der  3- 

dimensionalen ,  turbulenten  grenzschicht  an  einem 
schif fsdoppelmodell  in  windkanal.  Inst i tut  fUr 
Schiffbau  der  Uni  versi  tat ,  Hamburg,  Boriclit  Nr.  343 

Lin,  J.  D. ,  and  R.  S.  Hall  (1966).  A  study  of  the 
flow  past  a  ship-like  body.  Univ .  of  Conn., 

C i v i 1  En g i nee r i ng  Dept . ,  Re po r t  No.  CE 6 6-7 . 

Miloh,  T. ,  V.  C.  Patel  (1972).  Orthogonal  coor¬ 
dinate  systems  for  three-dimensional  boundary 
layers  with  particular  reference  to  ship  forms. 

Iowa  Institute  of  Hydraulic  Research,  Rcpt .  No.  138 

Rastogi ,  A.  K. ,  and  W.  Rodi  (1978).  Calculation 
of  general  three-dimensional  turbulent  boundary 
layers.  AIAA  J .,  lo,  151. 

Soejima,  S. ,  and  R.  Yamazaki  (1978).  Calculation 
of  three-dimensional  boundary  layers  on  ship 
hull  forms.  Trans.  West -Japan  Soc.  Naval 
A rch i 1 1  ?chs ,  55,  43. 

Vermeulen,  A.  J.  (1971).  Measurements  of  three- 
dimensional  turbulent  boundary  layers.  Ph.D. 
thesis,  Univ.  of  Cambridge . 


Study  on  the  Structure  of  Ship 
Vortices  Generated  by  Full  Sterns 

Hiraku  Tanaka  and  Takayasu  Ueda 
Ship  Research  Institute 
Tokyo f  Japan 


ABSTRACT 

Many  attempts  have  been  made  to  measuie  the  vnrtio- 
ity  distribution  of  vessels  tested  at  the  Ship 
Research  Institute.  This  led  to  tlu>  successful 
development  of  the  rotor-type  vortexmetor  and  a 
method  for  its  calibration.  In  order  to  investi¬ 
gate  the  structure  of  the  full  ship  stern  vortices 
and  gain  an  understanding  of  interaction  of  the 
vortices  and  propeller,  the  wake  flow  behind  two 
qeosim  models  was  studied  experimentally. 

Using  this  vort exmeter,  detailed  diagrams  of  the 
vorticity  distribution  are  presented  for  the  dis¬ 
cussion  of  the  structure  and  scale  effects  on  the 
stern  vortices.  The  authors  found  the  existence 
of  a  separating  vortex  sheet  in  tin.'  vorticity  dis¬ 
tribution  and  indicated  that,  by  using  the  vorticity 
concentrated  on  the  vortex  sheet  (Max.  lino),  it 
was  possible  to  simulate  the  original  vorticity 
distribution.  With  these  experimental  results  the 
relation  between  the  vorticity  distribution  and 
the  propeller  performance  on  tin'  qeosim  models  was 
also  analyzed. 

1.  INTRODUCTION 

In  recent  years,  the  knowledge  of  the  wake  structure 
including  stern  vortices  has  made  it  essential  for 
the  ship  builder  to  obtain  a  better  understand i nq 
of  the  stern  vibration  with  full  '..tern  forms. 
Nevertheless,  the  stern  vortex  character i st i cs  such 
as  its  geometry  and  structure  as  well  as  the  scale 
effect  remained  obscure.  This  situation  may  be 
partially  due  to  the  fact  that  the  stern  vortices 
do  not  cause  serious  problems  in  the  resistance 
uu<jmentat  ion  or  in  the  self-propulsion  factor?;. 

To  overcome  this  lack  of  detailed  knowledge, 
systematic  investigations  have  been  made  concerning 
the  problems  of  full  ship  models  with  unstable 
propulsive  performance.  This  research  was  begun  in 
197ri  under  the  Research  Panel  SR  lr>9  of  the  Ship¬ 


building  Research  Association  of  Japan  (Chairman, 
Prof.  H.  Sasajima)  which  was  mainly  concerned  with 
the  following  areas:  sources  of  the  unstable 
phenomenon,  the  unsymmetr ical  flows  accompanying 
this  phenomenon,  and  the  procedure  for  testing  model 
ships  exhibiting  this  kind  of  phenomenon. 

Throughout  the  Panel  discussion  there  was  great 
interest  in  the  behavior  of  the  stern  vortices  as 
the  basic  approach  to  understanding  this  phenomenon 
and  this  led  to  the  request  for  quantitative  data 
regarding  the  stern  vortices.  The  major  part  of 
tins  paper  was  completed  during  the  course  of  this 
Panel's  activities  in  which  one  of  the  authors  was 
placed  in  charge  of  developing  a  technique  for 
measuring  the  fluctuating  stern  vortices.  As  a 
result  of  the  discussions,  a  rotor-type  vortex- 
meter  for  obtaining  a  detailed  description  of  the 
structure  of  the  stern  vortices  was  adopted. 

Needless  to  say,  by  obtaining  an  illustrative 
model  of  the  stern  vortices  it  will  be  possible  to 
develop  a  mathematical  model  which  will  be  extremely 
useful  for  understanding  the  flow  around  the  full 
ship  stern.  Various  vortex  models  have  been  sug¬ 
gested  by  Tagori  (19(>f>),  Susajima  (1973),  and 
Hoekstra  (1977).  The  structure  of  the  stern 
vortices  can  be  roughly  described  by  a  stream  line 
which,  flowing  upward  around  the  bottom  of  the 
hull,  separates  at  a  separation  line  formed  at  the 
bilge.  This  flow  rolls  up  at  the  boundary  layer 
aiound  the  bilge  forming  a  separated  sheet  with 
vort.  i  c  i  ty . 

Sasajiina  has  suggested  a  simplified  model  of 
conical  separating  sheets  as  shown  in  Figure  1-1. 

He  assumed  that  the  separating  sheet  could  be 
described  by  a  triangular  plane  with  which  he 
attempted  to  explain  the  basic  character  of  the 
stern  vortices.  This  vortex  model  shown  in  Figure 
1-1  has  a  core  enclosed  with  a  separating  line 
(S-S'),  an  attachment  line  ( A— s  * )  and  the  surface 
of  the  separating  sheet.  In  this  model  it  was 
assumed  that  the  direction,  velocity,  and  vorticity 
of  the  flow  along  this  developed  vortex  sheet  would 
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have  the  same  values  as  they  had  at  the  point  the 
flow  passed  on  the  separation  lino. 

Hookstra's  vortex  model  also  had  a  conical 
separating  sheet  with  a  cusp  as  shown  in  Figure  1-2. 
Although  the  stream  along  the  separating  sheet 
flows  upward  and  rolls  inside,  it  does  not  touch 
the  hull  surface  to  form  an  attachment  line. 

In  addition  to  the  study  on  the  scale  effect  of 
the  stern  vortices  by  Huso  (1977),  the  studies 
based  on  the  theory  of  the  three-dimensional 
boundary  layer  by  Okuno  and  Himeno  (1977)  has  made 
it  possible  to  discuss  the  detailed  structure  of 
the  stern  vortices.  However,  those  studies  did  not 
pay  much  attention  to  the  vorticitv  distribution. 

The  authors  concluded  through  their  study  that  the 
prominent  features  of  the  stern  vortices  could  be 
revealed  by  studying  diagrams  of  the  vorticity 
distribution. 


2.  ROTOR-TYPE  VORTEXMETER 

Although  numerous  efforts  have  been  made  to  investi¬ 
gate  the  stern  vortices,  the  state  of  the  art  for 
measuring  the  vorticity  distribution  in  aft  section 
of  a  model  ship  remains  loss  developed  than  the 
techniques  for  measuring  the  wake  distribution. 

This  is  evident  by  the  few  papers  in  which  the 
complete  data  of  the  vorticity  distribution  has  been 
pul) li shod.  This  is  largely  attributable  to  problems 
in  developing  vortexmeters  for  towing  tank  measure¬ 
ments  . 

In  the  authors'  experience  the  problems  in  using 
five-hole  Pitot  tubes  for  measuring  the  vorticity 
have  boon  in  maintaining  sufficient  accuracy  through¬ 
out  the  measurements.  The  analysis  of  vorticity 
distribution  which  includes  finite  difference 
methods  results  in  insufficient  precision.  Besides, 
for  one  mesh  point  of  a  vorticity  measurement,  it  is 
necessary  to  use  the  flow  velocity  data  from  four 
adjacent  mesh  points  which  makes  it  difficult  lo 
perform  measurements  close  to  the  hull  surface  as 
well  as  to  measure  fluctuating  vortex  flows. 

The  study  of  stern  cortices  has  been  greatly 
stimulated  by  flow  vi: ualization  developments  and 
especially  noteworthy  contributions  have  been  made 
by  researchers  using  tuft  grid  observations. 

However,  flow  visualization  for  observing  the  vortex 
flow  has  a  weak  point  illustrated  in  the  following 
d iscussion. 


Superimposing  an  arbitrary  irrotational  flow  on 
a  vortex  flow,  the  resulting  total  flow  should  have 
the  same  vorticity  as  the  original  vortex.  An 
example  is  shown  in  Figure  2  which  is  a  velocity 
vector  diagram  of  a  circular  vortex  core  super¬ 
imposed  on  a  parallel  flow.  Examining  this  figure, 
it  can  safely  be  said  that  few  people  would  be  able 
to  estimate  an  exact  geometry  or  locate  the  center 
of  the  vortex  from  only  this  vector  diagram  of  the 
total  flow  (or  from  a  photo  or  sketch  of  the  tuft 
grid  observation) . 

One  of  the  authors  | Tanaka  (1971))  suggested 
adopting  a  rotor-type  vortexmeter  for  towing  tank 
measurements.  He  applied  this  technique  to  analyze 
the  stern  vortices  generated  by  a  submerged  body 
running  near  the  free  surface.  The  application  of 
the  vortexmeter  is  reported  in  many  aerodynamic 
investigations  dating  back  to  the  f>0's,  and  it  was 
proposed  for  ship  research  by  Gadd  and  Hogben  (1962). 

The  vital  problem  in  adopting  the  rotor- type 
vortexmeter  for  towing  tank  research  lies  in  the 
accurate  calibration  of  the  rotor.  This  is  mainly 
due  to  the  fact  that  no  one  has  succeeded  in  gener¬ 
ating  a  stable  vortex  useful  for  the  calibration  in 
a  steady  flow  field. 

The  rotor-type  vortexmeter  utilizes  the  principle 
that  four-unpitched  vanes  mounted  on  a  rotating 
shaft,  shown  in  Figure  3,  arc  not  affected  by  any 
parallel  and  shear  flow  and  only  respond  to  a 
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rotational  flow.  When  the  rotating  shaft  of  a 
vortexmeter  is  parallel  with  vorticity  axis,  the 
rotor  turns  with  angular  velocity  of  W-S,  where  S 
is  the  slip  due  to  rotational  friction  of  the  rotor 
shaft  and  W  is  the  vorticity  in  the  fluid.  At 
present,  the  slip  S  can  bo  estimated  usinq  the 
following  technique. 

Usinq  the  simple  consideration  of  the  elementary 
wing,  the  torque  0  due  to  a  rotor  element  having 
small  length  dr  in  a  radial  direction  can  be  deter¬ 
mined  from  Eq.  (1),  where  Cj  ,  i ,  and  V  are  lifting 
derivative,  cord  length  of  vane,  and  advance  speed 
respectively. 


Q(r)  =  Vtu-'C^  rdr 


(1) 


where 


r  ?£k  = 

O  -If  V'tRU- 

R.  and  L.F .  are  the  rotor  radius  and  lifting  force 
respectively.  In  the  flow  with  uniform  vorticity 
distribution,  the  magnitude  of  the  torque  acting 
on  the  rotor  becomes : 

R 
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Then,  the  slip  of  the  rotor  in  a  rotational  flow 
can  be  determined  by  following  equation,  where 
q  shows  rotational  friction  of  the  shaft. 

S  =  - is! -  (3} 

(2/3)p2R3uCL;f 

For  the  calculation  of  S,  the  rotational  friction 
of  the  ball  bearings  q  should  be  determined  experi¬ 
mentally.  This  problem  will  be  briefly  discussed 
later. 

As  previously  stated,  since  the  generation  of  a 
stable  vortex  for  the  calibration  is  presently  not 
feasible,  a  mechanical  calibration  was  attempted  in 
which  vorticities  mechanically  act  on  the  rotor 
through  the  shaft  of  the  rotor.  This  principle  of 
the  calibration  is  shown  in  Figure  4  where  a  newly 
designed  rotor  shaft  is  composed  of  duplicate  inner- 
shaft  and  outer-tubes.  The  outer-tube  is  mounted 
on  the  outer  rings  of  the  ball  bearings  and  the 
vanes  are  fitted  on  the  outer-tube.  The  inner- 
shaft  is  connected  to  a  calibration-motor. 

To  obtain  the  slip  S,  the  vortexmeter  is  cali¬ 
brated  in  an  irrotational  flow  in  which  it  travels 
along  at  a  constant  speed.  The  inner-shaft  is 
driven  by  the  calibration-motor  at  an  angular 
velocity,  u>,  and  the  rotor  turns  at  an  angular 
velocity,  S,  in  response  to  the  condition  of  the 
ball  bearing's  frictional  torque  and  the  hydro- 
dynamic  characteristics  of  the  rotor. 

From  the  measured  vorticity,  usq,  we  can  estimate 
the  vorticity  in  fluid  as  to  =  u>q  +  5.  According  to 
the  authors'  experience,  if  the  frictional  torque, 
q,  is  approximately  10“b  kg-m  it  is  possible  to 
consider  S  =  0  except  in  the  case  of  fairly  slow 
speed  (cf .  Figure  25) .  This  means  that  the 
calibration  of  the  vortexmeter  seems  unnecessary 
for  ordinary  test  conditions. 

Although  ball  bearings  exhibiting  frictional 
torque  values  less  than  q  =  0.7  10_(:'kg-m  in  air  were 
chosen  in  manufacturing  the  vortexmeter,  there  was 
no  direct  measurement  of  the  frictional  torque  of 
the  miniature  ball  bearings  in  water.  The  frictional 
torque,  g,  also  can  be  determined  by  measuring  the 
torque  on  the  outer- tube  generated  by  inner-shaft 
turning  in  water.  According  to  the  results  of  these 
measurements,  it  can  be  said  that  there  is  hardly 
any  di f fcronce  between  the  frictional  torque  value 
of  the  bearings  when  they  are  used  in  water  or 
air. 

An  example  of  a  vortexmeter  is  shown  in  Figures 
5  and  6.  The  diameter  and  length  of  the  rotor  are 
30mm  and  18mm  respectively,  section  of  the  vane 
is  lenticular  shaped  with  a  thickness  ratio  t/C 
-  1/q.  A  transducer  for  rotating  the  rotor  is 
used  in  connection  with  a  photo- transistor  which 
makes  4  pulses-s ignals  in  one  revolution.  Assuming 
Cj  ^  =  O.Gn,  q  =  10“' kg-m  and  f?  =  1.5  m/s,  it  is 
possible  to  make  a  rough  estimate  of  the  vortex- 
meter's  precision  from  the  value  of  slip  obtained 
by  Eq.  (1).  From  those  values,  the  slip  value,  S, 
equals  10"  r.p.s.  which  corresponds  to  If  error 
relative  to  a  normal  vorticity  of  ^  =  1  r.p.s. 

As  will  be  mentioned  later,  the  vortex  cores  of 
the  stern  vortex  near  the  hull  surface  have  a  very 
steep  gradient  in  vorticitv  distribution.  There¬ 
fore,  it  is  useful  to  consider  the  vorticity  values 
measured  by  the  rotor  with  a  finite  diameter  at 
such  boundaries.  It  is  clear  from  the  Eq.(l)  that 
a  mean  value  of  a  torque  during  a  turn  due  to  a 
wind  element  ii r  (see  Figure  1)  corresponds  to  a 
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ment,  at  the  same  conditions  there  was  no  indication 
of  this  phenomenon  during  the  tests  concerned  in 
this  report.  The  body  plan  of  the  4  and  7m  geosim 
models  are  shown  in  Figure  7  and  the  principal  di¬ 
mensions  are  summarized  in  Table  1. 

Tlie  intent,  of  the  experiments  was  twofold:  first 
to  determine  the  structure  of  the  stern  vortices 
using  the  rotor- type  vortoxmeter,  and  secondly, 
to  investigate  the  performance  of  the  propel 1  or 
workinq  in  the  presence  of  those  stern  vortices. 


k 


On  the  other  hand,  concerning  the  vorticity  gradient 
influence  on  the  radial  portion  of  the  rotor,  from 
the  following  equation  it  can  be  understood  that 
the  tip  of  the  rotor  has  a  higher  sensitivity: 

R  R 

2  j  Q( r)  dr  =  .<1(0^  f  .  (rldr  (5) 

-R  -R 

In  practice,  using  only  large  models,  the  error  due 
to  the  finite  diameter  of  the  rotor  can  be  eliminated. 
Such  a  problem  is  also  present  when  determining 
the  mesh  interval  in  the  vorticity  measurement 
by  a  f i vo - ho 1 o  Pitot  t ube . 


EXPERIMENTS  ANP  RKSULTS 

The  ship  models  used  in  the  experiments  exhibited 
an  unstable  propulsive  performance  in  ballast 
condition.  In  recent  studies,  it.  has  been  recog¬ 
nized  that  the  limiting  stream  lino  around  the  stern 
and  the  pressure  distribution  change  along  with  the 
thrust  fluctuation  in  the  sel f-proj ul s ion  tests 
of  the  model  : hip.  The  influence  of  these 
phenomena  on  the  .-.hip  design  has  h«  on  reported  by 
Watanabe  and  Tanibayashi  ( 1  ‘>7 7 )  and  Watanabe  ot  al. 

<  L‘>72)  . 

A  special  feature  of  this  phenomenon  was  that  it 
appeared  only  in  the  self-propulsion  tests  and  was 
not  observed  on  the  towing  tests.  Thus,  while  this 
phenomenon  easily  appeared  in  the  self-propulsion 
tests  at  Froude  number  0.18  and  65*  full  displace- 


unit  ,  r'lm 


213 


I 


•  t.  — 

■"  i.  _  _ 


Also  as  a  reference,  the  vorticity  distribution 
was  measured  by  the  five-hole  Pitot  tube  for  com¬ 
parison  with  the  rotor-type  vortexmeter  measure¬ 
ments 

The  positions  where  the  vorticity  distribution 
of  the  stern  vortices  was  measured,  are  shown  in 
Table  2  in  which  sq.st.  1/8  correspond  with  the 
section  of  the  propeller  disk.  The  effects  of 
velocities  of  the  model  ship  are  studied  at  several 
mesh  points. 

In  order  to  discuss  the  scale  effect  of  the 
vorticity  distribution,  the  results  of  measure¬ 
ments  on  both  models  are  shown  in  Fiqures  8  and  9, 
and  the  induced  velocity  vectors  on  the  Y-Z  plane 
which  are  calculated  with  the  vorticity  distribu¬ 
tion,  are  shown  in  Figures  10  and  11. 

The  interval  of  mesh  drawn  on  both  diaqrams  of 
vorticity  distributions  and  velocity  vectors, 
corresponds  to  a  non-dimensional  lenqth  of  0.5% 

Lpp.  The  values  of  equi -vorticity  contours  in 
diaqrams  of  vorticity  distribution  are  non- 
dimensional  vortices  defined  as  follows: 

2  noj  Lpp 


where  shows  the  vorticity  in  r.p.s.  which 
corresponds  to  twice  the  number  of  rotor  revolu¬ 
tions.  Considerinq  a  diagram  of  vorticity  dis¬ 
tribution  as  a  qeographical  contour  map,  the  vortex 
core  can  be  compared  to  a  typical  plateau.  The 


TABLE  1  Principal  Particulars  of  Models 


Mode  1  Sh  i  p  No . 

M-7  M-4 

Length  (m) :  Lpp 

7.000  4.000 

Breadth  (m) 

1.167  0.667 

3 

X 

Breadth  Draft  Ratio 

2.760 

Block  Coefficient 

0.802 

Longitudinal  Prismatic  Coeff. 

0.810 

Pitch  Ratio  (const.) 

0.7143 

0 

Boss  Ratio 

0. 180 

0 

0 

Expanded  Area  Ratio 

0.665 

a . 

Number  of  Blades 

5 

TABLE  2  Measurement  Positions  of  Vorticity 
Distribution 


Notes 

*1  Corresponds  to  propeller  position 
*2  Measured  by  vortexmeter  and  5-hole  Pitot  tube 
*3  Corresponds  to  Sq.St.  -1/8 


fact  can  clearly  be  seen  in  the  foreward  detections, 
especially  sq.st.  1/2  in  Figure  12.  In  this 
connection,  the  vorticity  distribution  is  sq.st.  1/4 
and  A  are  presented  in  Figures  13  and  14 
respectively. 

As  a  reference,  the  induced  velocity  vector 
diagram  on  sq.st.  1/4  is  shown  in  Figure  15. 
Furthermore  the  vorticity  distribution  (for 
M.No.M-7)  obtained  by  the  five-hole  Pitot  tube 
(diameter  12mm,  angle  between  center  and  side 
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holes  1:;  shown  in  Figure  10  ami  the  wake 

i  ist  r  i  hut  ions,  and  the  velocity  vectors  by  the  five- 
hole  Pitot  tube  are  shown  in  F inures  17,  18,  is), 
and  .!:>  respect  i  ve  ly . 
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4.  DISCUSSIONS  AND  APPLICATIONS  OF  THE  RESULTS 
Remarks  on  Vorticity  Measurements 

The  rotor-type  vortexmeter  performed  as  expected. 

As  seen  from  a  comparison  between  Figures  8  and  16, 
the  rotor-type  vortosmetor  is  more  sensitive  and 
can  be  used  to  obtain  a  finer  vorticity  distribu¬ 
tion  contour  than  the  five-hole  Pitot  tube.  While 
both  vorticity  distribution  diagrams  appear  to  have 
a  similar  shaped  vortex  core,  they  have  fairly 
different  values.  The  distinguishing  difference 
is  mainly  in  the  pattern  of  the  distribution.  Al¬ 
though  the  plateau- type  distribution  would  be  the 
expected  form  of  the  typical  vertex  cores  in  the 
vorticity  distribution  obtained  by  the  vortexmeter, 
the  plateau- type  is  broken  in  Figure  16.  It  can  bo 
said  that  the  difference  between  those  results 
indicate  the  usefulness  of  the  vortexmeter 1 s  resolv¬ 
ing  ability. 

Contrary  to  the  general  opinion  that  a  geometry 
of  the  stern  vortices  is  fluctuating,  in  the 
authors*  measurements,  the  vorticity  and  geometry 
of  tlie  stern  vortices  were  generally  quite  stable. 
However,  there  is  an  unstable  vorticity-zone  at 
the  top  of  the  main  vortex  core  indicated  in 
Figures  8,  ‘) ,  and  others.  Through  these  experi¬ 
ences,  it  can  be  shown  that  the  dynamic  character 
of  the  vortexmeter  is  one  of  its  prominent  features 

While  the  present  diameter  of  the  vortexmeter ' s 
rotor  was  selected  for  maintaining  its  accuracy  in 
measurement,  it  is  possible  that  the  rotor  diameter 
is  too  large  for  the  4m  geosim  model  (M.No.M-4) . 
Furthermore,  it  appears  that  there  we're  some 
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{  i  >  >b  I « -ms  viiii ■  to  t  in •  presence  ot  an  obi  b|ue  1  low  in 
those  rxi'i'i'  i  merit  s.  It  is  recommended  in  further 
wo!  k  t  hat  tho  iii.ii  act  or i  st  i  es  of  tin-  rot  nr  in  a 
t  i  <  *im  oblique  t  1  ow  should  l»«  •  studied. 

.’I  i  urtiih'  » •  t  tin-  Stern  Vortices 

As  st, itoil  in  tho  { >t  «'V  i  ous  soot  ion,  tin-  equi- 
vorti-'ity  '•antmir:;  of  the  storn  v»rt  iiv;;  cun  bo 
computed  with  ;  >iat  Ovius  in  qeoqruphicul  contours. 
I'm  t  Isa  rrn  no  ,  m  examininq  carefully  the  diagrams 
ot  t  no  vmtioity  d i  st  r i  but  ion  ,  there  is.  a  lino  of 
concent  rated  vorticity  ,.n  tin-  "  t  ab  1  ■  •  ot  plateau," 
wit  ion  is.  denoted  by  tin-  "Max.  lino"  in  1 1 1  i : ;  |  aj'or 
an. I  iniiioatoil  in  tin-  contours.  Tho  Max.  lino 
cun  b* ■  -lent  ly  sii.iwti  Hi  a  cross  :;-vt  ion  ot  tho 
•  h  a- trams  ot'  tho  contour  as.  a  on  in  I'iqtire:.  I  ami 

Tho  Max.  lino  \m  b«  ooii  idered  a  a  kind  of 


a  r  i«l«jo  on  this  plateau;  it  is  stoop  in  tho  forward 
soi.*  t  ion  and  bocomos  <jcnt.ly  slopinq  whilo  shiftinq 
.itt<‘rward.  11  is  noticeable  that  tho  Max.  lino 
sooms  to  show  tho  oxistonoo  of  u  separating  vortox 
shoot.  As  is  wo  1 1  known,  stream  linos  flow  from 
under  tho  bottom  of  a  hull  up  tho  boundary  layor 
at  thi'  bilqo  and  turn  into  part  of  tho  vortex 
sheet.  Althouqh  tho  vortox  shoot  previously 
mi  nt  ionod  Inis  only  boon  list'd  as  a  hydrodynamic 
description,  tho  authors  aro  ablo  to  show  its 
oxisteneo  in  tho  flow  boh i nd  tho  lull  stern  as  well 
as  provide  quant  i  t  at  i  vo  measurements. 

Tho  development.  of  tho  vortox  sheet-  dopends 
mainly  on  tin*  potential  flow  and  tho  induced  flow 
from  the  vorticity.  Its  di'volopmont  is  stromtly 
affected  by  each  ship  form,  with  effects  of  model 
ship  velocity  and  the  Reynolds  number  effect 
mainly  limited  to  the  diffusion  of  the  vortieity. 

In  a  comparison  between  Fiqure  H  and  Picture  ,  the 
forms  of  the  Max.  lino  which  correspond  to  a  form 


-10  -8  -8  4  -2 

9  2 

4  6 

8 

10 

8 

e 

-  . — 

-  — 

6  r  •  # 

V 

6 

'  -  ’ 

- 

\ 

4  * 

V 

4 

,  , 

— 

2  . 

. 

\ 

2 

O'/-.  1  • 

i  +  •  • 

/  .  A 

0 

1  i  ! 

,  ^  > 

\ 

■"  i-1-v' 

•  r\ 

'  \ 

-2 

\  -p '  • 

V"  . 

\ 

lr\  I 

'  i 

-4 

\  \  \  \ 

H  ■ 

I  I  I 

t 

-6 

217 


•  I  "Ki  i  :!ivt  io:;  Of  VDItj  •  i  *  •.  :  ;  t  *  )  l  ■;»  ; 

at  .  I  j  aud  J  4  >  . 


of  the  vortex  shoot,  art*  fairly  similar  for  both 
qoosim  models.  On  the  other  hand,  the  difference 
in  breadth  of  each  model's  vortex  core  seems  to  be 
duo  to  the  effect  of  difference  in  Reynolds  number. 

Furthermore,  the  suitability  of  adopting  the 
idea  of  the  Max.  line  is  shown  by  the  following 
facto.  Assuming  that  all  the  vorticity  of  the 
stern  vortices  are  concentrated  on  the  Max.  line 
for  computing  the  induced  velocities,  the  resul¬ 
tant  velocity  vector  diuqrams  are  similar  to  the 
complete  flow  field  velocity.  For  instance, 

Fiquro  23  is  a  diagram  of  velocity  vectors,  which 
have  the  same  circulation  value  as  Figure  8  but 
with  the  vorticity  concentrated  on  the  Max.  line 
divided  by  ten,  of  circular  vortices  with  mean 
strength  on  the  original  Max.  line.  It  can  be 
seen  that  both  diagrams  of  the  velocity  vector, 
Figure  10  and  Figure  23,  are  fairly  similar.  This 
will  allow  not  only  simplified  treatment  of  the 
stern  vortices  but  also  should  simplify  future 
numerical  analysis  of  the  stern  vortices. 

In  order  to  predict  the  wake  of  full  stern 
ships,  it  is  necessary  to  estimate  the  wake  com¬ 
ponent  due  to  the  stern  vortices  in  addition  to 
the  potential  and  frictional  wake  components  used 
in  Sasajima's  wake  prediction  method.  The  concept 
of  the  Max.  line  in  the  vorticity  distribution 
also  may  lead  to  the  wake  component  due  to  the 
stern  vortices. 

In  order  to  discuss  the  relation  between  the 
stern  vortices  and  the  wake  distribution,  an 
illustrative  model  of  the  stern  vortices  is 
presented  in  Figure  24.  A  stream  line  flowing 
under  the  bottom  of  a  ship,  separates  around  the 
bilge  and  forms  a  part  of  the  separating  vortex 
sheet.  The  vortex  sheet  crosses  to  the  hull 
surface  near  the  propeller  bossing  when*  the 
authors  denote  the  secondary  separation  line.'. 

And  at  the  secondary  separation  line,  the*  vortex 


sheet  makes  the  cross  flow  with  the  limiting  stream 
line  flowing  aft  passing  through  the  tunnel  of 
the  vortex  sheet.  The  crossed  flow  generates  a 
reversed  vortex  at  the  secondary  separation  line 
as  seen  in  the  diagrams  of  the  vorticity  distribu¬ 
tion. 

The  flow  passinq  through  the  tunnel  of  the 
vortex  sheet  can  be  found  at  the  section  of  the 
propeller  disk  (sq.st.  1/8)  which  appears  as  an 
eye  in  the  wake  distribution  pattern  in  Figures  17 
and  18.  This  fact  may  be  proved  by  the  Max.  line 
which  just  covers  the  eye. 
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This  tuntu'l  vortex  sluvt  is  quit*.*  different  from 
the  conical  vortex  sheet  used  in  the  model  proposed 
by  easajima  or  lloekstra.  Consider ing  the  flow  as 
passing  throuqh  this  tutmel  mak«s  it  possible  to 
discuss  the  i elat ionsh i | s  of  the  wake  flow,  limit¬ 
ing  s? t  rt Mm  line,  attachment  line,  and  the  stem 
vort  i  ces; . 

Regarding  the  wake  patterns  of  vessel  with  a 
full  stern,  the  authors  suppose  that  if  the  Max. 
line  can  be  considered  independent  of  the  Reynolds 
number ,  then  the  "eye"  in  the  ship's  wake  pattern 
should  he  in  upp r ox  1 ma t e l v  same  location  as  shown 
in  Figures  17  and  is.  The  above  mentioned  tacts, 
will  lead  to  tut  t  he  t  studies  tor  prediction  of 
ship's  wake,  u-rng  the  potential  and  frictional 
wake  patterns  estimated  bv  sasaiima's  method. 

Actually,  the  authors  cannot  verify  the 
relationship  between  the  stern  vortices  and 
Reynolds  numhet  because  the  ramie  of  the  scale 
ratio  us**d  in  geosim  models  teste,  is  too  small 
for  a  discussion  of  the  similarity  of  the  stern 
vortices.  However,  it  can  be  said  that  the 
alternation  of  the  Max.  line  between  both  models 
seems  relatively  smaller  than  that  of  the  wake 
pattern.  Further more,  the  voi tex  center,  which  is 
defined  as  the  vanishing  point  of  the  induced 
velocity  vector  due  to  the  stern  vortices,  has 
shifted  a  distance  con  espond  i  nq  to  only  4  of  the 
propel  lot  diameter  as  seen  in  comparing  Figures  10 
and  11.  While  the  model  size  has  comparatively 
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small  effect  on  the  shape  of  the  Max.  lim  ,  th* 
model  size  causes  differences  m  th*-  dittu:  ion  ot 
tlu*  vorticity.  Thus,  from  th*  i-.if-ul.it  u>n  of  the 
ci  r  vulat  i«>n  ot  the  vortex  cores  presented  m 
Figures  K  and  H,  it  was  tound  that  1 1  :#  ■  virculat  ic»n 
i>f  M.No.M-4  was  sniallel  than  M.No.N-7.  Tin*  maim- 
t  tides  ot  these  dilferenvi;  weie  4*  f  smaller  oil  the 
portside  and  rtw  smaller  on  t  lie  starboard  side  of 
M .  Nv> .  M-  7 .  However,  even  for  the  same  model  ship, 
the  d  i  1  t  e  relive  in  the  port  and  starboard  side 
stern  voi  tex  circulation  was  on  the  order  of  S':, 
so  it  is  not  possible  to  reach  a  definite  conclu¬ 
sion  about  the  significance  of  the  differences  in 
the  tjeosim  tests. 

Since  the  authors  limited  study  to  vessel  speeds 
cor  responding  to  Froude  number  O.ld,  the  effects, 
on  the  velocity  due  to  tire  stern  vortices  still 
remains  obscure.  However,  the  authors  can  in¬ 
dicate  some  examples  in  which  the  vorticity  has 
been  measured  at  tin*  several  mesh  points  as  seen 
in  Figure  Ur>.  If  the'  free  surface  effect  could  be 
neglected,  the  non-dimensional  vorticity  »\\  should 
be  constant.  Although  the  cause  of  the  different 
results  explicitly  shown  in  Figure  2S  remains  un¬ 
known,  it  may  not  be  said  that  the  rotor-shat t 
friction  of  the  vortexmeter  can  be  safely  considered 
as  negligible  in  a  range  of  very  slow  speeds  such 

as  F  -  0.1. 
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Effect  on  Propeller  Operation  Due  to  Tangential 
Stern  Vortex  Flow 

In  the  previous  section,  the  authors  have  mainly 
discussed  the  structure  of  the  stern  vortices 
obtained  from  the  towing  experiments .  As  was 
reported  by  Hoekstra  (1977)  it  can  be  considered 
that  the  structure  and  geometry  of  the  stern 
vortices  is  strongly  affected  by  the  flow  induced 
propeller  thrust.  However,  the  authors  have  studied 
the  forces  and  moments  on  the  working  propeller  as 
a  preliminary  problem,  assuming  the  structure  of 
the  stern  vortices  is  not  changed  by  the  influences 
of  the  propeller  suction. 

The  forces  and  moments  on  the  propeller  are 
remarkably  related  to  the  pattern  of  the  flow 
distribution  at  the  propeller  disk  location.  The 
flow  distribution  relevant  to  the  present  problem, 
is  composed  of  the  wake  component,  V  /U,  and  the 
tangential  components,  V  /U,  which  were  obatained 
by  the  five-hole  Pitot  tube.  The  authors  assumed 
that  the  tangential  components  could  be  further 
decomposed  into  the  component  obtained  by  the 
vortexmeter,  V  /l),  and  other  components.  Although 
each  component  has  already  been  shown  in  previous 
figures,  for  convenience  the  circumferential  dis¬ 
tributions  of  V  /U,  V  /U,  and  V_/U  at  90*,  70*, 
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and  50*  of  the  disk  radius  are  shown  respectively 


in  Figures  2 G,  27,  and  28.  Furthermore,  the  authors 
have  included  the  tangential  velocity  vector  com¬ 
ponent,  V  /U,  in  Fiqure  29. 

In  order  to  determine  the  propeller  forces  and 
moments  induced  by  the  stern  vortices,  the  authors 
have  performed  the  following  calculations  using 
the  unsteady  lifting  surface  theory  developed  by 
Koyama  (1975).  The  authors  thus  calculated  the 
thrust  and  torque  of  the  propeller,  along  with  the 
vertical  and  horizontal  forces  and  moments  imparted 
by  the  propeller  shaft  of  the  working  propeller 
with  and  without  stern  vortex  flow.  The  definitions 
concerning  the  forces  and  moments  are  shown  in 
Figure  30. 

The  authors  have  assumed  for  the  calculation  that 
the  tangential  flow  obtained  from  the  subtractive 
procedure  (V  /U  -  V  /U)  simulates  one  eliminating 
the  effect  or  the  stern  vortices,  and  a  common 
wake  flow  can  be  used  for  both  calculations  with 
and  without  the  stern  vortices. 

Since  the  result;,  of  the  calculation  for  M.No.M-4 
are  quite  similar  to  the  results  of  M.No.M-7,  only 
the  results  of  M.No.M-7  are  shown  in  Figures  31  and 
32.  Fiqure  31  indicates  a  comparison  of  the  torque 
and  thrust  on  a  blade  of  the  propeller  with  and 
without  the  stern  vortex  flow.  Total  torque, 
thrust,  and  other  forces  and  moments  on  the  pro¬ 
peller  (indicating  propeller  turning  angle  0°  to 
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72°)  are  shown  in  Figure  32.  Accordinq  to  the 
results,  main  effects  of  the  stern  vortices  flow 
appeared  on  the  vertical  force  (F^)  and  the 
horizontal  bending  moment  (M^)  of  the  propeller, 
but  the  other  components  are  almost  neqliqible. 

It  can  be  concluded  that  the  effect  of  the  stern 
vortices  is  fairly  limited  to  a  few  components  of 
forces  and  moments  generated  by  propeller.  The 
results  may  be  attributed  to  the  tangential  flow 
around  the  propeller  caused  by  the  stern  vortices. 
It  is  mainly  concentrated  at  the  underside  near  the 
bossinq,  and  does  not  severely  appear  on  the 
propeller  tip  as  shown  in  Figure  29. 


rS.  CONCLUSION 

The  authors  developed  the  rotor-type  vortexmeter, 
giving  careful  attention  to  the  calibration  method 
of  the  vortexmeter ,  and,  by  using  it  in  these  tests, 
showed  its  high  utility. 
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Measuring  the  vorticity  distribution  around  the 
full  stern  of  the  geosim  models,  the  authors 
determined  the  structure  of  the  stern  vortices 
and  found  the  presence  of  a  concentrated  vorticity 
line  in  the  vortex  core  which  corresponds  to  the 
separating  vortex  sheet  of  the  stern  vortex. 

As  an  application  of  the  results,  the  effect  on 
the  propeller  operation  due  to  the  induced  flow  of 
the  stern  vortices  has  been  studied.  The  effect  is 
fairly  limited  to  a  few  components  of  forces  and 
moments  generated  by  the  propeller.  Consequently, 
it  can  be  said  that  the  effect  of  the  stern 
vortices  on  the  performance  of  the  propeller  and 
propeller  excited  vibratory  shaft  forces  and 
moments  is  relatively  small.  However,  in  the  case 
of  this  ship  model,  this  effect  appears  to  change 
the  direction  of  the  vertical  force  and  the 
horizontal  bending  moment  acting  through  the  pro¬ 
peller  shaft. 
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ABSTRACT 

The  results  of  a  wake  survey  and  boundary  layer 
profile  measurements  on  a  full-scale  twin-screw 
displacement  ship  are  presented.  The  corresponding 
model-scale  measurements  are  also  presented.  The 
full-scale  wake  measurements  consist  of  the  three 
velocity  components  which  contribute  to  the  nominal 
wake  in  the  propeller  p.  me,  at  four  radii.  The 
full-scale  boundary  layer  profile  was  obtained  at 
three  longitudinal  locations  with  and  without  the 
propeller  operating.  The  model-scale  nominal  wake 
was  determined  in  a  towing  tank  using  five-hole 
pitot  tubes  while  the  model-scale  boundary  layer 
measurements  were  made  on  a  double  model  in  a  wind 
tunnel  using  hot  wire  anemometers. 

In  order  to  identify  the  scale  effects  between 
the  model  and  ship,  the  deviation  of  the  velocity 
in  the  propeller  disk  from  a  uniform  axial  flow  has 
been  separated  into  the  velocity  field  due  to  shaft 
inclination  in  a  uniform  stream,  the  perturbation 
due  to  the  hull  and  its  boundary  layer,  and  the 
viscous  wake  due  to  the  appendages.  The  principal 
contribution  to  this  perturbation  from  the  axial 
flow  is  the  effect  of  inclining  the  shaft  in  the 
uniform  stream.  The  perturbation  of  the  flow  due 
to  the  potential  flow  about  the  hull  is  small,  as 
are  the  effects  of  the  displacement  thickness  of 
the  boundary  layer  of  the  hull.  The  proposed 
scheme  for  predicting  the  viscous  wakes  of  the 
shaft  and  struts  meets  with  little  success.  Never¬ 
theless,  some  conclusions  are  drawn  as  to  how  these 
wakes  will  vary  between  the  ship  and  model. 


1.  INTRODUCTION 

If  unsteady  propeller  force  and  hull  loading  pre¬ 
dictions  are  to  be  precise,  the  inflow  to  the  pro¬ 
peller  must  be  known  accurately.  At  the  present 
time  the  nominal  wake  of  a  model  is  measured  and 
extrapolated  to  full  scale  assuming  geometric 


similarity.  The  extrapolation  fails  to  take  into 
account  any  of  the  scale  effects  which  may  possibly 
exist  between  model  and  full  scale.  This  paper 
presents  preliminary  results  from  a  series  of  full- 
scale  nominal  wake  and  boundary  layer  velocity  pro¬ 
file  measurements  on  a  high-speed  transom-stern 
ship.  In  addition,  the  corresponding  model-scale 
measurements  are  reported,  along  with  a  series  of 
analytical  predictions,  which  are  intended  to 
identify  the  principal  contributions  to  the  wake. 

This  is  not  the  first  investigation  of  this 
nature.  However,  it  is  the  first  project  to  suc¬ 
cessfully  measure  the  three  velocity  components  in 
the  propeller  disk  of  a  high-speed  twin-screw 
transom-stern  hull  form.  The  British  have  per¬ 
formed  an  extensive  series  of  experiments  on  a 
frigate,  [Canham  (1975)],  and  the  Japanese  and 
Germans  have  performed  flow  measurements  on 
several  full-form  ships.  The  Japanese  and  German 
experiments  were  conducted  on  single  screw  tanker 
forms  and  are  reported  in  an  extensive  series  of 
reports  [see  for  instance:  Namimatsu  et  al.(1973), 
Namimatsu  and  Muraoka  (1973),  Schuster  et  al.(1968), 
Takahashi  et  al. (1970) ,  Taniguchi  and  Fujita  (1970), 
and  Yokoo  (1974) ]  . 

While  the  British  measurements  were  obtained  on 
the  ship  type  of  interest,  a  high-speed  transom- 
stern  ship,  only  the  longitudinal  velocity  compo¬ 
nent  in  the  propeller  plane  was  obtained.  This 
resulted  in  the  loss  of  the  important  tangential 
and  radial  velocity  components.  In  the  case  of 
twin-screw  transom-stern  ships,  these  velocity 
components  are  generally  very  significant  due  to 
the  inclination  of  the  shaft  to  the  direction  of 
the  free-stream. 

The  Japanese,  on  the  other  hand,  were  able  to 
measure  all  three  velocity  components  in  the  wake, 
but  they  had  to  make  their  measurements  in  a  plane 
ahead  of  the  propeller  disk.  Due  to  the  full 
sterns  of  the  tankers,  the  flow  into  the  propeller 
is  highly  influenced  by  viscous  effects,  and  as  a 
consequence  is  highly  affected  by  changes  in 
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Reynolds  number.  Therefore,  while  treating  a  much 
more  difficult  problem,  the  results  of  the  tanker 
experiments  are  not  applicable  to  the  scaling  of 
the  wakes  of  high-speed  hull  forms. 

The  full-scale  velocity  component  ratios  which 
are  presented  here  were  obtained  at  a  speed  of  15 
knots;  the  corresponding  Froude  and  Reynolds  numbers 
were  0.36  and  4.10  x  108  respectively.  The  model 
wake  survey  was  conducted  in  a  towing  tank  at  the 
full-scale  Froude  number.  This  resulted  in  a 
model  speed  of  5.22  knots,  and  a  Reynolds  number  of 
1.56  x  107.  The  full-scale  boundary  layer  measure¬ 
ments  were  conducted  at  four  speeds  between  6.2  and 
16.5  knots.  These  speeds  correspond  to  Reynolds 
numbers  between  1.7  *  108  and  4.5  x  io8  respec¬ 
tively.  The  model-scale  boundary  layer  measure¬ 
ments  were  obtained  on  a  double  model  in  a  wind 
tunnel  at  a  Reynolds  number  of  1.68  x  io7. 

Significant  differences  are  observed  between  the 
model  and  full-scale  velocity  components,  particu¬ 
larly  in  the  magnitudes  of  the  radial  and  tangen¬ 
tial  velocity  components.  These  differences  are 
in  the  regions  away  from  the  ship's  hull  and 
appendages;  therefore,  these  differences  do  not 
seem  to  be  due  to  Reynolds  number  effects.  A  more 
likely  explanation  is  a  lack  of  ship-model  simi¬ 
larity,  possibly  due  to  unexplained  differences  in 
hull  form  or  initial  trim. 

In  order  to  obtain  an  understanding  of  the  com¬ 
ponents  which  contribute  most  significantly  to  the 
deviation  of  the  wake  from  uniform  axial  flow,  an 
attempt  has  been  made  to  predict  the  velocity  com¬ 
ponents  as  seen  by  the  propeller.  To  make  this 
prediction,  the  velocity  field  (in  shaft  coordinates) 
was  decomposed  into  its  major  components  as  follows: 

Velocity  =  Uniform  Stream 

+  Perturbation  due  to  Hull 
+  Perturbation  due  to  Hull  Boundary 
Layer 

+  Viscous  Wake  of  Struts 
+  Viscous  Wake  of  Shafting 

The  results  of  this  decomposition  show  that  the 
inclination  of  the  propeller  shaft  to  the  free 
stream  is  the  most  significant  factor  contributing 
to  the  deviation  of  the  velocity  from  a  purely 
axial  uniform  flow.  In  particular,  approximately  70 
percent  of  the  measured  radial  and  tangential  flow 
is  contributed  by  the  inclination  of  the  shaft  to 
the  uniform  stream.  The  boundary  layer  of  the  hull 
is  found  to  contribute  insignificantly  to  the  per¬ 
turbation  of  the  free  stream.  Although  the  viscous 
wake  of  the  shafts  and  struts  makes  a  significant 
contribution  to  the  nonuniformity  of  the  flow,  the 
empirical  technique  proposed  herein  overpredicts 
the  wake  of  the  struts  and  underpredicts  the  wake 
of  the  shafting. 


2.  BACKGROUND 

During  the  last  ten  to  fifteen  years  there  has  been 
a  marked  increase  in  the  installed  horsepower  per 
shaft  on  high-speed  commercial  and  naval  vessels. 
This  increase  in  power  has  led  to  increased  steady 
and  unsteady  forces  on  propellers,  and  increased 
loads  on  the  hull  surface.  If  adequate  structural 
designs  are  to  be  developed  for  the  propeller,  its 
shaftinq,  and  the  shaft  supports ;  then  the  un¬ 
steady  forces  and  moments  on  the  propeller  must  be 


known  accurately.  Similarly,  if  the  hull  is  to  be 
habitable  and  to  have  minimal  vibration,  the 
structural  design  must  adequately  account  for  the 
propeller-induced  surface  forces.  The  propeller 
forces  and  surface  loads  can  in  turn  only  be  ac¬ 
curate  if  they  are  determined  using  the  full-scale 
flow  into  the  propeller. 

Several  theories  exist  for  predicting  the  un¬ 
steady  forces  and  moments  acting  on  a  propeller  in 
a  nonuniform  flow,  and  the  hull-surface  forces 
induced  by  a  propeller.  Tsakona  et  al.  (1974)  and 
Frydenlund  and  Kerwin  (1977)  report  on  two  of  the 
theories  for  the  unsteady  forces  on  a  propeller; 
Vorus  (1974)  reports  on  a  theory  for  predicting 
the  hull-surface  forces.  In  these  theories,  the 
flow  into  the  propeller  is  used  in  conjunction 
with  an  unsteady  lifting-surface  theory  to  predict 
the  unsteady  forces  on  the  propeller  and  hull  as 
the  propeller  rotates  through  the  nonuniform  flow. 

Typically,  a  propeller  is  wake  adapted,  that  is, 
designed  to  the  radial  distribution  of  the  circum¬ 
ferential  mean  velocity.  The  alternating  forces 
are  determined  by  considering  the  propeller  in  a 
nonuniform  flow  circumferentially.  The  variations 
of  the  forces  and  moments  in  the  nonuniform  stream 
from  those  in  the  uniform  stream  are  then  con¬ 
sidered  to  be  the  unsteady  forces  and  moments  on  the 
propeller. 

The  longitudinal  component  of  the  velocity  in 
the  propeller  disk  is  the  principal  component  of 
the  velocity  on  a  transom  stern  ship  with  inclined 
shafts.  Typically  the  radial  and  tangential  com¬ 
ponents  vary  sinusoidally  around  the  propeller 
disk,  and  have  peaks  which  are  20  to  25  percent  of 
the  longitudinal  velocity  component.  However,  in 
the  process  of  determining  the  circumferential 
average  of  the  radial  and  tangential  velocity  com¬ 
ponents,  these  components  are  reduced  to  1  or  2 
percent  of  the  longitudinal  velocity  component. 
Because  of  this,  the  tangential  velocity  component 
contributes  very  little  to  the  angle  of  attack  on 
a  propeller  blade  as  computed  for  the  propeller 
design.  However,  in  unsteady  force  calculations, 
the  longitudinal  velocity  component  varies  from 
its  mean  by  10  to  15  percent  while  the  radial  and 
tangential  components  vary  by  1000  percent  from 
their  means.  Thus  the  variation  in  the  tangential 
velocity  component  contributes  significantly  to 
the  changes  in  the  angle  of  attack  on  a  propeller 
blade  as  it  rotates  through  the  wake.  These 
changes  in  angle  of  attack  in  turn  result  in  the 
unsteady  forces  and  moments  on  the  propeller. 

Experiments  by  Boswell  (Boswell  et  al.  1976)], 
show  that  the  maximum  unsteady  loads  on  the 
propeller  occur  in  the  area  where  the  tangential 
flow  velocities  in  the  propeller  disk  are  at  their 
maximum.  As  will  be  seen  later,  it  is  the  tangen¬ 
tial  velocity  components  that  are  in  least  agree¬ 
ment  between  model  and  full  scale.  It  is  this 
fact  that  makes  the  issue  of  wake  scaling  important 
to  *-he  acetate  determination  of  the  unsteady 
forces  on  a  full-scale  propeller. 


3.  TRIAL  VESSEL  AND  INSTRUMENTATION 

A  number  of  criteria  went  into  the  selection  of 
the  ship  on  which  the  full-scale  measurements  would 
be  made.  The  hull  form  and  appendage  arrangement 
of  the  ship  had  to  correspond  to  that  which  is 
typical  of  high-speed  twin-screw  commercial  and 
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naval  vessels.  The  ship  had  to  be  a  uluble  tor  an 
xtended  [ti'riod  of  1 1  mo  and  a  moans  oi  propelling 
the  ship  had  to  bo  available. 

Of  the  ships  which  wore  in  the  ll.S.  Navy  fleet, 
four  classes  seemed  to  moot  the  geometric  criteria, 
and  a  means  of  propelling  then  could  be  identified. 
These  were  the  (bearing  Class  (pp  710),  Forrest 
Sherman  Class  (DD  9  31),  Spruance  Class  (DD  96  3), 
and  the  Asheville  Class  (pc  R4)  .  However,  of  these 
classes,  only  the  Ashevillt  'lass,  which  was  being 
decommissioned,  met  tin*  criterion  of  long  term 
availability.  As  it  tourned  oui  ,  the  David  W. 

Taylor  Naval  Ship  Research  ami  Development  t‘en*er 
(DTNSRDC)  already  had  one  of  these  ships  under  its 
control,  the  Research  Vessel  (K'V)  ATHFNA. 

The  ATHENA  had  the  added  advantage  that  an  ex¬ 
tensive  series  of  model-  and  full-scale  correlation 
experiments  were  already  planned.  Unsteady  blade 
loads,  stresses,  and  pressure  distributions  were 
going  to  be  obtained  full  scale.  The  blade  loading 
measurements  were  also  going  to  be  repeated  at  model 
scale.  This  blade  loading  data  complement  the  full- 
scale  wake  data,  and  would  result  in  some  of  the 
most  complete  correlation  data  of  this  type  for  any 
ship  and  model. 

The  R/V  ATHENA  is  a  twin-screw  aluminum  hull 
CODOG  (Combined  Diesel  Or  (las  Turbine)  propelled 
high-speed  displacement  ship.  Formerly  designated 
PG  94,  the  46.9  meter  LWI,  ship  was  decommissioned 
in  1975  and  placed  in  service  as  a  high-speed 
towing  platform  for  DTNSRDC.  The  hull  form  and 
propulsion  arrangements  are  similar  to  today's 
destroyers  and  frigates  which  are  propelled  by 


controllable-,  reversible-  pit-h  propel  Ur  .  using 
gas  turbines  as  prime  movers.  Tht  princiful  di¬ 
mensions  and  form  coefficients  foi  K  V  ATHENA  an- 
presented  in  Figure  1.  Figure  1  also  show:,  the 
body  plan,  and  bow  and  stern  profiles  of  tin  ship. 
Figure  r1  hov.  a  drawing  of  the  [iop«*llet. 

The  /  I’HFfwi  is  equipped  with  two  .  immitn  7r  i 
V-12  diesels  for  low  speed  j  repulsion  and  a  ingle 
General  Electric  LM  1500  gas  turbine  foi  high¬ 
speed  propulsion.  In  the  diesel  mode,  the  ATHENA 
is  capable  of  speeds  of  around  14  knots.  tlndei  ga: 
turbine  power,  she  can  attain  a  speed  o*  4  knot:;. 
Tin'  ATHENA  is  appended  with  twin  shaft  ,  struts, 
and  rudders  typical  of  most  high-speed  transom 
stern  ships.  In  addition,  she  also  has  two  anti¬ 
roll  fins  located  just  art  of  amidships. 

Once  the  ATHENA  was  selected  for  tile  study  of 
wake  scaling,  the  question  of  how  to  {  i ope  1  the 
ship  had  to  be  resolved.  The  ATHENA  is  small 
enough  that  she  could  be  towed  by  either  one  or 
two  ships  at  speeds  high  enough  to  provide  useful 
data,  or  she  could  be  propelled  on  one  shaft  and 
measurements  could  be  ride  on  the  other  shaft.  The 
two-ship  tow  would  have  been  tne  most  ideal  means  of 
propelling  the  ship  during  the  experiments,  because 
it  would  have*  allowed  the  ATHENA  to  be  towed  with  no 
yaw  angle,  and  outside  the  wake  of  another  ship. 
However,  the  logistics  of  th±s  option  made  it  much 
less  practical  than  propelling  on  one  shaft. 

A  series  of  model  experiments  was  instituted, 
aimed  at  determining  whether  or  not  single  shaft 
propulsion  could  provide  good  course  keeping 
ability  with  minimal  yaw  angles.  Flow  visualiza- 
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tion  studies  m  til**  ci roul.it iiui  water  channel  at 
DTNsKU’  indicated  th.it  yaw  analrs  of  loss  than 
four  .loitv*'::  would  |  rovuii’  sat  i  s f ac tory  inflows 
to  the  prop.- Ller  disk,  and  still  exclude  tho  wake 
of  tho  roll  fins,  subsequent.  so  1  f-propulsion 
model  *-xper  i  m*.-:.t_  s  us  in*;  only  one  shaft,  indicated 
that  with  tiio  rudder  sot  at  oik*  dojn-c  to  port, 
tin  siuj  would  have  Its:;  than  on*.-  decree  of  yaw 
and  insignificant  sway.  Thei  e for*' ,  the  division 
was  mad*  to  trop*  1  t.h*-  ship  on  on*-  .shaft  rather 
f  nan  to  tow  tin-  sh  i  \  . 

Th«  ■  instrumentation  w!ii*'h  was  installed  on  tin* 
ATHENA  consisted  of  three  types.  Five-  and 
t  In  rt* -eri-hol*-  pit.ot  tub*'.*;  were  used  to  determine 
t :  i » *  velocity  field  in  tin  |  top-1  lor  {lain-  on  the 
st.irbo.il  il  side,  and  ahead  of  tin  struts  on  both 
tin-  port  and  starboard  sides.*  A  set  of  eight 
boundary  layer  probes  were  used  to  measure  tin¬ 
boundary  layer  irofile  at  t*uir  symmetric  locations 
on  tin  port  and  starboard  sides  of  tin*  ship. 

Finally  a  piezoelectric  pit.ot  tube,  a  five-hole 
fitot  tube  with  piezoe lect r i c  pressure  transducers 
mounted  on  its  fuc*  ,  was  used  to  rruMsuit-  tin*  time- 
varying  flow  ahead  of  tin*  operating  propeller. 

Tin*  locations  of  the  pitot  tube  rakes  and  bound¬ 
ary  layer  [robes  are  shown  in  Finutes  ^  and  4.  The 
location  of  tho  struts  and  tin*  shape  of  the  after 
stations  are  shown  in  Figure  5.  As  can  be  seen  in 
tins*-  figures  and  in  Figures  6  and  7,  which  show 
[  hntngr.iphs  of  tho  actual  pitot  tub*'  rakes  mounted 
on  the  ship,  two  rakes  of  four  pitot  tubes  each 
wt-re  mounted  on  opposite  .sides  of  the  propeller 
hub.  These  rakes  were  attached  to  the  crank  disks 
for  two  of  the  propeller  biases.  The  details,  of 
one  r  ak  with  pitot  tubes  nv  unted  are  shown  in 
Figure  h. 

*  I'*  »r  tin  i*a.iil-  of  tlv*  i  ns  t  rumen  tat  ion  design  ami  operation 

••  Tr*n-;Ch  Vt  Jl.  (1978). 


Figure  ‘3  shows  a  close-up  photograph  of  one  of 
tiie  full-scale  boundai  v  layers*  probes.  These 
probes,  which  extended  0.46  meters  from  the  hull, 
contained  1  ^  pitot  tubes.  Ten  of  the  pitot  tubes 
were  total  head  tubes,  and  three  were  Prandtl 
tubes . 


4.  CORRELATION  MODELS  AND  I NSTKE MKNTA7  L  'N 

Tin'  model  correlation  r*xp«'r i ment s  were  per formed 
using  two  fiberglass  me  lels  designated  PTNSRIV 
Models  5365  and  511)1*.  These  models,  which  were 
built  to  the  lines  of  the  ATHENA,  had  a  seal*' 
ratio  of  I  to  8.25;  the  principal  dimensions  of 
these  models  are  listed  with  the  ship  dimensions 
on  Figure  1.  A  full  sot  of  appendages  including 
shafts,  V-struts,  rudders,  roll  stabilizer  fins, 
and  a  cento  lino  skeq  were  fitted  to  each  model. 
Model  5365  was  a  ship  model  which  was  used  for  tin- 
correlation  wake  surveys  per formed  in  the  towing 
tank  to  investigate  the  scale  effects  between  the 
model  and  ship  wake  surveys.  Modi' 1  5  366  was  a 
mirror  imago  double  model  obtained  by  reflecting 
the  lines  of  the  ATHENA  about  the  mean  water  line 
corresponding  to  a  full-scale  speed  of  fifteen 
knots.  This  model  was  used  for  the  boundary  layer 
correlation  experiments  which  were  made  in  a  wind 
t  anno  1 . 

The  model -scale  wake  survey  was  made  on  tho  ship 
model.  Model  5365,  using  five-hole  pitot  tubes. 

The  pitot  tubes  were  mounted  on  a  rake,  the  shaft 
of  which  was  placed  through  the  strut  bossings  and 
stern  tub*'  on  the  model.  Figures  10,  11,  and  12 
show  the  model  which  was  used  for  the  wake 
surveys,  and  the  details  of  the  pitot  tube  rake 
mounted  on  the  stern  of  tho  model.  Two  papers,  one 
by  Hadlcr  and  Cheng  (1965)  and  the  other  by  Halo 
and  Norrie  (1967),  give  a  thorough  description  of 
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FIGURE  15.  Velocity  com|>onent 
ratios  for  R/V  ATHENA  and  PTNSRDC 
model  5  365  at  0.456  radius. 


5.  FUl.l.-SCAU:  WAKE  SURVEY  AND  BOUNDARY  LAYER 
MEASUREMENTS 


The  full  scale  trials  wore  run  in  the  Atlantic 
Ocean  off  the  Florida  coast  near  the  mouth  of  the 
St.  Johns  River.  The  conditions  for  the  trials 
wore  excellent,  as  is  shown  in  Table  1,  which  gives 
the  trial  agenda  and  sea  eor’itions.  The  full-scale 
measurements  were  divided  into  four  trials.  Trial 
1  consisted  of  a  wake  survey  in  the  propeller  disk, 
and  ahead  of  the  struts  on  the  port  and  starboard 
sides.*  The  objective  of  the  measurements  ahead  of 
the  struts  was  to  determine  the  differences  in  the 
wake  both  with  and  without  the  propeller  operating. 
Trial  2  consisted  of  a  repeat  of  the  wake  survey  in 
the  propeller  disk.  However,  for  this  repeat 
trial,  the  two  rakes  ahead  of  the  struts  on  the 
starboard  shaft  were  removed  to  eliminate  any 
possibility  of  interference  in  the  measurements. 
Trial  1  consisted  of  boundary  layer  profile  measure¬ 
ments  on  the  port  and  starboard  sides  of  the  hull. 
Again,  the  purpose  of  these  measurement s  on  both 
sides  of  the  ship  was  to  determine  the  effects  of 
propeller  induction  on  the  development  of  the 
boundary  Layer.  Trial  4  consisted  of  measurements 
of  the  time  varying  pressure*;  in  a  plane  ahead  of 
the  operating  propeller.  The  results  of  Trial  4 
are  discussej  in  Appendix  A. 

*N<  »t  :  The  1  f'lem  the  W.lke  -  titvy.  l!l*\ll  ■•{  t  * .  ■  •  t  I  lit 
.in. I  1  tl  the  fiopeller  .  J 1  at  .*.  lower  -I  i  •-.!  .If.  ?;« •  f  t.-- 
5>>rte.|  Ml  till*;  i.lper,  h»lt  Will  he  I'  }i>11i  .1  IS  tie  t  *it  ir<  . 


The  pitot  tubes  on  t  lie  rake  in  the  propeller 
plane  were  located  at  non-dimensional  radii  (local 
radius  divided  by  propeller  radius)  of  0.456, 

0.613,  0.781,  and  0.064.  The  angular  position  of 
the  rake  was  adjusted  by  turning  the  entire  shaft 
usinc?  the  iack.inq  q('.n  .  The  shaft  could  be  rotated 
through  approximately  230",  and  because  of  this  an 
overlap  of  50"  could  be  obtained  in  the  data 
around  lrti)°. 


The  data  from  the  wake  survey  at  l 5  knots  ate 
qiven,  along  with  the  corresponding  model  data ,  on 
Figures  15  through  18.  This  ship  speed  corresponded 
to  a  Froude  number  of  0.36  and  a  Reynolds  number  of 
4.14  '  10H.  The  data  are  presented  as  velocity 
component  ratios,  where  the  velocities  are  given  in 
cylindrical  coordinates  centered  about  the  pro¬ 
peller  shaft.  The  longitudinal  velocity  component 
(VX»  is  positive'  for  flow  toward  the  stern.  The 
tangential  velocity  component  (VT)  is  taken  to  be 
positive'  in  the  count  ereloekwi  so  direction  when 
looking  forward  on  the  starboard  shaft.  The  radial 
velocity  component  (VR)  is  taken  as  positive  in¬ 
ward.  The  angles  are  defined  positive  in  the 
counterclockwise  direction,  with  zero  directly 
upward.  The  conventions  for  the  angles  and  the 
direct. ions  of  the  velocity  components  are  shown  on 
Figure  5.  These  conventions  are  those  of  Hadler 
and  rheng  (1965),  except  that  the  data  is  presented 
on  the  starboard  shaft  rather  than  on  the  jx>rt 
shaft.  Therefore,  the  angles  increase  in  the 
opposite  direction  from  Hadler  and  Cheng,  as  do  the 
tangential  velocity  components. 
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0.633  Radius 


There  are  not  sufficient  ilat j  at  any  one  radius  numbers  of  1.74  x  10®,  2.56  x  10s,  4.14  *  10®,  and 

or  r i reumferent ia 1  position  to  adequate ly  define  4.63  *  10®  respectively. 

the  limits  of  accuracy  for  the  full-scale  measure-  The  data  obtained  at  location  1,  for  all  four 

ments.  A  comparison  between  two  different  pitot  speeds,  are  plotted  on  Figure  19.  Except  for  the 

tubes  at  any  one  radius  may  be  made  in  the  region  data  at  6.2  knots,  which  show  a  great  deal  of 

between  1 >0  and  IHM”  where  the  data  overlap.  At  scatter,  the  data  are  quite  consistent  with  the 

all  radii  the  longitudinal  velocity  component  fullness  of  the  boundary  layer  increasing  as  the 

xatios  show  the  greatest  scatter  in  the  full-scale  Reynolds  number  increases.  The  data  obtained  at 

data.  In  particular  at  the  innermost  radius  14.8  knots  (R  =  4.14  *  10®)  for  location  1,  2,  and 

(r/R  =■  0.456),  the  scatter  in  the  longitudinal  3  are  plotted  in  Figures  20,  21,  and  22  along  with 

velocity  component  ratios  is  greatest,  approxi-  the  corresponding  model  data  at  the  same  Froude 

mutely  plus  or  minus  ten  percent.  The  scatter  in  number.  The  data  from  Locations  1,  2,  and  3  are 

the  longitudinal  velocity  component  ratios  at  other  plotted  again  in  Figures  23,  24,  and  25  along  with 

radii  is  significantly  loss  than  that,  more  nearly  the  data  for  the  corresponding  locations  on  the 

plus  or  minus  five  percent.  The  increased  scatter  port  side  with  the  propeller  operating, 

in  the  longitudinal  velocity  component  ratios  is 
due  to  the  computation  procedure  which  uses  the 

average  of  the  longitudinal  velocity  components  6.  MODEL-SCALE  WAKE  SURVEY  AND  BOUNDARY  LAYER 

from  both  the  radial  and  tangential  velocity  MEASUREMENTS 

computations . 

The  full-scale  wake  survey  provided  a  unique  For  the  model-scale  wake  survey,  Model  5365  was 

opportunity  to  study  the  development  of  a  turbulent  ballasted  while  at  rest  to  the  drafts  corresponding 

boundary  layer  on  a  ship,  and  also  the  effects  ot  to  those  of  the  ship  during  the  full-scale  wake 

propeller  action  on  the  boundary  layer.  The  full-  survey.  The  model  was  then  towed  at  5.22  knots 

scale  boundary  layer  was  measured  at  the  eight  (2.685  m/s),  the  Froude-scaled  speed  which  corre- 

locations  which  are  shown  on  Fiqures  3  and  4,  at  sponds  to  15  knots  full-scale.  The  velocity  corn- 

four  speeds.  These  speeds  were  6.2,  9.1,  14.8,  ponent  ratios  were  measured  with  a  rake  of  five-hole 

and  16.5  knots;  these  speeds  correspond  to  Reynolds  pitot  tubes  at  radii  corresponding  exactly  to  the 
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full-scale  wake  survey  radii,  slowing  a  direct 
one-to-one  comparison  of  the  data.  The  data  from 
this  wake  survey  are  plotted  on  Figures  15  throuqh 
IB. 

It  is  customary  to  perform  wake  survey  experi¬ 
ments  in  the  towing  tank  by  towing  the  model  at  a 
speed  corresponding  to  the  Froude-scaled  speed  of 
the  ship.  In  order  to  investigate  the  effects  of 
Reynolds  number  on  the  model -scale  wake,  a  second 
wake  survey  was  run  at  an  increased  speed.  This 
siron.l  speed  was  the  highest  speed  for  which  steady 
data  would  be  obtained,  1  1.5  knots  (f>.4)  m/s)  .  For 
tliis  second  wake  survey,  the  sinkaqe  and  trim  of 
the  model  were  kept,  the  same  as  at  the  5.2  knot 
condition.  This  was  done  in  an  attempt  to  separate 
the  effects  of  sinkage  and  trim,  which  is  dependent 
on  Fronde  number,  from  other  speed  effects. 

The  data  fiom  the  mode] -scale  wake  surveys  at 
5.2  knots  (Fn  0.36,  L.5i>  '  10')  and  13.5 

knots  (Fn  o.‘>3,  Kn  -  4.04  v  10  )  are  presented 
m  Figure  2t>.  The  longitudinal  and  radial  velocity 
component.  ratios  at  these  two  speeds  show  no  dif¬ 
ference.  However,  the  tangential  velocity  compo¬ 
nent  ratios  obtained  at  13.5  knots  have  peaks  which 
are  4  to  0  percent  lower  than  those  obtained  at 
5.2  knots.  This  is  contrary  to  what  might  be 
exepeted,  in  that  the  increased  Reynolds  number 
should  produce  a  thinner  boundary  layer  and  there¬ 
fore,  a  flow  which  more  closely  approaches  the 


potential  flow  around  the  hull.  This  anomalous 
result  is  probably  due  to  the  increased  Froudo  num¬ 
ber  and  the  corresponding  change  in  the  wave  pattern 
around  the  modi' 1. 

The  model -sea K?  boundary  layer  profile  measure¬ 
ments  were  made  in  a  wind  tunnel  using  hot  wire 
anemometers.  The  double  model  was  manufactured  so 
as  to  take  into  account  the  dynamic  trim  of  the 
ship.  Although  this  cannot  take  into  account  the 
effects  of  the  free  surface,  it  does  account  for 
the  angle  of  the  shafting  to  the  free  stream,  which 
contributes  significantly  to  the  radial  and  tangen¬ 
tial  velocity  components. 

The  model  scale  boundary  layer  profile  was 
obtained  at  a  Reynolds  number  of  1.68  v  10',  which 
was  intended  to  equal  the  Reynolds  number  of  the 
model  in  the  towing  tank  at  a  Froudo  number  of  0.36. 
The  Reynolds  number  in  the  wind  tunnel  in  fact 
turned  out  to  be  about  H  percent  higher  than  the 
Reynolds  number  in  the  towing  tank.  However,  this 
was  not  considered  to  be  critical  to  the  correlation 
of  the  model  and  ship  data. 

The  boundary  layer  profiles  obtained  in  the  wind 
tunnel,  without  the  propeller  operating,  at  Loca¬ 
tions  1,  2,  and  3  art*  given  in  Figures  20,  21,  and 
22;  where  they  are  plotted  against  the  full  scale 
data  at  the  cor  respond i nq  locations.  The  data 
obtained  at  the  same  locations  with  and  without 
the  propeller  operating  art'  plotted  against  the 
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FIGURE  18.  Velocity  component 
ratios  for  R/V  ATHENA  and  DTNSRDC 
model  5368  at  0.963  radius. 
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FIGURE  19.  Velocity  profile  data  from  R/V  ATHENA 
measured  at  four  speeds  at  location  1. 


correspond i nq  data  from  the  ship  in  Figures  2 3 ,  24, 
and  25.  This  is  the  extent  of  the  model  scale 
boundary  layer  data. 

The  accuracy  of  the  model  scale  measurements  with 
five-hole  pitot  tubes  is  known  reasonably  well. 

Model  wake  survey  data  have  been  repeated  in  past 
experiments,  with  the  circumferential  mean  longi¬ 
tudinal  velocity  components  repeating  within  0.01 
of  the  free  stream  velocity.  The  velocity  component 
ratios  for  the  model  data  are  repeatable  to  within 
plus  or  minus  one  percent,  except  in  areas  where 
steep  velocity  gradients  occur.  In  the  areas  where 
high  velocity  gradients  exist,  such  as  behind  the 
shaft  struts,  the  five -hole  pitot  tube  has  much 
lower  accuracy.  Experiments  with  hot  wire  anemom¬ 
eters  have  shown  that  they  are  at  least  as  accurate 
as  five-hole  pitot  tubes.  In  fact,  in  regions  where 
there  are  steep  velocity  gradients,  hot  wire  anemom¬ 
eters  may  bo  an  order  of  magnitude  more  accurate 
than  pitot  tubes. 


7.  COMPARISON  OF  MODE  I,-  AND  RILL- SCALE  DATA 

A  study  of  the  velocity  component  ratios  presented 
in  Figures  15  through  IS  shows  that  the  degree  of 
scatter  of  the  full-scale  data  is  higher  than  that 
of  the  model  data.  This  is  due  to  tire  higher 
variations  in  both  pressure  measurement  and  ship 
speed.  In  particular,  the  full-scale  data  for  the 
longitudinal  velocity  component  ratio  at  the  inner¬ 
most  radius  (r/R  -  0.48b)  show  the  largest  scatter, 
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FIGURE  20.  Measured  and  calculated  boundary  layer 
velocity  profiles  for  R/V  ATHENA  and  wind  tunnel 
model  Vi('i  at  location  1. 
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FIGURE  21.  Measured  and  calculated  boundary  layer 
velocity  profiles  for  R/V  ATHENA  and  wind  tunnel  model 
5  366  at  location  2. 
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FIGURE  22.  Measured  and  calculated  bound an/  layer 
velocity  profiles  for  R/V  ATHENA  and  wind  t  innel  model 
5  366  at  location  3. 
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FIGURE  23.  Measured  boundary  layer  velocity  profiles 
for  R/V  ATHENA  and  wind  tunnel  model  5366  with  and 
without  propeller  at  locations  1  and  R. 


FIGURE  24.  Measured  boundary  layer  velocity  profiles 
for  R/V  ATHENA  and  wind  tunnel  model  5366  with  and 
without  propeller  at  locations  2  and  6. 


and  the  greatest  deviation  from  the  model-scale 
wake. 

In  part,  this  scatter  is  also  due  to  the  fact 
that  the  longitudinal  velocity  component  ratios 
presented  are  an  average  of  the  lonqitudinal  velocity 
component  as  measured  in  the  tangential  plane  and  in 
the  radial  plane.  Therefore,  any  scatter  error  in 
either  the  tangential  or  radial  plane  measurements 
will  influence  the  calculation  of  the  longitudinal 
component.  Another  factor  which  probably  contrib¬ 
uted  to  increased  scatter  at  the  innermost  radius 
is  the  close  proximity  of  the  pitot  tube  to  the 
strut  bossing. 

The  lonqitudinal  velocity  component  ratio  at  the 
innermost  radius  is  about  10  percent  lower  for  the 
ship  than  for  the  model,  while  the  peaks  of  the 
tangential  and  radial  velocity  component  ratios  are 
about  10  percent  higher  for  the  ship  than  for  the 
model.  Although  there  are  undoubtedly  scale  effects 
on  the  shafting  and  strut  bossing  at  this  radius, 
another  significant  factor  is  that  the  bossing  on 
the  ship  is  proportionately  much  longer  than  on 
the  model.  This  is  due  to  the  collar  to  which  the 
pitot  tube  rakes  ahead  of  the  struts  were  attached. 

At  the  outer  radii  the  longitudinal  velocity 
component  ratios  for  the  ship  are  2-4  percent  lower 
than  those  for  the  model.  The  peaks  of  the  radial 
and  tangential  velocity  component  ratios  at  the 
outer  radii  are  8-10  percent  hiqher  for  the  ship 
than  for  the  model.  At  the  two  innermost  radii, 
the  shift  in  the  radial  and  tangc'ntial  velocity 
component  ratios  indicate  that  there  is  a  stronger 
upflow  on  the  ship  than  the  model,  in  the  region 
under  and  outboard  of  the  propeller  hub.  This 
effect  is  much  weaker,  and  has  shifted  to  the  inside 
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on  the  two  outer  radii.  One  possible  cause  of  the 
shift  at  the  outer  radii  is  the  fact  that  the  full 
scale  trial  was  performed  with  a  propeller  operating 
on  the  port  shaft,  while  the  model  data  were  col¬ 
lected  without  the  propeller  present.  However,  the 
most  likely  source  of  the  increased  upjward  flow  is 
a  difference  in  attitude  between  the  ship  and  model. 

The  models  were  run  at  a  number  of  Reynolds  num¬ 
bers  in  the  towing  tank  and  wind  tunnel  and  the 
longitudinal  velocity  component  was  measured  at  a 
single  location  near  the  hull  for  these  various 
Reynolds  numbers.  The  results  of  these  measure¬ 
ments  are  plotted  in  Figure  27.  These  results  in¬ 
dicate  that  for  a  Reynolds  number  greater  than  10 ; 
there  is  very  little  effect  of  either  Reynolds  num¬ 
ber  or  Froude  number  on  the  longitudinal  velocity 
component.  Therefore,  in  cases  where  it  is  desir¬ 
able  to  obtain  accurate  longitudinal  velocity 
component  measurements,  the  model  should  be  run  at 
the  correct  Froude  trim,  at  a  Reynolds  number 
greater  than  107. 

A  comparison  of  the  boundary  layer  profiles 
presented  in  Figures  20,  21,  and  22  shows  that,  as 
might  be  expected,  the  model  velocity  profile  is 
not  as  fully  developed  as  the  full-scale  velocity 
profile  at  Locations  1  and  3.  This  is  clearly  a 
consequence  of  the  one  decade  difference  in  Reynolds 
number  between  the  model  and  ship.  However,  at 
Location  2,  the  model-  and  full-scale  boundary 
layer  velocity  profiles  almost  coincide.  This  is 
clearly  an  anomalous  situation,  particularly  be¬ 
cause  even  at  0.46  meters  from  the  hull  full  scale, 
the  velocity  has  not  reached  the  free-stream 
velocity,  let  alone  the  potential  flow  velocity 
which  is  even  higher.  The  most  likely  explanation 
for  the  low  full-scale  velocity  profile  is  a  mal- 
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FIGURE  25.  Measured  boundary  layer  velocity  profiles 
for  R/V  ATHENA  and  wind  tunnel  model  5366  with  and 
without  propeller  locations  3  and  7. 


F’FTURE  26.  Velocity  component 
ratios  for  DTNSRDC  model  5365  at 
■5.6  31  radius  for  model  speeds  of 
5.22  knots  and  13.5  knots. 
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function  in  the  instrumentation  but  a  check  of  the 
data  records  indicated  no  obvious  errors  in  the 
data. 

The  results  of  boundary  layer  profile  measure¬ 
ment  with  the  propeller  operating,  plotted  in 
Figures  23,  24,  and  25  indicate  that  the  data  at 
positions  1  and  8,  just  ahead  of  the  propeller, 
show  a  slight  increase  in  velocity  profile  due  to 
the  propeller  suction.  The  increases  are  about 
the  same  at  both  model-  and  ship-scale.  The  data 
at  positions  3  and  7,  behind  the  propeller,  show 
rather  significant  increases  in  the  velocity  pro¬ 
file  for  both  scales.  This  is  undoubtedly  due  to 
the  wake  of  the  propeller.  From  the  model-scale 
data,  at  Locations  2  and  6,  there  is  no  noticeable 
difference  in  the  data  obtained  with  or  without 
the  propeller  operating.  This  is  consistent  with 
the  separation  between  the  boundary  layer  probe  and 
the  propeller.  There  is  no  ship-scale  data  ahead 
of  the  operating  propeller  at  location  6  due  to  the 
failure  of  that  boundary  layer  probe. 

In  order  to  evaluate  our  ability  to  predict  the 
boundary  layer  of  the  hull,  a  series  of  boundary 
layer  calculations  were  instituted.  For  these 
calculations,  the  ship  was  approximated  as  a  body 
of  revolution,  and  the  boundary  layer  was  calculated 
using  the  standard  DTNSRDC  method  for  bodies  of 
revolution  (Wang  and  Huang  (1976)1.  Two  methods 
for  generating  the  bodies  of  revolution  were  tested. 
In  one,  the  body  was  generated  with  radii  equal  to 
the  square  root  of  twice  the  sectional  area  of  the 


ship;  and  in  the  other,  the  body  was  generated 
using  circumferences  equal  to  twice  the  girth  of 
the  ship.  The  boundary  layer  calculations  using 
the  body  of  revolution  based  on  sectional  area 
aqreed  best  with  the  experimental  data. 

The  results  of  the  equivalent  body  of  revolution 
calculations  are  plotted  with  the  experimental  data 
on  Figures  20,  21,  and  22.  The  calculations  for 
the  ship  at  Locations  1  and  3  agree  reasonably  well 
with  the  full-scale  data.  However,  at  the  model- 
scale,  the  calculations  do  not  agree  nearly  as 
well.  This  is  probably  due  to  the  fact  that  at 
lower  Reynolds  numbers,  the  boundary  layer  is  much 
more  sensitive  to  errors  in  the  flow  velocity  and 
pressure  qradient  than  at  higher  speeds.  As  stated 
previously,  the  data  at  Location  2  is  anomalous, 
as  is  shown  by  a  comparison  with  the  calculated 
boundary  layer  profile. 


8.  PREDICTION  OF  NOMINAL  WAKE 

Although  the  model-  and  full-scale  wake  of  the  R/V 
ATHENA  both  agrc>e  qual  i tatively ,  there  are  some 
substantial  quantitative  differences  between  the 
model-  and  full-scale  velocity  components.  To 
develop  an  understanding  of  the  origins  of  these 
differences,  it  was  necessary  to  predict  the  wake 
of  both  the  model-  and  full-scale  ship  analytically. 
Since  the  hull  of  the  ATHENA  showed  no  separation, 
it  appeared  that  the  presence  of  the  hull  could  bo 
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FIGURE  27.  Longitudinal  velocity  component 
ratio  at  0- degree  position  of  o.ei*  radius 
as  a  function  of  Reynolds  number  based  on 
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dealt  with  primarily  by  poti'nti.il  flow  techniques, 
combined  with  calculations  of  the  boundary  layer 
displacement  thickness.  It  was  also  assumed  that 
the  viscous  flow  about  the  appendages  could  be 
dealt  with  empirically. 

The  velocity  in  the  propeller  disk,  expressed  in 
shaft  coordinates,  was  decomposed  as  follows: 

Veloc i ty  Uniform  St  ream 

♦  Perturbation  due  to  Hull 

+  Perturbation  due  to  Boundary  l.ayor 

♦  Viscous  Wake  of  Struts 

♦  Viscous  Wake  of  Shaft inq. 

The  principal  factor  con tri but inq  to  the  radial  and 
tangential  components  of  the  velocity  in  the  pro¬ 
peller  plane  is  the  inclination  of  the  shaft  to  the 
free  stream.  The  shaft inq  of  the  ATHENA  makes  an 
anqle  of  s.u"  with  the  baseline.  In  addition,  at 
lb  knots  (l’n  0.3b),  the  ATHENA  takes  a  bow-up 
trim  of  0.3°  as  indicated  bv  model  experiments. 

Thus,  the  propeller  shaft  is  inclined  a  total  of 
v).2°  to  the  incident  stream.  The  effect  of  resol v- 
inq  the  incident  stream  into  shaft  coordinates  is 
shown  on  Figure  28. 

The  effects  of  perturbing  the  incident  stream  by 
tlu'  presence  of  the  hul 1  wore  obtained  by  moans  of 
potent ial  flow  calculations.  For  the  purposes  of 
this  study,  the  free  surface  was  represented  by  tlu? 
zero  Fronde  number  condition,  and  the  calculations 
wore  made  for  a  double  model  in  an  infinite  fluid. 
The  hull  was  reflected  about  the  moan  waterline  at 
l  5  knots,  and  flow  about  t..o  re;;ul  t  inq  body  was 
computed  us inq  the  PTNSRIX'  potential  flow  proqram 
| Paw son  and  IVan  (1072)).  The  results  of  this 
computation  are  also  shown  on  Figure  28.  As  can 
be  soon,  the  effects  due  to  the  perturbation  of  the 
incident  flow  by  the  hull  are  small,  on  the  order 
of  two  percent  of  the  ship*  speed. 

The  effects  of  the  displacement  thickness  of  the 
boundary  layer  were  considered  next.  The  intention 
was  to  increase  the  thickness  of  the  hull  by  the 
di sp I  a cement  thickness  of  the  boundary  layer,  and  tc 
repeat  the  potential  flow  calculations.  However, 
at  its  thickest  point,  the  model  scale  boundary 
layer  determined  from  the  equivalent  body  of 
revolution  calculations,  would  only  have  increased 


the  thickness  of  the  hull  by  1  percent  «>f  the  beam. 
The  full-scale  boundary  layer  would  have  increased 
the  thickness  even  less.  Since  the  com} letc  hull 
potential  flow  had  only  a  two  percent  otfect,  t he 
revised  potential  flow  was  not  computed  for  su  h  a 
small  change  in  effective  hull  shape.  The  erroi 
duo  to  neglecting  the  displacement  thickness  of  the 
boundary  layer  is  probably  much  less  than  the  error 
iru’uned  by  mak  i  nq  the  zero  Froudo  number  approxi¬ 
mation  for  the  potential  flow  calculations.  There¬ 
fore,  tin'  velocity  component  ratios  based  on  only 
tiie  first  potential  flow  calculations  are  presented 
in  Figures  2')  through  32. 

The  velocity  defect  caused  by  the  struts  was 
predicted  using  an  empirical  scheme  based  on  data 
from  aerodynamics.  The  velocity  defect  was  com¬ 
puted  using  the  following  formula  from  page  584  of 
i  **o  Ids  to  in  ( ls>e5)  . 


r/R  =  0  633 


Velocity  Component  Ratios  Predicted  and  Measured  Full-Scale 
Trrcr/  2,  Vs  -  7  87 m/s 

FIGURE  F. f f act  of  shaft  inclination  and  hull  po¬ 

tential  flow  on  velocity  component  ratios  for  R/V 
ATHENA  at  n.f,  U  radius. 
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r/  R  =  0  781 


o  40  80  120  160  200  240  280  320  360 


ANGLE  IN  DEGREES 

Velocity  Component  Ratios  Predicted  and  Measured  Full-Scale 
Trial  2,  Vs  =  7  87  m/s 


FIGURE  29.  Predicted  and  measured  values  of  velocity  FIGURE  31.  Predicted  and  measured  values  of  velocity 

component  ratios  for  R/V  ATHENA  at  0.45G  radius.  component  ratios  for  R/V  ATHENA  at  0.781  radius. 


U  /U 

max 


3/18ajX 


l. 

i 


and 

n03/:a1(  =  iOD/n0,'U0 


whore  is  the  velocity  defect,  UQ  the  froe- 

stream  velocity,  r\  is  the  uondimensiosial  wake  half 
width,  x  is  the  nohdimens ional  distance  from  the 
strut,  D  is  the  strut  drag,  and  p  the  fluid  density. 
Those  formulas  predict  the  longitudinal  velocity 
defect  in  terms  of  the  strut  drag,  wake  thickness, 
and  distance  behind  the  strut. 

The  shaft  struts  on  R/V  ATHENA  are  Navy  KPH 
sections  with  a  chord- to- thickness  ratio  of  6. 


Assuming  that  the  drag  on  the  EPH  section  would  not 
be  too  different  from  the  drag  on  an  elliptic 
section  of  the  same  thickness-chord  ratio,  many  data 
for  a  number  of  elliptic  sections  were  collected. 
These  data  are  plotted  on  Figure'  33  as  a  function 
of  Reynolds  number. 

The  nondimensional  wake  half-width  was  predicted 
using  Equation  (4)  from  Silverstein  et  al.  (1938): 

H  =  0.68  Cd!  (X  +  0.15)'! 

In  this  equation  n  is  again  the  nondimensional  half 
width  of  the  wake ,  X  is  the  nondimensional  distance 
from  the  strut,  and  is  the  drag  coefficient  per 
unit  length  of  the  strut. 

Using  the  strut  Reynolds  numb<  rs  based  on  chord 
length,  of  1.46  *  10^  for  the  shi|  ,  the  correspond- 


r/R  =  0  633 


ANGLE  IN  0EGREES 

Velocity  Component  Ratios  Predicted  and  Measured  Full  “Scale 
Trial  2.  Vs  •  7  07  m/s 

FIGURE  30.  Predicted  and  measured  values  of  velocity 
component  ratios  for  R/V  ATHENA  at  0.6  3  3  radius. 


f/R  =  0  963 


ANGLE  IN  DEGREES 

Velocity  Component  Ratios  Predicted  and  Measured  Full-Scale 
Trial  2,  Vs  *  7  87  m/s 

FIGURE  32.  Predicted  and  measured  values  of  velocity 
component  ratios  for  R/V  ATHENA  at  0.963  radius. 


FIGURE  V*.  Draq  coefficients  of  elliptical 
section  struts  as  a  function  of  Reynolds 
number  based  on  chord  lenqth. 


in  *  dra.j  •<»»■♦'  r  1  .’lent  s  ire  found  to  be  -'.<>5,1  and 
• ' .  ■ M  tor  tin-  model  and  s'  t  ,  respectively.  Sub- 
•itutmn  of  these  draq  ooef  f  icionts  into  the  above 
toimala.  from  S i 1 verste in ,  et  al.  ( lvMtf )  and 
•ol  b  teirr  (  1K'M  yield:  the  velocity  defects  which 
it<  si-own  on  Figures  29  through  .12. 

ih<  :.e  com}  u ted  velocity  defects  due  to  str  ut 
vnu*"  lit  significantly  greater  than  the  v»  Itu  itv 
i-  test  .  wf;  i  oh  were  observed  it  either  model  or  full 
al«.  The  cause  of  this  over-prediction  is 
!  rob. ib 1 y  the  fact  that  the  formulas  from  Goldstein 
ire  derived  by  assuming  that  the  wake  is  being 
•il'ulated  far  enough  downstream  that  the  cross 
t ! ow  terms  in  the  momentum  equation  can  be  neglected. 
This  is  an  .assumption  which  is  undoubtedly  violated 
in  the  1'Simi  near  the  struts,  where  the  wake  ha; 
been  predicted. 

Although  the  empirical  method  for  predicting  the 
wake  of  the  shaft  struts  was  not  successful,  it 
does  at  bud  provide  some  insight  into  how  the 
wake  should  varv  witii  Reynolds  number.  Both  the 
width  ot  the  wake  «»t  the  struts  and  the  velocity 
defect  m  the  wake  >f  the  struts  are  proportional 
to  the  square  root  of  the  drag  coefficient  of  the 
section.  Therefore,  the  velocity  defect  and  the 
width  of  the  wake  should  both  decrease  (like  the 
square  root  of  the  ratio  ot  the  drag  coefficients) 
as  the  Reynolds  number  increases.  However,  the 
full-scale  wake  survey  data  were  not  collected  at 
angular  increments  spaced  closely  enough  to  confirm 
this  scaling  law. 

The  empirical  method  for  predicting  the  wake 
behind  an  inclined  shaft  is  not  as  well  defined  as 
the  methods  for  predicting  the  wake  behind  the 
struts.  Following  the  methodology  of  Chiu  and 
Licnhard  (1967),  it  was  assumed  that  the  separated 
flow  behind  a  yawed  cylinder  is  a  function  of  the 
component  of  the  velocity  normal  to  the  cylinder. 
Following  the  method  of  Roshko  (19S5)  and  ( 1958)  , 
an  estimate  of  the  velocity  defect  in  the  wake  of 
the  shaft  was  developed  based  on  the  pressure 
coefficient  at  the  point  of  separation  and  the 
Strouhal  number.  # 

Data  showing  the  base  pressure  behind  a  circular 

•Not**:  The  base  pressure  is  not  necessarily  t.he  pressure  at 
the  :*if  ar.it  ion  point  because  there  is  usually  some  pressure 
variation  in  the  -wpar ate.J  i»>qinn. 


cylinder  have  been  collected,  and  are  presented  as 
a  function  of  Reynolds  number  in  Figure  34.  Based 
on  this  data  and  the  Reynolds  number  based  on  cross 
flow  velocity,  the  pressure-  coefficients  for  the 
m* » it  ■  1  (K  is.  i  •  1U:* )  anti  .ship  (R  =  4.26  -  10s) 
wt  jo  found  to  be  -1.1  and  -0.2  respectively.  These 
pr-- sure  coefficients  resulted  in  a  predicted  veloc¬ 
ity  defect,  perpendi k’ular  to  the  shaft  axis,  of 

fur  the  model  and  0.10  for  the  ship.  However, 
when  t  •solved  back  into  the  direction  of  the  flow, 
the  shaft  wake  is  less  than  two  percent  of  model 
speed  and  one  percent  of  ship*  speed.  This  is 
significantly  less  than  than  the  velocity  defect 
wlii i’h  is  measured  for  either  the  model  or  the  ship. 

In  fact ,  if  the  velocity  defect  in  the  direction 
normal  to  the  shaft  were  100  percent  of  the  forward 
speed,  the  velocity  defect  in  the  wake  would  only 
be  seven  percent,  still  less  than  the  velocity 
defect  measured  experimentally. 

These  results  are  not  surprising  when  one  con¬ 
siders  the  discussion  in  Chiu  and  Lionhard  (1969). 

In  this  discussion,  data  are  presented  which  point 
out  that  the  wake  of  an  inclined  shaft  is  in  general 
not  parallel  to  the  shaft.  This  is  due  to  the 
axial  comp>onent  of  the  flow  along  the  cylinder  which 
develops  a  boundary  layer  which  separates.  The 
Reynolds  number  for  separation  in  the  axial  direc¬ 
tion  on  the  shaft  is  independent  of  the  Reynolds 
number  of  the  flow  normal  to  the  shaft.  In  addition, 
the  data  from  Bursnall  and  Loft in  (1952),  show  that 
as  a  circular  cylinder  is  inclined  further  and 
further  to  the  flow,  the  transverse  Reynolds  number 
at  which  separation  takes  place  becomes  lower  and 
lower . 


9.  CONCLUSIONS 

Significant  differences  have  been  found  in  the 
tangential  and  radial  velocity  component  ratios 
between  the  ship  and  the  model  wake  surveys.  In 
particular,  the  full-scale  tangential  velocity 
component  ratio  has  a  p>eak  amplitude  approximately 
eight  to  ten  percentage  points  higher  than  that  at 
model  scale.  Similarly,  the  ship  radial  velocity 
component  peak  is  higher  by  six  to  eight  percentage 
jxiints.  These  differences  cannot  be  attributed 
to  scale  effects.  The  most  likely  cause  seems  to 


244 


FT-U’KF  '4.  Base 
. 1 r i  c.i  1  s ha  f t s  as 


urosrturo  cool’ 
a  t'urv't  i  on  of 


base-1  on  shaft  Uameter. 


ficients  of  ryl in- 
Key  no  1  is  n umbo r 


be  a  difference  in  trim  between  model-  and  full- 
scale.  Because  tile  mo.i«  1  v.i.  ballasted  to  tin- 
draft  of  tin-  ship,  l'urtin  r  wot  k  will  be  required 
to  identify  the  souivc  ot  tnese  d i  f friviuvs. 

The  longitudinal  veloeity  com}  onent  ratio:?  f»»i 
the  full-scale  trial  show  a  much  greater  scatter 
than  the  tangential  and  radial  components.  For 
tins  reason  it  is  unclear  that  any  difference  is 
shown  by  these  data,  when  com?  ured  to  model-scale 
data.  The  innermost  radius  (r  K  ..  0.4rn»)  does  show 
th.it  the  high  longitudinal  velocity  component 
nonnully  measured  at  these  inner  rudi l  is  not  found 
full  scale.  This  may  not  be  tin1  result  of  scale 
effects  on  the  shafting  and  stint,  bossing,  but  tile 
fact  that  the  full-scale  boss  mg  is  longer  than  the 
model-scale  boss  inn .  This  i s  a  Jesuit,  which,  will 
have  to  be  investigated  bv  further  model  exj*  la¬ 
ments  . 

The  result?;  from  model  experiments  in  both  the 
wind  tunnel  and  in  the  t owing  tank,  and  from  tin 
full-scale  trial  indicate  that  for  a  c i rcumiYr -ent i a i 
position  near  the  iuil  1  ,  th*re  was  little  .lit' t.-n  iio- 
in  longitudinal  velneity  >m;  onent  jati.i  for  speeds 
«:or  t-  s{  ond  i  ng  to  Reynold-  numbers  gr-ate*  than  lo  . 
Therefore,  when  me.isuiing  «>nlv  tin-  longitudinal 
velocity  component  ratios,  exj  ej  i  m- -nt  a  1  1  •  • ,  the  mode] 
should  t»<  run  at  th«  t  i  im  om  r  •  s{  .  >ud  i  i.g  t--  th.it  o.' 
the  Proud' —  sm  1  od  steed  and  at  i  ste*-d  hi  gi?  «  neugh 
to  yield  <i  Reynold.  number  ot  giegter  titan  1  '  . 

The  attempt  it.  jii  li.-tir.a  the  waki  Dm  t  i .  j  : .  high¬ 
speed  d  i  :;p  1  ac*i -mi-nt  - i i  i  j  •  how*  d  t  hat  tin-  most  i  m- 
portant  contribution  te  the  variation  in  tangential 
and  radial  velo--ity  ,-omionent  ratio:  wa  the  shaft 
angle  to  the  flow.  The  calculation  of  the  potential 
flow  around  the  hull  and  the  resulting  velocity 
components  showed  that  the  effect  of  the  perturba¬ 
tion  due  to  the  hull  was  small.  The  effects  of  the 
boundary  layer  of  the  hull  on  the  wake  were  also 
shown  to  be  small. 

In  summary  it  m.-y  be  stated  that  the  full-?, .-ale 
and  model  wakes  dilfer  by  aj prox i mat  •  •  1 y  ten  percent 
of  the  ship  speed.  Those  differences  cannot  be 
adequately  explained  at  this  t im*  .  Further  work 
on  wake  of  appendages  is  recommended  .is  one  step  in 
improving  the  understand i ng  of  these  differences. 
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FIGURE  A-l.  Circumferential  dis¬ 
tribution  of  piezoelectric  pres¬ 
sure  transducer  siqnals  for  15- 
knot  run  209. 
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(345  rpm)  ,  but  with  the*  pitot  tube  in  different 
angular  positions,  1 80“  for  Run  205  and  300°  for 
Run  209.  Run  208  was  obtained  at  a  speed  of  8.9 
knots  and  a  propeller  spued  of  245  rpm,  with  the 
pitot  tube  at  300” . 

As  can  clearly  be  seen  from  the  data  obtained 
during  Run  209,  the  pressure  si  final  from  the  three 
operating  pressure  transducers  is  periodic.  There 
is  an  obvious  periodicity  at  twice  blade  frequency 
(eighth  harmonic  in  shaft  frequency).  A  Fourier 
series  analysis  of  the  data  from  the  two  15-knot 
runs  showed  that  the  second  harmonic  in  blade 
frequency  was  the  dominant  harmonic  in  all  throe 


siqnals.  For  Run  209,  the  amplitude  of  the  eiqhth 
harmonic  was  3  percent  and  those  of  the  other  har¬ 
monics  were  generally  less  than  10  percent  of  the 
eighth  harmonic.  The  only  exception  to  this  is  the 
sixteenth  harmonic  which  is  again  of  increased  mag¬ 
nitude.  Although  the  magnitude  of  the  harmonics 
from  Run  205  were  lower  than  those  from  Run  209  the 
saem  results  apply.  There  is  not  obvious  periodicity 
in  the  data  from  Run  208.  However,  a  harmonic 
analysis  of  this  data  shows  that  the  twelfth  har¬ 
monic  is  dominant,  although  not  nearly  to  the  same 
extent  as  in  the  cases  of  tho  high  speed  runs. 
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Influence  of  Propeller  Action  on 
Flow  Field  Around  a  Hull 
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ABSTRACT 

Flow  field  in  t H*'  vicinity  of  a  hull  is  analyzed 
by  using  acce lerat ion  potential/  and  an  approximate 
ca  leu  la  t  ion  method  is  derived.  The  present  method 
ran  calculate  the  change  of  pressure  on  the  hull 
caused  by  a  propel  Lit  action.  Numerical  results 
by  the  present  method  are  shown  with  experimental 
ri-sti  Its. 

Wake  far  from  a  ship  is  analyzed  by  using  Oseen’s 
approximation,  and  an  optimum  condition  is  given 
for  wake  energy  recovery  by  a  propeller.  This 
condition  is  examined  by  the  results  of  the  self¬ 
propulsion  tests  and  the  wake  survey  measurements 
at  distant  positions  behind  a  ship. 

t.  INTRODUCTION 

When  a  hull  is  towed  in  still  water,  a  flow  field 
is  induced  around  the  hull.  This  flow  field  is 
very  complicated,  and  becomes  more  complicated  by 
propeller  action.  Many  researchers  have  studied 
experimental ly  and  theoretically  the  phenomena 
caused  by  the  interaction  of  the  hull  and  propeller, 
iYamazaki  et  a.l.  (1C)7J)  |.  Unfortunately,  however, 
the  number  of  practical  uses  of  the  study  results 
is  less  than  those  derived  in  other  fields  of  naval 
hydrodynami os .  One  of  the  i easons  is  because  the 
various  suggested  methods  at-’  themselves  complicated 
owing  to  the  complexity  of  the  phenomena. 

It  has  been  popularly  known  that  both  the  equa¬ 
tions  and  the  boundary  conditions  which  describe 
flow  field  can  be  simplified,  and  analyzed  easily 
if  disturbance  by  an  object  in  the  flow  is  a  small 
quantity  of  the  first  order.  One  of  the  typical 
examples  is;  the  method  of  aceolerat  ion  potential 
in  inviscid  flow  fields  list'd  for  propeller  theory 
|  Tsakonas  et  al.  (1(17.1)  Another  example  i  ; 

Oseen's  method  in  a  viscous  flow  field  used  for 
the  separation  of  hull  resistance  components  [Baba 
(!%'))  i. 


In  this  paper,  the  above-mentioned  concept,  is 
applied  to  analysis  of  flow  fields  induced  by  the 
interaction  of  the  hull  and  propeller,  and  the 
author  derives  practical  methods  relating  to  the 
projH'l  ler-i  nducod  pressure  change  on  the  ’null  and 
wake  energy  recovery  by  the  profiler.  Section  1' 
explains  coordinate  systems  used  in  this  paper. 

In  Section  .1,  the  author  applies  the  method  d 
acceleration  potential  for  analysis  of  inviscid 
flow  fields  in  the  vicinity  of  the  hull,  and  derives 
a  method  which  can  be  used  to  calculate  the  change 
of  pressure  induced  by  a  propeller  on  a  hull  surface. 
In  Section  4,  the  author  applies  Oseen's  method  for 
analysis  of  wake  far  from  the  hull,  and  derivi  a 
method  to  predict  recovery  of  wake  energy  by  ‘he 
propeller.  Then,  this  method  is  examined  by  the 
experimental  results  obtained  from  self-propulsion 
tests  and  the  wake  survey.  Section  S  concludes 
this  paper. 


2.  COORDINATE  SYSTEMS 

We  assume  that  a  ship  with  a  single  propeller  is 
moving  with  a  constant  speed  on  the  free  surface  of 
still  wat.it.  At  first,  we  define  a  coordinate 
system  »>-XY 7.  fixed  in  space  and  a  coordinate  system 
o-xvz  fixed  on  the  hull  .is  indicated  in  Figure  1. 

The  coordinate  system  c-XYZ  is  an  orthogonal  coor¬ 
dinate  system,  in  which  the  XZ-plano  coincides  with 
the  still  water  surface  and  the  j>ositive  direction 
of  Y-axis  coincides  with  an  upward  vertical  line. 

The  coordinate  ssutem  o-xyz  is  a  moving  coordinate 
system  in  which  the  origin  o  is  moving  on  the  X-axii? 
in  the  negative  direction  with  a  constant  velocity 
1),  and  this  sytem  satisfies,  the  following  relation¬ 
ship  wi  th  d-XYZ : 

X  ~  x  -  Ut  ,  Y  -  y ,  Z  z ,  (1) 

where  t  represents  time. 

Next,  we  define  two  more  coordinate  systems 
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!’ r wU RE  1.  Coordinate  systems. 


1 -x  i  y  i i  and  'i-xj!’1  related  with  the  propeller 
as  indicated  in  Figure  1.  In  the  coordinate  system 
-x ;  y  j ::  i  ,  tlu'  origin  coincides  witli  the  propeller 
center  and  we  assume  that  the  xj-uxis  coincides 
with  the  propeller  axis  and  is  parallel  to  the  x- 
axts.  Further,  the  coordinate  system  'M-xiyi-|  has 
the  lol lowing  relationship  with  tin'  coordinate 
system  e-xyz : 


by  ( x ,  y ,  z ) ,  the  velocity  potential  for  the  over¬ 
all  flow  field  can  bo  expressed  by  U*x+4>s,  and  the 
following  equation  must  be  satisfied  for 


.i  • 
ilX- 


Ay- 


-  ,  :>'ts  _  0 


(4) 


Boundary  conditions  are  given  as  follows.  On  the 
hull  surface,  Ss,  the  following  equation  must  bo 
sat isf i ed : 


/  ‘'*h\  3+h  3^s 

V1  *  a5T  1  Ml*  "  37-  *"y  +  57-  *nz  I 


(5) 


where  nx,  iiy ,  and  represent  x- ,  y-,  and  z-  com¬ 
ponents  of  the  outward  normal  unit  vector  on  Ss. 

On  the  free  surface,  we  have  two  boundary  conditions. 
One  of  them  can  be  obtained  from  the  Bernoulli's 
law  and  the  condition  of  constant  pressure  there, 
as  follows: 
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X  ♦  Xj,  y  -t'  =  Z]  , 

win* re  (x^,  -f,  ■•)  are  the  coordinates  of  tlu*  pro¬ 
peller  center  on  -xyz.  Mort'ovor ,  the  following 
relationship  is  satisfied  between  ''|“xlYl*’i  and 
-x ;  : 

x;  xj,  V;  r  cos-',  1  r  sitr*.  (  *) 


where  \;.(x,z)  represent;  the  vertical  displacement 
of  the  free  surface,  namely,  wave  height.  Another 
boundary  condition  on  the  free  surface  is  the 
kinemutical  condition  as  indicated  below: 


(7) 


*.  PKFSSPKK  ON  A  HFl.I.  Sl’HFAv'F  AND  AiVFt.i  RATION 
POTENTIAL 


Af  infinity,  the  follow  i  ng  boundary  conditions 
might  In*  given: 


Pressure  generated  on  the  hull  surface  in  the  towed 
condition  differs  from  that  in  the  sel f-propulsion 
condition  because  of  the  influence  of  propeller 
action.  The  t ime- i ndependent  pat f  of  this  change 
corresponds  to  the  pressure  component  of  the  thrust 
deduction  and  the  time-dependent  part  corresponds 
to  the  prope I ler- induced  surface  force.  Now,  with 
conve:.*  i ona  1  methods  devised  to  calculate  these 
force.*;,  numerical  procedures  tend  to  be  extremely 
troublesome.  Consequently,  a  great  deal  of  calcu¬ 
lation  time  is  required,  especially  in  calculating 
propeller  induced  velocity,  and  it  is  hard  to  apply 
to  a  practical  hull  of  a  complicated  form.  Hence, 
art  e.t;y  method  with  which  the  calculations  of  pro¬ 
peller  influence:*,  can  be  1  educed  i  s  needed. 

In  this  chapter,  tin*  method  which  can  calculate 
change  of  j  res sure  induced  by  a  propeller  on  the 
hull  ■•ui  f.i'V  is  explained.  This  method  can  be 
obtained  by  using  acceleration  potential. 


Fundament  a  1  Fqunt ion 

In  this  s  et  ion,  we  assume  that  the  flow  field 
around  the  hull  1  invi  ;cid.  This  ussumpt  ion  .  lay 
he  c<  *n-.  1  dei  e.l  r'.|.>uaM'  i  r.  solving  the  problem  of 
pressun-  on  the  hull  surface  wh«  n  the  boundary  layer 
on  the  hull  surface  is  thin. 

At  first,  1  * •  t  us  .  xamtue  the  flew  field  around 
the  hull  in  the  towed  condition.  P«*notinq  the 
velocity  potential  of  disturbance  due  to  (In*  hull 


Peri  vat  ives  o{  *  o  wlu'ii  *  x  ‘  ♦  y  *  ?.'  '  *’  , 


’ ‘  i1  when  »  x  ♦  .v  *  *‘  .  (B) 

Next,  let  us  examine  the  flow  field  around  the 
hull  in  the  se 1 f— propulsion  condition.  Wo  assume, 
similarly  to  the  towed  condition,  that  the  velocity 
potential  of  disturbance  exists.  Then,  we  can 
express  the  velocity  potential  of  the  overall  flow 
field  by  F  •  x  +  4.;  4  v*.  Here,  the  ,*-*  ( x  ,y ,  z ;  t )  rep¬ 
resents  the  change  of  the  velocity  potential  due 
to  the  propeller  action  when  the  moving  condition 
i s  changed  from  tin*  towed  condition  to  the  self¬ 
propulsion  condition,  and  •.*'*  must  satisfy  the 
following  equation: 


,F  .♦>*  .f'-4’*  .F'o* 

- 4. - 1-  4  —  —  ftp.  (U) 

Ax  Ay  ‘  Az; 

We  can  also  obtain  the  boundary  conditions  under 
the  sel f-propulsion  eondition  in  the  same  manner 
as*  under  the  towed  condition.  In  this  ease,  however, 
time  derivatives,  appear  in  some  eonditons  by  the 
influence  of  propeller  rotation.  On  the  hull  sui — 
faee,  the  following  boundary  condition  is  given: 
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On  the  free  surface,  the  condition  of  constant, 
pressure  and  the  kinematical  condition  can  bo  given 
as  follows: 
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Derivatives  of  *J‘*  *  0  when  » x  ♦  ■/.'  *  •  , 

*  *  i;  when  /x‘  t  z‘  •  ,  (17) 

when*  •’,*  (x,2;t)  represents  change  of  wave  height 
due  to  the  propeller  action  and  tin-  following 
re  lat  ionship  must  be  satisfied: 

*■*  =  -  ’.K.  (IK) 

Acceleration  Potential  and  Approximate  Calculation 
.Method 


Accv/cru  (  /on  /’ofonf  /a/ 


win* re  *.  represents  the  wavt'  height  in  the  self¬ 
propulsion  condition.  At  infinity,  the  following 
boundary  conditions  might  be  given: 

Derivatives  of  s  +  4*  *  0  when  *  x‘  4  y  +  z*'  * 

fc  0  when  ►  x*  4  ;••*■«>  .  (12) 

sp 


The  purpose  of  this  section  l s  to  indicate  that  the 
equation  and  the  boundary  aiditions  for  derived 
in  the  previous  section  can  be  expressed  in  tin- 
terms  of  aceelerat ion  potential  on  the  assumption 
of  thin  hull. 

At  first,  using  the  assumption  of  thin  hull,  w» 
express  tin*  shape  of  the  lull  1  as  follow:;: 


Finally,  using  the  equations  derived  under  the 
towed  condition  and  the  self-propulsion  condition 
described  above,  let.  us  derive  the  equation  and 
boundary  conditions  for  <J>*  which  express  the  change 
of  the  flow  field  around  the  hull  due  to  the  pro¬ 
peller  action.  At  first,  v*  must  satisfy  the  Laplace 
equation  (9).  Next.,  let  us  obtain  the  boundary 
conditions  for  4»*.  On  the  hull  surface,  the  fol¬ 
lowing  relationship  is  given  from  {■■>)  and  (lb): 


7.  -  f  *  f  (x,y )  i  n  S  *  ,  (in) 

where  i  represents  a  small  quantity  of  the  first 
order  and  S  *  represent:;  a  projected  plane  of  tin- 
hull  surface,  S;;,  in  tin-  xy-platie.  And,  it  seems 
reasonable  to  develop  all  our  quant  itb-s  in  powers 
of  >  ,  as  fol lows : 

■  I1!  ♦  P  ;  .  +  .  .  .  ,  (.'  >) 


t\».* 

■77 


on  S 


(14) 


i'n  the  free  surface,  the  following  equation  is 
given  from  (<■> )  and  (11)  in  rorresixmdence  with  tin- 
condition  of  constant  pressure: 


V-.v 


Thus, 


can  also  be  developed  as  follows: 


(.’1) 


(24) 


•x  -x  q 


1 


gy  .  . 

v  sp 

(lh) 


Next,  wc*  proceed  to  obtain  the  equation  and 
boundary  conditions  for  jq  *  which  correspond  to  the 
first  order  of  •  by  substituting  the  development 
(20)  (24)  nto  tlie  equation  and  boundary  conditions 
for  >}'*  in  tlie  previous  section.  The  following 
equation  in  Q*  can  be-  obtained  from  (9)  and  (21): 


And,  using  (V)  and  (1..’),  tin-  following  equation  is 
n  v-  n  in  correspondence  with  tin-  kinematical 
•  -tell  t  ion: 


(2M 


(In) 


At  infinity,  tin*  following  boundary  conditions 
might  be  given: 


Let  us  consider  the  boundary  conditions  for  !i*. 
First,  using  F.q.  (19),  we  can  estimate  the  magni¬ 
tude  of  11  ,  n  ,  n  in  the  Kq.  (14)  as  follows: 
x  y  x 

n  -  0(,  )  ,  n  0(,  )  ,  n  0(1)  ,  (2L) 

x  V’  z 


where  c  denotes  the  order  symbol  .  In  addition,  we 
ob t am  f rom  (19)  a nd  (21) 


7~'  f  (x,y) 


;)x 


+  o(« :’) 

z=0 


(27) 
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1 


3q 

>y~” 

|  +  0(C)  , 

(28) 

z  =  >  f(x,y) 

z=0 

|  +  o  (.  :  )  . 

(29) 

z=i  f(x,y) 

Dz 

z=0 

Hence,  by  substituting  (26)  -  (29)  into  (14),  we  can 
obtain 

3*1 

I  0  in  S  *  .  (30) 

<*Z 

25-0 

Further,  for  the  boundary  conditions  on  the  free 
surface,  the  following  equation  can  be  obtained  by 
substituting  (20)*  (24)  into  (15): 

* 

()  +  +  |  =  o  .  (in 

Y  0 


And,  in  correspondence  with  the  Eq.  (16),  the  follow¬ 
ing  equation  is  also  obtained: 


3t 


y~o 


o 


(32) 


Hence ,  eliminating  from  (31)  and  (32),  wo  can 
obtain  the  boundary  conditions  on  the  free  surface: 


<x  U  ,ix.)t  *  V-'  ,;t  •'  f  U-  7y“  i y  () 


0  .  (3  3) 


Moreover,  at  infinity,  boundary  conditions  are  given 
vis  follows  by  (17),  (21)  and  (24): 

Derivatives  of  j  *  0  when  kx  ♦  y-  ♦  z  .  •  ,  (34) 


the  order  of  E  .  Moreover,  */V^  can  be  considered 
as  an  accelerat ion  potential  as  is  obvious  from  the 
relationship  with  ;•*. 

Finally,  we  proceed  to  convert  Eqs.  (25), (30), 
(33),  (  34),  and  (35)  for  **  to  equations  for  ■'  by 
using  the  relationship  (38).  Using  (25)  and  (38), 

*  must  satisfy  the*  following  equation: 


(39) 


On  the  hull  surface,  S  ,  we  can  obtain  from  (26) 
the  following  equation': 


3* 

3n 


on  S 


1  T~  +  n  •« 

X  ax  y  Jy 


*  ¥ 
Z  (iz 


d\l> 

>3z 


on  S 

s 

+  0(  -  •')  in  S*  .  (40) 


z=0 


On  the  other  hand,  if  (x,y)  is  a  point  on  Ss,  the 
following  equation  can  be  obtained  from  (30)  and 
(38)  : 


-  t  !!„  („  f  ♦  UMi 

3z  1  „  V  3 x  3t /  3z 

f  z--0  z  ‘0  x 


\U 

\  x 


1 


-z-(z=05  = 0  • 


(41) 


Thus,  the  hull  surface  condition  for  * i  can  be  con¬ 
verted  to  tliat  for  >'  as  follows: 


D'* 

3n 


(42) 


on  S 


Similarly,  the  free  surface  condition  (33)  for  *i* 
can  be  converted  to  that  for  *  as  follows: 


l  *  0  when  *x;  ♦  /.•  .  ,  ,  (36) 

Now,  let  u:.  denote  the  pressure  of  the  flow  field 
in  the  towed  condition  and  that  in  the  self-propulsion 
condition  by  ps(x,y,/)  and  pSp  (x,y  ,z;  t. )  respect  i  ve  ly . 
By  substituting  (2o)  and  (21)  into  Bernoulli's 
express  ion,  we  can  obtain 


3J i  +  _2_  +  __1_  +  | 

Dxr  u  3x3 1  U?  3t:  U‘3y  y=0 


0  . 


(43) 


Moreover,  for  the  boundary  condition  at  infinity, 
the  following  equation  is  given  from  (34)  and  (36): 


■  -,,y  -  .  I  !---■•  ♦  ()(■•'),  (  Jf,) 


.  ;  (  •  *  y  ,  ♦,  * 

-  ‘>v  -  7XJ-  4  .7T-;  -  '.71  4  '»«•  •'»  •  (,7> 

where  >■  represent  s  fluid  density.  Hence,  the 
pressure  change ,  ,<x,y,z;t),  due  to  the  interaction 
of  the  hull  and  propeller  is  qiven  by  the  following 
e  ju.it  ion : 


*  ►  0  when  *  x’  +  y*  +  z'  v  .  (44) 


Integra/  Equation 

Wo  proceed  to  seek  the  solution  of  *  which  is  the 
harmonic  function  in  the  region  bounded  above  by 
the  plane  y-0  and  elsewhere  by  the  hull  surface  and 
satisfies  boundary  conditions  (42),  (43),  and  (44). 

At  first,  we  separate  the  solution  into  the  two 
parts  and  write  it  as  follows: 

* ( X , y , z ; t )  =  V(x,y,z?t)  +  W(x,y,z;t),  (45) 


■*'  "  ~  C|\  -  p  ) 

’  f  '  f 


4  —  '  • 


(38) 


Tin:  equation  shows  that  the  magnitude  of  *  is  of 


where  both  V  and  W  are  the  harmonic  functions  in 
the  region  as  indicated  above.  Moreover,  let  W 
represent  the  pressure  induced  by  a  rotating  pro¬ 
peller  moving  straight  ahead  with  a  constant  speed 
in  still  water  and  a  free  surface.  Now,  we  have 
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many  formulas  for  W*(x,y,z;t)  which  represents 
the  pn'ssiuri’  induced  by  an  N-bladed  propeller  moving 
in  infinite  space.  One  of  the  formulas  for  W*  is 
given  on  tin1  assumption  of  thin  blades  as  follows 
! Jakobs  et  a 1 .  (1972) j : 


W  *  W  *  ( x ,  v , )  e 

V  0 


1  V..  t 


,  r"  1  ds  •  .  i-.  < r  • , 

i)  4"  q-i  ' -0 


where  •  (q-1), 


. . -i*. 

•n  k 
’’  (4(.) 
(47) 


with  j  =  imaginary  unit,  =  angular  speed  of  the 
propeller,  8.,  -  lifting  surface  of  propeller,  I..’  - 
pressure  lump  across  Sj  ,  (  *  point  on  S.w 

n*.  -  normal  unit  vector  at  and  K  ~  distance 

between  r  • 4 -i )  and  (x,y,:;)  .  lienee,  using  W*  anti 

tlie  method  o:  the  mirror  image,  wo  can  obtain  a  W 
which  satisfies  the  boundary  conditions  (43)  and 
(44).  Then,  we  can  write  W  as  follows: 


W  -  5  W  (x,y,z)  e^‘ "t  .  (48) 

-o  v 


Next,  let  us  consider  V.  Then ,  we  assume  that 
V  and  can  be  developed  in  correspondence  with  the 
development  (48)  as  indicated  below: 


= 

','v(x,y,z)t*l' 

:;t 

(49) 

v  - 

:  ()Vv(x,y,x).'i'' 

s't 

C>0) 

Hence,  using 

(42)  and  (44), 

we  have 

;>vv(o) 

'>Wv 

| 

(51) 

.in 

^  a  'n 

On  S 

v  <o)  ■ 

0  when  /x‘  +  y ‘ 

+  z'  *  "  , 

(52) 

where  the*  suffix,  (e)  ,  means  the  outside  of  the 
hull  surface?.  In  the  same  manner,  from  Eq.  (43), 


we  have 

;v  v 

:w 

;>v  i 

V 

\> 

t  K  o - t 

Kr—  +  Kr  V  |  0  . 

(53) 

3y 

.ix  y_o 

whe  re 

Ko 

~  ,  Kj 

2jv>.:  K  _ 

(54) 

\V 

u  v' 

Now,  we  suppose  that  we  know  the  functions  G  (\, 

M,\ ;x,y,z)  (V-0,1,2, . )  such  that  the  areV 

harmonic  functions  for  rr  0  except  at  (x,y,z)  where 
G  have  a  singularity  of  first  order,  and  G  satisfy 
the  boundary  conditions: 

3*V.  'k;  M; 

V)  V  V  I 

—  +  Ko - +  K  i - +  K:G  j  =  0  ,  (55) 

.6'.*  J?i  V 

h-0 


v  0  when  /x'  +  y  +  z'  k  •”  .  (58) 

Tlif'n,  we  can  obtain  the  following  equation  by  using 


(52),  (53), 

( 55) ,  and 

(56)  with 

the?  method 

of  Green's 

function: 

4)'v  , (,,)  KM 

r 

j ds< 

r  ,v(i) 

1  /i,v  , 

,  i 

v(e) 

(QiQe) 

1^\  h  r  i 

;m  J  5  '■ 

*^s 

+  (Vv 

o 

i 

< 

c  — 

— g-  G  (q  ; 

QnQ 

0 

9  )/,  (57) 

where  g  denotes  a  point  outside  SK ,  Q  denotes  a 
point  on  Ss ,  and  the  suffix,  (i),  means  the  inside 
of  the  hull  surface.  Then,  we  seek  a  solution  of 
V  (O  which  satisfies  the  boundary  condi ton  on  Ss 
as  f o l lows : 


.(i> 


(58) 


Then,  using  (53)  and  (58),  we  can  obtain  an  internal 
solution  as  follows: 


V(l)  =  -W  .  (59) 

V  V 


Therefore  , 
into  (57), 


by  substituting  (5i), 
tlie  external  solution 


(59)  ,  ami  (5'i) 

V^'^must  satisfy 

v 


4«v(o) (g  ) 

\'  e 


;  ds  [yl"' 


(IS)) 


Finally,  we  have 

4 "W  (Q  )  to  both 

v  'e 


the  following  equation  by  adding 
sides  of  the  Eq.  (GO): 


4;1  i'WlQj  -  4 "  W  (Q  ) 


dS  C<‘’>  (?) 


3 


(el) 


In  tli is 

equat  i  oil , 

letting  go  be  the  limit  of  g 

on 

S  ,  we 

can  get. 

r 

j 

li'<o)  (Q 
\*  o 

)  -  i- 

2  71 

1 

S 


2V«o> 


(62) 


because  the  singularity  of  first  order  exists  in 
the  C,^.  Tli is  (/'y*)  (Qq)  Is  exactly  the  change  of 
pressure  on  the  hull  surface  caused  by  the  propeller 

which  we  intend  to  calculate.  If  W  and  G  can  be 

\>  y 

given  a  priori,  Eq. (62)  can  be  considered  to  be 
an  integral  equation  for  the  unknown  y v (e) (gQ) .  Thus 
the  problem  of  calculating  the  change  of  pressure 
on  a  hull  surface  caused  by  a  propeller  changes  to 
the  problem  of  solving  an  integral  equation. 


Ti n*'- 1 ndt'fM'ndi'nt  (7un»/e  of  /’ressurc  On  the  Hull 

Now,  wp  proceed  to  give  Wn  and  Go  for  a  steady  case 
( 0 )  .  Go  (\ ,  M ,  ;  x  ,y  ,  z)  can  be  written  as  follows 
based  on  a  wave  making  theory: 
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1 

Go  ('*  » n,  ;x,y,z)  =  -  '  _  ^ 

»(:-x)-’  +  (n-y)-'  +  ( ’.-z)  •' 


+  _ 1 _ 

»(,-x)-'  f  (n+y)"  +  U-z)-’ 


Numerical  Procedure 

The  purpose  of  this  section  is  to  describe  the 
numerical  procedure  for  the  method  explained  in 
tiie  previous  section.  Here,  for  convenience  *  sake, 
let  us  denote  ]' c ^  in  (02)  by  ijj* . 


d0 


dk 


k  exp  (k  n+y  +  ikp1  )  ,  ((5 3) 


J 


k  -  Kosoc*0 


where  p*  =  (f.-x)  cos  0  +  (r.-z)  sin  0.  (04) 


We  can  qet  Wo  by  using  Eq.  (40)  as  follows.  The 
first  stop  is  to  rewrite  the  integrated  term  in  the 
right  side  of  Eq.  (40)  by  the  transformation 


3 

;>n 


Go 


(05) 


Then,  using  tin'  rewritten  expression,  we  can  obtain 
W,i  us  follows: 

W/'(x,v,z)  =  W*(x,y,z)  e^X  ,  .  (00) 

\*  v’-O 


NunK'rical  Calculation 

The  integral  equation,  (02)  is  an  integral  equa¬ 
tion  of  Fredholm  type  of  the  2nd  kind.  Generally, 
it  is  impossible  to  obtain  analytic  solutions  of 
the  integral  equation  for  S  in  an  arbitrary  form. 
Thus,  various  approximation^ methods  have  been 
suggested.  In  this  paper,  a  definite  integral  is 
approximated  by  a  finite  sum,  the  equation  is  con¬ 
verted  to  a  linear  equation,  and  this  equation  is 
solved  numerically. 

At  first,  the  following  approximations  are  used: 

(i)  A  hull  in  an  arbitrary  form  is  replaced  by  a 
polyhedron.  The  form  of  each  surface  named 
"element"  is  a  plane  quadrilateral. 

(ii)  On  each  element,  the  unknown  function  (Q  ) 
is  assumed  to  be  constant. 

Using  this  approximation,  the  continuous  function 
J‘*(Q  )  is  replaced  by  the  discrete  quantities, 

(i  =  ll,2, . .  M)  ,  for  the  total  number,  M,  of  the 

elements.  A  control  point,  Q  ,  where  Wo  (Q  )  must 
be  calculated,  is  selected  for  each  element.  Thus, 
we  have  the  following  transformation: 


It  should  be  understood  from  the  above  expla- 
nnt  ion  that  I. *  must  be  given  to  calculate  Wn .  In 
order  t  o  obtain  I.,’  precisely,  we  must  consider  the 
boundary  conditions  on  the  propeller  surface  which 
have  been  disregarded  m  tin*  discussion  up  to  this 
step.  To  do  so,  however,  requires,  complicated 
caleulat  ion:;  as  se»*n  in  the  conventional  methods 
for  the  problems  of  the  hull-propeller  interaction. 
The  complexity  of  the  calculations  have  caused  the 
conventional  methods  to  be  impractical  as  described 
in  the  Section  1.  Hence,  the  author  introduces  the 
following  approximation.  The  steady  change  of 
ru  ‘sure  on  a  hull  surface  which  we  are  now  examining 
corresponds  to  a  pressure  component  of  thrust,  de¬ 
duction.  We  can  consider  that  obtaining  the  thrust 
deduction  is  the  same  as  obtaining  pressure  on  the 
hull  surface  as  a  percentage  of  the  mean  propeller 
thrust,  T*.  Hence,  the  relationship  between  un¬ 
known  I.-'’  and  known  T  can  be  given  as  follows: 


N 

ds  L*  (  '  ’  ,-‘rt)  1  -  Ttf  ,  (07) 

i  1  x 


wh'-r*-  d-  not<' ■  tie*  component  in  x  direction. 

Now,  t  * .  •  •  I,  ’  \m  b*  considered  us  tin*  ]um|  of  t  li«  • 
pr«  ;;ui«-  change  uernss  the  propeller  surface  due 
to  tin  1  nt .  ra*  t  i  on  of  tin*  hull  and  prop'll-  1,  and 
eon  .<*.{u*nt  ly ,  I!  \ .  (o7)  may  be  considered  as  the 

u|  proximate  boundary  condition  on  the*  propel  )•  1 
surface  for  , -b  )  (o  ).  By  giving  an  arbitrary 
function,  I,  *  ,  which  satisfies  the  auxiliary  Kg.  ( * .  7 ) 
and  calculating  Wo  by  (4*0,  <•>'<),  and  (*»*>),  we  can 
solve  tin-  integral  equation,  (*■>.').  Thi*;  1 : -  the 
approximate  c.ilculation  method  proposed  in  this 
pap.*r . 


(Q)^~~  G  (Q;Q  ) 
%  0 


t— r(C  ;Q  )  , 


s 


.  th 

1 


element 


(08) 


where  dsA,  tig,  and  Q'  denote  values  on  the  elements. 
The  definite  inteqral  in  the  right  side  of  this 
equation  is  an  influence  function  from  point  <2  to 
point  <20  and  we  denote  this  function  by  Aq0,£. 

On  calculating  AgQ , g ,  the  existence  of  a  singular- 
point.,  a  so  called  doublet,  becomes  a  problem.  How¬ 
ever,  there  art*  many  numerical  calculation  methods 
for  tli is  case.  In  this  paper,  tiro  Hess-Smith  method 
is  used  • Hess  and  Smith  (1907)  Further,  selection 
of  a  control  point  is  also  a  problem.  However,  for 
this  problem  various  methods  have  also  been  suggested 
in  the  analysis  of  potential  flow  field.  In  this 
paper,  each  element  is  selected  to  be*  similar  to  a 
rectangle,  and  the  point  of  intersection  of  its 
diagonal  lines  is  employed  as  the  control  point. 
Finally,  the  hull  surface  after  St. 1^/^  is  taken 
into  consideration,  and  it  is  divided  more  nar¬ 
rowly  near  stern  in  the  longitudinal  direction  and 
approximately  equally  in  the  depth  direction. 

Thus,  each  element,  Aj ,  i'(i,i'-  1,2,....,M), 

which  corresponds  to  can  bo  calculated  and 

W  .  (v\ J  ,  can  be  calculated  for  each  control  point. 
Then,  the  integral  equation  of  unknown  function, 

,*(0  ),  is  converted  to  a  linear  equation  of  un- 
o  . 
known,  /■*. 

Now,  in  the  calculation  of  Wo (£  ),  the  author 
uses  the  approximation  that  the  number  of  propeller 
blades  is  infinite.  Then,  in  correspondence  with 
(4b),  (47),  ((>h)  ,  and  <••*),  we  can  get  the  following 
re lat ions : 
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whore  H  represents  a  mean  pitch  of  the  propeller 
blade,  and  rg  and  r0  represent  respectively  radius 
of  the  boss  and  radius  of  the  propeller.  Moreover, 
I’(r,6)  represents  the  thrust  per  unit  length  in  the 
radial  direction  of  the  propeller  blade  elements 
and  can  be  developed  as  follows: 

r ( r , o )  =  S:  r,  (r)c_j'°  .  (72) 

A=0  A 

We  can  also  get  the  following  equation  in  correspon¬ 
dence  with  the  Eq.  (ft 7) : 

r 

o 

r 

T0  =  I  dr  n;  3  (r)  .  (73) 


Further,  for  the  calculation  of  Wo  in  Eg.  (ft9),  it 
is  approximated  that  i'o  is  an  elliptic  distribution 
against  r,  and  !'j,  ....are  disregarded. 


!xjmp  It'S 

The  numerical  calculations  are  performed  in  the 
case  of  two  combinations  of  the  hull  and  propeller 
shown  in  Table  1.  Figure  2  shows  the  body  plan  of 
hulls.  In  order  to  examine  the  correctness  of  the 


TAB  I 

.1.  i 

Par  t. 

i  culars 

and  < 

opera t i ng 

:  Condition 

SH  I  P 

L 

I.  / 

B  B/T 

L’ 

D 

z  r  1 

ii 

IT 

11 

B 

n 

M 

I, 

6  .or. 

ft.  5 

0  2.8ft 

.57. 

:  .215 

5  2.05  . 

2ft  7 

9.55 

T 

7.00 

ft .  0 

0  2. ft! 

.  82  ‘ 

»  .21 0 

5  1.27  . 

1  5 1 

H  .52 

Ijpp  r- 

I.engt 

h  be 

twen  p 

erpendi culars 

(meter) , 

B  = 

Bread 

th. 

T 

Draft 

at 

mid-set.* 

t  ion , 

Block  coeffi 

.eient 

. , 

D 

Trope 

lie  r 

d i ame  t 

or  (motor) ,  Z 

-  Numbe  r 

of 

prope 

Her 

blade s 

, 

r 

Ship 

spec 

d  ( me  t  e 

r/  sec< 

and) ,  Fn 

-  Froude 

numbo 

r , 

nM 

Prope 

1  ler 

*  s  number  of 

revolut i 

on  per  sc 

>cond . 

approximation  used  in  the  calculation  of  Wo,  the 
procedure  as  follows  is  performed.  First,  perfor¬ 
mance  of  the  propeller  in  the  nominal  wake  is  calcu¬ 
lated  to  obtain  V\  and  Next,  by  using  the 

five  combinations  of  distribution  forms  of  I’>  ,  L* 
and  the  number  of  the  propeller  blades  as  follows: 


(a) 

N; 

finite , 

using  Lo 

M,\  ... 

. .  ,  L7 '  in 

(66) 

(b) 

N; 

infinite 

,  using 

r  o  <  r  i  <  ■  •  • 

.  .  ,  F 7  in 

(69) 

(c) 

N; 

finite , 

using  L0 

'  3nly  in 

(66) 

(d) 

N; 

infinite 

,  us i ng 

I’ o  only  in 

(69) 

(e) 

N; 

inf j  ni to 

,  using 

r0 :  elliptic  in  (69) 

, 

The  W0  are  calculated.  Then,  by  substituting  these 
W0  in  (ft 2) ,  the  pressure  changes,  V* ,  are  calculated 
and  indicated  in  a  non-dimensional  form  in  Figure  3. 
As  shown  in  Figure'  3,  the  barely  differ  due  to 
the  distribution  form  of  T,L',  and  the  number  of 
propeller  blades.  Hence,  the  approximation  of  the 
elliptic  distribution  is  reasonable. 


Experiment 

The  experiment  was  performed  at  the  towing  tank  of 
I HI  by  applying  a  standard  hulj  surface  pressure 
measurement  iNamimatsu,  (1976)].  For  the  ships 
indicated  in  Table  1,  pressures  on  the  hull  surface 
are  measured  under  both  the  towed  and  the  self¬ 
propulsion  condition.  Differences  of  the  measured 
pressure  between  the  towed  and  the  so  1 f -propuls ion 
condition  are  used  for  the  experimental  values  of 
the  pressure  change  caused  by  the  propeller. 

Figure  4  shows  the  comparison  of  the  experimental 
values  to  the  calculated  values,  which  are  obtained 
by  approximating  7q  as  the  elliptic  distribution. 

In  addition,  Table  2  shows  the  pressure  component, 
tp,  of  the  thrust  deduction  fraction,  t,  which  is 
the  sum  of  the  pressure  change.  The  comparison  in¬ 
dicates  better  agreement  for  the  L  ship  (a  thinner 
ship) . 


Discuss  ion 

The  calculation  method  in  this  paper  is  derived  by 
expressing  the  equations  and  boundary  conditions 
(which  determine  the  change  of  the  flow  field  due 
to  the  interaction  of  the  hull  and  propeller)  in 
the  form  of  an  acceleration  potential.  For  this 
reason,  this  method  nominally  requires  calculations 
of  pressures  induced  by  the  hull  and  propeller, 
while  the  conventional  methods,  which  express  flow 
fields  in  the  form  of  a  velocity  potential,  require 


:-'JV 


150  mm  UK' 

50  0 

> 

'  -9M  1 

50 

1 50mm  100 

LlLLLU 

_ Jo 

ISO  mm  100  SO 


ISO  mm  100  50 


1  1 50  mm  100 

r-2*  •  n 

.  i 

— -  Jo 

50 

M  P 

150  mm  100 

50 

•jp 

y 

150mm  100 

so 

1 

r 

[  -  107.  ’  1 

_ 0 

l  SO  mm  100  50 


- N  -  5  ,  i 

.  N—  , 

-  **11 1  pt  i  i- 


130  mm  100  SO 


i>r.i iiut «■  of  a  point  on  hull  surface  l'(ship  speed)  0. 05m/ si 


FIGURE  3.  Numerical  calculation  of  pressure  change  on  a  hull. 
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calculations  of  pressures  and  velocities  induced  by 
the  hull  and  propeller.  Generally,  the  calculations 
of  induced  pressure  require  less  time  in  comparison 
with  the  calculations  of  induced  velocity.  Thus, 
when  the  present  method  is  used,  the  time  required 
for  numerical  calculations  can  be  reduced  to  a 
practical  value.  This  method  can  also  be  applied 
for  the  calculation  of  propc 1 ler-induccd  surface 
forces  [ishida,  (1975)1. 

It  is  anticipated  that  the  results  d<  *'ived  by 
this  method  may  be  worse  as  the  calculation  point 
moves  closer  to  the  stern,  because,  in  this  method, 
the  assumption  of  a  thin  hull  is  used,  prop-' ller 
boundary  conditions  are  simplified,  and  the  judder 
is  disregarded.  When  the  actual  experimental  values 
are  examined,  it  seems  that  the  anticipation  may  be 
correct.  However,  it  is  more  appropriate  to  con¬ 
sider  that  the  majority  of  the  error  is  due  to  the 
fact  that  the  flow  field  around  the  hull  is  assumed 
to  be  inviscid. 


4.  WAKE  ENERGY  RECOVERY  BY  A  PROPELLER 

A  towed  hull  pulls  still  water  forward,  but  when 
the  hull  is  self-propelled,  the  propeller  acceler¬ 
ates  this  forward  flow  toward  the  back,  and  thus, 
the  propeller  recovers  wake  energy.  Hence,  it  is 
important  for  the  improvement  of  propulsion  effi¬ 
ciency  of  a  ship  to  know  how  the  wake  energy  can  be 
recovered  effectively.  The  present,  self-propulsion 
test  method  can  give  information  for  the  wake  energy 
recovr-iy  as  a  propulsion  factor.  This  method  is, 
however,  insufficient  to  tell  us  how  wake  energy 


should  be  effectively  recovered.  This  is  due  to 
the  fact  that  the  balance  of  force  is  a  basic  prin¬ 
ciple*  of  analysis  in  the  method,  in  which  the  balance 
of  energy  is  not  given  sufficient  consideration, 
and  further,  because  almost  no  information  on  the 
flow  field  can  be  given.  To  cover  the  fault  of  the 
self-propulsion  test  method,  a  knowledge  of  the 
overall  flow  field  is  necessary  and  the  distribution 
of  energy  in  the  flow  must  be  found.  In  the  vicinity 
of  the  propeller,  however,  the  flow  field  is  so 
complicated  that  experimental  measurement  and 
theoretical  analysis  are  difficult.  Hence,  we  might 
consider,  as  a  practical  approximation,  an  attempt 
to  estimate  wake  energy  recovery  by  a  propeller 
through  an  analysis  of  the  wake  at  a  position  far 
from  the  propeller. 

In  the  next  section,  the  phenomena  of  the  inter¬ 
action  in  a  distant  wake  are  analyzed  by  the  use 
of  Oseen's  approximation  to  determine  under  what 


TABLE  2  Thrust  Deduction  Fraction 
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tp  is  obtained  from  pressure  measurement 
tp*  is  calculated  by  present  method. 
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conditions  the  wake  etvrqy  is  of  feet  i  volv  ivcovt'ivd 
by  tin-  propeller. 


Fundamental  Fquat ion 

In  this  section,  w*-  assume  that  a  ship  is  stationary 
in  a  uniform  flow  of  speed  U.  We  proceed  to  examine 
the  balances  of  force  and  energy  between  the  ship 
and  the  flow  field. 

Now,  for  the  surfaces  where  force  and  enemy  are 
surveyed,  we  define  six  rectangular  cross-sections 
in  addition  to  the  hull  and  propeller  surfaces. 

These  six  rectangular  cross-sect  ions  are  indicated 
in  Figure  r>.  Two  vertical  planes  are  in  right  angle 
to  the  direction  of  the  uniform  flow  at  the  front 
and  rear  of  the  hull.  The  free  surface  and  the 
bottom  of  the  water  are  held  between  the  two  vert. cal 
planes,  and  two  more  vertical  planes  an  parallel 
to  the  uniform  flow  at  infinite  distances  to  tin- 
right  and  left  of  the  hull.  Further  for  simplicity, 
we  assume  that  the  flow  field  is  independent  of 
tim*  *»v**n  if  a  propeller  exists  and  a  coefficient 
ot  diffusion,  ..t>,  due  to  viscosity  or  turbulent 
flow  is  constant.  Moreover,  notations  used  here 
have  the  same  meaning  as  those  in  Section  3. 

At  first,  let  us  examine  the  input  and  output 
of  momentum  at  the  individual  surveyed  surface  in 
the  towed  condition.  Then,  as  a  result,  the  total 
resistance,  R  ,  ('an  be  given  by  the  integration  on 
the  rectangular  cross  section,  S  ,  in  the  rear  of 
the  hull  as  follows: 


K  !  dS  P  0  ”  p  — —  -  e  u  (U+u  ) 

t  :  •  e  <  x  I  S  S 


*  .  a  ‘  d::  \s  ,  (74) 

'-b 

where  u,  v,  and  w  represent  x- ,  y-,  and  z- components 
of  disturbance  velocity  and  b  represents  the  half 
width  of  s  at  tie  free  surface.  Further,  pp  repre¬ 
sent?*.  the  pr*--  sui  e  at  x  — Moreover,  when  the 
energy  bulun**  is  examined,  kinetic  energy  lost 
when  t  lu  -  uniform  flow  passes  along  the  hull  must 
be  equal  to  the  sum  of  the  energy  dissipated  to  the 
outside  thtoiwh  the  sut  veyed  surfaces  by  heat  and 
work.  Thus,  we  cun  obtain  the  equation  as  follows: 


ds.ir  -  (Pui.;  ♦  V  +  w' )  ,  (U  +  u  ) 


dv  :  uo  -  f  ds  <j{p(i-p)  (u+u  ) 
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(76) 


By  usinq  (74)  and  (75),  the  effective  horsepower, 
KHB,  can  be  expressed  as  follows: 
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The  tirst  term  or  i  no  right  side  expresses  heat 
enemy,  the  second  term  expresses  the*  increase  of 
kinetic  enemy,  the  third  term  expresses  the  in- 
grease  et  potential  energy,  and  the  fourth  and  fifth 
terms  express  work  toward  tin*  outside  of  \f.  This 
cquat  ion,  (77)  qiws  the  work,  PUT,  transmitted 
to  the  fluid  through  the  hull  when  tin*  hull  is 
towed  in  still  water . 

Next,  the  self-propulsion  condition  can  be 
considered  in  the  same  manner  as  the  towed  condition. 
The  equation  for  the  balance  of  fore-  s  is  as  follows: 


where 


,  ’W  *U  \  ! 

t  i  —Si-  +  — Sii  :  I  .  (80) 

\  .<x  'Z  1 

Then,  using  (78)  and  (79),  we  can  yet  the  following 
equat ion : 
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where  the  subscript  sp  denotes  the  self-propulsion 
condition  and  AR  represents  the  skin  friction 
correction  which  is  used  for  the  ordinary  propulsion 
test  at  the  towing  tank.  When  the  energy  balance 
is  considered,  we  can  get  the  following  equation: 


Urfg 
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Further,  <a  represents  the  sectional  area  in  which 
Ho~H  is  not  equal  to  zero  at  S  . 

And, 
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This  equation  reveals  that  the  work  transmitted  to 
the  fluid  by  the  ship  moving  in  still  water  with  a 
constant  speed,  U  (sum  of  the  delivered  horsepower 
and  the  work  UAR  caused  by  skin  friction  correction), 
changes  in  the  fluid  and  is  dissipated  as  heat, 
kinetic  energy,  potential  energy,  and  work  through 
the  surface  S. . 


Oseen's  Approximation  and  Problem  of  Variations 
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dS 


W  J  +  v  —  j  '  )  j 


fgu  r 

- -  !  dz  ■"  , 


(87) 


that  the  hull  is  thin  and  S  is  placed 


We  assume 
sufficiently 
grations  on  S 

the  Eqs .  (74)*}  (77),  (78),  and  (81)  can  be  approx¬ 
imated  as  indicated  in  the  Appendix.  Hence, 
following  equations  can  be  obtained: 


far  behind  the  hull.  Then,  the  into- 
which  appear  in  the  right  side  of 
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In  the  Eqs.  (82)  and  (83)  for  the  balance  of  force, 
the  forces  kt  and  ;\R,  given  to  the  fluid  from  the 
outside  are  divided  into  the  force  related  to  the 
viscosity  expressed  by  the  first  term  and  the  force 
related  to  the  wave  making  expressed  by  the  second 
and  third  terms.  In  Eqs.  (87)  and  (88)  for  the 
balance  of  energy,  the  energies  EHP  and  DHP  +  U/.R 
given  to  the  fluid  from  the  outside  are  independently 
divided  into  the  first  and  second  terms  which  repre¬ 
sent  the  energy  related  to  viscosity  and  into  the 
third  term  and  the  fourth  term  which  represent  the 
energy  related  to  wave  making. 

Now,  using  (87)  and  (88)  which  show  that  the 
viscous  energy  and  the  potential  energy  are  indepen¬ 
dent  of  each  other,  it  is  obvious  that  the  condition 
for  minimizing  the  viscous  energy  in  (88)  is  a 
necessary  condition  for  minimizing  the  DHP.  We 
proceed,  therefore,  to  obtain  the  minimum  condition 
of  the  viscous  energy  which  corresponds  to  the 
optimum  condition  for  the  energy  recovery  by  the 
propeller.  For  this  discussion,  we  assume  that  in 
the  right  side  of  Eq.  (88) ,  the  first  and  second 
terms  change  independently  or  that  the  increase 
and  decrease  of  the  second  term  have,  at  least,  a 
positive  correlation  with  the  increase  and  decrease 
of  the  first  term.  Based  on  this  assumption,  let 
us.  consider  the  conditions  required  in  minimizing 
the  following  function: 
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E(Ho  -  V  2  4r~  !  ds  (Ho  -  V2  •  (89) 


Using  (83) ,  the  following  equation  is  obtained: 


ds  (H0 


H  )  -  AR  -  R  , 
sp  w 


u> 


(90) 


where  R  denotes  a  wave  making  resistance  under  a 
self -propulsion  condition-  This  R  might  be 
approximately  equal  to  a  wave  making  resistance 
under  the  towed  condition.  Furthermore,  AR  can 
also  be  given  by  the  total  resistance  under  the 
towed  condition.  Hence,  it  can  be  considered  that, 
under  the  self-propulsion  condition,  the  following 
equation  is  given: 


r 

P  g  I  dS  (Ho  ~  H  )  c,  (91) 

J 

(0 

where  C  is  constant  and  can  be  decided  by  the  towed 
condition.  Thus,  the  problem  of  minimization  of  E 
is  converted  to  the  problem  of  variations  for 
minimization  of  E  given  by  (89)  under  the  constraint 
condition  (91)  .  It  is  obvious  that  the  following 
solution  exists  for  the  problem  of  variations: 


Ho 


H 

sp 


constant . 


(92) 


Furthermore,  although  it  is  omitted  here,  at  least 
the  conditions  that  the  ship  speed  and  displacement 
are  constant  are  implicitly  required  in  addition 
to  this  constraint  condition. 

Let  us  consider  the  meaning  of  Eq.  (92) .  Since 
H  -  Hs  and  H-  -  HSp  are  proportional  to  the  viscous 
wake  in  a  position  far  from  the  hull  as  indicated  in 
the  Appendix,  (H>  -  Hs)'  and  (Hn  -  HSp) '  are  propor¬ 
tional  to  the  kinetic  energy  of  the  viscous  wake. 
Hence,  the  minimization  of  E  corresponds  to  the 
minimization  of  the  kinetic  energy  of  the  viscous 
wake.  And,  it  can  be  considered  that  the  condition 


(92)  is  the  condition  for  minimizing  the  kinetic 
energy  left  in  the  wake  by  recovering  the  kinetic- 
energy  of  the  viscous  wake  with  the  propeller. 

The  optimum  condition  for  this  energy  recovery 
is  obtained  under  the  assumption  that  the  constant 
C  of  Eq.  (91)  is  given  as  the  constant  decided  by 
the  towed  condition.  In  other  words,  it  is  con¬ 
sidered  that  condition  (92)  gives  only  the  condition 
for  the  propeller  to  accelerate  flow  effectively 
under  the  assumption.  If,  however,  the  wave  making 
resistance  is  zero  under  a  purely  self-propulsion 
condition,  then  (AR-;0)  C  can  be  expressed  as  C  O 
regardless  of  the  towed  condition.  Therefore,  it 
can  be  considered  that  this  fact  indicates  condition 
(92)  applies  not  only  to  the  optimization  of  the 
flow  acceleration  by  the  propeller  but  also  to  the 
optimization  of  the  hull-propeller  combination  for 
effective  recovery  of  the  wake  energy. 

The  author  proceeds  to  examine  the  correctness 
of  this  condition  in  the  following  sections  by 
using  results  of  the  self-propulsion  tests  and 
wake  survey  measurements. 


Experiment 

Total  head  at  a  wake  far  from  the  hull  was  measured 
at  the  towing  tank  of  IHI.  The  measurements  were 
performed  for  the  ships  and  operating  conditions 
indicated  in  the  Table  1  under  both  the  towed  and 
the  self-propulsion  conditions.  The  measurement 
cross-sections  which  correspond  to  \  lane  S;K  wore 
three  vertical  cross-sections  of  i » -  3 1^.  j  ,  11  - : ' 1  g  p  , 
and  0.7Lpjj  behind  A.P.  Figure  6  shows  the  total 
head  loss  distribution  of  the  towed  condition  in 
the  non-dimensional  forms  and  also  shows  H,  *  which 
is  the  change  of  total  head  loss  by  the  propeller 
action.  Here,  H^*  is  obtained  as  follows: 

H*  =  (Ho  -  H  )  -  (H0  -  H  )  .  (93) 

p  sp  s 

We  observe  that  in  the  towed  condition  the  wake  of 
the  T  ship  spreads  to  the  relatively  lower  region 
of  the  flow  field.  Further,  we  can  see  that  the 
peak  of  the  total  head  distribution  in  the  towed 
condition  agrees  well  with  the  peak  of  the  chanqe 
distribution  for  the  T  ship,  but  not  for  the  L 
ship.  In  addition.  Table  3  shows  results  of  the 


TAPLE  3  Self-propulsion  and  Towed  Test  Data  and 
Wake  Survey 
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w  =  Effective  wake,  =  Total  resistance  from  towing 
test  (kg.), 

Ry,  -  Wave  resistance  from  wave  analysis  at  towed  condi¬ 
tion  (kq. )  , 

AR  =  Skin  friction  correction  (kg.), 
fK  «  efg  /  dS(Hft-Hs)  at  0.7  Lpp  behind  ship  in  towed 
condition  (kg . ) , 

fSp  =  i  fg  /  ds(Hn-HBp)  at  0.7  Lpp  behind  ship  in  self¬ 
propulsion  condition  (kg.). 
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sol  f-propulst  ion  tost  and  the  t.owinq  tost,  and 
viscous  resistance's  obtained  from  the  wake  survey. 


Discussion 

By  analyzinq  the  wake  at  a  distant  position  behind 
a  ship,  an  estimate  of  the  recovery  of  the  wake 
energy  by  the  propel ler  is  made,  and  the  optimum 
condition  (92)  is  given.  Table  3  shows  that  hull 


efficiency  is  bettor  for  the  T  ship  than  for  the  L 
ship.  Results  of  the  self-propulsion  tost,  therefore 
indicate  that  the  energy  recovery  by  the  propeller 
is  bettor  for  the  T  ship.  On  the  other  hand,  results 
of  wake  survey  measurement  far  from  a  ship  indicate 
that  for  the  T  ship,  the  peak  of  the  head  change 
distribution  aqrees  well  witli  the  peak  of  the  head 
distribution  in  the  towed  condition.  Hence,  it  can 
be  considered  that  the  propeller  of  the  T  ship  makes 
the  wake  flatter  in  order  to  adapt  the  condi ton  (92). 
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f».  CONi'MISToN 

From  the  theoretical  and  experiments  1  studies,  for 
the  interaction  of  the  hull  and  propeller,  the 
following  conclusions  art'  derived: 

(i)  Flow  field  in  the  vicinity  of  a  hull  is 


analyzed  by  usinq  acceleration  potential,  and  the 
approximate  calculation  method  is  derived.  This 
method  can  be  used  to  calculate  the  chanqe  of 
pressure  on  the  hul 1  and  has  a  hiqher  practical 
applicability  than  conventional  methods. 

(ii)  For  the  analysis  of  the  wake  at  a  distant 
position  behind  a  ship  Oseen's  approxi mat i on  is 
used,  and  the  optimum  condition  is  qiven  for  the 
wake  enerqy  recovery  by  the  propeller.  This 
condition  is  examined  by  the  results  of  the  self- 
propulsion  tests  and  the  wake  survey  measurements. 
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APPENDIX 


Lot  us  examine  the  definite  integral  in  Eqs.  (74) 
and  (78)  for  the  balance  of  force  ard  the  definite 
integral  in  Eqs.  (77)  and  (81)  for  the  balance  of 
energy.  At  first,  we  denote  these  integrals  by  F^. 
and  F  as  follows: 
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If  the  terms  to  which  [l  is  related  are  assumed  to 

be  small,  V  and  P  can  be  rewritten  as  follows: 
f  e 
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where  H  represents  total  head  as  follows: 

r  1 


i 


H  -  —  +  y  . 

i’f9  2g 


U+u  -tv  t  w 


(98) 


J 


Now,  using  Oseen’s  approximation,  the  following 
relationship  can  be  written: 
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U  '  ,  V  =  -r—  +  V'  ,  W  =  -r—  +  W*  , 

3y  3z 


(99) 


where  4’  represents  velocity  potential,  and  u’  ,  v*  , 
and  w'  represent  velocity  components  of  rotational 
motion  which  are  zero  at  other  than  co.  Then,  pres¬ 
sure,  p,  and  wave  height,  .*. ,  can  be  expressed  as 
follows : 
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where  f.p  is  due  to  a  potential  motion  and  r. '  is  duo 
to  a  rotational  motion. 

Substituting  (99),  (100),  and  (101)  into  (96)  and 
(97) ,  we  can  get 
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and  b'  represents  the  half  width  of  to  at  the  free 
surface.  If  only  the  largest  terms  in  to  are  kept 
in  the  definite  integral  in  Eqs.  (102)  and  (103) , 
the  following  approximate  equations  can  be  obtained: 
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Since  the  following  relationship  is  approximately 
satisfied  in  a  wake  far  from  the  hull: 


u'  '  U~  (H°  "  H)  '  (107) 

Eqs.  (82)/  (83),  (87),  and  (88)  can  be  obtained  from 
(74),  (77),  (78),  and  (81)  by  substituting  this 
relation  into  (105)  and  (106). 
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ABSTRACT 

The  paper  covers  the  problems  involved  in  determin¬ 
ing  the  velocity  field  in  way  of  the  ship  propeller. 
The  analysis  is  given  for  both  the  structure  of  the 
stern  viscous  flow  and  its  change  due  to  the  ship 
propeller  operation. 

The  method  is  offered  for  scaling  the  nominal 
field  of  axial  velocities  based  on  the  use  of  both 
the  semi -empirical  theory  of  the  boundary  layer  and 
theory  of  free  turbulence,  and  the  engineering  method 
of  estimating  the  action  of  the  working  propeller 
upon  the  velocity  field. 

As  an  illustration,  the  data  of  studying  the 
influences  of  the  scale  effect  and  the  working  ship 
propeller  upon  the  velocity  distribution  and  total 
wake  flow  are  presented  in  reference  to  a  moderate 
displacement  tanker. 


1.  INTRODUCTION 

The  need  for  a  reliable  definition  of  nonstationary 
loads  acting  on  the  propeller  blades  and  shafting, 
and  also  of  the  intensity  of  hull  vibration  and 
cavitation  phenomenon,  has  placed  the  wake  flow 
problem  among  the  most  important  problems  of  ship 
hydromechanics  in  the  last  few  years.  Though  this 
problem  first  originated  mainly  in  connection  with 
the  building  of  larqe  full  ships,  it  is  of  no  loss 
importance  in  the  design  of  modern  high  speed  con¬ 
tainer  ships  and  some  other  classes  of  ships.  In 
this  sphere  of  hydromechanics  shipbuilders  arc*  facing 
two  main  problems:  a)  prediction  of  the  velocity 
field  in  way  of  the  propeller  for  a  ship  of  given 
lines  as  based  on  geosim  model  test  results  and 
b)  finding  solutions  which  provide  a  more  favorable 
distribution  of  the  wake  flow.  The  rationalized 
formation  of  the  afterbody  wake  is  also  one  of  the 
possible  reserves  of  ship  propulsion  which  do  not 
yet  appear  to  be  fully  realized. 

At  present,  the*  problem  of  the  afterbody  wake 


and  particularly  its  prediction  attracts  the  atten¬ 
tion  of  a  crowing  number  of  specialists  in  research 
centers  of  the  advanced  shipbuilding  nations  in¬ 
cluding  the  USSR.  In  view  of  the  extreme  complexity 
of  the  afterbody  flow  pattern  in  the  presence  of  the 
propeller- induced  disturbances,  the  problem  of  the 
wake  flow  is  still  far  from  being  solved.  The  laws 
regulating  the  development  of  wake  flow  and  also 
the  dependence  of  the  velocity  distributions  at  the 
propeller  disk  upon  the  shape  of  the  afterbody  lines 
are  not  quite  clear.  The  test  methods  of  defining 
the  ship  model  wakes  and  model-t.o-ship  correlation 
methods  are  as  yet  imperfect.  Therefore  the  ac¬ 
curacy  of  the  flow  nonuniformity  data  obtained  in 
way  of  the  propeller  and  used  as  a  basis  for  calcula 
tion  of  the  abovemont ioned  hydrodynamic  character¬ 
istics  does  not  satisfy  the  requirements  of  modern 
practice.  Hence,  a  detailed  investigation  of  this 
phenomenon  is  needed. 

In  our  opinion  the  most  important  tasks  are  as 
follows:  First,  comprehensive  physical  studies  of 

the  afterbody  velocity  field.  These  would  allow  for 
better  understanding  and  proper  evaluation  of  the 
effects  of  different  factors  on  the  formation  of 
wake  flow  in  that  rcciion  and  help  create  a  flow 
model  exhibiting  the  main  features  of  the  phenomenon 
and  capable  of  being  investigated  by  .analytical 
methods.  At  this  stage  the  theoretical  studies  are 
essential  primarily  for  a  bettor  understanding  and 
more  proper  analysis  of  the  test  results,  as  well 
as  for  improving  the  general  knowledge  of  both  the 
flow  laws  and  the  scheme  of  breaking  the  wake  into 
components.  Second,  the  results  of  the  experiment 
and  the  qualitative  theoretical  conclusions  should 
bo  the  basis  for  the  development: 

-  methods  for  simulation  of  the  nominal  wake  or 
methods  for  theoretical  estimation  of  the  scale 
effect  at  early  stages  of  designing; 

-  methods  for  experimental  definition  of  the 
effective  wake  and  approximate  methods  for  the  evalu 
at  ion  of  propeller  effect  using  the  nominal  velocity 
field  data.  Since  the  velocity  field  in  way  of  the 
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propeller  is  normally  defined  in  the  idealized  con¬ 
ditions  of  the  towing  tank,  it  is  absolutely  neces¬ 
sary  to  evaluate  and  take  account  of  the  effect  of 
operating  conditions,  i.e.,  the  effect  that  increas¬ 
ing  the  roughness  of  the  hull  surface  as  well  as  the 
ship  motions  and  drift  have  on  the  extent  of  flow 
nonuniformity  at  the  afterbody.  There  are  also 
some  additional  tasks,  such  as  improvement  of  the 
method  used  for  definition  of  the  ducted  propeller 
velocity  field,  estimation  of  a  possible  change  in 
the  wake  flow  over  the  propeller  axial  length,  and 
thinking  over  the  practicability  of  the  methods  of 
disturbing  action  upon  the  flow  pattern  with  preset 
requirements.  The  methods  of  experimental  defini¬ 
tion  of  the  flow  velocities  in  the  vicinity  of  the 
hull  model  are  no  less  important.  It  is  impossible 
to  cover  the  results  of  all  the  above  studies  in  a 
short  report  like  this,  so  we  shall  restrict  our¬ 
selves  to  the  following  traditional  problems:  the 
scale  effect  of  the  velocity  field  and  the  propeller 
effect  on  the  flow  formation  at  the  stern. 


2.  SCALE  EFFECT  OF  THE  NOMINAL  VELOCITY  FIELD 

The  decrease  of  the  moan  wake  in  a  model--ship 
correlation  with  sufficient  accuracy  can  be  at¬ 
tributed  to  variation  in  total  frictional  losses. 
The  problem  of  simulating  the  local  wake  is  far 
more  complicated.  The  flow  in  way  of  the  propeller 
is  a  combination  of  two  three-dimensional  flows: 
the  boundary  layer  in  the  upper  part  of  the  after¬ 
body  with  intensive  secondary  flows  characteristic 
of  this  region  and  the  initial  part  of  the  wake  de¬ 
veloping  behind  the  hull  which  may  contain  discrete 
vortices  resulting  from  the  boundary  layer  separa¬ 
tion  in  way  of  the  bilge  where  the  flow  lines  from 
under  the  bottom  art'  extending  to  hul  1  side  sur¬ 
face  (Figure  1  and  2).  As  shown  by  experiments, 
the  contribution  of  each  of  these  factors  depends 
on  afterbody  fullness,  stern  frame  form,  buttock 
angles,  and  some  other  parameters. 

The'  distributions  of  the  relative  axial  veloci¬ 
ties  L'x/Y  s  (y/ '  ;  Rn)  are  different  for  the  boundary 
layer#  the  wake,  and  the  vortex  effect  region,  and 
largely  depend  on  the  afterbody  lines  and  the 
history  of  the  flow.  The  solution  of  the  scale 
effect  problem  by  a  purely  experimental  way  is  not 
practicable#  so  when  the  general  laws  of  variation 
in  the  flow  characteristics  are  established  for 


model  -  ship  correlation,  the  approximate  methods 
of  the  semiempirical  theory  of  turbulent  boundary 
layer  and  of  the  free  turbulence  theory  are  of 
great  importance;  also  important  are  comprehensive 
physical  investigations  of  the  afterbody  flow  which 
are  necessary  for  the  refinement  of  the  flow  model 
and  formulation  of  the  simplifying  assumptions. 

Such  investigations  should  cover  the  whole  of  the 
viscous  wake  region  (Figure  1  and  2)  and  not  be 
limited  to  the  disk  propeller  area  as  is  usually 
done  in  practice. 

The  phenomenon  being  too  complicated,  a  general 
approach  to  simulating  the  flow  seems  to  be  unat¬ 
tainable  at  present.  Therefore,  it  is  expedient 
to  discuss  some  particular  models  of  the  flow.  Some 
of  the  flows  may  be  considered  as  the  most  common 
types  which  can  easily  be  investigated.  These  are: 

a)  the  velocity  field  of  a  single-screw  ship  of 
moderate  fullness  with  V-shaped  or  U-shaped  frames 
where  the  contribution  of  bilge  vortices  is  not 
signi f icant ; 

b)  the  velocity  field  of  high-speed,  twin-screw 
container  ships; 

a  more  complex  pattern  and  more  complex  scaling  laws 
are  characteristic  for 

c)  the  velocity  field  of  full  ships  ( c  >  0.8) 
with  U-shaped  frames  where  the  intensive  bilge 
vortices  are  formed; 

d)  the  velocity  field  of  the  very  full  ships  with 
the  boundary  layer  separation  at  the  afterbody. 

Model  "a" 

The  calculation  data  obtained  for  a  three-dimensional 
boundary  layer  lead  to  the  conclusion  that  with  moder¬ 
ate  transverse  flows  the  variation  in  characteristics 
of  the  main  flow  accounting  to  kn  does  not  differ 
markedly  from  those  obtained  for  a  two-dimensional 
boundary  layer.  Hence,  for  practical  estimation  of 
the  axial  velocity  field  in  the  upper  part  of  the 
afterbody  (Figure  1)  we  can  use,  without  introduc¬ 
ing  largo  errors,  the  boundary  layer  correlation 
schemes  developed  to  fit  the  two-dimensional  flow 
on  the  basis  of  the  logarithmic  law  and  the  velocity 
defect  law.  For  simulating  the  wake  flow  use  can  be 
made,  with  some  assumptions,  of  the  known  Prandtl 
asymptotic  solution  for  a  two-dimensional  flow 
which  was  obtained  on  the  assumption  that  the  flow 
is  barotropic  and  that  the  velocity  defect,  AU,  is 
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insignificant  as  compared  to  the  velocity  at  the 
boundary  of  the  wake  flow: 
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where  AX  is  the  relative  distance  between  the  body 
trailing  edge  and  the  wake  flow  section  under  study. 
Naturally,  these  relations  do  not  provide  a  reliable 
qualitative  definition  of  the  flow  characteristics 
at  the  initial  part  of  the  three-dimensional  wake 
which  develops  with  the  longitudinal  pressure  gra¬ 
dient.  However,  the  above  relations  are  considered 
to  be  quite  suitable  for  simulating  the  wake  field 
velocity  because  the  deviations  due  to  the  effect 
of  some  factors  ignored  here  can  be  mutually  com¬ 
pensating.  The  practical  method  of  correlation  is 
based  on  the  assumption  of  a  negligible  effect  of 
the  potential  component  and  of  a  free  streamline 
flow  around  the  hull.  The  effect  that  the  varia¬ 
tion  of  the  transverse  velocity  component  has  upon 
the  axial  flow  with  the  increase  in  Rn  is  also  con¬ 
sidered  insignificant.  The  initial  experimental 
data  for  the  model  are  defined  in  the  Cartesian 
system  as  velocity  or  wake  distributions  against 
the  transverse  coordinate,  y  =  y/L,  with  the  dif¬ 
ferent  constant  values  of  0.  The  coefficients,  Kj , 
and  K_) ,  in  Eqs.  (1)  and  (2)  are  assumed  to  be 
constant  in  the  geosim  horizontal  sections  of  the 
wake . 

Then 


wtrc  =  WP  <Rn  )/C  (Rn  ).  for  y/b  =  const  (3) 
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whe  re 


FO 


frictional  resistance  coefficient 
in  two-dimensional  flow; 
b  =  width  of  the  wake; 


W  =  frictional  wake  ship,  model. 

r  b  ,m 


Such  a  scheme  of  simulation  makes  it  possible 
to  take  into  account  the  variation  in  both  the 
wake  thickness  and  the  form  of  the  nondimensional 
profile  Ux/U($. 

Model  -  ship  correlation  data  for  a  tanker  of 


FIGURE  3.  Velocity  distribution  in  wake  extrapolated 
to  full  scale. 


t 


268 


medium  displacement  are  shown  in  Figure  3  as  an 
illustration.  Isotaches  (lines  U  =  const)  plotted 
in  Kiquro  1  show  that  the  upper  part  of  the  propel¬ 
ler  disk  is  in  the  hull  boundary  layer  reqion  and 
lie  re  the  flow  contraction  will  take  place  almost 
normal  to  the  constant  velocity  lines  rather  than 
to  the  longitudinal  center  plane.  In  this  connec¬ 
tion  an  attempt  was  made  to  evaluate  the  variation 
of  the  flow  velocities  in  the  upper  part  of  the 
propeller  disk  using  the  approximate  method  re¬ 
ported  at  the  13th  1TTC,  which  provides  quite  a 
good  agreement  with  the  full-scale  test  data,  and 
those  obtained  by  calculation  of  the  three- 
dimensional  boundary  layer  (Boltenko  ot  al.  (1172)  |. 
The  results  of  the  refined  model — ship  correlation 
for  this  model  within  the  propeller  disk  practically 
coincide.  Velocity  deviations  of  3-4:.  v  are  ob¬ 
served  only  in  the  vicinity  of  the  viscous  wake 
boundary  in  its  upper  sections  (outside  the  propel¬ 
ler  disk),  Figure  3.  However,  in  some  cases  (o.g., 
with  pronounced  V-shaped  afterbody  frames)  the  hull 
boundary  layer  can  play  a  more  significant  role  in 
the  formation  of  the  wake  flow,  and  in  that  case 
its  effect  should  additionally  be  taken  into  con¬ 
sideration.  Similar  practical  methods  based  on  more 
general  assumptions  with  respect  to  regularities 
in  the  variations  of  the  axial  velocities  were  given 
by  the  towing  tanks  of  Europe  and  Japan  (Sasajima 
and  Tanaka  (1966),  Hooks tra  (1977),  Dyne  (1974)  |. 

F >r  comparison  Figure  4  shows  the  model — ship  cor¬ 
relation  results  obtained  by  the  Japanese  method* 
for  some  specific  profiles  of  the  wake  of  the  model 
under  consideration.  As  is  seen,  this  method  leads 
to  a  greater  contraction  of  the  wake  in  model--ship 
correlation  and  does  not  take  into  account  the  varia¬ 
tions  of  the  velocity  defect  in  the  centerline  plane. 
However,  apart  from  some  limited  regions  in  the 
vicinity  of  0  =  0°  and  180°  the  circumferential  dis¬ 
tribution  of  axial  velocities  Ux(.\0)  calculated  by 
both  methods  differs  slightly  (Figure  5).  For  the 
above  reasons  substantial  discrepancies  in  the 
vicinity  of  »>  =  0°  and  *l  =  180°  can  ciive  rise  to  an 
appreciable  change  in  the  harmonic  spectrum  of  the 
field  especially  in  the  amplitudes  of  the  even  har¬ 
monics  . 

At  present  it  is  difficult  to  find  an  acceptable 
practical  method  of  simulating  the  transverse  ve¬ 
locities,  though  the  semiempirical  theory  indicates 
the  possibility  of  a  noticeable  scale  effect  of  the 
secondary  flow  velocities  in  the  three-dimensional 
boundary  layer  of  the  ship. 


Model  "b" 

The  flow  non uni formi ty  in  way  of  the  propeller  of 
tfie  twin-screw  ship  is  mainly  duo  to  the  hull  bound¬ 
ary  layer  and  the  additional  loss  of  velocity  in  the 
wake  behind  appendages 
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•The  method  of  Japan*’  -r  researches  was  used  as  described  by 
l 'yen  (l‘»74). 


(Y/L)  X  102 


(Y/U  X  102  (Y/L)  X  102 

FIOHRF  4.  Full  scale  wake  I'ndi  ’*"od  by  different 
methods . 


who  re 

Wp  -  potential  component  of  the  wake; 

Wj<o  -  viscous  wake  due  to  the  effect  of  the  liul  1 
boundary  layer; 

AW{i,  *  additional  losses  of  velocity  in  the  wake 
behind  the  appendages; 

V  -  horizontal  local  velocity 

1 1  =  horizontal  local  veloc.ty  in  the  "bare" 

hull  boundary  layer. 

The  investigation  of  the  wake  scale  effect  for  a 
twin-screw  ship,  with  a  probable  interaction  between 
the  wake  components,  involves  a  number  of  complex 
hydrodynamic  problems.  They  include  that  of  the 
hull  three-dimensional  boundary  layer,  also  the  wake 
belli nd  the  propeller  shaft  fairing  placed  at  an 
angle  of  attack  to  the  flow  inside  the  boundary 
layer,  in  which  case  not  only  is  the  mean  velocity 
Vjj(y)  changed  but  also  the  extent  and  the  scale  of 
the  "outside"  flow  turbulence.  Then  there  is  also 
the  wake — boundary  layer  interaction  problem  and, 
finally,  oblique  flow  around  the  circular  cylinder 
(shaft)  placed  in  the  turbulent  boundary  layer. 

Many  of  the  above  problems  are  concerned  with  some 
insufficiently  known  aspects  of  hydrodynamics  of 
viscous  fluid  and,  therefore,  cannot  be  completely 
solved  for  the  present.  As  with  the  previous  case, 
approximation  schemes  can  be  used  for  practical 
estimations.  By  way  of  illustration  let  us  con¬ 
sider  the  model — ship  correlation  data  for  a  twin- 
screw  ship  equipped  with  propeller-shaft  fairings. 
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1  -  Model  Rn  *  I  3  X  tO7 

2  -  Ship  Rn  -15X10® 


(According  to  Equations 
3  -  Ship  Rn  =1.5X10® 

(According  to  Sasajima  and  Tanaka.  1966) 


FUTURE  Full  scale  circumfcrent ial  velocity 

distribution  predicted  by  different  methods. 


The  experiments  show  that,  in  the  vicinity  of  the 
heavi ly- loaded  blade  sections  which  are  at  a  dis¬ 
tance  from  the  hub,  the  interaction  between  the 
boundary  layer  and  the  wake  behind  the  fairing  can 
be  considered  insignificant;  the  effect  of  support¬ 
ing  vortices  at.  the  fairing  junction  is  also  negli¬ 
gible  or  not  found  at  all  because  provision  is 
usually  made  for  a  smooth  transition  of  the  fairing 
to  the  shaft  body.  This  enables  simulation  of  each 
component  of  the  viscous  wake  Wpo(Kn)  and  AWr(Kn) 
to  be  investigated  separately  with  the  total  scale 
effect  to  be  determined  by  the  method  of  superposi¬ 
tions.  Here  it  is  expedient  to  make  measurements 
in  the  Cartesian  system  of  coordinates  as  well.  For 
the  model — ship  correlation  of  the  wake  behind  the 
hull  the  method  described  by  Boltenko  et  al .  (1972) 
is  used.  When  simulating  a  component,  of  the  wake 


where 

=  coefficient  of  the  fairing  resistance  at 
section  at  a  given  distance  0  from  hull 
surface  (Figure  6) ; 

=  ve^oc^ty  in  boundary  layer  at  a 

given  distance  £  from  its  surface; 
b  =  width  of  wake  behind  the  fairing  at  the 
propeller . 

From  the  model -ship  correlation  data  shown  in  Fig¬ 
ure  6  it  is  seen  that  the  flow  nonuniformity  varies 
almost  equally  due  to  the  scale  effect  of  the  hull 
boundary  layer  and  the  wake  behind  the  shaft  fairing. 
The  mean  circumferential  axial  wake  is  reduced  ap¬ 
proximately  by  one  half. 


Model  "c" 

The  discrete  vortices,  which  develop  due  to  separa¬ 
tion  from  the  bilge,  with  their  axes  oriented  in 
the  direction  of  the  main  flow  may  have,  in  some 
cases,  especially  where  the  flow  is  around  the  U- 
shaped  stern  frames,  a  noticeable  effect  on  the 
afterbody  flow  pattern.  Generally  there  are  two 
vortices  arranged  symmetrically  in  relation  to  the 
center  plane;  however,  sometimes  more  complex  vor¬ 
tical  systems  can  be  observed  in  the  flow  around 
full  ships.  The  development  of  the  bilge  vortices 
leads  not  only  to  redistribution  of  the  tanqential 
velocities  at  the  propeller,  but  to  the  additional 
nonuniformity  of  the  axial  wake  as  well  due  to 

a)  redistribution  of  the  velocities  of  the  main 
flow  in  the  hull  boundary  layer  and  in  the  wake 
behind  the  hull  under  the  action  of  the  vortex- 
induced  transverse  velocities  and 

b)  variation  of  the  axial  velocities  in  the 
vortex  turbulent  cores,  the  transverse  dimensions 


Diagram 


Model  (Rn  =  1.0  X  107)  Ship  (Rn  =  6.0  X  108) 


AWp  caused  by  the  flow  around  appendages,  use  can 
be  made  of  the  relationships  of  the  free  turbulence 
theory  (1)  and  (2).  According  to  data  of  the  flow 
visualization,  it  can  be  considered  with  an  accuracy 
sufficient  for  practical  purposes  that  the  stream¬ 
lines  on  the  fairing  are  arranged  equidistant  to 
the  hull  surface,  and  that  in  evaluating  the  scale 
effect,  the  strip  theory  can  be  used.  Then 
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FIGURE  »•*.  Scale  effect  estimates  for  nominal  velocity 
distribution  at  propeller  of  a  twin-screw  ship  with 
shafting  fairings. 
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of  which  can  be  rather  large  as  shown  in  Figure  2. 

Thus  the  whole  flow  field  containing  bilge  vor¬ 
tices  can  be  divided  into  three  parts: 

1)  the  region  of  turbulent  core, 

2)  the  region  of  vortex  effect  on  the  hull  bound¬ 
ary  layer  and 

3)  the  region  of  nondisturbed  flow  in  the  bound¬ 
ary  layer  or  in  the  wake  (Figure  7) . 

The  laws  for  changing  the  relative  velocities  in 
each  of  these  regions  are  different  in  model-ship 
correlation* 

Evaluating  the  scale  effect  of  disturbances  in 
the  boundary  layer  is  rather  a  complicated  task 
partly  due  to  the  difficulty  of  distinguishing  these 
disturbances  in  the  nonuniform  three-dimensional 
boundary  layer  of  the  hull.  Therefore,  at  the  ini¬ 
tial  stages  of  investigation  the  principal  attention 
was  paid  to  the  specific  features  of  such  kind  of 
flow  in  simplified  conditions,  i.e.,  under  the  as¬ 
sumption  that  artificial  vortex  systems  were  pro¬ 
duced  by  means  of  profiles  of  small  aspect  ratio 
at  the  boundary  layer  of  a  flat  surface  [Poostoshniy 
(1975)  ).  For  such  simpler  flows  one  can  use  the 
apt roxi mate  methods  of  evaluating  the  scale  effect 
of  axial  velocities  in  the  region  where  influence 
of  the  vortex  is  observed.  These  methods  will  be 
based  on  a  combination  of  experiment  and  theory  or 
approximate  semiempirical  schemes,  which  is  most 
important  for  having  a  general  idea  of  the  phe- 
nomen on . 

Extra  losses  of  axial  velocities  in  the  vortex 
cores  are  rather  high  for  some  ship  models  (reach- 


Vortex  Core 


Circulation  Distribution  in  the  Bilge  Vortex 
Core  of  Tanker  Model  la  -  60000  t),  I  q  *  1 .1 


FT>"URE  7.  Velocity  field  in  the  boundary  layer  with 
longitudinal  discrete  vortices. 


ing  20-30%  of  the  mean  wake  value);  these  losses 
are  also  to  be  studied  in  detail. 

As  shown  by  the  experiments  (Figure  6)  the 
circulation  distribution  law  for  the  cores  of  bilge 
vortices  is  similar  to  that  for  the  vortex  cores  in 
the  free  flow.  So,  in  order  to  evaluate  the  scale 
effect  of  a  relative  defect  of  the  axial  velocity 
in  the  core,  i.e.,  the  core  allowance,  use  can  be 
made  of  the  theoretical  relationships  derived  for 
linear  turbulent  vortices. 

Calculated  results  which  are  based  upon  rather 
a  small  amount  of  data  on  the  variation  in  eddy 
viscosity  coefficients  with  Rn  obtained  during  model 
tank  tests  and  fall -scale  hydrodynamic  experiments 
lead  to  the  conclusion  that  a  model-ship  correlation 
involves  relative  decrease  of  the  core  size.  How¬ 
ever,  far  from  decreasing,  the  wake  allowance,  unlike 
that  for  the  boundary  layer,  may  even  be  markedly 
growing.  Some  additional  variation  in  the  distribu¬ 
tion  of  axial  velocities  in  the  core  caused  by  an 
increase  in  Rn  may  also  be  due  to  an  increase  in  the 
longitudinal  pressure  gradient  at  the  stern  owing 
to  the  reverse  effect  of  the  hull  boundary  layer  on 
the  external  potential  flow  both  on  model  and  ship. 

It  is  impossible  at  present  to  develop  a  flow 
model  of  this  complexity,  define  the  component  ve¬ 
locities  changing  under  different  model-ship  corre¬ 
lation  laws  and,  finally,  determine  these  laws;  in 
other  words  it  is  impossible  to  develop  a  well- 
founded  method  for  simulation  of  a  three-dimensional 
wake  flow  with  discrete  vortices.  The  results  of 
the  above-mentioned  preliminary  studies  are  of 
qualitative  character  and  need  experimental  verifi¬ 
cation.  A  series  of  comparative  model  and  full-scale 
tests  carried  out  mainly  by  Japanese  researchers 
[Namimatsu  and  Muroaka  (1973),  Taniguchi  and  Fujita 
(1969)  ]  confirm  the  existence  of  bilge  vortices  in 
full-scale  conditions  as  well,  though  the  data  re¬ 
ported  in  the  above  papers  are  inadequate  to  judge 
the  quantitative  aspect  of  the  phenomenon.  We  can 
only  observe  that  the  disturbances  induced  by  the 
vortices  in  the  flow  around  a  ship  are  less  notice¬ 
able,  i.e.,  the  flow  is  cleaned  up.  Therefore  the 
attempt  to  use  a  more  generalized  model  (model  "a") 
seems  to  be  justified  also  in  this  case,  i.e.,  in 
the  presence  of  developed  bilge  vortices,  or  at 
least  an  attempt  to  establish  limits  for  the  appli¬ 
cation  of  this'  flow  model  should  be  made.  Compara¬ 
tive  data  obtained  from  model  and  full-scale  tests 
are  a  decisive  factor  here. 

Unfortunately  no  data  of  nominal  wake  distribu¬ 
tion  at  the  propeller  are  available.  For  an  indirect 
evaluation  of  the  scale  effect  of  nominal  wake  we 
shall  make  use  of  the  test  data  obtained  in  Japan 
for  a  36000  t  (displacement)  tanker  and  its  1/37- 
and  1/20-scalo  models  [Taniguchi  and  Fujita  (1969)]. 
The  measurements  were  taken  in  the  boundary  layer 
near  the  stornpost  at  a  distance  of  1.1D  from  the 
propeller  disk.  In  laboratory  conditions  the  ve¬ 
locity  field  was  measured  both  during  the  towing 
tests  and  self-propelled  tests.  The  tests  performed 
with  the  model  -  1:20)  allow  the  propeller  effect 
at  the  measurement  plane  to  be  considered  as  negli¬ 
gible  (-0.05  V)  and  practically  constant  within  the 
region  equivalent  to  the  propeller  disk  area.  The 
comparison  between  the  velocity  distribution  in  the 
wake  transverse  section  for  %  =  (where  Bp  = 
propeller  axis  level)  and  the  circumferential  dis¬ 
tribution  of  the  axial  velocities  (Figures  8  and  9) 
for  this  tanker  and  those  for  a  "Krym"-type  tanker 
shows  that  the  simplified  method  of  model-ship  cor- 
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FIGURE  8.  Comparison  of  velocity  distributions  for 
model  and  ship  wake. 


3.  PROPELLER  EFFECT  UPON  THE  WAKE  DISTRIBUTION 

Consideration  of  the  wake  scale  effect  when  using 
the  nominal  velocity  field  as  initial  data  will  not 
always  Improve  the  agreement  between  the  calcula¬ 
tions  and  full-scale  measurements  of  nonstat ionary 
loads  acting  on  the  shafting  and,  particularly,  of 
the  constant  bending  moment  component  defined  by 
the  analysis  of  the  first  harmonic.  Systematic 
model  basin  test  results  indicate  that  significant 
variations  of  the  velocity  distribution  at  the  stern 
may  be  due  to  the  propeller  performance.  Several 
factors  are  to  be  taken  into  account  when  analysing 
the  causes  of  this  phenomenon.  The  most  important 
among  these  are  the  propeller-induced  acceleration 
of  flow  and,  hence,  the  decrease  of  the  layer  thick¬ 
ness  upstream,  and  the  effect  of  propeller-induced 
radial  velocity  in  the  immediate  vicinity  of  the 
propeller . 

Thus  it  becomes  necessary  to  investigate  the 
ship-hull  boundary  layer  and  the  wake  taking  into 
account  the  transverse  pressure  gradient.  Semi- 
empirical  theories  do  not  permit  this  problem  to 
be  solved  and  are  adequate  only  for  the  most  ap¬ 
proximate  estimations  of  the  flow  history.  There¬ 
fore,  just  as  in  studying  some  features  of  the 
nominal  v  ke  flow  mentioned  above,  preliminary 
theoretical  investigations  of  the  velocity  field 
under  simplified  conditions  are  of  great  importance 
here.  Although  these  results  are  not  directly 
applicable  to  the  ship,  they  may  be  useful  for  a 
better  understanding  of  the  main  relationships  of 
the  phenomena  under  study  and  for  the  devleopment 
of  practical  methods  to  obtain  the  effective  wake. 

In  this  connection  one  cannot  but  mention  the 
important  contribution  of  American  scientists  to 
the  investigation  of  the  axisymmetrical  problem, 
particularly,  the  latest  works  by  Huang  and  Cox 
(1977). 

To  obtain  approximate  estimates  of  the  effective 


relation  reveals  the  characteristic  features  of 
variation  in  the  velocity  field  and  its  harmonic- 
spectrum.  However,  these  conclusions  cannot  be 
considered  reliable  cnouqh;  they  need  further  vori- 
f ication . 


Model  "d" 

Several  years  ago,  simulation  of  the  velocity  field 
in  the  case  of  afterbody  boundary  layer  separation 
attracted  the  special  attention  of  researchers  in 
connection  with  the  development  of  very  larqe  tankers 
with  high  block  coefficients  and  a  tendency  to  de¬ 
crease  the  length-to-breadth  ratio.  Although  this 
problem  has  lost  its  vitality  by  now,  studies  in 
this  field  are  being  continued.  The  attempts  in 
Japan  and  in  the  Soviet  Union  to  theoretically  and 
experimentally  evaluate  the  scale  effect  of  separa¬ 
tion  of  three-dimensional  and  even  two-dimensional 
boundary  layers  do  not  yet  allow  any  definite  con¬ 
clusions  to  be  made,  even  regarding  the  qualitative 
aspect  of  the  phenomenon,  or  the  development  of  the 
most  approximate  scheme  of  variation  with  Rn  number, 
not  only  in  the  velocity  distribution,  but  also  in 
the  mean  value  of  the  wake.  Thus  the  problem  of 
simulating  the  character ist ics  of  flow  at  the  stern 
with  the  boundary  layer  separation  remains  one  of 
the  unsolved  problems  in  ship  hydrodynamics . 


*'KRYM"-Type  Tanker  Tanker,  Taniguchi  and  Fujita 

Experiment,  19b9 


- Model 

- Ship 


FIGURE  9.  Circumferential  velocity  distribution  and 
harmonic  spectrum  for  model  and  ship. 


waki-,  both  iti  our  pract  ic»*  and  m  th»-  ice  of 

other  model  tanks,  u^e  has  been  made  it)  recent 
years  ot  I’tmiinvniKi  procedutes  bast'd  on  tin*  results 
v) f  nominal  velocity  field  measurements  and  propeller 
theory  rel.it  i  unship--  jHoekstra  (ll*77),  haestad 
(1972),  Nauamats.u  and  Sasauma  ( 1  ’  >  7  S  >  |  . 

If  we  assume  that  the  propeller  el  feet  s  are 
mainly  due  to  the  tact,  us  mentioned  above,  the 
propel  let  ean  L>e  th*. -unlit  ot  as  having  a  large  diam¬ 
eter  when  evaluatina  the  mean  wake  field. 

This  assumpt  ion  will  result  in  a  doereaso  of  the 
wake  coefficient.  The  decrease  of  the  frictional- 
r*'sisted  wake  due  to  the  propeller  effect  can  be 
taken  as  inversely  proport ional  to  the  square  root 
of  the  diameter.  Then, 
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To  define  *':ie  potential  component  Wpt,  it  is 
reasonable  to  apply  the  known  propeller  theory 
re lat ionsh ip 
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where 

W  --  experimentally  defined  potential  component 
of  the  nominal  wake  field, 
t  -  thrust  deduction  at  zero  velocity  of 
model . 

Allowing  for  th»-  smallness  of  the  12nd  term  in  (9)  , 
the  thrust  deduction  fraction  undergoing  only  minor 
changes  can  be  assumed  for  single-screw  ships  to  be 
t,;  =  0.07-0.10  (the  last  figure  relating  to  fuller 
hull  shapes). 

The  final  expression  for  the  mean  effective  wake 
field  (taking  into  account  the  scale  effect)  has 
the  form. 


2)  •  (w  ,  V) 


M  ♦  S,  -  11 


(8) 


W  =  [W  <Rn  )  +  t  ,'J( .  1  +  C  -  1 !  ! 
e  pN  m  in 


where' 


FO 


(Kn  ) 


-1/.M.1  ♦  ^Th  *  1) 


C  (Kli  ) 
I-  0  m 


(10) 


=  frictional  resistance  coefficient  in  two- 
dime  us  ional  flow. 


the  effective  wake,  and  in  the  main  they  correctly 
reflect,  the  variation  trends  of  the  flow  at  the 
stern  while  the  propeller  is  in  operation.  However, 
they  do  not  permit:  taking  into  account  and  evalu¬ 
ating  some  qualitative  changes  in  the  hull  boundary 
layer,  which  may  take  place  due  to  propeller  opera¬ 
tion,  such  as  variation  in  circulation  of  bilge 
vortices  and  their  positions  in  relation  to  the 
ship  hull;  the  possibility  of  preventing  or  reduc¬ 
ing  the  separation  about  the  stern  zone  with  the 
propeller  in  operation;  and,  on  the  other  hand, 
the  possibility  of  the  boundary  layer  separation  in 
the  vicinity  of  the  stern  above  the  propeller. 

Then? fore,  when  performing  a  quantitative  analysis 
of  the  effect  the  propeller  has  on  the  wake  and  the 
harmonic  spectrum  of  the  velocity  field,  these 
methods,  in  spite  of  their  relative  simplicity  and 
convenience,  should  be  applied  rather  carefully,  as 
for  most  tentative  estimates. 

At  the  present  stage  of  the  wake  problem  in¬ 
vestigation  the  development  of  experimental  methods 
is  of  decisive  importance. 

Both  for  the  improvement,  of  the  general  knowledge 
of  propeller  effects  on  the  flow  pattern  at  the 
stern  and  for  the  solution  of  problems  associated 
with  ship  form  design,  the  accumulation  of  da* a 
on  the  effective  velocity  fields  for  ships  of 
various  types  and  the  improvement  of  model  test 
methods  is  of  great  importance,  especially  those 
taking  account  propeller  induced  velocities  or 
eliminating  the  same  from  measurement  data. 

A  practical  method  for  estimating  the  effective 
velocity  field,  Ux,  by  way  of  flow  velocity  mea¬ 
surements  at  some  distance  ahead  of  the  propeller 
in  "open  water"  and  behind  the  hull,  was  given  in 
Titov  and  Otlesnov  (1975) .  For  measured  data 
analysis  the  quasi-steady  theory  was  accepted. 

When  the  hydrodynamic  flow  angle,  t* ;  ,  of  a 
propeller  blade  section  for  the  propeller  operating 
in  "open  water"  is  equal  to  that  behind  the  hull, 

tgt*l  =  <vA  +  w^)/.,  ;  -  <uxe  +  »“)/(.«  -  u0e)  (11) 

who  re 

W1  and  W"  :  axial  induced  velocities  ahead 
1  3  of  the  propeller  in  "open  water" 

and  behind  the  hull 

=  circumferential  component  of  the  effective 
velocity  field 

The  axial  component  of  the  effective  velocity  field 
ahead  of  the  propeller  is  determined  from  the 
relation 


TABLE  1.  Comparison  of  the  Mean  Effective  Wake 
Calculated  by  Approximate  Methods  With 
That  Obtained  from  Self-Propelled  Tests 
(Model  No.  1) 


Relationship  (10)  displays  good  agreement  with 
the  model  test  data  ( see  Table  l)  and  We  values 
close  to  those  obtained  from  the  full-scale  test 
analysis. 

As  ean  In  seen  from  the  Table,  all  known  approxi¬ 
mate  methods  yield  practically  the  same  results. 

By  making  some  additional  assumptions,  similar 
methods  can  also  be  applied  for  an  approximate 
estimation  of  the  circumferential  distribution  of 


Titov  -  Poostoshniy  method  0.345 
Nagamatsu  -  Sasaiima  method  (1975)  0.340 
Roestad  method  (1972)  0.355 
Self-propulsion  test  data  0.350 
Nominal  wake 


0 .  390 
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U  /(l!  +  W") 
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(12) 


following  from  the  equality  of  forces  on  the  pro¬ 
peller  blade  section. 

However,  another  approach  to  the  problem  of 
experimental  determination  of  the  effective  wake 
is  also  possible  based  on  the  data  analysis  of 
measured  flow  velocities  and  total  head  pressure 
immediately  ahead  of  the  propeller  and  behind  it. 

In  this  case,  measurements  are  taken  only  with  the 
propeller  in  operation  behind  the  hull. 

As  is  known,  the  circumferential  induced  velocity 
at  propeller  section,  Wf> ,  in  ’’open  water”  is  pro¬ 
portional  to  the  jump  in  the  total  head  at  the  pro¬ 
peller  disk 


.  (;.•'•)  =  H.  (:s)  -  Hid*')  (13) 


It  can  be  shown  that  this  relationship  is  also 
valid  for  the  propeller  behind  the  hull,  if  the 
variation  of  the  circumferential  induced  velocity 
of  the  hull  wake,  u„,  is  negligible  within  the  axial 
length  of  the  propeller  or  between  the  sections 
where  measurements  are  taken.  In  this  case  total 
head  pressures  at.  sections  1  and  2  (see  Figure  10)  , 
ahead  of  the  propeller  and  behind  it  are,  respec¬ 
tively,  equal  to 

H|(f)  =  r,  +  ~  |  <ux . )  4  tv  (  +  iv  ;  | 


II  <:••)  =  I'  4  ~  I  (t:  ,  •  4  (W.  ]  4  U,  )  • 


+  (w  4  r  )  ■ 


(14) 


FT du re  10.  Ci rcumferent ial  distribution  of  velocity 
components  in  way  of  propeller  (r  =  0.590). 


whe  re 
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W  ,  W  and  W 
a  ; 


ax i a  1  i 1 ow  vo 1 oc i t y  at 
section  1 

axial  flow  velocity  at 
section  2 

propeller  induced  velocity 
components  at  respective 
sect  ions 
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(18) 


Theoretical  i nvestigat  ion  results  of  propeller  in¬ 
duced  velocities  and  test  data  make  it  possible  to 
linearly  approximate  component  variations  of  the 
induced  velocity,  Wa(x),  within  the  limit?:  of  the 
propeller  axial  length.  It  is  believed  that  the 
axial  component  variation  of  the  wake  in  this  re¬ 
gion  is  small  and  also  obeys  the  linear  law. 

With  the  above  assumption:-.,  in  order  to  determine 
the  design  effective  velocity,  !’xo,  at  section  X 
where  th*-  condition 

W 


i  : .  4  >bs«  •  r  Vi  •*  i  ,  W»  • 

*  i on  • : 


w  ,  ( . ) 


(15) 


btaiii  th*-  following  set  of  oqua- 


(X  )  ♦  W  /2 

:•  i  _ 

-  w  /.?  ♦  r 


(K>) 


W  /2 

f  g/ 1 


(17) 


whe  re 

:*  I  -  hydrodynamic  flow  angle  of  a  propeller 
blade  section 

*X  -  distance  between  sections  1  and  2 

•  X  j  —  X  ,  -  X ’  =  distance  between  section  1 

and  tdie  point  of  calculation 

In  propeller  theory  i.t  is  generally  taken  that  the 
above  condition  is  met  at  the  propeller  disk  plane 
corresponding  to  the  midspan  section  of  the  blade, 
and,  in  the  case  of  blade  rake,  corresponding  to 
the  midsection  of  the  blade  at  a  relative  radius, 

7  .-  0.7. 

However  the  calculation  results  of  variations  in 
the  anomalous  induced  velocity,  Wa(X),  of  the  pro¬ 
peller  with  tlie  finite  axial  length  indicate  that, 
in  fact  the  fint.  must  be  found  upstream  of  the  pro¬ 
filer  disc  plane. 

This  conclusion  is  confirmed  by  the  experimental 
investigation  results  of  the  propeller  velocity  field 
in  open  water.  Taking  account  of  these  data  it  is 
mu:-1  reasonable  to  assume  the  point  of  calculation, 
corresponding  to  condition  (15),  to  be  on  the  load¬ 
ing  edge  of  the  blade. 
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Application  of  this  procedure  can  be  illustrated 
on  a  medium  size  tanker  model  (Model  1). 

Experimental  studies  of  the  velocity  field  for 
the  operating  propeller  were  performed  during  free- 
runni  nq  model  tests  with  the  operational  relative 
speed /  Fn  -  V/iqLij  0.22.  Wake  charact or i st. ics 
ahead  of  and  behind  the  propeller  wore  measured  at 
equal  distances  from  the  profiler  centre  with  a 
o-point  probe  [devised  at  our  model  tank,  OLlesnov 
(lhqq)),  which  enables;  simultaneous  measurements  of 
total  head  pressure,  (II),  static  pressure,  (P)  ,  and 
flow  anqles  in  the  horizontal  and  vertical  planes 
in  the  immediate  vicinity  of  the  propeller.  When 
processing  the  measured  data  and  analysing  the  nom¬ 
inal  wake,  use  was  made  of  calibration  relationships 
which  took  into  account  the  interference  of  flow 
anqles  in  the  vertical  and  horizontal  planes  with 
the  readings  of  the  probe.  Figures  lo  and  11  il¬ 
lustrate  the  initial  data  and  the  calculated  induced 
vo  loe  i  t  i  os  fo  r  t  he  s  t  a  rboa  rd-s  i  do  o  f  the  p  rope  Her 
disk  (right -hand  rotation)  in  the  reqion  whore 
see* ions  experience  maximum  loading. 

Comparison  (Figure  12)  of  the  nominal  velocity 
field  with  t  !u*  effective  velocity  field  calculated 
from  Fqs.  (11) -(12)  and  (13)-(1H)  shows  the  pro¬ 
nounced  effect  the  propeller  has  on  tin*  wake  at  the 
lower  part  of  tin*  propeller  disk  arid  the  minor  ef¬ 
fect  at  the  upper  part  of  the  same.  This  may  be 
accounted  for  by  a  better  j>oss  ib  i  1  i  t.y  for  mo  rum  it  urn 
exchange  between  tin*  external  flow  and  the  viscous 
wake  under  the  action  of  radial  induced  velocities 
in  a  relatively  thin  wake  at  the  lower  part  of  the 
propeller  disk,  and  a  worse  possibility  at  the  upper 
part  where  the  thickness  of  the  viscous  wake*  is  much 
greater  (see  isotachs  in  Figure  1). 


1  Nominal  Field 

2  -  Effective  Field  (Titov  and  Otlesnov,  1975) 

3  Effective  Field  (Proposed  Method) 

4  Effective  Field  (Hoekstra.  1977) 


Vh'.bKV.  \  ' .  Influoneo  of  propeller  operation  on 
v<*  1  oc  i  tv  d i  str  t but  i on:; . 


The  <il>ove  two  methods,  for  defining  effective 
field  axial  velocities  yield  results  which,  us  a 
whole,  show  satisfactory  agreement.  However  there 
arc  some  systematic  discrepancies  in  the  regions 
of  11  -  0**  and  •’  rtil-lt»0°,  and  addition.-*1  mnlysis 
is  required  to  explain  these. 

Resides,  the  velocity  distribution  data  obtained 
on  the  bar.  is  ot  measurements  ahead  of  and  behind 
the  propeller  in  operation  make  it  possible  to  find 
the  thrust  distribution  (load  coefficient,  of  pro¬ 
peller,  t'.j.jj,)  over  tlit*  propeller  disk  area 

W  ♦  i: 

>■  (-.<•>  -  i  <i‘>) 

1 1 1  r 

xe 

Figure  11  and  the  equivalent  system  of  singularities 

<2 (  •  )  w  ti  (20) 

a  xe 

In  its  turn,  the  knowledge  of  this  system  of  singu¬ 
larities  allows  one  to  calculate  the  induced  ve¬ 
locities  over  the  total  wake  region  ahead  of  the 
propeller,  ami  perform  a  more  detailed  analysis  of 
the  effect  the  nonun i tormi t y  of  load  distribution 
over  the  disk  has  on  thrust  deduction. 

'lln*  following  conclusions  can  be  drawn  from  the 
comparison  of  Fourier  transform  coefficients  for 
tile  circumferential  distribution  of  axial  velocities 
of  the  nominal  field  obtained  for  the  model  and  ship 


275 


Up 

0 


Down 


FIGURE  13.  Load  distribution  over  the  propeller  disk 
(based  on  effective  velocity  field  measurements). 


(model-ship  correlation) ,  as  well  as  of  the  velocity 
field  in  model  tests  taking  account  of  propeller 
effects.  The  amplitudes  of  harmonics  determining 
the  nonstationary  hydrodynamic  forces  and  moments 
(Figures  14  and  15)  may  vary  several  times  under  the 
influence  of  the  above  factors. 

It  should  be  mentioned  that  no  definite  regular¬ 
ity  could  be  observed  here.  With  some  relative 
radii  the  amplitudes  increase,  with  others  they 
decrease . 

As  the  variation  in  harmonic  spectrum  of  the 
velocity  field  is  of  rather  a  complicated  nature 
let  us  illustrate  the  effect  the  variation  of  axial 
velocities  due  to  scale  effect  and  propeller  opera¬ 
tion  has  on  the  constant  component  of  the  hydro- 
dynamic  bending  moment  in  the  vertical  plane  which 
is  mainly  defined  by  the  first  decomposition  har¬ 
monic  [Voitkunskiy  (1973)  J; 


M  =  M 
VO  HO 


yO 


(21) 


where 


I  _ 

M0O  =  *[|ai4(l//T)(.J+2KT/C,)a  ]dT  (22) 


I 

P  =  *‘T<-  ’-rT  //T[b|*(l/^i)  ( J+2K  /C  )b  |d7  (2  3) 
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,b 
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relative  radius  of  propeller  hub 
thrust  and  torque  coefficients  at. 
dos i gn  speed 

Fourier  transform  coefficients  for 
the  cosines  and  sines  of  the  first 
harmonic  of  axial  velocity  on  a  given 
radius 

Fourier  transform  coefficients  for 
the  cosine  and  sine  of  the  first 


harmonic  of  tangential  velocity  on  a 
given  radi us 
C j  ,  C.  =  coefficients 

i  =  coefficient  depending  on  radius 
e  =  distance  between  the  design  propeller 
shaft  section  and  the  propeller  disk 

The  distributions  of  transverse  relative  ve¬ 
locities  lh,  =  U.j/V  were  taken  as  equal. 

Table  2  shows  the  design  estimates  of  relative 
values  of  the  constant  component,  Mvo/Kq,  as  based 
on  various  initial  data. 

As  can  be  seen,  the  calculated  results  based  on 
the  nominal  velocity  field  data  may  differ  (even 
qualitatively)  from  those  obtained  with  considera¬ 
tion  for  the  scale  effect  or  the  effect  of  operat¬ 
ing  propeller.  Although  the  local  variations  of 
the  nominal  field  due  to  the  scale  e^  feet  or  pro¬ 
peller  operation  are  quantities  of  the  same  order 
(see  Figures  5  and  12) ,  the  constant  component 
values  of  the  bending  moment  in  the  vertical  plant- 
determined  from  the  effective  field  prove  to  be 
4-5  times  as  large.  Physically  this  may  be  due  to 
the  fact  that,  in  contrast  to  the  scale  effect, 
the  propeller  effect  on  the  viscous  flow  in  the 
upper  parts  of  the  propeller  disk  differs  from  that 
in  the  lower  part.  In  the  upper  part  of  the  disk 
(0=0-  90°)  the  effective  field  distribution  of 
velocities  in  way  of  the  heavier  loaded  blade  sec¬ 
tions  differs  only  slightly  from  the  nominal  field 
distribution,  while  in  its  lower  part  (0  =  90-180°) 
the  effective  field  velocities  are  much  in  excess 
of  the  nominal  field  velocities  (by  a  factor  of 
1.5-2).  This  increases  the  asymmetry  of  circum¬ 
ferential  distribution  of  the  effective  field  axial 


FIGURE  14.  Influence  of  scale  effect  and  propeller 
operation  on  harmonic  spectrum. 


276 


FK'.UKE  15.  Influence  of  scale  effect  and  propeller 
operation  on  harmonic  spectrum. 
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4  -  Model,  Effective  Field  (Proposed  Method) 


velocities  and  results  in  an  increase  of  the  con¬ 
stant  component  of  the  moment  in  the  vertical  piano. 
The  Mv-,/Kq  values  calculated  from  the  effective 
velocity  field  approximate  those  observed  for  full- 
scale  ships  of  tit  is  typo  under  operational  condi¬ 
tions.  Tliis  fact  confirms  the  importance  c>f  taking 
into  account  propeller  operation  when  simulating 
the  velocity  field  at  the  propeller.  The  propeller 
effect  upon  tile  velocity  field  is  dependent  on  the 
load,  ship  hull  form  and  afterbody  shape,  initial 
nominal  field,  and  tile  relationship  between  pro¬ 


peller  screw  size  and  wake  thickness,  i.e.,  on  the 
propeller  immersion  into  the  viscous  wake. 

The  full-scale  conditions  of  effective  field 
formation  are  likely  to  differ  from  the  model  ones. 
Hence,  the  next  step  in  studying  the  prediction  of 
the  flow  velocity  field  in  way  of  the  propeller  will 
be  the  development  of  procedures  which  enable  simul¬ 
taneous  consideration  of  both  the  scale-effect  and 
the  effect  of  propeller  operation  on  the  wake  at 
the  stern. 


TABLE  2.  Variation  in  the  Constant  Component  of  Bending  Moment  Depending  on  the 
Velocity  Distribution  at  the  Propeller  (Model  1) 


Model.  Esti¬ 

Mode 1 . 

Mode 1 . 

mation  of 

Experiment 

Experiment 

Propeller 

Consideration 

Consideration 

Mode 1 . 

Model -ship 

Effect 

of  Propeller 

of  Propeller 

Experiment. 

Correlation 

According  to 

Effect  by 

Effect  by 

Nominal 

Using  Equa¬ 

Hoekstra 

Using  Equa¬ 

Using  Equa¬ 

Field 

tions  <  1 )  —  ( 4  > 

(1977) 

tions  ( 11 ) - (12) 

tions  (13)  —  (It 

n .  04 

-0.0  7 

-0.08 

-0.  35 

-0.25 
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ABSTRACT 


Tins  paper  concerns  recent  advances  in  the  theory 
and  numerical  solution  of  propeller  induced  pressure 
forces  acting  on  ship  hull  surfaces.  The  analysis 
is  formulated  in  terms  of  th**  diffracted  potential 
flow  about  general  three-dimensional  hull  boundaries 
in  the  presence  of  a  free  surface.  The  influence 
of  the  propeller  is  derived  from  lifting-surface 
theory,  explicitly  accounting  for  finite  blade 
number,  blade  thickness  and  skew,  and  radial  and 
chordwise  loading  (steady  and  unsteady,  but  sub- 
cavitating).  Two  methods  have  been  developed  to 
calculate  the  periodic  forces.  In  the  direct 
approach,  time-dependent  source  singularities  are 
distributed  over  the  body  surface  with  the  strengths 
determined  for  a  prescribed  propeller  onset  flow. 

T’ue  force  is  then  found  by  applying  the  extended 
Lagally  theorem.  In  the  second  approach,  based  on 
a  special  application  of  Green's  theorem,  the  force 
is  obtained  by  finding  the  velocity  potential  at 
the  propeller  generated  by  the  boundary  executing 
simple  osc ilia tory  mo t i ons . 

A  towing  tank  experiment  is  described  in  which 
blade  frequency  forces  were  measured  on  a  body  of 
revolution  adjacent  to  a  propeller  operating  in 
virtually  uniform  flow.  The  simplifications  of 
body  shape  and  propeller  loading  provided  a  physical 
mod*!  which  could  be  treated  in  a  reasonably  exact 
fashion  by  the  theory.  The  body  consisted  of  two 
parts.  A  heavy  afterbody,  attached  to  the  towing 
strut,  acted  as  a  seismic  mass  at  all  but  very  low 
frequencies.  The  forces  were  measured  on  a  light, 
rigid  forebody  supported  from  the  afterbody  by  a 
specially  designed  strain-gaged  flexure  assembly. 
Tests  with  two  propellers  differing  only  in  blade 
thickness  revealed  the  separate  contributions  of 
blade  loading  and  thickness  and  the  re.su Its  obtained 
agree  favorably  with  the  analytical  predictions. 


‘ chnology 


1.  INTRODUCTION 

Propeller  induced  ship  hull  virbration  continues  to 
be  a  major  source  of  uncertainty  and,  indeed, 
frustration  to  the  naval  architect.  Today  wo  witness 
a  trend  toward  larger  and  faster  ships  with  higher 
power  being  delivered  to  the  propeller.  These 
designs  are  inherently  more  susceptible  to  propeller 
related  vibration  problems,  as  has  been  learned 
from  bitter  and  usually  costly  experience  and  this 
situation  has  focused  renewed  attention  on  the  need 
for  improved  methods  to  predict  propeller  exciting 
forces  -  methods  which  are  both  reliable  and  practi¬ 
cal  for  application  during  the  design  process. 

Two  distinct,  but  related  types  of  propeller 
exciting  forces  (and  moments)  produce  hull  vibration. 
Unsteady  blade  loads  developed  by  tiu*  propeller 
operating  in  the  nonuni  form  ship  wake  and  trans¬ 
mitted  to  the  hull  directly  through  the  propeller 
shafting  are  termed  bearing  fora's .  Periodic 
pressure  forces  acting  on  the  surface  of  the 
hull,  arising  from  the  propeller  unsteady  veloc¬ 
ity  and  pressure  fields,  are  called  surface  forces. 
Various  approaches  have  been  developed  to  predict 
these  forces  from  model  tests.  For  example,  bearing 
forces  are  measured  on  a  model  propeller  in  a  water 
tunnel  using  wake  screens  to  simulate  the  flow  at 
the  ship  stern.  Surface  pressures  can  be  obtained 
from  measurements  of  transducers  distributed  over 
the  surface  of  the  model  hull  afterbody.  Alterna¬ 
tively,  the  entire  hull  afterbody  can  bo  cantilevered 
on  a  flexure  assembly  instrumented  to  measure  the 
total  surface  force  (separated  stern  technique, 

Stuntz  et  al.  (1900) ] . 

Tlie  foregoing  experimental  techniques,  and 
others  [most  notably  Lewis  (1909)],  have  proven  to 
be  costly  and  difficult  to  carry  out  in  practice. 
Moreover,  a  larqo  number  of  experiments  would  be 
required  to  examine  all  the  pertinent  physical 
parameters,  including  hull  form,  propeller  clearances. 


27ft 


279 


blade  geometry  and  loading  characteristics.  Con¬ 
sequently,  researchers  are  attempting  to  develop 
theories  and  numerical  procedures  for  calculating 
propeller  exciting  forces.  An  analytical  approach 
offers  a  means  to  economically  evaluate  competing 
propeller-hull  design  concepts  as  well  as  to  diagnose 
at-sea  vibration  problems  and  identify  corrective 
measures. 

The  present  paper  concerns  recent  advances  in 
the  theory  for  propeller  induced  surface  forces. 

A  general  three-dimensional  boundary  intercepting 
the  propeller  disturbance  field  poses  a  formidable 
diffraction  problem.  As  a  first  step,  it  is 
necessary  to  determine  both  the  time-average  and 
unsteady  loading  on  the  propeller.  All  of  the 
components  of  loading,  together  with  blade  thickness, 
contribute  to  the  propeller  induced  flow  impinging 
on  the  hull  and  the  resultant  unsteady  pressure. 
Fortunately,  as  a  result  of  much  past  work  in  the 
analytical  prediction  of  bearing  forces,  there  now 
exist  powerful  theoretical  methods  for  calculating 
unsteady  propeller  loading  in  a  prescribed  nonuniform 
flow.  The  analysis  rests  on  a  lifting-surface 
representation  of  the  propeller,  explicitly  account¬ 
ing  for  number  of  blades,  radial  and  chordwise 
distribution  of  loading,  thickness,  and  skew.  While 
further  refinements  and  improvements,  such  as  the 
prediction  of  transient  blade  surface  cavitation, 
are  needed,  the  calculation  of  blade  loading  can 
now  be  done  with  sufficient  accuracy  to  address  the 
surface  force  analysis.  Also,  as  these  improvements 
in  the  propeller  calculation  become  available,  they 
can  be  incorporated  into  the  surface  force  calcula¬ 
tion  without  fundamental  changes. 

Previous  analyses  of  the  surface  forces  are 
formulated  in  terms  of  the  diffracted  potential 
flow  about  the  solid  boundary  in  the  presence  of 
a  given  propeller  onset  flow.  To  facilitate  the 
analysis,  it  was  necessary  to  introduce  simplified 
representations  of  both  the  propeller  and  the 
boundary  as  outlined  by  Breslin  (1962)  and  more 
recently,  Vorus  (1974).  For  example,  analytical 
expressions  for  the  vibratory  force  produced  on  a 
long  flat  strip  and  a  circular  cylinder  adjacent 
a  propeller  in  uniform  flow  were  derived  some  years 
ago  [Tsakonas  et  al .  (.962)  and  Breslin  (1962)]. 

These  investigations  provided  useful  insights  regard¬ 
ing  the  importance  of  propeller  tip  clearance  and  num¬ 
ber  of  blades.  However,  such  approximate  treatments 
neglect  what  are  now  known  to  be  certain  essential 
physics  of  the  propeller-hull  interaction.  The  net 
force  on  a  long  boundary  may  be  deceptively  small 
because  of  cancellation  of  large  out-of-phase  force 
components  developed  fore  and  aft  of  the  propeller. 

On  a  hull  which  terminated  in  the  immediate  vicinity 
of  the  propeller,  such  cancellation  will  not  occur. 
Also,  the  components  of  unsteady  blade  loading  at 
or  near  blade  frequency  can  produce  much  larger 
surface  forces  than  those  arising  from  the  steady 
loading  and  thickness.  Components  of  blade  loading 
at  higher  frequencies,  while  relatively  smaller  in 
amplitude,  generate  field  pressures  which  decay 
much  more  slowly,  encompassing  a  large  portion  of 
the  hull  afterbody  and  resulting  in  a  significant 
integrated  force.  For  this  same  reason,  an  experi¬ 
mental  determination  of  the  total  surface  force  by 
measurement  of  pressures  at  selected  positions  on 
the  hull  boundary  can  be  disastrously  misleading. 

In  view  of  these  circumstances,  it  is  now  generally 
accoptr-  1  that  a  satisfactory  theory  must  represent 
the  hull  boundary  in  a  reasonably  exact  fashion. 


accommodate  the  presence  of  the  free  surface,  and 
account  for  all  constituents  of  propeller  loading. 

This  paper  sets  forth  a  comprehensive  theory 
for  propeller-hull  interaction  and  describes  proce¬ 
dures  for  calculating  the  periodic  forces  acting 
on  the  hull  surface.  The  paper  is  divided  into 
five  sections.  In  the  first  section,  the  problem 
for  the  diffracted  potential  flow  about  the  hull 
is  formulated,  in  which  the  propeller  unsteady 
disturbance  is  assumed  to  be  of  small  amplitude 
and  high  frequency.  In  keeping  with  the  desire  for 
first  order  results,  the  high  frequency  linearized 
free  surface  conditon  applies.  However,  the  zero 
normal  velocity  condition  is  satisfied  exactly  at 
the  hull  boundary.  Formulae  for  the  surface  pres¬ 
sures  and  forces  may  then  be  expressed  in  terms  of 
the  propeller  velocity  potential  and  the  unknown 
diffraction  potential.  The  following  section  deals 
with  the  representation  of  the  propeller.  Dipole 
singularities  with  strenths  related  to  the  blade 
pressure  loading  and  thickness  are  distributed  over 
helicoidal  surfaces  approximating  the  geometry  of 
the  actual  blade  surfaces.  Based  on  this  model, 
expressions  for  the  field  point  velocity  potential 
arising  from  loading  and  thickness  are  developed. 
Examination  of  these  formulae  and  their  asymptotic 
behavior  at  largo  distances  reveals  important  prop¬ 
agation  characteristics  associated  with  the  unsteady 
blade  loading  components  at  and  near  blade  frequency. 

In  the  subsequent  sections,  two  methods  of  solu¬ 
tion  are  developed  for  determining  the  surface 
forces.  The  direct  approach  consists  of  distributing 
time-dependent  source  singularities  over  the  hull 
surface  with  the  source  strenths  determined  for  a 
prescribed  propeller  onset  flow  using  a  modified 
Douglas-Neumann  calculation  (Hess  and  Smith  (1964)]. 
The  force  on  the  body  is  then  found  by  applying 
the  extended  Lagally  theorem  to  the  hull  singulari¬ 
ties.  In  an  alternative  approach,  based  on  a 
special  application  of  Green's  theorem,  the  force 
is  obtained  by  finding  the  velocity  potential  at 
the  propeller  produced  by  the  hull  boundary  executing 
simple  oscillatory  motion. 

In  the  final  section,  a  towing  tank  experiment 
is  described  in  which  blade  frequency  forces  were 
measured  on  a  body  of  revolution  adjacent  to  a 
propeller  operating  in  uniform  flow.  The  simplifi¬ 
cations  of  body  shape  and  propeller  loading  provided 
a  physical  model  which  could  be  treated  in  a  reason¬ 
ably  exact  fashion  by  the  theory.  Despite  these 
simplifications,  certain  classical  problems  were 
encountered  in  the  design  of  the  experiment  including 
the  measurement  of  a  relatively  small  force,  avoid¬ 
ance  of  system  resonances  in  the  frequency  range  of 
interest,  and  retrieval  of  the  force  signal  from 
background  noise.  A  two-part  body  design  was 
developed,  similar  in  concept  to  the  separated 
stern  technique  mentioned  earlier.  A  heavy  after¬ 
body  attached  to  the  towing  strut,  behaved  as  a 
seismic  mass  at  all  but  very  low  frequencies. 

Forces  were  measured  on  a  light  rigid  forebody, 
supported  from  the  afterbody  by  a  specially  designed 
and  dynamically  calibrated  straingaged  flexure 
assembly. 

Tests  were  performed  with  two  propellers  differing 
only  in  blade  thickness  in  order  to  reveal  the 
separate  contributions  of  loading  and  thickness. 

The  measured  forces  (amplitude  and  phase)  were 
obtained  for  a  range  of  speeds  and  advance  coeffi¬ 
cients  and  for  two  positions  of  the  propeller 
relative  to  the  test  body.  The  results  agree 
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favorably  with  tin*  theoretical  predictions.  It  is 
recommended  that  this  experimental  technique  be 
extended  to  study  the  effects  of  nonuniform  flow  and 
intermittent  blade  surface  cavitation. 


2.  FORMULATION  OF  THE  PROBLEM 

Consider  a  ship  moving  at  constant  speed  U  through 
otherwise  undisturbed  water.  We  seek  to  determine 
the  periodic  forces  and  moments  exerted  on  the 
ship  hull  surface  arising  from  the  unsteady  propeller 
velocity  and  pressure  fields.  The  fluid  is  con¬ 
sidered  to  be  incompressible  and  inviscid  and  within 
the  domain  bounded  by  the  free  surface,  the  hull 
boundary,  and  the  propeller  blades  (and  trailing 
vortex  wakes),  the  flow  is  assumed  to  be  irrotational . 
Under  these  circumstances,  a  fluid  velocity  potential 
exists  which  can  be  expressed  in  terms  of  steady 
and  unsteady  components  as 

>(x,t)  =  Ux  +  $s(x)  +  J>p(x,t)  +  ^D(x,t) 

Here,  ~x  *  (x,y,z)  is  a  cartesian  coordinate  system 
fixed  to  the  ship  with  the  x  and  y  axes  in  the  ^ 
waterline  plane,  and  z-axis  directed  upward.  4*s(x) 
is  the  steady  disturbance  flow  about  the  bare  hull 
in  the  presence  of  the  free  surface,  4>p(x,t)  is  the 
propeller  potential,  and  ^p(x,t)  is  the  potential 
of  the  flow  arising  from  the  propellor-hul 1  inter¬ 
action,  often  termed  the  scattering  or  diffraction 
potential.  It  should  be  noted  that  the  presence 
of  the  viscous,  rotational  wake  of  the  ship  is 
ignored  in  the  diffraction  problem,  i.e.,  it  is 
assumed  that  the  unsteady  pressure  forces  on  the 
hull  can  be  derived  from  potential  flow  considera¬ 
tions  alone. 

The  propeller  potential  is  periodic  in  time  and, 
by  virtue  of  the  symmetry  of  identical,  equally 
spaced  blades,  may  be  expressed  as  n  Fourier  scries 
with  harmonics  in  blade  passage  frequency  as 


tfp(x,t) 
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with  <{>pn  being  the  complex  amplitude  of  nth  harmonic. 
(In  this  and  all  subsequent  expressions  involving 
cinNu»t  the  real  part  is  understood  to  be  taken.) 
Similarly,  the  diffraction  potential  will  be  of  the 
form 


4>p(x,t) 


n=0 


(2) 


We  now  consider  the  boundary  value  problem  for 
the  potential  p  -  4^  +  4>D'  assuming  the  fluid 
disturbance  velocities  to  be  small  compared  to  the 
ship  speed,  i.e.,  |  V4>  |  and  |  V  <J>  g  |  <^_U.  Within  the 
fluid  domain,  the  potential  must  satisfy  Laplace's 
equation 


V'*n(x)  =  0  O) 

At  large  depth  and  distances  upstream  of  the  hull 
and  propeller  the  disturbance  must  vanish 


v*n  *■  0  x  r  — « 

*  0  z  *  (4) 

and  at  large  downstream  distances,  x  *  +  ,  | 

satisfies  a  suitable  radiation  condition. 

The  boundary  condition  on  the  hull  surface, 
denoted  by  S,  requires  that  the  fluid  velocity  must 
be  tangent  to  the  surface,  or 

n  ■  V'4>n(x)  =  ()  x  on  S  (5) 

a  being  the  outward  unit  normal  vector  to  the  sur¬ 
face  (see  Figure  1)  .  Here  we  have  assumed  the* 
hull  to  be  rigid  and  stationary  with  respect  to  the 
translating  coordinate  system  (i.e.  hull  motion 
and  deformation  due  to  propeller  excitation  is 
ignored) . 

The  linearized  free  surface  boundary  condition 
may  be  written  in  the  form 
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In  order  to  establish  the  relative  magnitude  of 
terms  the  equation  is  recast  in  nondimensional  form 
using  the  ship  speed  U  and  propeller  radius  Rg  for 
reference  length  and  time  scales,  obtaining 
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where  »  =  J/?:nN,  J  being  the  propeller  advance 
coefficient.  It  may  now  be  observed  that  typical 
propeller  applications,  •  1  and  the  first  term 

will  dominate.  Thus,  as  a  first  approximation  the 
free  surface  boundary  condition  (6)  reduces  to 


4»n(x)  =0  on  z  =  0  (7) 

This  completes  the  statement  of  the  boundary  value 
problem  for  the  diffraction  potential  as  summarized 
in  Figure  1.  It  should  bo  noted  that  by  virtue  of 
(7),  the  function  $n fx)  can  be  analytically  continued 
into  the  upper  half  plane,  z  >  0,  in  a  straight¬ 
forward  manner.  As  will  be  shown  in  subsequent 
sections  a  solution  can  be  constructed  in  terms  of 
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appropriate  "images"  of  the  propeller  and  hull 
singularity  systems. 

Upon  solving  for  the  velocity  potential,  all 
other  quantities  of  interest  can  be  determined. 

The  linearized,  unsteady  component  of  pressure  is 
given  by* 

p  (x ,  t )  =  -p  +  Vs  •  V<pJ  ,  Vg  (x)  =  iU  +  V(J>S  (x) 

(8) 


or  from  (1)  and  (2) , 
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where  the  p  (x)  are  amplitudes  of  harmonics  of  the 
unsteady  pressure.  The  periodic  force,  F(t),  and 
moment,  M{t)  acting  on  the  hull  surface  (see  Figure 
1)  may  be  written  as 


s 


(10) 


and 

M(t) 
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Inserting  the  expression  for  p,  one  obtains  the 
amplitudes  of  the  force  and  moment  harmonics,  as 
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Until  now,  the  propeller ‘ potential  has  been  regarded 
as  a  known  function.  Before  proceeding  with  the 
surface  force  analysis,  it  is  appropriate  to  discuss 
the  analytical  representation  of  the  prop* -Her  and 
the  velocities*  and  pressures  induced  at  arbitrary 
field  points. 


3.  REPRESENTATION  OF  THE  PROPELLER 

Tlie  primary  source  of  propeller  exciting  forces  is 
the  spatially  nonuniform  wake  of  the  hull  in  which 
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the  propeller  operates.  As  viewed  in  a  coordinate 
system  rotating  with  the  propeller,  the  flow 
approaching  the  propeller  consists  of  time-average 
or  circumferential  mean  component  and  an  oscillatory 
component.  The  oscillatory  component  gives  rise  to 
unsteady  loading  on  the  blades  in  a  manner  analogous 
to  a  hydrofoil  encountering  a  sinusoidal  gust.  This 
unsteady  loading,  summed  over  all  the  blades,  yields 
periodic  shaft  forces  at  blade  frequency  and  integer 
multiples.  In  contrast,  the  periodic  pressure 
forces  acting  on  the  hull  surface  arise  from  the 
induced  velocity  and  pressure  fields  from  both  the 
mean  and  unsteady  components  of  loading,  as  well 
as  the  blade  thickness,  because  of  the  varying 
aspect  of  the  rotating  blades  relative  to  the  fixed 
hull  boundary. 

Propeller  theory  for  unsteady  flow  has  developed 
as  a  logical  extension  of  linearized  lifting-surface 
theory  for  hydrofoils.  It  is  assumed  that  the 
oscillatory  components  of  the  wake  velocities  are 
small  compared  to  the  mean,  and  can  be  resolved  by 
Fourier  analysis  into  "wake  harmonics,"  the  funda¬ 
mental  harmonic  being  the  shaft  rotation  frequency. 
Each  of  these  harmonics,  within  the  linear  approxi¬ 
mation,  will  produce  a  component  of  unsteady  blade 
loading  with  the  same  frequency.  By  virtue  of  the 
propeller's  symmetry,  upon  summing  over  all  the 
blades,  only  certain  harmonics  of  the  loading  will 
contribute  to  the  net  force  on  the  shaft.  However, 
all  the  harmonics  of  loading  contribute  to  the 
forces  on  an  individual  blade,  and,  as  will  be  seen, 
to  the  radiated  pressure  field  of  the  propeller. 

The  propeller  lifting-surface  theory  developed 
by  Tsakonas  et  al.  (1973)  is  adopted  in  the  present 
work.  This  analysis  and  associated  computer  pro¬ 
grams  have  been  successfully  applied  in  recent 
propeller  designs  to  minimize  bearing  forces,  e. g. , 
Valentine  and  Dashnaw  (1975).  In  addition,  the 
analysis  lias  been  extended  to  compute  field  point 
velocities  and  pressures,  including  the  contributions 
from  the  image  of  the  propeller  arising  from  the 
presence  of  the  free  surface.  As  the  details  of 
the  development  of  these  formulae  have  been  largely 
reported  in  the  literature,  we  shall  not  burden 
this  paper  by  recounting  them,  being  content  to 
outline  the  procedure. 


Blade  Loading  Potential 


The  linearized  equation  of  motion  for  unsteady  flow, 
referred  to  a  non-rotating  cylindrical  coordinate 
system  (x,r,f)  centered  at  the  propeller  axis 
(Figure  2) ,  may  be  written 


p  =  -V ' 
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which  has  the  solution 
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where  p  is  the  pressure  induced  by  the  loadings  on 
the  blades  due  to  camber  and  incidence  and  p',  for 
later  convenience,  denotes  the  fluid  density.  Here 
the  angles  of  attack  are  produced  by  each  axial 
and  tangential  spatial  harmonic  of  the  nominal  hull 
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Fit  hire  2.  Propeller  coordinate  system-projected 
view  lookina  upstream. 


wak^  which  is  presumed  to  be  known  from  wake  survey 
measurements . 

The  pressure  induced  at  a  field  point  by  a  single 
blade  is  given  by  the  following  distribution  of 
pressure  dipoles 


p  <  r  <  00 


0  <  r  <  p  (18) 


Im  and  being  the  modified  Bessel  functions  of 
the  second  kind  of  order  m. 

To  secure  the  pressure  field  for  an  N-bladed 
propeller,  the  blade  position  angle  6  is  replaced 
by  0  +  2Tin/N  and  the  sum  over  n  from  n  =  0  to  N  -  1 
carried  out.  This  sum  yields  a  factor  N  and  the 
constraints  on  the  frequencies  X  and  m,  given  by 
X  -  m  =  £N  with  Z  -  Q,±l,±2#±3. . .  i.e. ,  products  of 
terms  for  which  X  -  m  ^  JtN  will  sum  to  zero.  The 
total  induced  pressure  at  any  field  is  secured  by 

summing  over  Z  from  to  +°°. 

Upon  use  of  (15),  (16)  and  (17)  and  looking  after 

the  shifted  time  variable,  using  0  =  -wt  which  shifts 
to  -ojt  +  d/U  (x-x'),  one  obtains  the  velocity 
potential  in  the  form 
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in  which  the  propagation  function,  Pm,  is  given  by 
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where  Apj  is  the  complex  amplitude  of  the  pressure 
loading  on  the  blade  arising  from  the  wake  harmonic 
order  X  and,  as  illustrated  in  Figure  3, 

Sp  is  the  surface  of  the  blade,  represented  ap¬ 
proximately  by  the  hclicoidal  surface  >,  =  UA>  u 

Hp  is  the  distance  directed  normal  to  the  surface 

H  -  [  ( x  — ', )  ‘  +  r-  f  .  '  -  2r»  cos  ( 0  +  «  -  Y  )  J  is 
the  distance  from  a  point  (r.  ,r-,d  +  t)  in  the 
surface  Sp  to  the  field  point  (x,r,f) 

•'  “  -  .t  is  the  angular  position  of  the  blade 

We  note  that  the  representation  of  the  blade  is 
only  approximate  for  a  wake  adapted  propeller, 
being  correct  for  a  constant  pitch  propeller  in 
uniform  flow.  Here  we  also  assume  that  the  pressure 
jumps  on  the  blades,  Ap\ ,  have  been  previously 
calculated  by  the  unsteady  lifting-surface  theory 
such  as  developed  and  programmed  by  Tsakonas  et  al. 
(1**73)  . 

To  place  the  harmonic  content  of  1/R  in  evidence, 
th*-  following  identity  can  bo  used 
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where  for  each  £,  m  =  X  -  £n,  and  M  is  a  practical 
upper  bound  of  the  wake  harmonic  order  number  beyond 
which  the  amplitudes  of  the  wake  harmonics  are  so 
small  as  to  render  negligible  values  of  Ap^  for  all 
X  >  M.  (A  value  of  M  =  8  is  reasonable).  Details 
of  further  reductions  of  the  integrals  involved  in 
(19)  and  (20)  may  be  found  in  Jacobs  and  Tsakonas 
(1975) . 
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where  the  amplitude  Ar  ■  is  given  by 

1  m  | 


!  T  ri-K  Propeller  coordinate  system-expanded  view 

of  Made  section  at  radius  r. 
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To  account  for  the  presence  of  the  free  surface 
which,  at  the  frequencies  of  interest  acts  as  a 
zero  potential  surface  (see  Eq.  (7) ,  we  merely  add 
to  (19)  the  potential  "  4>p (x,r^ , , t)  in 

which 


fi  =  tan 


/y  *  +  (2d-z  )*  =  r  when  z  =  d 

I  P  P  p 


f  when  Zp  =  d  and 


-  n/2  -  fi  l  n/r,  f  A (y=0)  -  0  (22) 

where  d  is  the  distance  or  depth  of  the  propeller 
axis  below  the  free  surface;  yp ,  Zp  are  the  transverse 
and  vertical  coordinates  of  any  field  point  (Figure 
2).  Thus,  the  total  potential  arising  from  the 
loadings  on  an  N-bladed  propeller  in  the  presence 
of  the  free  surface  (neglecting  the  feed-back  on 
Ap\  from  the  free  surface)  is 


*p  +  \  =  "  PIT 


Asymptotics  of  the  Loading  Potential 

The  fact  that  the  disturbances  induced  by  each  of 
the  pressure  jumps  Ap^  are  propagated  by  widely 
different  functions  of  the  space  variables  x,r,  f 
must  be  emphasized  as  these  behaviors  have  a  most 
significant  impact  on  the  pressure,  velocities,  and 
the  resultant  forces  generated  on  the  hull.  These 
diverse  characteristics  can  best  be  illustrated  by 
examining  the  asymptotics  of  the  potential  for 
upstream  locations  which  are  large  only  with  respect 
to  the  x-wisc  extent,  of  the  blade  surface.  The 
x-wise  extent  of  the  blades  is  given  by  the  (chord) 

.  sin  ^p,ipp  being  the  local  pitch  angle  which,  in 
the  radial  region  of  heaviest  loading,  is  normally 
of  the  order  of  25°.  For  merchant  ships,  the  blade 
chord  in  this  region  is  of  the  order  of  one-half 
the  radius  and,  hence,  the  x-wise  extent  of  the 
significant  position  of  a  propeller  is  only  about 
0.2  radius.  Thus ,  for  axial  distances  of  the  order 
of  one  diameter,  the  x-wise  extent  of  the  important 
region  of  the  blade  can  certainly  be  neglected  in 
an  asymptotic  analysis. 

Using  the  expansion  of  given  by 


&P\  U»#P)  (Pm(x,r,?;f,,p)  - 
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Pm  (X ,  JT i  ,  Ti  ;  f, , p )  ]  dS  (23) 

and  the  spatial  derivatives  of  this  function  yield 
the  velocities  induced  by  the  propeller  and  its 
negative  image  in  the  free  surface.  Clearly  4>p  + 
<J>p.  0  for  all  x  and  yp  for  zp  d. 


where  Q  is  the  associated  Legendre  function,  and 
,  _  (x-U?  +  rr  +  p2 


Blade  Thickness  Potential 

The  potential/  {  ,  induced  by  blade  thickness  may 
be  constructed  from  a  distribution  of  dipolos  (with 
axes  tangent  to  the  helical  arc  along  the  blade  at 
any  radius)  whose  strenths  are  given  by  V,,  V  being 
the  local  relative  resultant  velocity  and  r  the 
local  thickness  provided  by  the  expanded  blade 
section  drawing.  Using  the  helical  geometry  as 
before,  one  can  obtain 
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(wo  )  '  T  (o  ,cx) 


and  retaining  only  the  leading  term  in  the  expansion 
of  Q  for  large  Z,  one  can  arrive  at  the  following 
behaviors  for  the  consituents  of  the  loading  poten¬ 
tial,  i.e.,  4>P  *  <J>T  +  <Pn,  <PT  being  the  part 
associated  with  thrust  loading  and  being  that 
arising  from  the  torque-producting  loading  in  the 
forms : 
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where  :'j’(»  )  and  at(p)  are  the  angular  coordinates 
of  the  blade  leading  and  trailing  edges. 

To  allow  for  the  free  surface,  1/R  is  replaced 
by  1/R  -  1/R|  with  R^  being  the  distance  from  the 
reflection  of  the  dummy  point  in  the  free  surface 
to  the  field  point  on  or  below  the  water  surface, 
making  use  of  relations  (21)  and  (22) .  Again,  to 
place  the  harmonic  content  of  1/R  and  1/R^  in 
evidence  and  to  facilitate  integrations  over  the 
blade  surface,  the  Fourier  expansion  (17)  can  be 
applied. 
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ship  variable  yp  is  involved)  is  the  presence  of 
the  space  angular  function 


-lmf 


-im  f. 


(x 


v.' 
where 
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function  (27) 
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being  the  Gamma 
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d.i,  the  load  density 

(28) 


Here  the  effect  of  the  fret?  surface  is  included  by 
the  last  terms  in  each  integrand.  To  exclude  the 
free  surface,  take  the  propeller  depth  of  submergence 
d  =  •». 

Limiting  our  attention  to  blade  rate  =  1,  -  1) , 
wo  see  that,  although  the  mean  pressure  jumps  Apn 
(A  =  0)  are  much  larger  than  those  at  all  other 
wake  harmonics,  the  propagation  functions  for  m  = 

A  -  * N  =  * N  exhibit  extremely  rapid  decay  with 
increasing  x.  In  addition,  we  observe  that  the 
radial  loading  for  m  -  ‘N  obtained  from  Apt)  is 
weighted  by  the  oscillatory  function  which 

has  the  effect  of  producing  an  L^fo)  which  is 
inversely  proportional  to  N.  In  contrast,  the 
contribution  for  A  =  N,  i.e.,  m  =  0,  is  of  the 
form 


which  has  a  "non-dest ructive"  weighting  function  of 
unity.  Another  feature  which  reduces  the  mean 
loading  contribution  to  the  generation  of  forces 
on  the  hull  (wherein  integration  over  the  athwart- 


iNxp  -iN(tan  *y/z  ) 
e  I  =  e  P  P 

yielding  pressures  and  velocities  at  different  yp 
which  are  not  in  phase.  In  strong  contrast  in  the 
propagation  mode  for  the  blade  frequency  loading 
ApN  (for  which  m  =  0)  ,  <J>rp  has  no  dependence  on  f 
or  pp  and  all  yp  locations  receive  velocities  and 
pressures  which  are  in  phase  with  each  other.  On 
the  other  hand,  the  coefficient  C|mj  is  large  for 
A  =  0  (being  6.5  for  a  5-bladed  propeller),  whereas 

c  =  n  ,  the  multiplier  for  the  contribution  from 

o 

tne  blade  frequency  Ap's. 

These  observations  are  succinctly  summarized  in 
Tables  1  and  2  for  the  case  of  a  5-bladed  propeller, 
displaying  the  rate  of  decay  with  x,  the  variation 
of  the  influence  coefficients  C|m|  and  me | m | /1+2 | m | , 
and  the  dependence  on  the  angular  space  coordinates 
f and  without  and  with  the  free  surface  effect 

for  the  dominant  terms  at  blade  frequency  arising 
from  the  loading  at  wake  harmonics  X  =0,  N  -  1, 

N  and  N  +  1. 

One  may  observe  in  Tables  1  and  2  that  the  effect 
of  the  free  surface  does  not  generally  increase  the 
rate  of  attenuation  of  the  potentials  with  x  except 
at  or  near  all  points  in  the  vertical  plane  yP  -  0 
with  the  exception  of  the  and  arising 

from  blade  frequency  loading  on  the  blades,  i.e., 

A  =N  and  m  =  0,  which  show  a  change  from  x“'  to  x~4 
and  x_1  to  x-3  everywhere ,  respectively . 

A  dramatic  contrast  in  the  force-generating 
capabilities  of  the  pressure  field  components  arising 
from  the  mean  (the  largest)  and  the  blade-f requency 
loadings  on  the  blades  can  be  found  by  integrating 
the  pressures 


,H-t(<>)  _  3*t<N> 


nvor  a  rectangular  region  of  half-breadth  b  arranged 
symmetrically  zn  units  above  the  propeller  and 
extending  from  -f  radii  forward  to  s  radii  downstream 
of  the  propeller  plane.  Upon  defining  the  coeffi¬ 
cient  of  the  vertical  force  on  the  rectangle  as  ZT0) 
-  Fz  (  '/p'n-D1* ,  we  can  arrive  at  the  following 


TABLE  1.  ASYMPTOTIC  CHARACTERISTICS  OF  BLADE  FREQUENCY  COMPONENTS 
OF  THE  THRUST  ASSOCIATED  POTENTIAL  0T  FOR  A  5  BLADED  PROPELLER 
FOR  LARGE  AXIAL  DISTANCES 
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TABLE  2  ASYMPTOTIC  CHARACTERISTICS  OF  BLADE  FREQUENCY  COMPONENTS 
OF  THE  TORQUE  ASSOCIATED  POTENTIAL  0Q  FOR  A  5-BLADED  PROPELLER 
AT  LARGE  AXIAL  DISTANCES 
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*  These  are  relative  values  as  obtained  from  calculations  of  a  5-bladed  propeller 
using  the  wake  of  (he  SS  Michigan. 
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Evaluations  of  (29)  and  (30)  were  carried  on  a 
hand  calculator  for  various  integration  lengths  f 
forward  of  a  propeller  using  assumed  radial  distri¬ 
butions  of  Ap0  and  ApN  and  representative  values 
from  computer  calculations  for  a  5-bladed  22.5  ft 
propeller  in  a  single-screw  ship  (model)  wake.  The 
calculations  were  made  for  a  flat-bottomed  hull  of 
half-breadth  b  =  2  R0  at  zQ  =  1 . 5  R0  (25  percent 
tip  clearance)  and  a  stern  overhang  s  =  1.  Results 
shown  on  Figure  4  show  dramatically  that  the  force 
arising  from  the  blade-frequency  (b-f)  loading  is 
(asymptotically)  (>5  times  larger  than  that  from  the 
mean  blade  loading  when  the  free-surface  effects 
are  omitted  (note  that  Ap0  =  40  Ap^,)  .  Furthermore, 
the  total  force  due  to  b-f  blade  loading  rises  very 
slowly  to  its  asymptotic  value  as  the  integration 
length  is  increased  and  even  the  force  from  mean 
blade  loading  requires  integration  of  the  pressure 
to  three  radii  forward  of  the  propeller. 

To  allow  approxima tely  for  the  effect  of  the 
free  surface,  one  can  subtract  terms  of  the  same 
form  as  (29)  and  (30)  with  z  '  replaced  by  z.J  + 

4dh  with  d  being  the  depth  of  submergence  of  the 
propeller  axis  and  h  the  hull  draft  in  way  of  the 
propeller.  The  reduction  in  force  for  d  ■=  3.5  and 
h  =  2  is  significant  for  Z*r^'  but  is  found  negli¬ 
gible  for  the  smaller  force.  As  expected,  the 
asymptotic  value  ZT^N)(fwx)  is  more  quickly  achieved 
due  to  the  presence  of  the  free  surface,  but,  never¬ 
theless,  requiring  that  one  integrate  to  some  8 
diameters  to  achieve  the  final  value. 

These  results  tell  us  that  the  current  practice 
in  European  model  basins  (in  which  b-f  pressures 
are  measured  on  models  in  the  vicinity  of  the 
propel ler  and  these  are  in  tear a  ted  in  an  attempt  to 
secure  the  b-f  hu ' i  force )  is  highly  suspect  because 
the  slowly  decaying  pressures  from  b-f  blade  loadings 
conlr ibute  large  sectional  force  densities  far  from 
tht'  propeller.  This  effect  is  exacerbated  by  the 
"growing"  cross-stict  i onal  shape  as  one  integrates 
forward  which  is  not  accounted  for  in  the  constant 
beam  "ship"  used  in  the  foregoing  analysis. 


Jor  the  contribution  from  the  blade- frequency  loading 
on  the  blades. 


286 


As  an  order  of  magnitude  formula,  one  might  use 
(30)  for  f  =  •»  with  the  correction  for  the  free 
surface  included.  This  reduces  to  the  complex 
amplitude 

1.0 

(N)  =  _N -  f 


8n  p  *  n*  Rn 
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0.2 


(b+\/s“+z  ~+p"+b^) 


(b+  Js“+zf;+j)"+b‘  +4dh) 


pAp  in 


!  s^+z  •  +p*-+4dh 


s'  +z,  *  +r-‘ 


dr- 


on 


(which  must  not  be  used  for  hull  drafts  in  way  of 
the  propeller,  h,  which  are  small,  as  clearly  zT^ 

-  0  as  h  v  0)  .  In  practice,  Apjj  -  a^(>>)  cos  MO  + 
b]sj(p)  sin  NO,  ajj,  b^j  being  the  chordwise  average  in- 
phase  and  quadrature  blade  pressures  given  by  the 
unsteady  lifting  surface  calculation. 

With  the  foregoing  considerations  of  the  propeller 
in  mind,  we  now  return  to  the  surface  force  problem 
for  a  general  three-dimensional  hull  boundary  and 
prescribed  propeller  onset  flow.  In  the  following 
section,  a  procedure  is  described  for  determining 
the  diffraction  potential  and  the  surface  pressures 
and  forces  in  terms  of  singularities  distributed 
over  the  surface  of  the  hull. 


4.  A  DIRECT  APPROACH  FOR  DETERMINING  SURFACE  FORCES 

A  "frontal  attack"  on  the  problem  of  predicting  the 
vibration  forces  generated  on  an  arbitrary  hull  by 
the  induced  flow  of  the  propeller,  (and  its  free  sur¬ 
face  image)  is  to  construct  the  potential  of  the  hull 
in  the  presence  of  these  onset  flows.  This  procedure 
was  first  applied  by  Breslin  and  Eng  (1965)  to  a 
realistic  hull  form.  At  that  time,  however,  only 
the  mean  loading  and  the  blade  thickness  were 
accounted  for  in  the  flow  impinging  on  the  hull  and 
the  computer  time  was  observed  to  be  excessive.  In 
contrast  to  these  earlier  efforts,  the  propeller 
flow  is  now  composed  of  all  constituents  of  loading 
and  the  (high  frequency)  images  arising  from  the 
presence  of  the  free  surface. 

A  solution  for  the  potential,  $n,  which  satisfies 
equations  (3),  (4),  and  (7),  is  constructed  by 

distributing  source  singularities,  on  (*x)  einl^u)t , 
over  the  surface  of  the  hull,  such  that 


*n<x>  =  -  77 


+  tpn  +  '!‘p. 
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(32) 


where  the  region  of  integration  is  over  the  submerged 
portion  of  the  hull  and  x^  is  the  distance  from  an 
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,  v  “V— - 


‘ image  :  hull  point  to  the  field  point,  i.e,  if 
x*  -  (x',y,,z^J,  then  xj  =  x'fV'f-z').  Th«*  source 
strengths  (x)  can  be  deternined  by  apply i ng  tin- 
hull  boundary  condition  (5)  yielding  an  integral 
equation 


S  i  in'-  •  ;n  0  on  the  of  integrat  ion 

in  ( >.; )  may  !>•*  extended  to  include  the  hull  wuter- 
]  .*).•  pl«me  S  (so«  Figure  1),  thus  forming  a  cloned 
surface  about  the  volume  V  inr-iiif  the  submerged 
jH>rt  1  *.>1 1  of  tin*  hu  1  1  ,  and 
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)  =0,  x  on  S 


(33) 


The  integral  tern  gives  the  contribution  from  all 
source  elements  other  titan  at  the  point  of  inteiest 
on  tin*  hull.  The  contribution  from  the  source  at 
that  point  is  given  by  the  first  term,  ,n(x)/2. 

l\iuation  (33)  with  h*  •  [Vir>  +  Vap.  I  as  a  known 

*  n  1  i  n 

input  is  solved  numerically  by  the  generalized 
Ooikj las “Neumann  program  (Hess  and  Smith  (19B4)]. 

In  practice,  the  hull  surface  is  divided  up  into 
quadrilateral  elements  over  which  cn  is  considered 
cons.tant  and  the  integral  equation  is  replaced  by 
a  set  of  simultaneous  algebraic  equations.  Care 
must  be  exercised  to  insure  that  the  size.*;  of  the 
elements  art*  small  compared  to  the  spatial  "wave 
Length’’  of  the  propel  lor- induced  velocity  field. 

This,  is  particularly  the  ase  for  field  points  just 
downstream  of  the  propeller  since  tin'  velocity 
v omponents  rapidly  become  pioportional  to  sines 
and  cosines  of  N(../U  x-  f)  so  that  the  wave  length 
of  these  signatures  is  \  *2">U/IJ»%>,  which,  for  J  1 
anti  N  -  3,  becomes  \  -  ->.4R  .  In  order  to  obtain 
r*'pr  esentat  ions  of  an  entire  cycle,  it  is  necessary 
t*>  take  element  lengths  of  one-quarter  of  this 
length  or  about  O.tUR,.  Upstream,  the  induced  flow 
is  nonot.omo  in  x  and  tin;  element  sizes  can  be  made 
much  larger  without  loss  of  accuracy. 

It  is  acknowledged  that  the  above -do si' ri bod  pro¬ 
cess  does  not,  in  principle,  completely  solve  the 
problem  since  the  feedback  of  the  hull  sources  on 
the  instantaneous  flow  experienced  by  the  propeller 
i s  not  included  in  the  propeller  loadings  Ap\.  To 
do  this  would  require  joining  the  integral  equation 
for  the  propeller  loadings  (with  input  from  the 
propeller  generated  hull  sources)  to  Eq.  (33)  to 
form  a  pair  of  integral  equations  for  Ap^  and  .’n, 
which,  when  solved  interativeLy  to  convergence, 
would  yield  the  comt  leto  solution.  For  the  present, 
we  are  content  to  ignore  the  hull  feedback  on  the 
prof  >i*  1  l  »*r . 

Once  the  source  densities  on  the  hull  surface 
are  found,  it  is  convenient  to  determine  the  force 
induced  on  the  hull  in  forms  of  simple  integral  op¬ 
erations  on  these  sources.  Although  the  Lagally 
theorem  and  its  extension  by  Cummins  (1957)  is  known 
for  submerged  bodies,  it  is  necessary  to  develop  a 
form  who'll  is  suitable  for  use  for  floating  bodies 
bo set  by  high  frequency  flows. 

The  force  a-;  given  earlier  by  Eq.  (I.1)  may  be 
considered  as  the  sum  of  two  terms  Fn'^  ind  Fn’^) 
given  by 

Fnt])  -  l.  UN..  I  j  :n  lids  (34) 

and  s 


where  the  symbols  {  )+  ana  (  )  are  used  to  denote 
a  quantity  evalutated  on  the  outside  and  inside  of 
tlie  surface  of  integration  respectively.  Noting 
that  for  ;„(x)  given  by  (32),  :n+  -  ;n”(i.o.  the 
potential  is  continuous  across  a  surface  distribution 
of  source  singularities),  and  using  the  vector 
identity  n  =  n  •  Vx,  one  obtains 


FnU)  -  i ,  nN  . 


;n  n  •  VxdS(x)  (37) 


^  J 

s+s. 


By  means  of  Gr-en’s  reciprocal  theorem  applied  to 
the  volume  V,  (37)  becomes 


-  m  rr  — 

Fn(1)  =  i s nNo  j  |  xn  •  V?~  dS(x)  (3B) 

s+s,, 

since  V  •  7(’x)  0  and  V-4»n“  =  0  in  V.  A  fundamental 

property  of  a  surface  distribution  of  source  singu¬ 
larities  relates  the  jump  in  the  normal  derivative 
of  the  potential  to  the  local  source  strength,  viz. 


(39) 


But  since  n  •  V^n  +  =  0  on  S  by  virtue  of  the  boundary 
condition  (5),  Eq.  (38)  may  bo  written  as 


(1) 


-  i  pnNa< 


,  ( x )  dS (x) 


ipnNui 


-i.  n 

x  —  ~  dS(x) 

3z 


(40) 


The  first  term  in  (40)  has  the  same  structure  as 
that  derived  by  Cummins  (1957)  for  submerged  bodies 
generated  by  internal  singularities.  The  second 
term  arises  from  the  capping  of  the  volume  by 
extending  the  free  surface  through  the  ship  (proposed 
originally  by  Breslin  in  1971).  For  the  important 
case  of  the  vertical  force,  F-  ,  we  obtain 


F,  (1)  -  1,-nNu. 
"n 


(iS  (t) 


F  <•') 


S 

V.,  •  V; n  ntiS  (iS) 

A  similar  analysis  can  bo  applied  to  • 
tive  term  Fn<2)(soe  appendix  A)  to  obt  i 
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. ft 
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~  ds 
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(42) 
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inNui  ,  j 

,  a  ^  ’ 
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np  •  V  Hin 

J  J 

J 
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(47) 


in  which  again  the  first  term  exhibits  the  same 
form  as  for  a  submerged  body  and  the  second  term 
accounts  for  the  intersection  with  the  free  surface. 

If  it  is  assumed  that  /3z  =  0  on  z  =  0  (riqid 
wall  free  surface  condition  for  the  steady  flow 
about  the  hull,  i.e.,  low  Froude  number  approximation), 
then  from  (42) 


F„  (2) 
‘'n 


-p 


( 4> p  +  <j>p.  )  ds 

n  in 


(43) 


All  of  the  variables  in  (47)  pertain  to  the  propeller 
except  Hin.  is  the  amplitude  of  the  fluid 

velocity  potential  due  to  the  bare  hull  travelling 
backwards  with  speed  U  across  the  water  surface 
and  oscillating  with  unit  amplitude  in  the  ith 
direction  and  at  the  frequency  nftu.  Since  the 
details  of  the  derivation  of  this  formula  may  be 
found  in  the  cited  literature  we  will  only  outline 
major  steps  as  follows. 

The  second  term  in  (45)  can  be  rewritten  using 
the  following  vector  identity 


S 


and  the  total  vertical  force, 
becomes 


F7  (!)  +  F„  (2) 
^n  *-n  • 


(Vs  ■  V(J>n)  Coti  •  n)  =  (V<t>n  •  ai)  (Vg  •  n)  + 

x  Vs)  ]  •  n  -  4>n  7x  (o^  X  vs)  •  n  (48) 


inNwz  o_ 


—  (* 
3Z 


dS 


S 


(44) 


As  noted  earlier,  the  first  term  under  the  integral 
will  dominate  because  of  the  large  multiplying 
factor  nNw .  This  will  be  confirmed  in  the  calculated 
example  to  be  presented  subsequently.  First,  how- 
ever,  we  outline  an  alternative  approach  for 
determining  the  vibratory  hull  force  which  avoids 
the  need  to  solve  for  the  diffraction  potential. 


5.  AN  ALTERNATIVE  METHOD  FOR  DETERMINING  THE 
VIBRATORY  HULL  FORCES 

Vorus  (1971,  1974,  1976)  has  developed  an  alternative 
procedure  for  determining  the  vibratory  hull  surface 
forces  which  eliminates  the  need  to  solve  for  the 
hull  diffraction  potential  in  the  presence  of  the 
propeller  onset  flow.  The  ith  oscillatory  force 
or  moment,  Fj^,  exerted  by  the  pressure  on  the 
hull  may  be  written  from  (12)  and  (13)  as 


F^  =  p  I  I  (inNu>4>n  +  Vs  •  V<(>n)  n  *  Uj  dS  (45) 


where  the  'ij  are  defined  as 


Only  the  last  term  contributes  to  (45) ,  because  Vs 
•  n  =  0  (steady  flow  hull  boundary  condition)  and, 
by  Stokes  *  theorem 


Vx  [  ($  (ai  x  v  )  ] 

n  53 


n  dS 


x  Vs)dH  =  0 
(49) 


where  the  line  integral  is  taken  along  the  hull 
waterline  on  which  <tn  =  0.  Consequently,  Eq.  (45) 
becomes 


If*" 


i  inNuxxi 


Vx(Oi 


n  dS 


(50) 


and,  upon  introducing  the  function  H^n  which  satis¬ 
fies 


V2H.  =  0 
in 

H.  =  0 


in  fluid  domain 
z  =  0,  outside  S 


n  •  V  H.  =  n  •  [inNw  a,  -  Vx(a;xv_)J 
in 


V  H. 


as  x  -*■«*,  z  <  0 


equation  (50)  is  given  by 


(51) 

(52) 
on  S (53) 
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(46) 


Vorus  has  shown  that  the  solution  for  F^n,  with  no 
additional  approximation,  is  given  by  the  formula 


S 

This  form  can  be  identified  as  one  of  the  terms  in 
Green's  theorem  applied  to  the  functions  <J>n  and 
Hfn  in  the  fluid  domain  bounded  by  the  hull  surface 
S,  the  free  surface  z  =  0,  and  the  surfaces  of  the 
propeller  blades  Sp  ,  and  slipstream,  Sp^,  which 
yields  N 

tt/Nw 


F. 

in 


-inNwt 

dt  e 


ds (6  r0 ,8  +  a) 
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(  3*  +  3*  -\ 

.  _E 

V  3nP  3np  / 


dS  + 


V  H .  dS 
in 


J(56) 


where  $p+  -  is  the  jump  in  the  propeller  potential 

across  the  blade  and  slipstream  surfaces.  The  two 
terms  in  (56)  can  be  identified  as  the  contributions 
from  blade  loading  and  thickness,  and  with  further 
manipulation  can  be  brought  into  the  form  of  (47) . 

Equation  (47)  indicates  that  the  velocity  corres¬ 
ponding  to  the  potential  H^n  is  evaluated  over  the 
propeller  blades  and  slipstream.  The  propeller 
representation  by  distributions  of  dipoles  directed 
normal  and  tangential  to  the  blade  pitch  surface  is 
the  same  as  previously  discussed.  In  the  formula, 
the  velocity  induced  by  the  bare  hull,  VH^n,  is 
resolved  into  components  in  the  directions  of  the 
dipoles,  multiplied  by  the  dipole  strengths,  and 
the  products  integrated  over  the  blade  and  slipstream 
surfaces.  The  first  integral  in  (47),  in  time, 
extracts  the  nth  Fourier  harmonic.  Both  the  blade 
position  and  the  dipole  strengths  are  functions  of 
time. 

In  the  case  of  vertical  force  analyses,  an 
approximation  to  the  improper  integral  in  (47)  has 
been  found  to  yield  acceptable  results.  Let  I  be 
defined  as 


inNu) 

U 


(£-£’> 


(57) 


If  the  oscillating  exponential  varies  more  rapidly 
than  VHin,  then  the  argument  of  the  exponential  can 
be  considered  as  "large"  and  I  can  be  expanded  in 
an  asymptotic  series.  VH^n  should  vary  relatively 
slowly  aft  in  the  propeller  slipstream  for  vertical 
oscillation  of  the  bare  hull  and  an  asymptotic 
evaluation  should  therefore  be  valid.  (Such  a 
treatment  may  not  apply  to  an  athwartship  analysis, 
for  example,  where  a  rudder  is  involved  in  the  bare 
hull  oscillation.)  To  proceed  with  the  asymptotic 
representation,  (57)  is  integrated  by  parts  yielding 
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For  the  conditions  stated,  the  integral  term  is 
higher  order.  Hence,  to  one  term, 
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and  (47)  reduces  to 
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in  which  the  induced  flow  is  evaluated  exclusively 
on  the  surface  of  all  N  propeller  blades  Sp^. 

6.  COMPARISON  OF  THEORY  AND  EXPERIMENT  FOR  A  BODY 
OF  REVOLUTION 

An  experiment  was  conducted  to  measure  the  periodic 
forces  on  a  body  of  revolution  adjacent  to  a  propel¬ 
ler  loading  provided  a  configuration  which  could 
be  treated  in  a  reasonably  exact  fashion  by  potential 
flow  theory.  As  such,  the  experiment  was  intended 
as  a  fundamental  check  on  the  theory  and  computer- 
aided  numerical  procedures.  However,  it  is  believed 
that  the  experimental  technique  can  be  extended  in 
the  future  to  study  more  general  hull  geometries 
and  the  effects  of  unsteady  propeller  loading  and 
transient  cavitation. 

In  the  following  sections,  the  experimental 
apparatus  and  procedures  are  described  and  the 
force  measurements  are  compared  with  the  analytical 
predictions. 


Test  Body  and  Propellers 

The  experiments  were  performed  in  the  DTNSRDC  Deep- 
Water  Basin  ((22  feet  (6.7  m)  deep,  51  feet  (15.5  m) 
wide,  and  2600  feet  (792  m)  long)].  Both  the  body 
and  propeller  were  supported  and  towed  from  Carriage 
II  which  has  a  drive  system  capable  of  maintaining 
speed  to  within  0.01  knot. 

Forces  were  measured  on  the  forward  half  of  an 
ellipsoid  of  revolution  with  a  length/diameter 
ratio  of  5.65.  This  "half  body"  was  mounted  by  a 
specially  designed  strain-gaged  flexure  assembly 
to  the  forward  end  of  a  massive  streamlined  after¬ 
body,  attached  to  the  towing  carriage  by  a  single 
strut.  The  propeller  was  driven  by  the  DTNSRDC 
35-horse-power  dynamometer,  separately  supported 
from  the  towing  carriage  and  positioned  so  that 
both  the  propeller  shaft  and  body  axes  were  aligned 
parallel  to  the  direction  of  flow  as  illustrated 
in  Figure  5. 

The  half  body  consisted  of  a  0.25  inch  (0.64  cm) 
thick  fiberglass  shell  measuring  36.0  inches  (0.91 
m)  in  length  and  12.75  inches  (0.324  m)  in  maximum 
diameter.  The  shell  was  filled  with  polyester  foam 
in  order  to  minimize  the  mass  and  obtain  a  high 
natural  frequency,  sufficiently  above  the  propeller 
blade  rate  frequency  range  to  reduce  nonlinear 
resonance  effects.  The  aluminum,  free-flooded 
afterbody,  together  with  its  support  strut  had  a 
low  natural  frequency  to  prevent  mechanical  vibra¬ 
tions  from  the  propeller  dynamometer  gears  and 
shafts  passing  through  to  the  body  force  dynamometer. 
The  towing  strut  was  attached  to  a  large  frame, 
mounted  on  the  propeller  dynamometer  structure. 
Slotted  pads  supporting  the  frame  permitted  trans¬ 
verse  and  longitudinal  adjustment  of  the  body 
location  and  orientation.  Vibration  isolating 
mounts  were  placed  in  the  framework  to  further  in¬ 
hibit  "pass  through"  vibrations. 

Vibratory  forces  were  measured  for  two  propellers. 
DTNSRDC  propeller  4118  is  a  3-bladed,  12-inch  (0.305 
m)  diameter  aluminum  propeller  designed  for  uniform 
flow.  Propeller  4119  is  identical  to  4118,  except 
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FIGURE  5.  Experimental 
arranqement . 
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that  it  has  twice  the  blade  thickness  (and  a  sl;ght 
difference  in  pitch  to  correct  for  the  added  thick¬ 
ness)  .  The  principal  design  characteristics  of 
the  propellers  are  listed  in  Table  3.  The  propellers 
were  designed  by  lifting-surface  methods  and  both 
open  water  performance  [Denny  (1968) ]  and  field 
point  pressure  measurements  [Denny  (1967)]  have 
been  reported.  It  should  be  noted  that  the  theoret¬ 
ical  predictions  of  field  point  pressures  agree 
very  well  with  the  experimental  measurements  (at 
design  advance  coefficient)  and  the  same  propeller 
theory  is  applied  in  the  present  surface  force 
calculations. 


The  Force  Dynamometer 

A  dynamometer  was  developed  to  measure  the  horizon¬ 
tal  component  of  the  unsteady  forces  produced  on 
the  half  body  by  the  propeller.  The  half  body  is 
cantilevered  from  the  afterbody  on  five  (5)  flexures. 
Forces  are  determined  by  measuring  the  strain  in 
one  flexure,  while  the  other  four  flexures  absorb 
the  vertical  force  and  moments  as  illustrated 
schematically  in  Figure  6.  The  measurement  flexure 
transmits  vertical  forces  and  moments  with  miminal 


stress  while  resisting  a  large  part  of  the  horizontal 
force  (calculated  to  be  over  90  percent) . 

Two  competing  requirements  governed  the  flexure 
design  -  the  need  to  resolve  small  forces  and  the 
desire  to  maintain  the  natural  frequency  of  the 
flexure-half  body  system  far  above  the  propeller 
excitation  frequency.  Also  the  flexure  was  expected 
to  experience  large  (static)  forces  arising  from 
flow  misalignment  and  hydrostatic  loading. 

From  the  relationships  for  stress  and  stiffness 
of  a  simple  cantilevered  beam,  it  is  known  that 
for  a  given  force,  the  flexure  should  have  a  low 
stiffness  in  order  to  produce  maximum  strain.  This 
in  turn  would  require  a  small  body  mass  to  keep  the 
natural  frequency  high.  However,  if  the  body  is 
too  small,  the  resulting  propeller  force  signal 
becomes  difficult  to  retrieve  in  the  presence  of 
background  noise.  Although  sophisticated  techniques 
were  employed  to  reduce  electrical  noise  and  boost 
signal  power,  it  was  not  possible  to  completely 
eliminate  mechanical  noise  generated  by  the  rumbling 
carriage.  With  these  compromises  in  mind,  the 
flexure  was  designed  for  a  frequency  ratio  of  0.5, 
producing  minimally  acceptable  stress  levels  of 
1000  psi  (6.9  uPa)  for  the  one  pound  (0.454  kg) 
force  in  this  experiment. 


TABLE  3.  PROPELLER  GEOMETRY 


4118 

4119 

DIAMETER,  INCHES 

12.0 

12.0 

NO  OF  BLADES 

3 

3 

PITCH  RATIO  (0  ?R0) 

1  07  7 

1.084 

EXPANDED  AREA  RATIO 

0.606 

0  606 

BLA0E  THICKNESS  FRACTION 

0  040 

0  080 

NACA  MEANLINE 

0=0  80 

a  =  0  80 

I  t 


DIRECTION 
OF  MEASURED 
FORCE 


SUPPORT  FLEXURE (4) 

0  750  IN.  X  0  035  IN 
(  I  .90  CM  X  0  084  CM) 

—MEASUREMENT  FLEXURE 
0  500 IN  X  O  005  IN. 

(  1.27  CM  X  0.0127  CM  ) 


FIGURE  6.  Schematic  diagram  of  flexure  arrangement. 


For  simplicity  and  economy,  the  flexure  consisted 
of  conventional  steel  shim  stock  clamped  between 
the  half  body  and  the  afterbody  by  sets  of  wedges. 

The  flexures  were  pinned  and  epoxied  to  the  wedges 
prior  to  insertion  into  the  dynamometer  plate. 

Before  assembly,  eight  strain  gages  were  mounted 
and  waterproofed,  with  one  gage  placed  at  each 
corner  of  the  two  large  faces  of  the  flexure.  The 
gages  were  electrically  compensated  for  tension 
(or  compression)  and  torsion.  In  order  to  check 
vertical  alignment  to  the  flow,  two  of  the  support 
flexures  were  also  strain-gaged. 

Calculations  indicated  that  the  measured  strain 
in  the  flexure  due  to  dynamic  forces  would  be  135 
percent  of  the  strain  due  to  a  static  force  with 
the  same  amplitude,  assuming  small  damping.  Also, 
the  phase  angle  of  the  strain  relative  to  the  applied 
force  would  be  affected  by  the  large  ratio  of 
excitation  frequency  to  the  natural  frequency. 
Consequently,  the  experiment  incorporated  an  inter¬ 
nally  mounted  electromagnetic  voice  coil  to  calibrate 
the  measurement  flexure  as  a  function  of  force 
amplitude,  frequency,  and  forward  speed.  Ini tally, 
with  a  series  of  known  static  forces  applied  to  the 
body,  a  current  was  applied  to  the  coil  to  return 
the  body  to  its  unloaded  position,  as  indicated  by 
the  strain  output  from  the  measurement  flexure. 

These  static  calibrations  revealed  that  the  coil 
current  varied  linearly  with  applied  force  and  that 
the  flexure  strain  was  virtually  independent  (less 
than  2  percent  variation)  of  the  axial  location  of 
the  applied  force. 

Dynamic  calibrations  of  the  dynamometer  were 
performed  using  a  frequency  generator  and  amplifier 
with  the  known  sinusoidal  current  directly  input  to 
the  coil.  (It  is  assumed  that  in  the  low  frequency 
range  of  interest,  0  to  60  Hz,  the  applied  force 
is  independent  of  frequency) .  The  response  amplitude 
(relative  to  the  applied  current  or  force)  was 
found  to  vary  linearly  with  the  applied  force.  By 
averaging  the  data,  the  transfer  function  for  each 
frequency  and  forward  speed  was  determined  as  shown 
in  Figure  7.  These  results  revealed  anomalous 
behaviour  for  frequencies  of  20  Hz  and  50-60  Hz, 
which  were  later  identified  as  resonant  frequencies 
associated  with  the  towing  structure. 


Instrumentation  and  Data  Acquisition 

During  each  data  run  the  following  physical  quanti¬ 
ties  were  measured  (see  Figure  8) :  the  force  on 
the  half  body,  the  surface  pressure  at  two  locations 
on  the  body,  the  distance  between  the  body  and  the 
propeller  (tip  clearance) ,  propeller  blade  angular 
position  and  rotation  speed,  the  forward  speed  of 
the  towing  carriage,  and  the  horizontal  accelerations 
of  the  afterbody. 

Pressures  were  measured  by  metal  diaphragm  solid- 
state  gages  (KULITE  XTMS- 1-190)  flush  mounted  to 


the  half  body  surface.  The  propeller  tip  clearance 
which  varied  slightly  with  forward  speed,  was 
determined  by  measuring  the  distance  between  the 
35-horsepower  dynamometer  body  and  the  test  after¬ 
body  at  two  axial  positions  using  linear  variable 
differential  transformers  (Schaevitz  1000  HCD) . 

These  low  friction  devices  recorded  relative  move¬ 
ment  without  transmitting  mechanical  vibration. 

The  propeller  blade  angular  position  and  rotation 
speed  were  measured  by  a  Baldwin  Shaft  Position 
Encoder  mounted  on  the  35-horsepower  dynamometer 
tael  ometer  shaft,  generating  one  interrupt  per 
degiee  of  revolution  and  another  interrupt  once  per 
revc lution.  During  the  experiments  each  data  channel 
was  sampled  for  each  six  degree  increment  of  propel¬ 
ler  rotation,  thus  providing  20  samples  per  cycle 
for  blade  frequency  quantities.  (The  time  lag 
between  successively  sampled  channels  and  the  delay 
between  the  encoder  interrupt  and  capture  of  the 
sample,  together  amounting  to  several  degrees  of 
rotation,  were  later  accounted  for  in  the  data 
reduction) .  Analog  data  output  from  the  measurement 
tranducer  was  digitized  and  stored  on  magnetic  tape. 
Data  for  each  angular  position  of  the  propeller 
were  summed  and  averaged  over  several  hundred 
revolutions  in  an  attempt  to  reinforce  the  signal 
of  interest  while  self-cancelling  random  noise. 

In  order  to  determine  the  blade- frequency  com¬ 
ponents  of  the  unsteady  force  (and  pressure)  on 
the  half  body,  a  Fourier  analysis  was  applied  to 
the  averaged  data  to  yield  the  coefficients  of  the 
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in  which  0(t)  is  the  blade  position  angle  (Figure 
8).  For  the  three-bladed  propellers,  the  nondimen- 
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FIGURE  7.  Force  dynamometer  amplitude  response  as  a 
function  of  frequency  for  several  forward  speeds. 
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Fit  JURE  8.  Schematic  diaqram  of 
>eriment. 


AFT  VIEW  IN  PROPELLER  PLANE 


sional  amplitude  and  phase  of  the  blade  frequency 
force  F3,  are  given  by 


'V  =  *3  tan  1  (k 3 /a 3 )  (62) 

where  the  phase  angle,  dp,  is  the  position  of  the 
reference  blade  when  the  force  is  a  positive  maximum 
or,  from  Figure  8,  Op  is  the  angle  by  which  the 
force  leads  the  blade  position. 


difficult  to  process.  An  example  of  this  type  of 
run  and  comparison  with  a  good  data  run  is  shown 
in  Figure  12.  Generally,  the  low  amplitude  data 
resulted  in  force  coefficients  much  below  the 
values  obtained  from  the  higher  amplitude  data. 
Second,  for  certain  runs  the  data  were  overscale  on 
the  individual  records,  but  not  in  the  averaged 
plot.  These  overscales,  if  abundant,  produced 
anomoiies.  Third,  structural  resonances  of  18-20 
Hz  and  55-60  Hz  grossly  distort  data  for  blade 
frequencies  with  these  values.  To  the  extent 
possible,  data  contaminated  by  these  problems  were 
discarded  and  are  not  in  the  results  presented. 


Experimental  Results 

Force  measurements  with  propeller  4110  located  16.0 
in.  (6.3  cm)  aft  of  the  nose  of  the  body  and  with 
a  nominal  tip  clearance  of  3.0  in.  (1.18  cm)  are 
given  in  Figure  9.  The  force  generally  increases 
in  amplitude  and  2aqs  further  with  higher  propeller 
loading.  The  data  points  at  design  J  (0.83)  for 
speeds  of  4  and  8  knots  show  good  agreement.  In 
Figure  10,  the  blade  frequency  pressure  induced  on 
the  body  in  the  plane  of  the  propeller  [x  =  16.0  in. 
(6.3  cm)]  shows  a  monotonic  increase  in  amplitude 
with  increased  propeller  loading  and  repeats  well 
for  different  speeds. 

Force  measurements  with  propellers  4118  and  4119 
positioned  10.0  in  (3.94  cm)  aft  of  the  nose  of 
the  body  (4.5  inc.  (1.77  cm)  tip  clearance]  are 
shown  in  Figure  11.  Over  the  range  of  propeller 
advance  coefficient,  the  force  amplitude  tends  to 
increase  with  increased  propeller  loading  and  the 
effect  of  thickness  is  demonstrated. 

The  data  exhibit  some  scatter  for  reasons  not 
yet  fully  understood  and  further  calibration  experi¬ 
ments  and  data  runs  are  needed.  The  variation  in 
the  data  for  different  speeds  (and  hence  different 
propeller  excitation  frequencies)  is  particularly 
disturbing.  It  may  be  noted  that  a  post-test 
examination  of  the  raw  (unaveraged)  data  for  the 
flexure,  displacement,  and  afterbody  accelerometers 
revealed  three  specific  sources  of  difficulty. 

First,  low  amplitude  data,  particularly  for  speeds 
of  6  knots  and  a  blade  frequency  of  35  Hz,  was 
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FIGURE  9.  Calculated  and  measured  blade  frequency 
force  for  propeller  located  at  f  *  16.0  in.  with 
tip  clearance  C  =  3.0  in. 
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FIGURE  m.  Blade  frequency  induced  pressure  on  body 
with  propeller  4118  located  at  '  =  16  in.  and  a  tip 
clearance  C  “  3.0  in. 


Application  of  the  Theory 

Direct  Approach  -  Extended  Lagally  Theorem 
(Breslin  and  Eng,  1965) 

The  test  body  surface  was  divided  into  154  elements 
as  shown  in  Figure  13  with  finer  subdivisions  made 
in  way  of  the  nearest  approach  of  the  propeller 
blades.  Panels  93  through  100  wore  used  to  close 
the  body.  The  geometry  of  those  elements,  together 
with  the  normal  velocity  induced  by  the  propeller 
due  to  loading  and  blade  thickness  formed  the  input 
to  the  generalized  Hess-Snith  program  which  inverts 
Kq .  (33)  to  yield  the  source  densities  on  each  of 

the  panels. 

A  typical  velocity  variation,  as  given  in  Figure 
14,  shows  that,  downstream  of  the  propeller,  the 
loading  contribution  is  oscillatory,  requiring 
great  care  as  the  body  sections  are  becoming  larger. 
This  test  case  presents  a  somewhat  difficult  appli^ 
cation  of  this  technique  for  this  reason.  In  the 
ship  case,  there  is  only  a  small  portion  of  the 
hull  downstream  of  the  propeller,  and  the  sections 
art-  generally  becoming  smaller.  As  a  result  of 
this  non-ship  arrangement,  difficulty  was  encountered 
in  securing  an  accurate  answer ,  requiring  several 
adjustments  of  the  size  and  location  of  the  source 
panels . 

A  calculation  for  a  single  set  nf  conditions, 
specified  by  the  geometry  of  DTNSRDC  Propeller  4113 
sot  at  a  tip  clearance  of  3.0  inches  (1.18  cm)  at 
an  axial  distance  of  16.0  inches  (6.3  cm)  downstream 
of  the  nose  of  the  body  gives  a  blade-frequency 
force  coefficient  C’p  =  3.4  *  10“  *  and  a  phase  angle 
Up  -  -2.0°.  These  results  are  quite  close  to  the 
measured  values  shown  in  Figure  9.  It  should  be 
remarked  that  tiie  evaluation  included  the  legally 
force  corresponding  to  the  integral  of  the  convective 
pressures,  i.e.,  the  action  of  the  transverse  pro¬ 
peller  velocity  component  on  the  sources  which 
generate  the  body  in  Hie  uniform  axial  flow.  This 
contribution,  as  expected,  is  indeed  small  yielding 


only  1.0  percent  of  the  force  arising  from  the 
time  rate  of  change  of  the  potential.  This  surely 
justifies  the  order  of  magnitude  argument  given 
earlier. 

Alternative  Approach  -  Oscillatory  Body  Potential 
(Vorus ,  1974) 

In  order  to  apply  Eq.  (47)  to  the  experimental 
configuration,  it  is  convenient  to  consider  the 
velocity  potential  K^n  of  the  body  travelling  back¬ 
wards  and  executing  simple  vertical  oscillations, 
so  that  a.  =03  =  ~k  in  Eq.  (53).  The  free  surface 
conditionXHin  =  0  on  z  =  0 ,  Eq.  (54),  can  be  satis¬ 
fied  by  reflecting  the  body  surface  into  the  upper 
half  space  and  satisfying  the  body  boundary  condition 
additionally  on  the  image  surface,  S^.  In  Appendix 
B  it  is  shown  that  the  vertical  force  induced  by 
the  propeller  on  a  ship  in  the  free  surface  is 
equal  to  the  force  on  the  " double  hull"  deeply 
submerged .  If  we  make  the  further  assumption  that 
the  force  due  to  the  convective  pressure  can  be 
omitted,  the  problem  for  H^n  now  reduces  to 

V2  H.  =  0  in  V  (63) 

in 

n  •  V  K.  =  inNio(n*k)  on  S  +  S.  (64) 

in  i 

V  H.  -*  0,  llfl  >  »  (65) 

m  1  1 

* 

where  V  is  the  whole  space  outside  the  ’’double-hull" 
surface,  S  +  S^. 

This  method  is  particularly  convenient  in  the 
present  application  because  the  velocity  potential 
of  an  oscillating  spheroid  is  well  known,  e.g.  Lamb 
(1932).  With  slightly  modified  notation 
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rp'.PRK  11.  Calculated  and  mea*ur»'d  Made  frequency 
force  for  propellers  41  is  and  4 1  in  located  at  %  -  in. a 
in.  with  tip  clearance  e  4 .  r>  in. 
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Good  Data  Run 
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Kr>;rRE  12.  Examples  of  force  measurement 
f If' xu re  signal  output  -  data  averaqed  over 
several  hundred  propeller  revolutions. 
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High  Frequency  Contamination 


HinC..u,T>)  =  -inN-cicv;  ./l  -V  -  ^r)  cos  f 

(66) 

Hero  t  =  jl  +  ’•  and  (\,h ,  P)  are  the  spheroidal 
coordinates  defined  by 


and  (x,r ,  f)  is  a  cylindrical  coordinate  system  with 
the  origin  at  the  center  of  the  spheroid  and  the 
major  axis  extending  from  x  =  L/2  to  +  L/2.  The 
constants,  ci  and  cj  in  (66)  are  readily  determined 
in  terms  of  the  spheroid's  maximum  diameter/length 
ratio,  ft,  as 


x  -  C  |  » 


wi  th 

0  s  i  *  , 


t  1,  r  =  c,  Jl  -  ii-  ,  f=f 

-  1  i  |i  S  1,  fO  <  f  <  2j 


cj  =  focal  length 


(67) 


ri.'UJRE  11,  schematic  of  expanded  surface  of 
DTNSRDT  ellipsoidal  test  body  divided  into  154 
source  panels  (dimensions  in  multiples  of  pro¬ 
peller  radius). 
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FIGURE  14.  Variation  of  blade  frequency  verti¬ 
cal  velocities  induced  by  3-bladed  DTNSRDC 

propeller  4118  at  r  =  1.5R  and  t-  =  0. 

o 


1  1  „  1 2(1+  \jl-«2]  ,  I  (l-2<52)  \l l-«2 

—  =  -r  cn  I - -  1  )  + - 

C:  2  \  6  '  S2 

(68) 

and  by  a  suitable  coordinate  transformation  from 
(W#C)  to  (x,r),  the  velocity  V  H^n  can  be  calculated 
at  an  arbitrary  point  on  the  propeller  blades. 

In  general  the  propeller  dipole  strength  repre¬ 
senting  blade  loading  is  a  function  of  blade  position 
0  ( t ) ,  i.e.,  Ap  =  Ap(p ,a+6 (t) ) •  However,  in  the 
present  experiments  the  inflow  to  the  propeller  is 
uniform  so  that  the  loading  is  steady  and  Ap  =  Ap 
(p,a).  The  blades  of  propellers  4118  and  4119 
employ  NACA  a  =0.8  mcanline  sections.  For  this 
section,  and  assuming  a  radially  elliptical  distri¬ 
bution  of  bound  circulation,  the  pressure  jump 
across  the  blade  is  given  by 


Ap (*-,<»)  -  - ; - - -  •  F  (a)  (69) 

0.9  <  XI-  FT  (R  •’  -  R  2)N 

1  1  o  H 

in  which 


F  (a) 


1 


£  a  *  0.8  +  0.2 


0.8  afc  +  0.2  i  a  i  (70) 


and  T  is  the  steady  propeller  thrust. 

The  calculated  values  of  the  forces  produced  on 
the  spheroid  for  conditions  corresponding  to  those 
in  the  experiment  are  summarized  in  Table  4  showing 
the  separate  contributions  arising  from  blade  loading 
and  thickness  as  well  as  the  total  forces.  The 
latter  are  also  displayed  in  Figures  9  and  11  and 
agree  quite  well  with  the  measurements. 

Additional  parametric  calculations  were  performed 
to  study  the  effect  of  propeller  location  on  the 
force  produced  on  an  ellipsoid  arising  from  propeller 
mean  loading  and  thickness.  In  Figure  15  the 
attenuation  in  force  (amplitude)  with  increasing 
tip  clearance  is  illustrated.  (The  phase  was  found 
to  be  essentially  independent  of  tip  clearance) . 
Calculations  are  presented  in  Figure  16  for  a  series 
of  axial  positions  of  the  propeller  with  the  tip 
clearance  held  fixed.  As  the  propeller  is  moved 
aft  from  the  nose  of  the  body,  the  force  increases 


TABLE  A.  FORCE  CALCULATIONS  USING  METHOD  OF  VORUS  (1974) 


PROPELLER 

LOCATION 

CONTRIBUTION 

CF  X  10  3 

0  F>  DEG. 

£  “  16.0  IN 

MEAN  LOADING 

1.50 

-31.80 

41 18 

C--  3.0  IN 

THICKNESS 

2  77 

1.90 

TOTAL 

2.90 

-  8.20 

A--  10  0  IN. 

MEAN  LOADING 

0.88 

-34.70 

4118 

C=  4  5  IN 

THICKNESS 

1 .58 

2.1 

TOTAL 

1.52 

-  8.9 

J--  10.0  IN 

MEAN  L0A0ING 

0  88 

-34  70 

4119 

C’  4.5  IN. 

THICKNESS 

3.16 

2.1 

TOTAL 

2.97 

-  3.3 

0.0  0.1  0.2  0.3  0.4 


C/R 

o 

i'l  ;’’HK  1[>.  Modulus  of  bla-lo-fro  juencv  form  on  ollip- 
oi  i  .is  i  Cun***-. ion  of  propel lor  tij  clearance  (calculated 
usir.  t  method  of  Varus  (P)74)  ]  . 


as  procedures  for  predicting  transient  blade  cavity 
geometry  and  the  attendant  pressure  field  become 
available,  this  important  feature  can  be  incorporated 
into  the  analytical  representation  of  the  propeller 
and  the  analysis  of  induced  forces. 

As  with  any  theoretical  development  of  this  kind, 
the  usefulness  and  limitations  can  only  be  fully 
ascertained  by  comparison  with  a  sufficient  number 
of  experimental  measurements.  The  comparisons 
presented  in  this  paper  for  the  simple  case  of  a 
body  of  revolution  adjacent  to  a  propeller  m  uniform 
flow  represent  an  encouraging  first  check.  This 
experimental  technique  can  be  extended  to  examine, 
in  a  systematic  manner,  the  effects  of  nonuniform 
flow  (unsteady  blade  loading  and  cavitation)  and 
more  general  body  shapes.  For  example,  win-  screens 
selected  to  produce  certain  wake  harmonics  can  be 
towed  upstream  of  the  propeller.  At  the  same  time, 
the  need  is  evident  to  undertake  calculation;:-  for 
comparison  with  results  of  the  many  experiments 
reported  during  the  past  several  decades. 


rapidly,  largely  due  to  the  thickness  contribution. 


CONCLUDING  REMARKS 

The  analytical  methods  given  in  this  paper  can  bo 
applied  to  a  wide  range  of  problems  in  which  it  is 
desired  to  determine  tlu*  unsteady  pressures  and 
forces  generated  by  a  propel ler  on  a  nearby  boundary. 
The  formulation  is  quite  general.  Doing  applicable 
to  arbitrary  hull  (and  appendage)  geometries,  and 
propeller  locations,  geometry,  and  loading  charac¬ 
teristics.  The  assumption  of  high  frequency 
propeller  excitation,  which  greatly  simplifies  the 
treatment  of  the  free  surface,  is  not  at  all 
restrictive  in  most  cases  of  practical  engineering 
interest.  A  severe  limitation,  to  be  sure,  is  the 
restriction  to  subcavitat ing  propellers.  However, 
researchers  are  actively  pursuing  this  subject  and 
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APPENDIX  A 

THE  IiAGALLY  FORCE  UN  A  FLOATING  BODY  REPRESENTED 
BY  A  SERF ACE  DISTRIBUTION  OF  SOURCE  SINGUIJXRITIES 

The  force  arising  from  the  convective  term 

of  the  linearized  unsteady  pressure,  Eg.  (35),  is 
given  by 


tives  of  these  functions  on  each  side  of  the  surface 
S  are  related  to  the  source  strengths  in  the  form 

v/  =  V  *  +  nc  (A-4) 


from  which  it  follows  that 


Fn(‘:)  -  •  !  VK+  •  V;.n+  n  dS 


where,  as  before,  the  symbols  (  )  and  (  )  denote 
quantities  inside  arid  outside  the  hull  surface,  s. 
W*  assume  that  the  solutions  for  Vc.  and  :n  are 
known  in  terms  of  distributions  of  source  singular¬ 
ity's  and  images  over  the  surface  S  as 


•  » « n  =  vs  •  *  >  n  "s  -n 

s  i  nee  Vs+  •  n  =  V ;  n+  •  n  =  0 . 

We  now  apply  Green's  theorem  to  the  functions 
Vs“  and  7?n”  in  the  closed  volume  V  surrounded  by 
the  surface  S  and  Sn,  where  S  is  the  hull  water¬ 
line  plane,  obtaining 

•  '  f  C  _ 

;  I  V  ‘  •  Vf  "ndS  =  /  ;  V(Ve  •  7,*~  )dV 


Lfj  ’"'(id7!  *  iiCj  *  .  ffU- 


V,.  -  iU  f  \ 


:P(x)  r  "  47  V*'1 


x-x'  X 


” 

d  S  +  ip 
*  »  I  *  n 

<_x  il  J 


in  which  ^KJx)  and  :n(x)  are  the  source  singularity 
strengths,  x’  is  the  image*  point  of  x,  and  G(x,x' ) 
is  the  "wave  jjotontial"  of  a  source  located  at  x' 
and  is  regular  in  the  half  plane  z  *  o.  The  doriva- 


7(Vc»n-  )  +  7,‘n  •  7VS"  ]  dV 


since  V  x  Vg  =  V  x  V.;”  -  0  in  V.  Using  Gauss’ 
theorem  and  the  fact  that  V  •  Vg-  =  V  *  7<}>n-  =  0 
in  V,  (A-7 )  may  be  written  as 


J'J'  (V~  (V<in"  •  n)  +  v\fn-  (Vs-  •  n)  ]  dP 


and  hence 


298 


(A-13)  becomes 


fTv 


j  j 
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V<t>n~  n  ds  = 


[V-  (V*n  •  n) 


+  V<t>n-  (V-  •  n)  i  dS 


*// 


|VS  (Vin-  •  n) 


+  V4>n"  (Vs~  •  n)  -  V"  •  V^'nldS 
(A-9) 

The  last  two  terms  in  the  integral  over  S0  combine 
to  yield 

"(Vs  •  V,v  )  -  V**  (V-  •  n)  =  in‘n  •  VV 

-  < n  »  V)  x  4>”  V- 

(A-10) 

The  first  term  on  the  righthand  side  of  (A- 10) 
vanishes  since  0  on  S,,-  The  second  term  also 

vanishes,  since  by  Stokes'  theorem 
Cr  ^ 

I  (n  '  V)  ■  i~  Vs*  =  $  dx  '  v'n'Vs  =  0(A-11) 

J  J 
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?n(2>  =  -  , 


+  P 
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(on  V4>s  +  <ig  V4>n)ds 


3  <j> 


\74» 


n  dS 


(A-l 5) 
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The  first  term  has  the  same  structure  as  the  steady 
flow  Lagally  force  derived  by  Lin  (1974)  for  a 
linearized  source  sheet  representation  of  a  slender 
strut  piercing  the  free  surface.  The  second  term 
arises  from  the  intersection  of  the  hull  with  the 
free  surface  in  unsteady  flow. 

In  the  low  Froude  number  approximation,  3iJ)s/3z 
=  0  on  z  =  0  (rigid  wall  representation  of  the 
free  surface),  and  G(x,x')  '  0.  In  this  case  (A-2) 

and  (A-3)  yield 


JJ  Vx')  (-*=*— 
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i 3  f 


dS 


and 


where  the  contour  c  ,  is  taken  as  the  hull  waterline. 
Consequently,  using  (A-6) ,  (A-9),  and  (A-10) ,  the 

expression  for  the  force  becomes 
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IV*  (V:  "  •  n)  +  V;.-  (V*  •  n) 
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■s  n)  ds  +  .  |  |  V-  (V)n-  •  n)dS  (A- 12) 


J* 


The  contribution  from  the  free  stream,  ill  (in  Vs) , 
vanishes  since 


in  (V:  ~  •  n)dS  -  iU 


Also  noting  that  7 : ^  •  n  =  - 

(A— 11)  reduces  to 
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(A- 16) 


for  x  on  S,  and  where  the  integrals  are  to  be 
interpreted  in  the  principal  value  sense .  Inserting 
these  expressions  into  (A- 15)  and  performing  the 
integrations,  the  equation  for  the  force  reduces  to 
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which  is  the*  result  given  as  Eq.  (42)  in  the  text. 
The  reduction  in  the  first  term  reflects  the  fact 
that  there  is  no  net  force  arising  from  the  mutual 
interaction  of  the  body  sources. 


(A-13) 
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APPENDIX  B 

REDUCTION  OP  THE  ANALYSIS  OP  PROPELLER  INDUCED 
VERTICAL  SURFACE  FORCE  TO  AN  INFINITE  FLUID 
PROBLEM 


The  linearized  unsteady  pressure  at  a  point,  x, 
on  the  ship  hull  surface  is  given  by  (8)  as 


7  ‘  +  +  ,*  - 

n  n 


(A- 1 4) 


p  ( x ,  t )  =  - 


—  ( x  ,  t )  +  VS(X)*  V(Mx,t)|  (B-l) 


*  n. 


and  the  vertical  force  actinq  in  the  hull,  from 
UO),  is 


p(x,t)  n  *  k  dS 


-  —  -  VK(x)  •  Vipjj  (x  x ,  t )  | 

Now  if  Vg  =  (U  +  ug,  Vj.,  w<.)  ,  the  symmetry  of  Vg 
is  suc)>  tljat  u s  and  Vg  are  even  in  z ,  while  wg  is 
odd  in  z.  It  follows  that 


In  the  high  frequency  approx imat ion,  >  =  0  on  the 
free  surface,  2=0,  and  this  condition  can  be 
satisfied  by  constructing  an  image  of  the  hull 
surface  and  a  negative  image  of  the  propeller  in 
the  upper  half  space  and  allowing  the  fluid  domain 
to  extend  to  infinity  in  all  directions.  The 
negative  image  propeller  is  identical  to  the  propel¬ 
ler  proper ,  but  rotates  in  the  opposite  direction 
and  the  signs  of  the  dipole  singularities  reprosen- 
fating  the  effects  of  loading  and  thickness  are 
reversed  from  those  of  their  images  in  the  lower 
half  space. 

The  image  hull  surface,  S^,  is  identical  geomet¬ 
rically  to  S,  but  the  signs  of  the  singularities 
on  required  to  diffract  the  unsteady  flow  from 
the  "two  propellers"  will  bo  reversed  from  these 
on  S  due  to  the  symmetry.  The  magnitudes  of  the 
singularities  at  image  points  will  be  equal. 

The  steady  flow  about  the  bare  hull,  Vs,  in  the 
low  Froude  number  approximation  wild  satisfy  the 
rigid  wall  free  surface  condition  Vs  •  k  =  0.  In 
this  case,  the  steadily  moving  hull  can  be  reflected 
into  the  upper  half  plane  with  a  positive  image 
singularity  system,  i.o.,  the  singularities  on  the 
image  surface,  S-x  will  be  of  the  same  sign  as  the 
singularities  on  S  to  diffract  the  velocity  iU. 

Because  of  the  assumed  linearity,  the  unsteady 
potential  may  therefore  be  considered  as  the  sum  of 
contributions  from  the  propeller  and  hull  and  their 
respective  images. 

*  =  *P  +  'H  +  *Pi  +  *Hi  (B-» 


=  -  *Hi  (Xt,t) 

vpfx.t)  =  -  ;>pi  (Xj  ,t> 

=■  (x,y,-z)  ( n-  n 

for  all  (x,y,z)  outside  the  surface  S  +  St.  If  we 
define  fpH  =  ijip  +  ^ { t  then  it  follows  that 

f(x,t)  =  f.pH(x,t)  -  .fpi,(51,t)  all  x  (B-5) 

Therefore,  tbo  complete  unsteady  potential  in  t ho 
fluid  beneath  the  zero  ; tott-ntiul  free  surface  can 
be  obtainrd  <  ‘h  t  i  rr  l  u  from  conn  idv  rut  ion  of  tho 
propeller  and  the  tlouhlo-hul  l  in  an  infinite  fluid. 

The  unsteady  pressure  at  a  point  on  the  hull 
surface  S  is  now  qivon  by 


Vs(x)  •  V.jp)1<x1(t>  -  Vs(Xi)  ■  Vv*ipfl(xi,t) 


and  hence 


p(x,t)  -  PPH(x,t>  -  PpH (x j  , t ) 


ph 

•  t  s 


Thus,  tho  unsteady  pressure  at  jxjints  on  the  hull 
can  be  obtained  from  calculat  ions,  or  neasuremr  nt s , 
of  pressures  at  image  points  on  the  iloubh—  hull, 
with  the  double- hull  and  propeller  deeply  submersed . 

Turning  now  to  the  formula  (B-2)  for  the  vertical 
force,  we  obtain 


F 2  ( t. )  =  -  j  J  ppH  (x ,  t )  n  •  k  dS 


t  Pllp(x.,t)„  •  k  dS 


But  since  nix)  •  k  =  -n(x^)  •  k,  (B-7)  may  be 
written  as 


Fz(t)  "  ~  /  /  Pun  (x ,  t )  n  (x)  •  k  dS 


PHp(x.  ,t)n(x.  )  •  k  ds 


( x , t )  +  Vg (x )  •  (x,t) 


or,  since  the  image  hull  is  geometrically  iden¬ 
tical  to  the  hull  proper. 


PHp(x*t)  n  •  k  dS 


and  consequently  the  unsteady  vertical  force  on  the 
hull  can  be  obtained  from  force  calculations ,  or 
force  measurements,  using  the  double  model  and 
propeller  deeply  submerged. 
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ABSTRACT 

The  Special  Research  Pool  within  the  Institut  fUr 
Schiffbau  and  the  Hamburg  Shipmode 1  Basin  (HSVA)  in 
collaboration  with  the  Technical  University  Munich 
and  Dot  norske  Veritas  executed  extensive  full-scale 
measurements  on  the  Sinq  It— Screw  Container  Ship 
"Sy  Iney-bxpross . "  The  main  task  of  the  project  was 
th»*  determination  of  tie*  fr<*«*  air  content  of  the 
seawater  in  front  of  the  propeller  during  tin*  voyage 
from  Australia  to  Europe. 

Simultaneously  th»*  velocity  was  measured  at  the 
control  point  within  the  haser-beam,  where  the  free 
air  content  was  measured  by  the  scattered  light 
t-rhni  pie.  Add  1 1 1  o'M  1  investigations  were  a  deter¬ 
mination  of  t :  it  *ut  er-.jua  l  i  ty ,  high  .speed  films  and 
•  te rophotography  of  the  cavitation  at  the  blade, 
and  pressure  fluctuation  measurements  above  the* 

(  rope  Her . 


1.  INTRODUCTION 

For  several  years  the  dynamic  behaviour  of  small 
gas  bubbles  or  nuclei  in  hydrodynamic  pressure 
fields  has  boon  recognized  as  an  important  influence 
on  cavitation  inception  and  its  extent.  Besides 
other  scale  effects  in  the  field  of  model  propeller 
testing,  the  importance  of  this  influence  of  nuclei, 
which  also  effects  propeller  excited  pressure 
fluctuation  measurements,  was  often  underestimated 
and  neglected.  Thus,  for  instance,  the  results  by 
van  Oossanen  and  van  dor  Kooy  (1973)  have  shown 
that  for  equal  non-dimensional  flow  conditions  but 
different  absolute  revolutions  (i.e.  n  =  20  and 
n  =  30  Hz)  the  non-dimensional  propeller  excited 
pressure  amplitudes  were  different.  After  the 
development  by  Keller  (1973)  of  a  practicable  laser- 
scattered-  1  ight  (LSL)  method  for  measuring  the 
undissolved  air  content,  systematic  cavitation  and 
pressure  fluctuation  measurements  were  carried  out 


in  the  medium  cavitation  tunnel  of  the  Hamburg  Ship 
Model  Basin  (HSVA)  with  the  model  propeller  of  the 
"Sydney  Express"  [Keller  and  Weitendorf  (1975)]. 

The  results  were  similar  to  those  by  van  Oossanen 
and  van  der  Kooy.  Due  to  the  additional  application 
of  the  (LSL)  technique,  the  differences  of  the 
nondimensional  pressure  amplitudes  for  different 
revolutions  could  be  clearly  explained  by  the 
influence  of  the  free  air  content  or  nuclei  on  the 
cavitation.  A  further  finding  was  that  the  non- 
dimensional  pressure  amplitudes  and  the  cavitation 
for  a  revolution  of  n  =  15  Hz  were  increasing  with 
growing  free  air  content,  whereas  the  cavitation 
and  those  amplitudes  for  n  =  30  Hz  remained  more 
or  less  constant.  The  different  behaviour  for 
n  =  15  Hz  and  n  =  30  Hz  were  explained  by  Isay  and 
Lederer  (1976,  1977).  Using  the  theory  of  bubble 
dynamics  they  found  that  the  reactions  of  the 
bubbles  on  the  respective  pressure  gradient  of  the 
propeller  blades  at  n  =  15  or  n  =  30  Hz  were  differ¬ 
ent.  Further,  these  investigations  led  to  criteria 
of  cavitation  similarity  of  such  a  kind  that  the 
number  of  nuclei  per  unit  volume  of  the  model  flow 
had  to  be  increased  compared  with  the  number  of 
nuclei  of  the  full  scale  flow.  By  geosim  tests 
with  hydrofoils  or  propellers  it  should  be  determined 
to  what  extent  these  additional  criteria  for  cavi¬ 
tation  similarity  arc  applicable. 

Keeping  in  mind  these  physical  connections,  the 
full  scale  trials  on  the  container  ship  "Sydney 
Express"  were  planned.  These  investigations  were 
the  first  attempt  to  measure  the  nuclei  distribution 
in  seawater  around  a  ship  by  means  of  the  LSL 
technique.  The  nuclei  distribution  could  serve  as 
a  basic  value  for  the  geosim  tests  and  perhaps  as  a 
comparative  standard  value  of  the  water  quality  for 
model  cavitation  investigations.  Furthermore,  the 
experiences,  made  during  the  almost  adventurous 
measurements  on  the  "Sydney  Express"  with  the  LSL 
technique  in  front  of  a  full  scale  propeller,  could 
be  of  common  interest  because  the  introduction  of 
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optical  laser  methods  is  a  promising  tool  in  the 
research  fields  of  boundary  layers  and  propeller 
flows . 

The  additional  investigations  on  the  "Sydney 
Express"  help  in  full-scale  model  correlation  only 
slightly;  the  main  purpose  of  these  measurements 
was  the  securing  and  better  interpretation  of  the 
scattered  light  results.  The  following  additional 
measurements  were  performed; 

1.  Propeller-excited  pressure  fluctuation 
measurements  with  six  pressure  pick-ups  above 
the  propeller. 

2.  Cavitation  observations  for  determination 

of  the  thickness  and  extent  of  the  cavity  by 
means  of  stereo  photography. 

3.  Investigations  of  water-quality  by  moans  of 
a  simple  scattered  light  method  (Aminco- 
oolorimeter)  for  detecting  suspended  particles 
and  total  air  content  by  means  of  a  Van-Slyke- 
apparatus.  For  uotn  measurements  water 
samples  were  taken. 

4.  Velocity  measurements  in  the  control  volume 
of  the  scattered  Light  measurement  in  order 
to  estimate  the  bubble  concentration. 

The  "Sydney  Express",  as  one  of  the  fastest 
urrmati  sinqle  screw  merchant  ships,  was  chosen  for 
the  i nvest iqat i ons  because  its  propeller  has  an 
interesting  cavitation  extent. 

SHIP  DATA  AND  PREPARATION  OF  THE  MEASUREMENTS 


installations.  For  reasons  of  the  ship's  safety 
and  also  to  enable  proper  cleaning  these  windows 
were  pushed  through  350  mm  sluice  valves  together 
with  their  tubular  guide  pipes.  The  windows,  of 
which  only  that  opening  was  marked  in  Figure  1 
which  had  been  used  for  measurements,  were  arranged 
between  frames  12  and  13.  Also,  the  fitting  of  the 
three  350  mm  sluice  valves  required  skillful  impro¬ 
visation  on  the  spot.  The  installations  of  the 
sluice  valves  for  the  pressure  pick-ups,  dimensioned 
in  Figure  1,  and  of  the  cavitation  observation 
windows  were  carried  out  without  any  difficulties. 

In  addition,  all  electric  lines  were  laid  out 
from  the  measuring  pick-ups  to  the  measuring  con¬ 
tainer  during  this  period.  The  necessary  amplifiers, 
digital  magnetic  tape  recorders,  and  computer  (HP 
2100  A)  with  its  peripheral  equipment  were  located 
in  this  measuring  container.  The  measuring  container 
was  located  in  hole  6  directly  on  the  tank  deck  of 
the  after  peak,  in  the  last  bay.  For  the  determi¬ 
nation  of  the  performance  data  of  the  ship,  strain 
gauges  wore  attached  to  the  shaft.  In  addition, 
the  shipborno  electro-magnetic  log  (system  Plath) 
for  determination  of  the  ship's  speed  was  connected 
to  the  computer  via  an  isolation  amplifier.  Thus, 
the  ship's  speed  and  power  could  also  be  recorded 
at  each  pressure  fluctuation-  and  LSL-measurement . 

A  recalibration  of  the  log  was  made  on  the  outward 
voyage  in  the  North  Sea  by  moans  of  a  speed  measure¬ 
ment  carried  out  by  the  Hamburg  Ship  Model  Basin 
using  their  method  with  a  resistance  log. 


The  single  screw,  turbine-driven  ship  "Sydney  Express" 
has  been  built  by  Messrs*.  Blohm  and  Voss  AG,  Hamburg 
(No.  872)  and  belongs  to  tin*  so-called  second 
generation  of  container  snips. 

The  main  data  of  the  ship  arc  given  in  Table  1: 


TABLE  1  -  "Sydney  Express"  -  Data 


Ship  Data 


Length  b.f  . 

Broad tli,  moulded 
Design  Draft 
Block  coefficient 
Displacement  (Des i qn) 
Conta i ner 
Max.  Power 
Service  Speed 


L  -  210.00  m 

RPI'  -  30.50  m 

Dm  -  11.00  m 

C  -  0.016 

-  43,457 

about  1,600 
rn  23,870  kw 

VM  -  22.0  kn 


Propeller  Data 


Diameter 
Pitch  (mean) 

B 1 ade-Area- Rati o 
Number  of  Blades 


Dp  “  7.00m 
Pm  -  (>.550  m 
Ap/A0  -  0 . 78 


The  necessary  conversions  of  the  ship  construction 
for  the  installation  of  the  measuring  devices  in 
the  after  peak  of  the  ship  were  carried  out  at  the 
Hapag-Lloyd  ship  yard  at  Bremerhavon  during  the 
latter  part  of  September  1077.  Figure  1  shows 
allusively  to  what  an  extent  the  narrow  steel 
construction  had  to  be  cut  free.  The  installation 
of  three  windows  for  the  reception  of  the  scattered 
las«*r  Light  proved  to  be  the  most  complicated  of  all 


3.  PROPELLER  EXCITED  PRESSURE  FLUCTUATIONS  AND 
CAVITATION  OBSERVATIONS 

The  measurements  of  the  propeller  excited  pressure 
fluctuations  were  started  on  the  outward  voyage 
when  leaving  the  English  Channel  and  continued  until 
the  arrival  at  Marseille  (Tests  No.  1-11) .  Further 
details  on  these  measurements  as  well  as  for  the 
pressure  fluctuation  measurements  carried  out  in 
the  Mediterranean  (Tests  No.  13-16)  are  given  in 
Tables  2a  and  2  b. 
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Tin-  result:;  of  tli<-  pressure  fluctuation  measure¬ 
ments  for  the  Tests  No.  1-4,  11  and  11-lb  are  given 
in  Figure  1  showing  tin-  d i mens l on less  pressure 
amplitudes  of  the  blade  frequency  for  the  }  r< *ssure 
pick-ups  PI,  PI,  P4,  and  pn .  They  have  b  *«*n 
harmonically  analysed  on  tin-  HP-comput'T  in  tin* 
measuring  container.  As  usual  with,  right-hand 
propellers  the  pn-ssurr  l  irk-up  on  tin*  starboard 
side  (here:  P3)  clearly  shows  higher  values  than 
that  on  the  port  side*  (P4).  *•’ inure  4  shows  the 

amplitude  measured  by  those  t  wo  pressure  pi « k-u{ -s 
up-  to  the  lr?th  harmonic.  The  harmonic  analysis  has 
bc»'ii  carried  out  for  a  "representative"  revolution, 
result  inq  from  the  average  of  bd  prop  lb  r  wvolu- 
t  j  « >M:  . . 

Figure  '  shows  the  pi*  ssure  f  lu.-tuat  ions  meu:  ure- 
merit--:  v<-rsu:  trop'ller  rpm  for  the  pick-ups  P*  and 


Figure  '  shows  the  pn  ssure  flu.  tuat  ions  meg:  ure 
merit--;  v.-rsu:  |roj»*ll»T  rpm  for  the  pick-ups  pi  and 
P4  for  two  drafts,  applied  during  the  voyage  in  the 
Indian  (V«  an.  At  t:iis  point  in  time  tin  j  rope  lie r 
already  damaged .  Further  data  of  th-  se  measure 
n*  Tit  run  can  !>*•  found  in  tin  Tabb  :  la  t<-  hi. 

F.xurm  1  e . :  of  th--  r.  nit  .  « .f  harmonic  analyse  up  to 
tin-  p'.fh  sarnojii  ■  ord-  i  f«u  tin-  j  r-  -■  ur*  pi.-k-up 


Pi  and  P4  at*  shown  in 
•ompa  r  i  > r i  i  :  q  l  v»  •»»  of 
these  harmonic  ej.j.-j  ; 
shallow  and  d*  >  r  water. 
I  ressur* ■  ami  1  1 1  ud*  a?  * 
t’n. in  that  in  d--ef  wat>  r 
(starboard)  the  diff*  re 
i  nor ease) . 


n  Figure  In  Fiqure  7  a 

f  t ■  t  j .  nr  •  amj  1  l  t  nd*  -s  of 
1  •  a  t  ;  i  P4  (port)  j  n 

r  .  T  n  s.a  1  low  wat  ■  r  tiie 
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The  lower  pressure  amplitudes  of  the  blade 
frequency  in  the  Indian  Ocean  (Figures  S  and  6) 
compared  with  that  in  the  Mediterranean  (Figures 

3  and  4)  are  to  be  attributed  to  a  significantly 
stronger,  but  mainly  stationary  cavitation  of  the 
damaged  blade  (No.  1) .  A  comparison  between  Figures 

4  and  f*  shows  that  due  to  the  damage  the  pressure 
amplitudes  of  the  "not-b 1  ado-number"  frequencies 
have  been  strongly  increased  in  opposition  to  the 
blade  frequency.  It  should  be  noted  that  the  ship 
superstructure  vibrated  strongly  after  the  propeller 
had  been  damaged.  This  damage  resulted  from  a  ground 
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Tost  No. 

1 

> 

3 

-4 

1  1 

Date 

— - 

-  4.10. 

1477 

— 

12.  10.7  7 

Speed  Vs  kn_ 

17.2 

18.6 

14.8 

2  1.4 

20.7 

Revolution  n  KPM 

84.  1 

44. 3 

48.8 

104.7 

100.4 

Power  Pj)  MU^ 

1  1  .4 

1  3.0 

14.6 

16.8 

J4.9 

Dratt  att  jr 

8.94 

8.94 

8.44 

8.44 

8.33 

Draft  lorward  m 

6.35 

6.35 

6.35 

6.35 

6.46 

Course 

209° 

231° 

231° 

230° 

370 

Sea  region 

— — _ 

Kngl i sh 

Channe 1 

Med  it . 

Wind  Beaut 

4 

4 

4 

4 

0 

Wind  direction 

1 80° 

1 80° 

1 80° 

1 80° 

0 

Water  Depth  [m] 

36 

35 

4  1 

51 

1040 

Table  2b 

Measurement s 

in  the  Medite 

1  rranean 

Test  No. 

13 

14 

15 

16 

Date 

— - - 

17 

. 10. 1477 

— 

Speed  Vs  kn 

18.6 

19. 

5  21.3 

22.3 

Revolution  n  KPM 

89.5 

93. 

2  100.6 

105. 1 

Power  Pj)  \vfW 

Draft  aft  rne 

10.4 

12. 

2  15.7 

17.  J 

4.73 

9. 

73  4.73 

9.73 

Draft  forward  m 

9.63 

9. 

63  4.63 

9.6  3 

Course 

1  1  5° 

1  14 

0  114° 

1  14° 

Sea  region 

—  36°45 

'N; 

18  44’K  (Mediterr.) 

Wind  . Beauf1 

— 

3^4 

- — 

Wind  di reel  ion 

Water  Depth  an1 

— - - 

40"  - 

35tX)  - 

- - 

Table  3a 

Measurements  in  the  Indi 

an  Ocean 

Test  No. 

47 

59 

60  6 1 

62 

85 

Date 

3D. 1 1. 77 

—  1.12.77  — 

2.12.77 

Speed  Vs  tkn 

21.3 

21.4 

21.3  21.3 

21.3 

21.3 

Revolution  n  [_RPM' 

101 . 1 

101.6 

101.2  101.8 

101  .0 

101.3 

Power  Pf)  [Mbl'1 

21.7 

— 

—  — 

— 

— 

Draft  aft  rm1 

9.30 

— - - 

-  9.30  - - 

9.30 

Draft  forward  ni 

7.62 

— - - 

-  7.62  -- 

-  — 

7.62 

Course 

294° 

-  - 

i 

O' 

1 

! 

294" 

Sea  region  or 

16°|3’S; 

9°09'S; 

pos i t i on 

87°28'K 

7  1  °4  7  '  K 

Wind  Be au f 
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— . 

—  3  - 

- 
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1 00" 

— -  ••  -  - 

- 7Q°  — -  .. 

2  30" 

Water  Depth 
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— - 

-  4900  - 

- — 
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Tost  No. 

Date* 

Speed  V  wknw 
Ke volution  n  ^RPM^ 
Power  P..  'mk1  " 

II  W  ^  H 

Dr. itl  att 

Draft  forward  ^ 

Course 

So  a  region  or  position 
Wind  L lit* an 
Wind  direction 
Wat  or  Dopth  n: 


70 

71 

72 

— 

4.12.77 

•— 

21.8 

22.  1 

21 .8 

101.7 
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101 . 3 

—  9.37  -- 

8.08 

—  314°  - . 

° 5 8 ’ N ;  59°44*E 

-  I  T  2 

—  235°  - 
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Test  No 
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Speed 
Revolut ion  n 


kn 
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MW 


Draft  aft  urn. 
Draft  forward 
Course 

Sea  rep. ion  or 
Wind  Jieauf] 
Wind  direct  io 
Water  Depth 
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74 

75  76 

77 
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-»  - 

— 

4.12.77 

» 

2  1.1 

20.9 

— 

17.1 

16.9 

>m] 

97.2 

96.8 

95.4  92.6 

82.9 
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— 

_  _  Q  17 

1  1  .6 

1  ^ 

,  __ 

-  8.08  - 

_ 

— 

-  314°  - 

— 

•  pos. 

— 

— 
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-m 
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Moasuromont  s  in  tho  Indian  Da-an 


I'ost  N>< . 

DaU* 

Spood  Vs  kn_ 
Revolution  n  RPM 


I’oWiT  I1 


MW 


>ral  l  alt  j*:w 
Dr.M  t  forward  ::i 
tourso 

Sea  region  or  po: 
Wind  IVaut_. 

Wind  di roi  l  ion 
Wat  or  Do  ptli  Ln 


7  9 

80 

81 

82 

8  3 

— 

— 

4.12.77 

— 

1  1  .  9 

II  .9 

1  1  . 9 

11.7 

12.0 

59 .  2 

DO.  1 

6  1.3 

60.9 

6  1.3 

7.  1 

7.3 

— 

— 

— 

9 .  37 

9.37 

9.75 

9.75 

9.7 

8.08 

8.08 

7.82 

7.82 

7.8! 

— 

.  . 

—  314° 

- 

2  58'N;59  44' K; 


3250 


3° I  3 ' N ; 59°2 7  * V. 


32  30 


3230 


3250 
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Measurcinon  l  s  in  tho  Indian  Oooan 


lost  No . 

Date 

Spood  V  .  ^kn_ 
Revolution  n  RPM 
Power  1*0  MW 
Oral  (  alt  j'id 
Pratt  torward  ji>w 
Oourst- 

Son  region  or  pos. 
Wind  ^lioaut^ 

Wind  di root  ion 
Wat  or  Doptli  jt^ 
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lost  No. 

Dato 

Spood  Vs  kn^ 
Revolution  n 
l*o wo  r  l*n  >1W'  w 
Dratt  ait 
Dr a  I t  inrward  n 
Course 

St-a  re;.;  ion  or  posi 
Wind  w?;oaul_ 

W i  ml  d i root  ion 
Wat  or  Doptli 


laMo  Jo. 

lost  \,» . 

Dato 

Spood  Vs  kn^ 

Kovo  hit  i  oil  n  ^KPM_ 
Power  I’p  _MW^ 

(trail  alt 

iirat  t  torward  ”i 

i  i'ii  rst* 

So  a  ro.:  ion  oi  pos. 
wind  Reality 
i  ml  d  i  root  ion 
Wat  or  Doptli  j-i_ 


lablo  Jh 

I'ost  No. 
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Revolution  n  J\PM^ 
I’owo r  I’,,  fcMW^ 

Draft  aft 
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Wind  Hoatif^ 

Wi  ml  di root  ion 
Wat  or  Doptli  tv 


84 

85 

86 

87 

88 

—  — 

4.12.77 

-  — 

— 

5.  12.77 

17.5 

17.5 

17.5 

19.7 

20.4 

85.  3 

85.  1 

85.2 

95.4 

96 . 5 

— 

— 

— 

13.9 

— 

— 

— 

-  9.75 

- 

- 7.82 

_  . 

— » 

-  51 V’ 

.  .. 

3° 1  5  '  N  ;  59° j 

7  1  K 

1  f  2 
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9  | 

9  2 
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— 

-  2  1.6 

— 
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101 .  J 

10  1  .  3 

—  ■ 

—  •>.  7> 

— 

-  7.82 

- 

—  - 

3  14° 

■  — 

i  on 

—  — 
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2  7’K 

— —  - 
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-  -  — 

- 2  3o" 

— 

-  32  50 

‘leasu  reive 

nts  in  tho  Indian 

Oooan 

9  3 

9  4 

9  3 

96 

97 

2  1.3 

101  .0 

2  1  . 4 

101  .0 

21.2 

10  l  .0 

101 .2 

2  1  .4 
101 .2 

-  - 

— 

— 

22.2 

^  - 

— 

— —  8.23  - 

- 

.  — 

— -  - 

— 

—  317°  - 

- — 

— 

— 

8°28 ' N ;  54 "3 

0*K 

-  - - — 

,  ?o 

J(  0  t 

Mo  a  s  u  ro  Hu*  nt  s  in  tlu-  tail! 

ot  Ad on 

99 

100 

101 

lo ) 

104 

— 

6.12.77 

— 

7.  u.  77 

10  3.1 

102.3 

102.8 

10  1  .8 
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|6.9 

1  7  .0 

— 

8.6) 

8.J  ! 

— 

J7  3" 

-  2  7  3° 

I  2°2  I  fN;  4  7°03’i: 


Hah-o I -Mandah 


2  300 


37 
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FIGURE  7.  Harmonic  oomponentB  of  pressure  fluctuations. 


inq  duo  to  a  thunderstorm  at  the  entrance  of  the 
Suez  Channel.  The  cavitation  of  the  damaged  blade 
was  so  stronq  that  it  existed  during  the  total  pro¬ 
peller  revolution.  This  could  be  seen  through  the 
cavitation  observation  windows.  Unfortunately,  no 
photographies  were  made  because  the  measuring  crew 
of  Dot  Norske  Veritas  carr-  ing  out  th  ■  cavitation 
observations  left  the  ship  in  Port  Said. 

In  tlie  Mediterranean,  however,  a  large  number 
(about  driu)  of  black-white  photographs  of  the 
undamaged  propeller  wore  made  with  the  equipment 
of  De t  Norske  Veritas  with  stroboscopic  lighting. 
Since  pictures  were  always  taken  with  two  Hasseiblad 
cameras  it  might  be  possible  to  carry  out  steroo- 


Damaged  Propeller  V,  =  21.8  Kn 

Indian -Ocean  n  =  101.7  RPM 


FT'-.rRK  *•.  H.immi  ■  component t  <>•  ?  r'»';  ir*-  t 1 u< -t  -i.it-  i  *n  ; 
durinq  I/q . 


metric  measurements  of  the  cavitation  layers  in 
dependence  of  the  blade  positions.  As  an  example 
for  the  cavitation  extension  of  n  =  105  rpm  a 
collection  of  photographs  is  shown  in  Figure  8. 

These  pictures  were  made  with  a  camera  with  a  fisheye- 
objectivc.  The  photographed  condition  belongs  to 
Test  No.  16. 

4.  INVESTIGATION  OF  THE  WATER  QUALITY 

Measurements  of  Suspended  Particles 

In  addition  to  nuclei  measurements,  which  will  be 
described  later,  the  content  of  suspended  particles 
was  1 nvest igated  as  often  as  possible.  This  was 
necessary  for  two  reasons:  the  LSL-method  does 
not  allow  direct  differentiation  between  solid  and 
gaseous  particles.  Thus  it  became  necessary  to 
estimate  the  proportion  of  dirt  or  organic  particles 
(probably  contained  in  the  water)  in  the  measured 
nuclei  sprectra.  For  these  investigations  a 
scattered-light  instrument  (nephelometer )  was  used; 
the  J4-7439  f luoro-colorimeter  of  the  American  Instru¬ 
ment  Company  (Aminco) .  The  Aminco-scattered-1 ight 
instrument  works  on  almost  the  same  physical  princi¬ 
ple  as  the  LSI,  instrument.  Water  samples  of  1  cm’, 
investigated  in  the  Aminco-colorimct^r  under  a 
scattered  light  angle  of  90°  were  exposed  to  a  green 
light  (514  nm)  as  in  the  laser  control  volume.  The 
geographical  positions  whore  the  Aminco  scattered 
light  measurements  were  carried  out  (as  well  as  all 
the  other  measurements  described  in  this  report) 
are  shown  in  Figure  9. 

Tlie  results  of  the  Aminco  scattered  light  investi¬ 
gations,  given  in  Figure  10,  were  obtained  in  the 
following  way: 

Water  samples  were  taken  from  the  condenser  in¬ 
flow  of  the  ship's  turbine  durinq  the  voyage.  One 
part  of  this  water  was  poured  through  a  filter  with 
a  pore  size  of  0.4  um.  Another  part  was  used  for 
unfiltered  samples,  which  previously  were  roughly 
degassed  by  stirring  and  shaking.  Subsequently# 
the  unfiltered  and  filtered  samples  were  investigated 
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in  t.ii”  Ami  nco-color  im»t« *r  .  Tii”  d«- f  h  er  ion  of  the 
m.'t*  r  for  tin-  f i  1 1«  rod  sampl”  was  adjusted  on  the 
indicating  scale  to  "  ,  wine's  served  as  reference 

value.  Measured  values  of  unfilt<red  samples  are 
shown  in  Figure  I'*;  Relative  Intensity  is  an 
arbitrary  unit. 

Trie  first  measurements,  at  the  end  of  October, 
were  made  with  a  one-hole-apt  rture  in  the  beam 
path,  the  following  ones*  with  a  four-hole-aporture 
due  to  a  thereby  increased  intensity. 

In  order  to  rbtain  a  general  idea  of  the  sensi¬ 
tivity  of  the  oninco  scattered  light  method, 
standard  solutions  were  produced  using  the  plastic 
spheres  also  used  for  the  calibration  of  the  LSL- 
i  »v- 1 rumen t .  It  is  apparent  from  this  that  five 
tarts  per  on  with  a  diameter  of  D  -  2r>.7  ;im  could 
still  be  measured . 

Many  results,  from  investigations  <>f  sea  water 
did  not  show  any  difference  between  filtered  and 
unfiltered  samples.  The  content  of  suspended 
particles  was  thus  very  small  in  the  Indian  Ocean; 
it  was  be  Low  the  response  level  of  the  Am i nco-dovi co . 
Tlv  sample.;  taken  on  the  7th  December  1')  77  contained, 
however,  suspended  particles.  They  descended  from 
the  shallow  water  region  of  the  Rob-e 1 -Mandob  at 
the  entrance  to  the  Red  Sea. 

The  lack  of  knowledge  about  the  back  scattering 
qualities  of  the  particles  appears  to  be  a  problem 
when  applying  this  scattered  light  method  with  the 


Ami nco-co lor imo ter .  A  more  expanded  and  intensive 
investigations  of  suspended  particles,  for  instance, 
with  coulter  counter,  could  not  bo  carried  out  within 
the  frame  of  this  research  work. 


+  Scattered  Laser  Light  M.  t  Ammco  -  Cotonmeter 
•  Velocity  Measurements  T  Total  Air  Content 

rifUiRE  ‘1.  Positions  of  measurements. 
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Measurements  of  Total  Air  Content 

Although  the  water  should  always  just  be  saturated 
at  the  surface,  the  gas  concentration  c  of  the 
sea  water  was  also  continuously  determined  from 
water  samples  with  a  Van-Slyke-apparatus .  The 
results  are  given  in  Figure  11,  in  dependence  of 
the  temperature. 

For  the  calculation  of  the  gas  content  ratio, 
i  =  c  /c  ,  the  gas  saturation  capacity,  c  ,  is 
necessary  for  the  specific  salt  content  and  temper¬ 
ature.  Since  the  corresponding  data  were  not  known 
some  water  samples  were  left  overnight  in  a  basin 
with  a  large  surface  and  the  gas  concentration  c 
was  determined  on  the  following  day,  which  in  this 
case  should  indeed  correspond  to  the  saturation 

concentration  c  .  The  two  values  obtained  for  the 
s 

saturation  concentration  c  are  also  plotted  in 
Figure  11  {with  the  symbol  -ty-  ).  They  are  within 
the  range  of  tolerance  of  the  measured  total  gas 
content,  cG,  for  the  voyage  leading  southward. 
Subsequently  the  measured  total  gas  content  present 
values  which  correspond  to  the  gas  content  ratio, 

=  1,  i.o«,  to  saturated  water.  Due  to  the 
dissolved  salt  the  total  gas  content  values,  cc, 
for  sea  water  should  lie  below  the  values  for  fresh 
water.  This  is,  in  fact,  the  case  with  the  exception 
of  some  values  of  the  voyage  leading  northward.  It 
must  be  left  to  other  investigations  to  find  out 
whether  the  wind,  seaway,  and  temperature  "history” 
of  the  sea  surface  has  an  influence  on  the  total 
gas  content. 


5.  MEASUREMENTS  OF  THE  NUCLEI  SPECTRA  AND  LOCAL 
VELOCITY 

Device  for  Nuclei  Measurement 

The  LSL  method  was  applied  to  the  measurement  of 
the  nuclei  spectra  in  front  of  the  "Sydney  Express” 


propeller.  This  method  was  also  applied  to  the 
model  tests,  described  by  Keller  and  Weitendorf 
(1975).  Detailed  information  about  the  measure¬ 
ment  principle  has  been  supplied,  for  instance,  by 
Keller  (1970,  1973).  Thus,  it  is  not  necessary 
to  go  into  the  details. 

Compared  with  previous  measurements  carried  out 
in  the  laboratory  the  measuring  distances  were 
essentially  larger  at  these  full  scale  investigations. 
Thus,  some  new  components  for  the  measuring  device 
were  required.  The  distance  between  the  measuring 
volume  and  the  receiving  lens  amounted  up  to  2  m  so 
that  the  laser  power  and  the  diameter  of  the 
receiving  lens  had  to  be  markedly  increased,  in 
order  to  obtain  usuable  measuring  signals. 

The  arrangement  of  the  measuring  unit  on  board 
is  shown  in  Figures  1  and  2.  The  path  of  the  laser 
beam  is  bent  three  times  and  enters  the  water  almost 
horizontally;  the  path  of  the  beam  of  the  receiving 
system  is  bent  once  and  proceeds  in  the  water 
vertically.  With  this  arrangement  the  flow  direction 


10  ■  - -  Saturation  of  air  m  pure  water  (70  mm  Hg  ) 

ZZf2  Measured  total  air  content  in  seawater  southbound  wyage 
-f  ♦  Measured  total  air  contvrt  in  seawater  northbound  voyage 
+  Saturation  of  air  m  seawater 
2  *1)  Port  Phillip  Bay  (Melbourne.  7. 11 . 1977  ) 

0  Vt  ■■■■■-,  -  ! - t  \ - — 

10  15  20  25  30^*°C 

FIGURE  11.  Measured  total  air-content. 
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and  th«-  direction  of  the  laser  beam  as  well  as  the 
optical  axis  of  the  scattered  light  receiving  system 
are  standing  vertically,  one  upon  another.  This  is 
optimal  for  the  measuring  technique4  used. 

The  homogenization  of  the  laser  beam,  i.e.  the 
conversion  of  the  Gaussian  intensity  distribution 
over  the  beam  cross  section  into  a  rectangular 
distribution,  was  made  with  a  special  filter.  The 
homogenous  intensity  distribution  as  well  as  the 
shape  of  the  laser  beam  (square  or  rectangular) 
were  maintained  quite  well  by  the  very  long  focal 
length  of  the  laser  system  (about  h  m) . 

The  control  volume,  optically  defined,  was 
positioned  in  such  a  way  that  the  stream  line 
through  the  control  volume  came  into  the  range  of 
the  propeller  tip.  The  position  of  the  control 
volume  in  front  of  the  propeller  was  determined  by 
the  position  of  the*  reception  window  of  the  scattered 
light  between  frames  12  and  13,  i.e.,  4.2  m  in  front 
of  the  propeller  plane.  The  additional  geometrical 
fixing  of  the  control  volume  in  the  vertical  direction 
resulted  from  the  laser  window  (located  between 
frames  13  and  14)  with  its  horizontal  beam  outlet 
into  the  water.  Subsequently  the  positions  for 
the  control  volume  wa*:  fixed  as  follows:  90  cm  of 
the  ship's  hull  vertically  downward  and  143  cm  from 
midship  on  the  port  side  between  frames  12  and  13 
(see  Fiqure  2) . 

The  Calibration  Device 

The  relationship  between  the  photomultiplier  impulse 
amplitude  and  the  size  of  nuclei  was  determined  by 
a  calibration  with  latex  spheres.  For  this  purpose 
a  special  device  was  put  through  an  opening  in  the 
.ship's  hull  when  the  ship  stopped  in  calm  water. 

With  this  device  it  was  possible  to  maneuver  a 
fine  nozzle  near  to  the  control  volume  and  to  inject 
the  latex  spheres  into  the  control  volume.  The 
apparatus  was  operated  by  means  of  small  hydraulic 
elements  from  the  inside  of  the  ship  (Figure  12). 

For  the  calibration  latex  spheres  of  43  and  23 
pm  were  used.  The  corresponding  photomultiplier 
impulse  amplitudes  fit  excellently  to  the  theoretical 
curve  of  the  scattered  light  intensity.  The  measuring 
range  was  set  to  8-117  pm  for  the  nuclei  diameter. 

In  addition  to  the  scattered  light  intensity, 
the  dimensions  of  the  control  volume  were  important 
data  for  the  determinat ion  of  nuclei  spectra  and 
nuclei  concentration.  Since  a  direct  measurement 
or  calculation  of  the  cross  section  of  the  laser 
beam  in  the  control  volume  was  not  possible  in  this 
case,  a  new  method  had  to  be  applied  to  determine 
the  laser  beam  dimensions.  By  moans  of  the  above 
mentioned  hydraulic  device  a  small  rotating  wheel 
with  thin  platinum  wires  was  adjusted  in  such  a 
way  that  the  wires  cut  the  laser  beam  vertically 
at  the  location  of  the  control  volume.  Thus  the 
light  in  the  direction  of  the  photomultiplier  was 
scattered.  The  dimensions  could  then  be  determined 
from  the  width  of  the  photomultiplier  impulses,  the 
distance  between  the  axis  of  the  small  wheel,  and 
the  light  point  on  the  small  platinum  wires 
(determined  by  crossed  platinum  wires)  and  the 
revolution  number  of  the  small  wheel.  The  diameter 
(23  pm)  of  the  platinum  wire  had  also  to  be  con¬ 
sidered.  The  exact  knowledge  of  the  control  volume 
dimensions  was  also  important  for  the  measurements 
of  the  local  velocity,  as  described  below. 

The  dimension  of  the  control  volume  in  the  longi- 
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FIGURE  12.  Calibration  device  and  arrangement . 


tudinal  direction  of  the  laser  beam  was  adjusted  as  ; 
usual  through  the  measuring  slit  in  front  of  the 
photomultiplier,  after  the  enlargement  factor  of  j 

the  reception  optic  was  determined.  This  again  was 
done  by  means  of  the  hydraulic  device  with  which  ; 

an  object,  whose  dimensions  were  known,  was  placed  j 
in  the  control  volume;  its  picture  was  measured  in  1 
the  plane  of  the  measuring  slit.  i 

For  the  nuclei  measurement  the  dimensions  of  the  ’ 
control  volume  were  then  fixed  as  follows:  0.86  mm  j 
x  0.86  mm  x  1.33  mm  =  0.98  nun3.  The  cross  section  ] 

of  the  control  volume  rectangular  to  the  flow  j 

direction  amounted  to  0.86  mm  ^  1.33  mm  -  1.14mm' .  j 

This  detail  was  required  for  the  determination  of 
the  nuclei  concentration.  j 


Measurement  of  Local  Velocity 

When  the  cross  section  of  the  control  volume  and 
the  number  of  the  nuclei  measured  per  unit  time, 
were  known,  it  was  necessary  in  addition  to  know 
the  local  flow  velocity  at  the  control  volume  in 
order  to  determine  the  nuclei  concentration.  Since 
the  conversion  of  model  test  results  from  wake  field 
measurements  to  full  scale  appeared  to  be  too  in¬ 
accurate  for  the  determination  of  the  local  velocity 
and  because  the  measurement  of  the  velocity  with  a 
Prandtl  tube,  for  instance,  was  not  possible,  a 
now  method  was  applied  to  measure  the  velocity  and 
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flow  direction.  If  the  dimensions  of  the  control 
volume  in  the  flow  direction  are  known,  the  velocity 
can  be  determined  from  the  measured  impulse  width. 

In  order  to  estimate  the  local  flow  direction  at 
the  control  volume,  an  aperture  is  put  into  the 
beam  path  of  the  laser  (Figure  13) ,  which  gives 
the  laser  ray  a  rectangular  shape.  This  aperture 
is  turned  until  the  photomultiplier  impulses  have 
reached  a  maximum.  Then  it  is  possible  to  determine 
from  the  position  of  the  aperture  the  position  of 
the  plane,  formed  by  the  flow  direction  and  the 
laser  beam.  If  now  the  measuring  slit  is  turned 
until  the  half  width  of  the  distribution  of  the 
impulse  width  has  reached  a  minimum,  it  is  possible 
to  read  -  from  the  position  of  the  measuring  slit  - 
the  plane  which  is  formed  by  the  flow  direction 
and  the  optical  axis  of  the  reception  system.  The 
flow  direction  in  the  volume  results  from  the  inter¬ 
section  of  the  two  determined  planes;  the  impulse 
width  gives  the  flow  velocity,  and  the  impulse 
width  spectra  provides  information  on  the  degree 
of  the  turbulence  flow. 

In  this  way  flow  characteristics  can  be  determined, 
undisturbedly  and  locally,  with  one  measurement; 
otherwise  they  could  only  be  determined  with  a 
three -component  measurement.  Furthermore,  the 
control  volume  simultaneously  reaches  the  optimum 
inclination  for  the  measurement  of  the  nuclei  size. 
Thus  one  signal  provides  data  about  the  distribution 
of  nuclei  size  and  about  the  flow  field. 

Largo  particles  or  bubbles  require  a  longer 
period  to  completely  cross  the  control  volume  than 
smaller  particles  at  the  same  speed.  This  means 
that  besides  the  larger  impulse  amplitude  there  is 
also  a  larger  impulse  width.  These  facts  have  to 
be  considered  in  the  measurement  of  the  velocity. 
Therefore,  a  single-channel  discriminator  is  inserted 
into  the  impulse  processing  electronics.  The 
discriminator  ehosos  for  the  measurement  only 
impulses  of  the  amplitude  or  a  strongly  limited 
range  of  amplitudes.  Thus  it  is  possible  to  draw 
a  clear  conclusion  from  the  measured  impulse  width 
on  the  speed  of  the  particles  in  the  control  volume. 

The  new  technique  to  measure  the  velocity  is 
illustrated  in  the  Appendix.  A  rectangular  beam 
cross  section  whose  breadth  is  the  vertical  to  the 
flow  direction,  has  proved  to  be  the  optimum  for 
the  measurement  of  velocity  and  the  determination 
of  the  flow  direction. 


General  Remarks 

Originally  it  was  planned  to  shift  the  height  of 
the  measuring  point  on  the  optical  axis  of  the 
reception  system  by  different  laser  beam  directions. 
In  addition,  this  axis  should  be  shifted  laterally 
through  two  additional  observation  windows  between 
the  frames  12  and  13.  This  would  make  it  possible 
to  measure  at  several  points  in  the  plane  between 
the  frames  12  and  13.  Unfortunately,  this  could 
not  be  realized  due  to  lack  of  time,  because  the 
installation  of  the  measuring  equipment  at  the 
beginning  of  the  voyage  had  taken  too  much  time. 

It  is  not  intended  to  describe  all  the  diffi¬ 
culties  which  occurred  at  the  installation  of  the 
equipment.  The  problem  of  vibration,  however,  must 
be  mentioned. 

To  protect  the  laser,  vibration  damping  should 
be  guaranteed  as  far  as  possible.  It  was,  however, 
observed  during  the  outward  voyage  that  the  pneu¬ 
matic  vibration  isolation,  which  had  a  resonant 
frequency  of  fQ  =  1.8  up  to  3.0  Hz,  could  not  be 
used,  -  even  if  the  exciting  blade  frequency  of  the 
propeller  was  within  the  range  of  8  and  9  Hz. 
Excitations  occurred,  of  course,  also  at  a  propeller 
speed  of  f  =  1.8  Hz  and  due  to  seaway  frequencies. 
When  it  was  obvious  that  different  damper  devices 
also  did  not  help,  the  support,  on  which  the  laser 
and  the  photomultiplier  were  fixed,  had  to  be 
stiffly  connected  with  the  steel  construction  of 
the  after  peak.  This  labor  and  the  laser  adjust¬ 
ments  required  more  than  half  the  time  of  the  voyage 
to  Australia  during  difficult  climatic  conditions. 
The  laser  adjustment  was  carried  out  mainly  when 
the  ship  was  stopped.  The  calibration  of  the 
nuclei  impulses  and  the  determination  of  the  control 
volume,  in  which  the  nuclei  were  measured,  were 
also  carried  out  during  these  periods.  These  were 
kindly  granted  by  the  captain  and  his  officers  and 
had  to  bo  regarded  as  a  special  concession  since 
the  "Sydney  Express"  was  on  a  fixed  schedule.  In 
this  connection  it  must  also  be  mentioned  that  the 
calibrations  and  later  the  measurements,  made  on 
the  return  voyage,  could  only  be  carried  out  after 
dark.  For  this  reason,  extra  maneuvering  watches 
had  to  be  set  in  the  engine  control  room,  usually 
while  the  ship  had  a  " 16-hours-unattended-machinery- 
space" . 

The  above  mentioned  stiff  support  solved  the 
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vibration  problem  almost  completely.  It  provided, 
however,  the  risk  that  the  laser  might  fail. 
Fortunately,  this  did  not  happen.  The  laser,  a 
Coherent- Radi at ion  (4  Watt)  product,  achieved  the 
same  performance  (900  mW) ,  to  which  it  was  adjusted 
at  the  beginning,  up  to  the  end  of  the  voyage  with¬ 
out  any  failure.  The  small  vibration  still  observed 
at  the  measuring  point  had  no  significant  effect. 


6.  RESULTS  OF  MEASUREMENTS 
Local  Velocity 


It  was  mentioned  already  that  the  number  of  measure¬ 
ments  originally  planned  could  not  be  carried  out 
due  to  lack  of  time.  Thus,  for  instance,  the  size 
and  the  direction  of  the  local  velocity  could  only 
be  determined  at  one  measuring  point.  This  measure¬ 
ment  took  much  time  since  there  was  no  special 
electronic  device  available.  It  was  the  first 
measurement  of  this  kind  and  it  was  included  in  the 
program  at  a  late  date,  which  made  it  impossible 
to  establish  a  special  measurement  before  the 
departure.  The  measurement  was,  therefore,  partly 
performed  with  the  electronic  device  which  was  also 
used  for  the  scattered  light  measurements,  and  with 
some  special  interfaces. 

The  velocity  and  one  plane  of  the  flow  direction 
at  the  place  of  the  control  volume  could  be  deter¬ 
mined  for  one  velocity.  At  the  ship's  speed  of 
22  kn  the  velocity  at  the  measuring  point  amounted 
to  7.22  m/s  and  the  direction  was  found  at  an  angle 
of  5°  downward.  The  corresponding  result  from  the 
model  test  for  the  geometrically  corresponding 
position  of  the  "Sydney  Express"  amounted  to  7.47 
m/s,  Tli is  model  test,  however,  was  carried  out  for 
the  propel lor  plane  of  the  towed  model,  without  a 
running  propeller.  -  In  full  sale,  on  the  other 
hand,  the  plane  formed  by  the*  flow  direction  and 
by  the  optical  axis  of  the  reception  device  could 
not  be  determined  due  to  lack  of  time. 


I'l-UKE  14.  Puls**  width  li;tr  ibut  ir»n  and  ttw^n  pulse 
width  d*'p*'ndf»nt  on  the  inclination  of  the  flow. 


FIGURE  15.  Nuclei  distribution. 


The  ratio,  local  velocity  to  ship's  speed,  7.22 
m/s  to  11.3 2  m/s,  and  which  corresponds  to  the 
local  wake  in  the  control  volume  for  the  ship  at 
22  kn,  was  applied  for  all  nuclei  concentration 
measurements.  The  nuclei  concentration  was  then 
calculated  from  the  recorded  ship's  velocity,  the 
measuring  period,  and  the  measuring  cross  section. 

Figure  14  shows  examples  of  the  velocity  measure- 
merit  and  also  the  change  of  the  impulse  width 
distribution  for  the  rotation  of  the  rectangular 
laser  aperture.  The  value  a  =  0°  corresponds  to 
the  horizontal  plane.  At  5°  downward  (X  =  -5°)  the 
mean  impulse  width,  evaluated  on  the  HP-computer, 
reaches  its  minimum  at  59.6  psec.  The  large  half¬ 
width  of  the  distribution  curve  results  from  the 
turbulent  flow.  With  a  laminar  flow  the  distribution 
curve  would  be  smaller.  (See  Figures  A  2.2  and 
A  2.3)  . 

On  the  basis  of  these  measurements  a  quantitative 
statement  about  the  turbulent  degree  of  the  flow 
cannot  yet  bo  made.  On  the  one  hand  we  have  no 
experience  with  this  measuring  technique,  on  the 
other  hand  the  ratio,  length  to  width  of  the  laser 
beam  cross-section,  was  too  small  at  this  measure¬ 
ment  (2:1).  At  high  turbulent  flow  the  corners  of 
the  beam  cross-section  were  dispersed  by  a  relatively 
high  amount  of  nuclei  which  resulted  in  shorter 
photomultiplier  impulses  than  with  nuclei  running 
through  the  middle  of  the  beam.  A  higher  ratio, 
length  to  width,  would  be  more  favourable. 

The  first  practical  experiences  with  this  mea¬ 
suring  technique  arc  so  promising  that  its  further 
development  is  being  promoted.  The  advantages  which 
this  measuring  procedure  offers  in  connection  with 
tlie  determination  of  the  size  of  nuclei  are  quite 
remarkable . 


Nuclei  Spectra 

About  one  third  of  the  spectra  obtained  between  30 
November  and  7  December  1977  are  demonstrated  in 
Figures  15  through  24.  The  spectra  contain  the 
respective  sum  of  nuclei  per  cm3  for  the  respective 
range  of  diameters.  In  the  diagrams  one  range  of 
diameter  is  marked  by  a  horizontal  line.  The  single 
ranges  of  diameters  do  not  have  the  same  width. 

The  dissimilarity  of  these  spectra,  which  obviously 
results  from  different  conditions,  will  later  be 
described  in  detail. 

First,  it  has  to  bo  noticed  that  for  all  spectra 
in  the  range  of  a  bubble  diameter  from  20  to  40  ym 
(micron)  there  is  either  a  relative  maximum  or  an 
absolute  maximum  of  nuclei.  The  relative  maximum 


small.  Tin*  dr ff cremcos  between  the  drafts  w« 
ibviously  not  sufficient  to  provide  stronger 
•nces  between  the  nuclei  spectra. 

The  two  measurement  series  shown  in  Figure 
ind  24  were  made  under  ideal  weather  condi t i < 
:he  one  7  hours  later  than  the  other.  The  s] 
:rom  Figure  23  were  obtained  in  deep  water  ii 
Julf  of  Aden;  the  spectra  shown  in  Figure  24 
>btained  from  shallow  water  at  the  entrance  ( 
ted  Sea  at  Bab-ol-Mandab.  With  these  two  so: 
t  was  intended  to  clarify  the  point  that  thi 
>  rope  Her  excited  vibrations  which  occur  on  : 
rater  result  (apart  from  the  shallow  water  e 
:o  a  higher  extent  from  a  stronger  instatio 
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FIGURE  26.  LSL-technique  compared  with  Aminco- 
Sc. -Light  measurement. 


comparable  locations  are  shown  which  were  carried 
out  on  the  occasion  of  the  Indian  Ocean  expedition 
of  the  "Meteor”.  For  the  investigations,  which 
have  been  made  by  Krcy  et  al.  (1971),  the  so-called 
inverted  microscope  and  the  Zeiss  part iclo-counter 
were  used.  These  results  lie  always  one  magnitude 
above  the  "Sydney  Express"  measurements  for  the 
operating  revolution  (n  =  101  rpm) .  In  case  of  the 
low  revolution  number  of  n  =  60  rpm  the  nuclei 
concentration  measured  at  the  "Sydney  Express" 
expedition  ( i\ o  =  15  N/cm’)  roaches  the  values  from 
the  "Meteor"  expedition  in  the  range  20  -  35  Um 
and  exceeds  in  the  range  15  -  92  .im.  Since,  further¬ 
more,  the  water  sample  tests  carried  out  with  the 
Aminco  scattered  light  device  do  not  show  any 
difference  between  filtered  and  unfiltered  water 
(medium  diagram  -  Figure  27)  it  is  justified  to 
state  that  with  the  LSL  measurement  mainly  bubbles 
were  recorded.  The  investigation  of  Keller  et.  al. 
(1974)  of  the  optical  qualities  of  the  latex  spheres, 
applied  for  the  calibration,  supports  this  fact. 
According  to  his  investigation  the  latex  spheres 
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FIGURE  27.  LSL- technique  compared  with  other 
investigations . 
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FIGURE  28.  LSL-technique  compared  with  other 
investigations . 


show  scattering  characteristics  similar  to  the 
bubbles.  Therefore,  it  can  be  said  that  the 
sensitivity  of  the  LSL  measurements  is  -  to  a 
certain  extent  -  adjusted  to  the  scattering 
behavior  of  bubbles  via  the  calibration.  With  the 
LSL  technique  mainly  bubbles  are  measured  whose 
number  is  always  smaller  than  that  of  all  solid 
and  gaseous  nuclei.  It  is  known,  for  instance, 
that  silica  algae  are  almost  transparent.  It  is, 
tliori'forc ,  understandable  that  there  must  exist 
differences  between  the  LSL  method  on  the  one  hand 
and  the  microscope  method  (wi  tli  coloration  perhaps) 
and  the  conductivity  measurement  with  Coulter 
Counter  on  the  other  hand.  The  assumption  that, 
with  the  LSL  method,  mainly  bubbles  are  measured  is 
supported  by  the  good  conformity  of  the  LSL  method 
with  the  holographic  method  of  an  ITTC-comparison 
measuring,  Peterson  et  al .  (1975).  In  this  investi¬ 
gation  a  holographic  method,  the  laser  scattering 
light  method,  and  a  microscope  method  have  been  com¬ 
pared  with  each  other.  The  first  two  methods  agreed 
well  with  each  other  in  the  range  of  the  bubble  sizes 
20-4<)  ;im,  whilst  the  microscope  method  also  showed 
a  nuclei  concentration  higher  by  one  order  of 
magnitude.  The  higher  concentration  of  nuclei 
according  to  the  microscope  method  apparently 
results  from  mistakes  arising  from  the  focusing  of 
the  nuclei.  Similar  difficulties  might  also  occur 
with  tin*  inverted  microscope  applied  at  the  "Meteor" 
expedition.  This  argument,  however,  does  not  say 
that  tin'  highest  nuclei  concentration  of  the  "Sydney 
Express"- investigation,  frequently  occurring  in 
the  smallest  ranges  of  size,  results  from  bubbles 
only.  (See,  for  instance.  Tost  70  -  Figure  27  and 
Test  99  -  Figure  28  or  all  diagrams  of  Figure  20). 

In  the  class  of  the  smallest  size  nuclei  solid 
particles  which  always  exist  in  the  sea  water  have 
certainly  also  been  measured. 

Oceanographic  studies  with  the  Coulter  Counter, 
for  instance,  carried  out  in  the  Gulf  of  California 
by  Zeitzschol  (1970)  show  a  strong  increase  in  the 
number  of  particles  with  a  diameter  of  14  to  4  pm. 

In  addition,  Zeitzschol  cites  the  size  distribution 
of  particulate  carbon  in  the  Indian  Ocean  by  means 
of  fractional  filtration  investigated  by  Mullin 
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FIGURE  29.  LSL-technique  compared  with  other 
investigations. 


(1965).  In  Mullin's  report  the  following  average 
percentage  in  the  different  size  categories  for 
near  surface  samples  (15  m)  are  given:  500  -  350 
Jim:  3";  350  -  125  Jim:  5";  125  -  95  Jim:  4";  95  -  60 
j:m:  6';  60  -  33  Jim:  6";  33  -  10  Jim:  18";  and  10  -  1 
j.m :  58;" .  The  content  of  organic  carbon  car  amount 
to  4.5  -  34"  of  the  particulate  matter  in  the 
different  regions  of  the  oceans  |  see  Zoi  t  zschel 
(1970)  J.  Ze  i t zschel  continues:  "It  can  be  concluded 
from  the  results  obtained  at  the  Suit  of  California 
and  the  above  mentioned  references  th.it  small  par¬ 
ticles,  mainly  in  the  range  from  1  to  10  ,;m  in  diam¬ 
eter,  predominate  in  offshore  surface  waters  of  the 
oceans."  Investigations  by  cordon  (1970)  and  Carder 
et.  al.  (1971),  which  are  compared  with  our  results  in 
Figur--  29,  revealed  the  same  results.  It  is  obvious 
that  the  "Sydney  Express"  results  -  ending  at  a 
diameter  of  10  to  20  jim  for  reasons  of  intensity  - 
would  probably  .show  strongly  increasing  particle' 
numbers  below  this  range.  This  can  bo  soon  from 
the  results  of  Gordon  (1970)  and  Carder  et  al. 

(1971)  which  have  been  published  by  Jerlov  and 
Nielsen  (1974). 

The.1  fact  that  a  large*  number  of  small  particles 
in  sea  wate*r  show  every  arbitrary  geometrical  shape 
(according  to  Zeitzschel)  also  reminds  one  of  the 
shapes;  of  particles;  from  the'  water  of  a  cavitation 
tunnel,  shown  by  Peterson  et  al.  (1975)  -  Figure*  6. 

These  sea  water  particles  of  different  shape’s 
(diameter  1  to  10  iim)  ,  which  according  to  Figure  29 
are  always  available-  in  a  high  concentration  can 
<  as ily  nucleate  cavitation,  as  we  know  from  many 
investigations  [(e.g.,  Peterson  (1972)  and  Keller 
i  1973)  . 

The  problem  of  the*  difference  between  real  shapes 
of  the  nuclei,  detected  by  the  laser  beam  in  the 
sea  water  and  the  diameters  evaluated  for  the 
measuring  results  can  only  be  mentioned  hen*.  In 
this  connection  one  should  remember  that  the  cali¬ 
brations.  on  the  "Sydney  Express"  were  performed 
with  latex  spheres,  whereas  the  real  shape  of  the 
nuclei  in  the  seawater  is  unknown.  This  problem 
also  .irises  with  the  Ami nco-metliod  and  with  the 
coulter  Counter  measurements,  the  latter  working, 
however,  according  to  the  conductivity  principle. 


A  further  uncertainty  is  probably  included  in 
the  comparison  of  results  obtained  from  oceanographic 
studies  carried  out  with  water  samples  from  the 
open  sea  and  those  obtained  from  laser  scattered 
light  measurements  carried  out  in  the  flow  and  in 
the  boundary  layer  of  the  ship.  The  low-pressure 
area  of  the  boundary  layer  with  its  vortices  of 
different  size  most  likely  have  a  great  influence 
on  the  conversion  of  pore  nuclei  into  bubbles  when 
they  are  moved  from  the  calm  free  sea  through  the 
boundary  layer  of  the  ship  and  thereby  increase. 

Due  to  the  long  running-time  along  the  ship’s  hull 
diffusion  will  also  have  an  effect.. 

These  physical  processes  accompanying  the  growing 
of  the  bubbles  in  the  low-pressure  areas  of  the 
boundary  layers  and  the  effect  of  diffusion  could 
be  the  explanation  for  the  fact  that  the  lower 
speeds  (12  kn.  Tests  79  and  83)  show  a  larger 
bubble  concentration  >\g  (duo  to  the  long  running¬ 
time  along  the  ship’s  hull)  than  the  higher  speeds 
(21.6  -  21.8  kn,  Tests  70  and  90)  with  a  shorter 
running-time.  (See  measuring  series  with  different 
speeds  -  Figures  21  and  22).  Thus  -  at  a  ship's 
speed  of  about  00  rpm  -  a  characteristic  size  of 
bubbles  has  been  formed.  The  measurements  in  a 
seaway  (Tests  61  and  65  -  Figures  17  and  16)  show 
similar  characteristic  sizes  of  bubbles  between  20 
and  30  ;;m.  In  a  seaway  the  turbulence  is  larger 
du<>  to  wave  and  ship  motions.  According  to  Sevik 
and  Park  (1973)  the  turbulence  can  lead  to  character¬ 
istic  bubble  sizes  in  connection  with  the  pressure 
history . 

All  considerations  concerning  bubble  sizes  must 
finally  load  to  those  bubbles  participating  in  the 
cavitation  process.  According  to  the  calculations 
by  Isay  and  Ledoror  (1977),  small  bubbles,  which 
can  also  arise  from  pore  nuclei,  will  grow  faster 
than  big  ones  (Figure  30) .  The  result  of  such 


FIGURE  30.  Calculated  qrowth  of  a  single  bubble  in 
a  hydrofoil  flow  [Isay  and  Lederer  (1977)1. 
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calculations  is  valid  for  a  hydrofoil  of  length 
c  -  10  cm,  wherein  the  pressure  distribution  was 
calculated  by  means  of  the  profile  theory  for 
incompressible  flow  with  the  completion  of  shock 
pressures  caused  by  the  compressibility  of  the 
water.  With  these  calculations  one  question  re¬ 
mains  unsolved:  Up  to  which  negative  values  can 
the  local  pressures  on  tin.'  profile  really  decrease 
in  natural  water?  On  the  full  scale  propeller  of 
the  "Sydney  Express"  the  local  pressure  gradients 
are  probably  steep  and  reach  negative  pressures, 
causing  bubbles  with  a  diameter  of  it)  iim,  or  less, 
to  cavitat**.  K*  gardinq  the  measurements,  bubbles 
with  diameters  of  about  10  am  to  20  urn  wort'  still 
recorded  in  the  results  from  Test  47  (Figure  IS)  up 
to  Test  »,r>  (Figure  It').  For  unknown  reasons,  how¬ 
ever,  from  Test  No.  6‘>  on  nuclei  with  a  diameter 
of  less  than  20  ;un  frequently  could  not  bo  measured. 
On  the  other  hand  one  has  to  consider  that,  the 
smaller  the  nuclei  concentration  ^ n  becomes,  the 
smaller  the  bubbles  enlarged  by  cavitation. 

It  is  apparent  from  these  remarks  that  it  would 
have  been  desirable  to  record  bubbles  or  nuclei 
with  a  diameter  below  5  um.  But  this  was  impossible 
even  with  a  4  Watt  laser  which  delivers  900  mW  on 
the  green  line.  Therefore,  it  has  to  be  admitted 
that  not  all  bubbles,  which  possibly  art'  partici¬ 
pating  in  the  cavitation  process,  could  be  detected. 
The  question  arises  whether  this  will  be  possible 
without  any  doubt  in  the*  future  and  if  it  is 
necessary  or  not.  Also  the  following  aspects  would 
hav«-  to  be  considered:  the  required  laser  intensity 
is  limited;  the  exact  local  pressure  distribution 
on  the  propeller  blades  is  difficult  to  determine 
and  on  the  other  hand  the  tensile  stress  that  can 
actually  be  supported  by  the  sea-water  is  quanti¬ 
tatively  unknown. 

Before  closing  this  paragraph  a  personal  impres¬ 
sion  in  connection  with  the  bubble  sizes  should  be 
mentioned  which  is  supported  by  the  collection  of 
photographs  in  Figure  8  and  by  numerous  additional 
pictures  and  propeller  observations  on  the  "Sydney 
Express":  The  propeller  will  always  find  in  the 
flow  a  sufficient  number  of  small  nuclei  leading 
to  cavitation.  Therefore,  the  fullscale  cavitation 
will  always  be  more  stable  than  the  model  cavitation 
with  its  smaller  negative  pressure:;  and  its  different 
nuclei  distribution. 

The  white  foam  on  the  cavitation  pictures  of  the 
full-scale  propeller  clearly  indicates  a  large 
number  of  nuclei,  which  have  led  to  cavitation  and 
grown  together. 

8.  SUMMARY 

The  comprehensive  laser  scattered  light  measure¬ 
ments  on  the  "Sydney  Exp  res:;"  showed  the  following: 

1.  The  nuclei  spectra  measured  in  a  seaway  in 
the  Indian  Ocean  are  quite  different:  Tn  the  range 
of  the  nuclei  diameter  of  -  40  um  either  a 
relative  or  an  an  absolute  maximum  of  nuclei  was 
measured.  (Figure  16).  The  motions  of  the  ship, 
('specially  the  pitching  motion,  are  in  this  con¬ 
nection  as  decisive  as  the  wave  motions  on  the'  sea 
surface  (Figures  18  and  19) .  The  nuclei  of  this 
range  (diameter:  20  to  4<>  urn),  consist  of  bubbles, 
since  the  scattered  light  nv  fhod,  carried  out  at 
the  same  time  with  the  Ami  neo-color imeter  did  not 
show  any  difference  between  unfiltered  and  filtered 
water . 


2.  In  good  weather  conditions  the  absolute 
maximum  of  the  bubbles  with  a  diameter  between  20 
and  40  jim  (Figure  20)  disappears.  The  nuclei  of 
smallest  diameter  show  the  largest  nuclei  concen¬ 
tration.  It  probably  consists  of  bubbles  and 
suspended  particles,  as  the  comparison  with  micro¬ 
scope-  and  Coulter  Counter  measurements  has  shown. 

3.  Measurements  made  at  different  speeds 
(Figures  21  and  22)  have  again  resulted  in  an 
absolute  maximum  at  a  diameter  of  20  to  40  urn  for 
tlw?  smallest  ship  speed  at  12  kn.  These  nuclei 
certainly  consist  of  bubbles,  since  the  Aminco  mea¬ 
surement.  in  this  case  also  did  not  show  any  dif- 

f eroneos . 

4.  Measurement:?  in  shallow  water  show  an 
absolute  maximum  at  a  diameter  between  20  and  40 
l:m.  The  majority  of  those  nuclei  consists  of 
suspended  particles,  as  the  Aminco  scattered  light 
measurement  have  shown.  These  suspended  particles 
probably  do  not  contribute  to  cavitation,  sine  the 
comparison  of  propeller  excited  pressure  fluctuation 
measurements  between  deep  and  shallow  water  .shows 
practically  no  difference  (Figure  7). 

5.  The  ship's  vibrations  caused  by  the  propeller 
do  pose  a  big  problem  for  measurements  of  this  type. 
The  insensibility  of  the  laser  against  vibrational 
stresses,  however,  after  it  was  stiffly  connected 
with  the  ship,  was  suprisingly  good.  Even  the 

high  loading  caused  by  the  temperature  did  not 
create  any  bad  effects  in  the  laser. 

6.  Future  laser  measurements  should  possibly 
anticipate  diameter  ranges  below  um.  A  more 
precise  determination  of  suspended  particles 
requires  a  greater  effort  than  the  present  method. 

7.  Further  results  of  this  trial  will  be 
published  later. 
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APPENDIX 

DESCRIPTION  OF  THE  NOVEL  TYPE  OF  VELOCITY 
MEASUREMENT 

When  particles  or  bubbles  pass  through  a  light  beam, 
they  scatter  a  finite  amount  of  light  which  is 
dependent  principally  on  the  object  shape,  size, 
index  of  refraction,  and  optical  characteristics 
of  the  beam.  For  this  technique  a  small,  homoge- 
n’Ously  illuminated  control  volume  (see  No.  10  in 
Figurr-  11)  is  optically  defined  by  the  cross- 
sectional  dimensions  of  tlv  laser  beam  and  the 
optics  of  the  system  detecting  the  ‘scattered  light 
(see  No.  11  and  12  in  Figure  13). 

The  amplitude  of  the  electrical  output  pulses 
from  the  photomultiplier  (see  No.  13  in  Figure  13) 
is  proportional  to  the  "nucleus"  «;ize,  and  thus  is 
the  parameter  used  for  "nucleus"  spectrum  determi¬ 
nation  . 

The  pulse  width  correspond.*;  to  the  time  in  which 
the  scatterer  remains  in  the  scattering  volume,  and 
therefore,  by  knowing  the  dimensions  of  the  control 


volume,  the  velocity  of  the  "nuclei",  i.e.,  the 
flow  velocity,  can  be  evaluated. 

The  sketch  in  Figure  A  2.1  shows  the  shapes  of 
the  optically  bounded  measuring  volume  for  different 
positions  of  the  rectangular  laser  aperture  and 
the  measuring  slit  in  front  of  the  photomultiplier. 
The  time  the  "nuclei"  need  to  cross  the  control 
volume  i s  a  function  of  the  dimensions  of  the 
vo 1 um< ■  in  the  flow  direction,  and  of  the  flow 
velocity.  Therefore,  the  resulting  photomultiplier 
pulse  width  is  a  measure  of  the  flow  velocity  if 
the  dimensions  of  the  control  volume  are  known. 

To  get  an  accurate  relation  between  pulse  width  and 
flow  velocity,  only  nuclei  of  one  known  size, 
defined  by  their  pulse  heiqht,  should  be  selected. 

Example  I  in  Figure  A  2.2  displays  an  arbitrary 
position  of  the  control  volume  relative  to  the  flow 
direction.  In  that  ease,  even  for  laminar  flow  one 
gets  a  certain  fluctuat  >n  for  the  pulse  widths, 
because  the  dimensions  ♦'  the  volume  in  the  flow 
direction  are  not  equal. 
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FIGURE  A2.3.  Sketch  of  inclined  control  volume  and 
flow  direction. 


In  example  II  Figure  A  2.2  the  main  axis  of  the 
rectangular  aperture  is  positioned  parallel  to  the 
projection  of  the  flow  direction  versus  the  plane 
vertical  to  the  optical  axis  of  the  laser#  and 
consequently  the  peak  of  the  pulse  width  distribution 
is  at  a  maximum  value  of  t. 

In  example  III  in  Figure  A  2.3  the  direction  of 
the  measuring  slit  is  also  parallel  to  the  projection 
of  the  flow  direction  versus  the  plane  vertical  to 
the  optical  axis  of  the  photomultiplier#  so  that 
all  dimensions  of  the  measuring  volume  in  the 
direction  of  the  flow  are  the  same#  and  the  pulse 
width  distribution  therefore  shows  its  most  narrow 
shape.  The  peak  of  the  distribution  indicates  the 
velocity  in  the  main  direction#  whilst  the  shape  of 
the  curve  is  a  measure  of  the  turbulence  level. 

Tlie  direction  of  flow  can  now  be  determined  by 
the  position  of  the  rectangular  aperture  and  the 
measuring  slit.  They  each  define  a  plane  containing 
the  corresponding  optical  axis#  whereby  the  line 
of  intersection  represents  the  direction  of  the 
main  flow  in  this  region. 


FIGURE  A2.2.  Sketch  of  inclined  control  volume  and 
received  photomultiplier  signals. 


Discussion 


ORVAR  BJORHEDEN  and  TORE  DALVAG 


We  congratulate  the  authors  of  this  very 
interesting  paper.  For  hull  designers  as  well  as 
propeller  manufactures  the  problem  of  predicting 
the  propeller  induced  vibration  forces  is  a  most 
essential  task  indeed.  In  this  context  we  wish  to 
inform  you  briefly  about  some  recent  developments 
at  the  KMW*  Marine  Laboratory  related  to  the  model 
testing  technique  applied  in  our  cavitation  tunnels. 

The  first  item  concerns  the  method  of  hull 
wake  simulation.  For  some  time  the  well-known 
dummy  technique,  involving  ship  afterbody  models 
and  transverse  net  screens,  has  been  used  in  our 
tunnels  for  the  purpose  of  simulating  model  wake 
pattern.  This  is  a  rather  time  consuming  process 
since  the  net  screens  have  to  be  adjusted  step  by 
step  until  the  correlation  with  the  wake  pattern 
obtained  in  the  towing  tank  appears  satisfactory. 
Moreover,  the  method  has  some  technical  drawbacks 
as  regards  the  stability  of  the  wake  as  well  as 
the  interaction  between  propeller  and  hull  and  the 
influence  of  the  propeller  on  the  wake  pattern. 

In  connection  with  hydro-acoustic  tests,  cavitation 
occurring  on  the  nets  may  worsen  the  background 
noise  level. 

In  order  to  eliminate  the  above  drawbacks  a 
new  technique  involving  longer  afterbody  hull 
dummies  has  been  introduced.  The  method  aims  at 
simulating  the  full-scale  ship  wake  pattern  based 
upon  the  concept  of  equivalent  relative  boundary 
layer  thickness,  i.e.,  the  frictional  boundary 
layer  thickness  in  relation  to  some  characteristic 
length,  e.g.,  the  propeller  diameter  should  be  the 
same  in  the  model  and  in  full-scale.  For  ordinary 
cavitation  testing  purposes  utilizing  propeller 
model  diameters  around  250  mm  and  tunnels  speeds 
of  4  to  8  m/sec  this  criterion  results  in  hull 
dummy  lengths  of  2.5  to  3.5  m  for  most  types  of 
vessels.  In  principal,  the  model  stern  contour  as 
well  as  the  aftermost  water-lines  are  made  to  scale, 
whilst  the  maximum  breadth  of  the  dummy  is  chosen 
on  the  basis  of  2-dimensional  potential  flow  cal¬ 
culations  comparing  the  ship  water-lines  in  unre¬ 
stricted  water  to  the  dummy  lines  within  the  bound¬ 
aries  of  the  cavitation  tunnel  test  section  and 
aiming  at  similarity  in  the  potential  wake 
distribution. 

Figure  1  shows  a  picture  of  a  3  m  hull  dummy 
used  for  the  testing  of  a  150  m,  single  screw,  con¬ 
tainer  ship.  In  Figures  2  and  3  the  model  wake 
distribution  as  obtained  in  the  towing  tank  and 
then  corrected  for  scale  effect  according  to  the 
so-called  Sasajima  method  is  given.  In  Figure  4, 
finally,  a  comparison  between  the  corrected  model 
wake  and  the  wake  distribution  obtained  in  the  cav¬ 
itation  tunnel  is  shown  for  a  few  radii  close  to 
the  propeller  blade  tip.  As  can  be  seen  from  the 
diagrams,  the  agreement  is  quite  good,  particularly 
as  regards  the  wake  peak  in  the  12  o'clock  propel¬ 
ler  blade  position. 
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Apart  from  the  advantage  of  a  quicker  and  more 
direct  simulation  of  the  full-scale  wake,  the 
method  with  long  afterbody  dummies  results  in  a  far 
more  stable  wake  distribution  which  in  turn  implies 
more  consistent  recordings  of  fluctuating  propeller 
forces,  propeller  induced  pressure  pulses  against 
the  hull,  etc.  Probably,  the  interaction  between 
propeller  and  hull  is  also  more  realistic  with  this 
method  of  wake  simulation  as  compared  to  the  method 
utilizing  transverse  nets. 

The  second  item  refers  to  the  instrumentation 
employed  for  recording  of  propeller  forces  and  the 
propeller  induced  pressure  pulses  on  a  ship's  hull. 
In  both  KMW  tunnels  a  data  collecting  and  evaluation 
system  consisting  of  an  on-line  connected  desk  com¬ 
puter  together  with  a  printer  and  a  plotter  has 
been  used  for  several  years.  For  the  measurement 
of  propeller  induced  pressure  pulses  with  the  aid 
of  pressure  pickups  fitted  into  the  hull,  a  pulse 
sampling  technique  giving  time  averaged  values  from 
a  number  of  propeller  revolutions  at  each  blade 
position  has  been  the  practice.  With  this  method 
the  pressure  signals  are  given  in  analogue  form  and 
recordings  can  be  obtained  from  only  one  pickup  at 
a  time.  Recently,  a  new  data  collecting  unit  was 
put  into  service  enabling  simultaneous  recording 
on  6  channels  and  storing  test  results  from  every 
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second  degree  of  a  propeller  revolution  in  digital 
form  in  a  RAM  semi-conductor  memory  controlled  by 
the  desk  calculator.  With  this  instrument,  instan¬ 
taneous  or  time  averaged  test  results  can  be  stored 
and  are  readily  available  for  printing,  plotting. 


ERLING  HUSE 


The  authors  in  their  presentation  draw  atten¬ 
tion  to  the  problem  of  calculating  cavity  geometry 
and  thus  the  excitation  force  due  to  cavitation. 

At  the  Norwegian  Ship  Model  Tank  in  Trondheim  we 
are  at  present  developing  a  procedure  to  overcome 
this  difficulty.  In  the  cavitation  tunnel  we 
measure  the  propeller-induced  pressure  at  only  4 
positions  on  the  hull  model  above  the  propeller. 

The  measurements  are  made  for  non-cavitating  as  well 
as  cavitating  propellers.  From  the  results  of  these 
measurements  we  calculate  an  equivalent  singularity 


0.  RUTGERS SON 


First  I  would  like  to  congratulate  the  authors 
on  this  interesting  paper.  The  possibility  of  cal¬ 
culating  hull  forces  and  moments  and  their  distri¬ 
butions  directly  on  the  body  without  the  roundabout 
way  over  freestream  pressures  and  solid  boundary 
factors  is  especially  elegant.  Being  somewhat  in¬ 
volved  in  calculations  and  measurements  of  pressure 
fluctuations  (with  and  without  cavitation)  at  SSPA* 
I  would  like  to  ask  if  the  authors  intend  to  use 
this  new  method  also  to  calculate  solid  boundary 
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transformation  to  full  scale,  and  harmonic  analysis 
as  well  as  integration  of  resulting  hull  surface 
forces  and  similar  calculations  with  the  aid  of 
the  desk  calculator. 


distribution  to  represent  the  propeller.  This  is 
next  combined  with  a  theory  similar  to  that  of 
Dr.  Vorus  to  obtain  the  excitation  force  on  the  hull 
referring  to  any  given  vibratory  mode  of  the  hull. 

As  a  second  comment  on  the  paper  I  notice  in 
Figure  4  integration  areas  extending  up  to  30  pro¬ 
peller  diameters  upstream.  This  is,  in  my  opinion, 
not  very  realistic  because  one  is  then  passing  one 
or  more  nodal  points  of  practically  occurring  modes 
of  vibration. 


factors  for  different  afterbody  shapes  and  propeller 
configurations? 

Unfortunately  the  authors '  investigation  is 
limited  to  non-cavitating  propellers.  This  is  a 
severe  limitation  as  the  contribution  from  the 
transient  cavitation  often  is  of  a  much  higher  mag¬ 
nitude  than  the  contributions  from  blade  loading 
and  thickness.  When  discussing  this  subject  the 
authors  declare  that  methods  "for  predicting  trans¬ 
ient  blade  cavity  geometry  and  the  attendant  pres¬ 
sure  field"  are  not  available.  I  would  like  to  ask 
why  the  methods  developed  by  Huse  (1972),  Johnsson 
and  S^ndvedt  (1972) ,  and  van  Oossanen  (1974)  have 
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not  been  considered?  These  methods  have  been  used 
in  Europe  for  several  years  and  the  agreement  with 
experiments  is  usually  good. 

I  agree  that  it  is  important  that  the  integra¬ 
tion  of  hull  forces  and  moments  is  carried  out  over 
a  not  too  small  part  of  the  hull  surface.  This  is 
even  more  important  when  the  forces  from  a  cavita- 
ting  propeller  are  considered,  as  those  pressures 
have  a  slower  decay  than  those  induced  by  a  non- 
cavitating  propeller  (Lindgren  and  Johnsson  (1977)). 

Assuming  that  the  hull  forces  should  be  used 
for  an  estimation  of  the  vibration  level  for  a 
certain  ship  project,  I  think  that  the  problem  is 
far  more  complicated  than  just  a  matter  of  integra¬ 
tion  area.  First,  the  described  method  is  a  near 
field  theory  where  the  influence  of  the  propagation 
velocity  of  the  pressure  wave  has  been  neglected. 
When  calculating  forces  far  from  the  propeller  this 
could  cause  some  difficulties.  Secondly,  the  ship 
hull  is  not  a  rigid  body.  The  vibration  response 
will  therefore  be  dependent  not  only  on  the  hull 
forces  but  also  on  their  location  relative  to  the 
nodes  of  the  vibration  mode.  Forces  located  close 
to  the  nodes  will  contribute  very  little  and  those 
located  on  different  sides  of  a  node  will  more  or 
less  cancel  each  other.  Calculations  with  the  Fi¬ 
nite  Element  Method  have  shown  that  hull  forces  aft 
of  the  aftermost  node  are  particularly  efficient 
in  exciting  high  vibration  levels.  This  could  be 
the  explanation  for  rather  good  results  often  being 
achieved  in  vibration  calculations  in  spite  of  the 
fact  that  the  excitation  forces  have  been  obtained 
by  integration  over  a  rather  small  area. 

The  correct  treatment  of  the  problem  will,  of 
course,  include  vibration  calculations,  with  a  very 
detailed  Finite  Element  model  with  the  complete  ex¬ 


citation  forces  and  moments.  Since  this  is  very 
complicated  and  expensive  it  is  seldom  done.  In¬ 
stead,  different  approximate  procedures  have  been 
developed  by  different  institutions.  Referring  to 
the  integration  problems  the  authors  claim  that 
"the  current  practice  in  European  model  basins  is 
highly  suspect."  I  very  much  doubt  that  this  is 
current  practice.  At  SSPA  for  example ,  we  use  the 
pressure  fluctuations  in  a  reference  point  above 
the  propeller  as  a  basis  for  estimation  of  the  risk 
of  vibration.  On  the  basis  of  full-scale  measure¬ 
ments  we  have  established  an  approximate  relation 
between  excitation  at  this  point  and  the  vibrations 
at  another  reference  point  [ (Lindgren  and  Johnsson 
(1977)]. 
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Our  thanks  to  the  discussers  for  their  interest 
and  encouraging  remarks.  On  Mr.  Rutgersson's 
question  of  calculating  solid  boundary  factors,  we 
do  believe  it  would  be  useful  to  perform  computa¬ 
tions  for  a  series  of  hull  afterbody  forms  and  pro¬ 
pellers.  The  results  would  illustrate  sensitivity 
to  the  various  physical  parameters  and  could  pro¬ 
vide  guidance  during  the  early  stages  of  a  ship 
design.  However,  for  realistic  predictions  of  pro¬ 
peller  exciting  forces,  the  complete  calculation 
should  be  carried  out  using  the  actual  wake,  hull 
geometry,  and  propeller  design  under  consideration. 

As  noted  in  the  paper  and  by  Mr.  Rutgersson, 
only  the  non-cavitating  propeller  case  is  consid¬ 
ered  which  is  a  severe  limitation  in  many  pratical 
applications.  The  principal  purpose  of  the  paper 
was  to  present  analytical  methods  and  simple  form- 
ilae  for  predicting  hull  surface  forces  for  a  given 
representation  of  the  propeller  and  show  compar¬ 
isons  with  experiments.  Future  improvements  in  the 
propeller  theory,  in  particular,  the  allowance  for 
transient  cavitation,  can  be  incorporated  quite 
readily  into  the  surface  force  analysis.  It  can 
be  shown  [Breslin  (1977)]  that  the  time  rate  of 
change  of  the  cavity  volume  plays  a  crucial  role 
in  generating  the  propeller  pressure  field.  We 
are  familiar  with  a  number  of  proposed  methods  for 
predicting  blade  cavity  geometry  including  those 
cited  by  Mr.  Rutgersson.  These  approaches  for  the 
most  part  are  empirical.  An  alternative  procedure, 
described  in  Mr.  Huse's  discussion,  consists  of 
finding  an  "equivalent"  singularity  distribution 
so  as  to  produce  agreement  between  calculated  and 
measured  values  of  pressure  at  selected  locations 
near  the  propeller.  The  problem  of  analytically 


predicting  the  proper  singularity  distribution  to 
represent  the  cavity  volume  dynamics  is  now  the 
subject  of  active  research. 

We  agree  with  Mr.  Rutgersson  that  compress¬ 
ibility  effects  should  be  examined  when  considering 
the  far  field  pressures  generated  by  a  propeller. 

A  5-bladed  propeller  operating  at  100  rpm  produces 
a  blade  rate  frequency  disturbance  with  a  acoustic 
wavelength  on  the  order  of  600  feet.  The  relative 
phase  of  the  distrubances  generated  far  ahead  of 
the  propeller  may  be  important  in  the  integrated 
pressure  force  amplitude  and  phase. 

The  theory  presented  in  this  paper  assumes  a 
rigid  hull  boundary,  intended  to  provide  a  first 
estimate  of  propeller  exciting  forces  acting  on 
the  hull  girder.  Certainly  for  detailed  stress  and 
vibration  analyses,  the  interplay  between  fluid 
loading  and  hull  structural  deformation  would  have 
to  be  accounted  for.  In  principle,  the  present 
theory  can  be  extended  to  satisfy  the  boundary 
condition  on  a  deformable  body.  The  complete 
analysis  would  then  involve  coupled  equations  des¬ 
cribing  the  fluid  loading  and  structural  response, 
and  could  be  solved  by  finite  methods. 


REFERENCE 

Breslin,  J.  P. ,  (1977).  A  Theory  for  the  Vibra¬ 
tory  Forces  on  a  Flat  Plate  Arising  from  Inter- 
mi  ttant  Propeller  Blade  Cavitation.  Symposium  on 
Hydrodynamics  of  Ship  and  Offshore  Propulsion 
Systems,  Oslo,  Noruay 


Session  V 


CAVITATION 


ERLING  HUSE 
Session  Chairman 

The  Ship  Research  Institute  of  Norway 
Trondheim,  Norway 


PRSCSSXUQ  PAOS  BUNK-NOT  F1UCD 


Pressure  Fields  and  Cavitation 
in  Turbulent  Shear  Flows 

Roger  E.  A.  Arndt 
University  of  Minnesota 
Minneapolis ,  Minnesota 

William  K.  George 

State  University  of  New  York  at  Buffalo 
Buffalo,  New  York 


ABSTRACT 

Cavitation  in  turbulent  shear  flows  is  the  result 
of  a  complex  interaction  between  an  unsteady 
pressure  field  and  a  distribution  of  free  stream 
nuclei.  Experimental  evidence  indicates  that 
cavitation  is  incited  by  negative  peaks  in  pressure 
that  are  as  high  as  ten  times  the  rms  level.  This 
paper  reviews  the  current  state  of  knowledge  of 
turbulent  pressure  fields  and  presents  new  theory 
on  spectra  in  a  Lagrangian  frame  of  reference. 
Cavitation  data  are  analyzed  in  terms  of  the  avail¬ 
able  theory  on  the  unsteady  pressure  field.  It  is 
postulated  that  one  heretofore  unconsidcred  factor 
in  cavitation  scaling  is  the  highly  intermittent 
pressure*  fluctuations  which  contribute  to  the  high 
frequency  end  of  the'  pressure  spectrum.  Because  of 
limitations  on  the'  response  time'  of  cavitation 
nuclei,  these  pressure  fluctuations  play  no  role' 
in  the  inception  process  in  laboratory  experiments. 
However,  in  large  scale  prototype  flows,  cavitation 
nuclei  are?  relatively  more  responsive  to  a  wider 
range  of  the  pressure  spectrum  and  this  can  load  to 
.substantially  higher  values  of  the  critical  cavi¬ 
tation  index.  Unfortunately,  this  issue  is  clouded 
by  the  fact  that  highf?r  cavitation  indices  can  be 
found  in  prototype  flows  because  of  gas  content 
effects.  Some  cavitation  noise  data  are  also 
examined  within  the  context  of  available  theory. 

The  spectrum  of  cavitation  noise  in  free  shear 
flows  has  some  similarity  to  the  noise  data  found 
by  Blake  et  al .  (1977)  with  the  exception  that  there 
appears  to  be  a  greater  uncertainty  in  the  scaling 
of  the  rate  of  cavitation  events  which  leads  to  a 
substantial  spread  in  the  available  data. 

1 .  INTRODUCTION 

The  physical  processes  involved  in  cavitation 
inception  have  been  studied  for  many  years.  Much 
of  this  research  has  been  directed  toward  an  under¬ 


standing  of  the  dynamics  of  bubble  growth  and  the 
determination  of  the  sources  of  cavitation  nuclei 
and  their  size  and  number  in  a  given  flow  situation. 
This  research  has  led  to  a  general  understanding  of 
some  of  the  environmental  factors  involved  in 
scaling  experimental  results  from  model  to  prototype 
More  recently,  considerable  attention  has  been 
paid  to  the  details  of  the  boundary  layei  flow  over 
streamlined  bodies  and  the  role  of  viscous  effects 
in  the  cavitation  process.  This  research  has  shown 
that  viscous  effects  such  as  laminar  separation 
and  transition  to  turbulence  can  have  a  major  impact 
on  the  inception  process  and  that  there  can  be 
considerable  variation  between  model  and  prototype 
in  the  critical  conditions  for  cavitation. 

In  the  absence  of  viscous  effects,  the  scaling 
problem  reduces  to  an  understanding  of  the  size 
distribution  of  nuclei  and  the  temporal  response 
of  these  nuclei  to  pressure  variations  as  viewed 
in  a  Lagrangian  frame  of  reference.  This  was  first 
treated  in  detail  by  Plesset  (1949).  As  already 
mentioned,  consideration  of  viscous  effects  shows 
that  the  cavitation  inception  process  can  be 
considerably  altered  by  either  laminar  separation 
or  transition  to  turbulent  flow.  Obviously  these 
phenomena  are  interrelated  and  are  strongly  Reynolds 
number  dependent.  The  recognition  of  the  importance 
of  these  factors  has  had  considerable  impact  on  the 
direction  of  cavitation  research  in  recent  years. 
Several  papers  in  this  symposium  deal  directly  with 
this  aspect  of  the  cavitation  scaling  problem. 

It  is  reasonably  well  understood  that  intense 
pressure  fluctuations,  either  at  the  trailing  edge 
of  a  laminar  separation  bubble  or  in  the  transition 
region,  can  have  a  major  effect  on  the  inception 
process  on  streamlined  bodies.  However,  these 
phenomena  will  be  excluded  from  this  review.  The 
focus  of  this  paper  will  be  on  the  relationship 
between  the'  temporal  pressure  field  and  cavitation 
inception  in  free  turbulent  shear  flows  and  fully 
developed  boundary  layer  flows.  Scant  attention 
has  been  given  to  this  problem,  even  though  the 
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topic  is  of  practical  significance.  Turbulent 
shear  flows  are  very  common  in  practice  and  what 
cavitation  data  are  available  for  these  flows 
indicate  that  there  can  be  significant  scale  effects. 
For  example,  Lienhard  and  Goss  (1971)  present  a 
collection  of  cavitation  data  for  submerged  jets. 

It  is  observed  that  the  critical  value  of  the 
cavitation  index  increases  with  an  increase  in 
jet  diameter,  with  no  upper  bound  on  the  cavitation 
index  being  defined  by  the  available  data.  The 
cavitation  index  is  observed  to  vary  from  0.15  to 
3.0  over  a  size  range  of  0.1  cm  to  13  cm.  Arndt 
(1978)  reviews  the  available  data  for  cavitation 
in  the  wake  of  a  sharp  edged  disk.  These  data 
increase  monotonically  with  Reynolds  number  and 
again  no  upper  limit  on  the  critical  cavitation 
index  can  be  determined  from  the  available  data. 

At  present,  it  can  be  said  that  laboratory  experi¬ 
ments  do  not  provide  a  reasonable  estimate  of  the 
conditions  that  can  be  encountered  under  prototype 
conditions.  From  a  practical  point  of  view  the 
situation  is  much  more  critical  than  the  scaling 
problems  associated  with  streamlined  bodies  since 
at  present  there  is  no  definable  upper  limit  on 
the  cavitation  index  for  those  free  shear  flows. 

There  are  a  myriad  of  factors  that  enter  into 
the  inception  process  in  turbulent  shear  flows. 

As  a  minimum,  we  need  information  on  the  turbulent 
pressure  field,  such  as  spectra  and  probability 
density.  We  require  an  understanding  of  the  diffu¬ 
sion  of  nuclei  within  the  flow,  and  we  need  to 
know  how  these  nuclei  respond  to  temporal  fluctu¬ 
ations  in  pressure.  In  taking  into  account  the 
bubble  dynamics  inherent  in  the  problem,  consider¬ 
ation  must  also  be  given  to  gas  in  solution  which 
can  have  an  influence  on  both  bubble  growth  and 
col lapse. 

The  theory  of  bubble  dynamics  is  well  founded 
and  reasonable  estimates  of  critical  pressure'  can 
bo  d€?termined  under  flow  conditions  that  art.'  well 
defined.  Needless  to  say,  the  flow  conditions  in 
a  turbulent  shear  flow  cannot  be  defined  in 
sufficient  detail.  However,  the  problem  of  flow 
noise  has  led  to  a  more  comprehensive  understanding 
of  turbulence;  in  particular,  recent  aeroacoustic 
research  has  provided  a  wealth  of  data  on  turbulent 
pressure  f luctuations .  These  data  are  a  by-product 
of  the  need  for  understanding  turbulence  as  a  source 
of  sound.  At  this  point  in  time,  it  seems  only 
logical  to  review  the  inception  problem  in  terms 
of  both  classical  bubble  dynamics  and  the  more 
recent  results  of  the  field  of  aeroacoust ics . 


2.  THEORETICAL  CONSIDERATIONS  FOR  CAVITATION 
Cavitation  Index 


ated  with  this  flow  condition,  which  for  convenience 
will  be  defined  as  the  critical  index: 


If  it  is  necessary  to  have  completely  cavitation 
free  conditions,  one  design  objective  for  various 
hydronautical  vehicles  is  the  minimization  of  0  . 

Cavity  flows  are  assumed  identical  in  model 
and  prototype  for  geometrically  similar  bodies 
when  a  is  constant,  irrespective  of  variations 
in  physical  size,  velocity,  temperature,  type  of 
fluid  etc.  In  practice  o  is  found  to  vary  over 
wide  limits.  Simply  stated,  these  so-called  scale 
effects  are  due  to  deviations  in  two  basic  assump¬ 
tions  inherent  in  the  cavitation  scaling  law;  namely 
that  the  pressure  scales  with  velocity  squared  and 
the  critical  pressure  for  inception  is  the  vapor 
pressure,  p  .  As  will  be  shown,  the  two  factors 
can  be  interrelated,  since  in  principle  the  critical 
pressure  is  a  function  of  the  time  scale  of  the 
pressure  field. 

In  order  to  provide  a  foundation  for  the  ensuing 
discussion,  consider  a  steady  uniform  flow  over  a 
streamlined  body  devoid  of  any  viscous  effects. 

The  following  identity  can  be  written: 


wherein  C  is  a  pressure  coefficent  defined  in  the 
usual  manner.  Generally  speaking,  C  is  defined 
by  the  pressure  on  the  surface  of  a  §iven  body.  It 
is  generally  assumed  that  cavitation  first  occurs 
when  the  minimum  pressure,  p  ,  is  equal  to  the 
vapor  pressure,  p  .  This  results  in  the  well-known 
scaling  law 


Consider  next  the  case  where  the  pressure  in  the 
cavitation  zone  is  less  than  the  minimum  pressure 
measured  on  the  surface  of  the  body,  then 


Here  we  have  to  distinguish  between  the  pressure 
at  the  surface  of  the  body  p,  and  the  pressure 
sensed  by  cavitating  nuclei,  .  Assuming 

cavitation  occurs  when  p  ,  -  p  we  have 
rml  v 


The  mo.et  fundamental  parameter  for  cavitating  flows 
is  the  cavitation  index 


wherein  p  is  a  r<‘ffn>ne'  j  ressuro,  j ,  the  vaj>or 
pressure,  U  a  reference  velocity,  anci  the 
density  of  liquid.  The  flow  state  of  primary 
interest  in  this  papnr  is.  character i  zed  by  a 
limited  amount  of  cavitation  in  an  otherwise  single 
phase  flow.  Thorn  is  a  specific  value  of  '  associ- 


Equation  (1)  is  one  version  of  the  superposition 
equation  that  is  commonly  referred  to  in  the 
1 itorature . 


Bubble  Dynamics 

It  is  generally  accepted  that  the  process  of 
cavitation  inception  is  a  consequence  of  the  rapid 
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or  explosive  growth  of  small  bubbles  or  nuclei 
which  become  unstable  duo  to  a  change  in  ambient 
pressure.  These  nuclei  can  be  either  imbedded  in 
the  flow  or  find  their  origins  in  small  cracks 
and  crevices  at  the  surfaces  bounding  a  given  flow. 
The  details  of  how  these  nuclei  can  exist  have  been 
considered  by  many  investigators .  A  summary  of 
this  work  is  offered  by  Holl  (1969,  1970). 

Theoretically,  liquids  are  capable  of  sustaining 
large  values  of  tension.  However,  the  nuclei  in 
the  flow  act  as  sites  for  cavitation  inception 
and  prevent  the  existence  of  significant  tensions. 

The  mechanics  of  the  inception  process  are  adequately 
described  by  the  Rayleiqh-Plesset  eauation,  which 
considers  the  dynamic  equilibrium  of  a  spherical 
bubble  containing  vapor  and  non-condensable  gas 

and  subject  to  an  external  pressure  p  (t) : 

ml 
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and  the  growth  rate  stabilizes  at  a  value  given  by 
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(4) 


Assuming  a  characteristic  bubble  response  time 
given  by  R*/R,  with  p  -  pm^  -  4S/3R*,  we  obtain 
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(5) 


A  typical  variation  of  ‘  based  on  the  theoretical 
computations  of  Keller  (1974)  is  given  in  Arndt 
(1974) . 


The  Influence  of  Dissolved  and  Free  Gas 


wherein  R  is  the  bubble  radius  and  dots  denote 
dif ferentiation  with  respect  to  time.  It  should 
be  emphasized  here  that  even  for  the  case  of  steady 
flow  over  a  streamlined  body,  p  . (t)  is  a  function 
of  time  since  we  are  concerned  with  the  pressure 
history  sensed  by  a  moving  bubble.  If  the  problem 
is  simplified  to  consider  the  static  equilibrium 
of  a  bubble,  we  find  that  there  is  a  critical 
value  of  below  which  static  equilibrium 

is  not  possible.  This  is  found  to  be 


(p  -  P  .)  =  4S/3R*  (3) 

v  ml  c 

wherein  R*  is  defined  as  the  critical  bubble  radius. 
Substitution  of  Eq.  (3)  into  Eq.  (2)  with  dynamical 
terms  identically  zero  will  indicate  that  R*  is  a 
function  of  the  partial  pressure  of  noncondensable 
gas  within  the  bubble.  If  p^(t)  varies  rapidly 
in  comparison  to  the  response  time  of  the  nuclei , 
then  even  greater  values  of  tension  are  possible. 
Thus  in  general  we  can  write 


The  discussion  in  the  previous  section  is  based  on 
the  assumption  of  a  healthy  supply  of  free  nuclei 
which  is  generally  the  case  in  recirculating  water 
tunnels  and  in  the  field.  Generally  speaking,  a 
reduction  in  d  due  to  bubble  dynamic  effects 
usually  only  occurs  on  model  scale.  To  some  extent 
the  level  of  dissolved  gas  and  the  number  and  size 
of  free  nuclei  are  interrelated.  Some  recent 
experimental  results  are  documented  in  Arndt  and 
Keller  (1976).  The  level  of  dissolved  gas  can 
play  an  important  direct  role  when  the  time  of 
exposure  to  reduced  pressure  is  relatively  long. 
Under  those  circumstances  Holl  (1960)  has  shown 
that  gaseous  cavitation  can  occur  at  values  of  c 
much  greater  than  those  for  vaporous  cavitation. 
Using  an  equilibrium  theory,  Holl  (1960)  deduced 

an  upper  limit  on  0  given  by 
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where 


■Mo)  =  •  ,  MM  -  1 


function  depends  on  the  flow  field.  The 
argument  of  contains  a  characteristic  time  scale 
of  the  pressure  field  (t  )  and  a  characteristic 
response  time  of  the  nuclei,  (eR^  Vs)  *>  .  In  the 
case  of  a  streamlined  body  in  the  absence  of  viscous 
effects,  t  would  be  proportional  to  the  quotient 
of  body  diameter  and  velocity.  In  the  case  of 
cavitation  induced  by  turbulence,  the  characteristic 
time  scale  could  be  any  of  the  turbulence  time 
scales.  For  example, 

is  often  appropriate.  The  factor  ( cR  ^  /S)  1  is 
derived  from  th»*  asymptotic  solution  to  Eq.  (2) 
for  the  <:as«*  of  negligible  gas  diffusion.  Under 
these  conditions 


wherein  ot  is  the  concentration  of  dissolved  gas 
and  (3  is  Henry's  constant. 

In  summary,  an  overview  of  the  effects  of  bubble 
dynamics  and  free  and  dissolved  gas  indicates  that 
short  exposure  times  such  as  are  the  case  in  a 
model  implies  that  cavitation  will  occur  at  pressures 
lower  than  vapor  pressure  and  0  is  loss  than 
expected.  Long  exposure  time,  such  as  can  occur 
in  vortical  motion  of  all  types,  including  large 
scale  turbulence,  implies  the  possibility  of  gaseous 

cavitation  with  o  being  greater  than  expected, 
c 


3.  PRESSURE  FLUCTUATIONS  IN  TURBULENT  SHEAR  FLOWS 
Background 

Considerable  progress  has  been  made  over  the  last 
five  years  in  the  understanding  turbulent  pressure 
fluctuations  in  free  shear  flows  in  an  Fulerian 
frame  of  reference.  Of  particular  importance  is 
the  development  of  pressure  sensing  techniques 
which  under  certain  circumstances  can  load  to 
reliable  measurements  of  pressure  fluctuations. 
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The  first  theoret  irdl  arguments  on  th«-  pressure 
fluctuations  associated  with  turbulent  f Low  appear 
to  be  duo  to  Obukov  and  Heisenberg  I  Batchelor 
(1953)  r.  Heisenberg  arqued  that  Kolmoqorov  sealing 
should  be  possible  for  small  scale-  pressure  fluc¬ 
tuations.  Batchelor  (1951)  was  abLe  to  calculate 
the  mean  square  intensity  of  the'  pressure 
fluctuations  as  well  as  the  mean  square  fluetuatinq 
pressure  gradient  in  a  iiomoqc -neons,  isotropic 
turbulent  flow.  This  work  was  extended  by  Kraichnan 
(195(0  to  the  physically  impossible  but  conceptually 
useful  case  of  a  shear  flow  having  a  constant  mean 
velocity  gradient  and  homogeneous  and  isotropic 
tu rbulence. 

Apparently  there  were  no  attempts  made'  to  extend 
this,  theoretical  work  until  the  1970's  when  George 
(1974a),  Beuther,  George',  and  Arndt  (1977a,  b,  c) 
and  George*  and  Beuther  (1977)  applied  the  concepts 
de.'Velope-d  by  Batchelor  and  Kraichnan  to  tho  calcu¬ 
lation  of  the'  turbulent  pressure*  spectrum  in 
honogeneous,  isotropic  turbulent  flows  with  and 
without  shear.  When  compared  with  experimental 
evidence  gathered  in  turbulent  mixing  layers,  the 
theory  is  found  to  be  remarkably  accurate.  The 
predicted  spectrum  (with  no  adjustable  constants) 
agrees  with  pressure  measurements  in  turbulent  jet 
mixing  layers  from  several  sources,  including 
those  of  Fuchs  (1972a),  Jones  and  h is  co-workers 
(1977),  and  the  authors  themselves.  As  shown  in 
Figure  1,  the  experimental  data  and  tho  theory  are 
remarkably  consistent,  especially  in  light  of  the 
fact,  that  several  different  experimental  techniques 
and  different  flow  facilities  are  involved. 

Tin-  current  state  of  knowledge  of  turbulent 
pressure  fluctuations  can  be  summarized  as  folLows: 

1)  Pressure  fluctuations  in  a  shear  flow  can 
arise  from  three  sources .  The  first  two  involve* 
interaction  of  the  turbulence  with  the  mean  shear. 
These  are  second  order  and  third  order  interactions, 
of  which  only  the  second  order  interactions  are 
important  at  small  scales.  The  last  involves  only 
interactions  of  the  turbulence  with  itself. 

;>)  Kolmogorov  similarity  arguments  can  be 
applied  to  each  of  the  spectra  arising  from  these 


terms.  These  arguments  are  valid  for  the  small 
scab-  fluctuations. 

1)  If  tin?  turbulent  Reynolds  number  is  high 
enough,  there  exists  an  inertial  subrange  in  each 
of  the  three  spectra  in  which 


wherein  t  .  =  2,  a  -  () ,  t  =  1 .  3,  <  i s  the  rate  of 
si  s  2  T 

dissipation  of  turbulent  energy  per  unit  volume, 

K  is  the  mean  shear,  and  k  is  the  disturbance  wave 
number . 

4)  There  is  considerable  evidence  that  coherent 
structures  play  an  important  role  in  determination 
of  at  least  the  large  scale  pressure  fluctuations 
I  Fuchs  and  Michalke  (1975),  Fuchs  (1972a,  b) ,  Chan 
(1974a,  b) ,  and  Chan  (1976) J . 


Relation  to  Cavitation 

Since  the  above  spectral  results  are  expressed  in 
Eulerian  frames,  they  cannot  be  directly  applied 
to  the  problem  of  cavitation  inception  which  is  a 
Lagrangian  problem.  Nonetheless,  Kolomogorov  scaling 
has  been  successful  in  an  Eulerian  rrame  of  reference 
and  therefore  we  can,  with  some  confidence,  infer 
that  similar  scaling  will  be  valid  for  Lagrangian 
time  spectra  (i.e.  the  frequency  spectra  that  would 
be  seen  by  a  moving  material  point) .  The  results 
of  such  an  exercise  are  as  follows: 

1)  The  Lagrangian  turbulent  spectrum  can  bo 
separated  into  interaction  of  the  turbulence  with 
the  mean  shear  and  the  interaction  of  the  turbulence 
with  itself. 

2)  The  high  frequency  (analogous  to  small  scale) 
will  be  well  described  by  Kolmogorov  scaling  sue!) 
that 
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In  summary  it  appears  plausible  to  assume  that 
the  basic  picture  of  pressure  fluctuations  arising 
from  mean-shear  turbulence  interactions  will  be 
unchanged  1.  a  Lagrangi an  frame  of  reference, 
although  the  actual  spectra  are  different.  The 
postulated  relations  for  Lagrangian  spectra  should 
be  directly  applicable  to  any  Lagrangian  phenomenon; 
in  particular  the  relations  should  be  applicable 
to  the  inception  of  nuclei  in  a  fluctuating  pressure 
field. 

In  relating  the  information  on  the  pressure  field 
to  the  problem  at  hand,  it  is  evident  that  two 
criteria  must  be  satisfied  for  turbulence  induced 
incept  ion : 

1)  The  pressure  must  dip  to  the  vapor  pressure 
or  lower. 

2)  The  pressure  minimum  must  persist  for  a  time 
that  is  long  in  comparison  to  the  characteristic 
time  scale  of  the  bubble,  say  Tg  (taken  to  bo  the 
time  scale  for  growth  at  inception). 

Both  factors  lead  to  seal*'  effects.  Consider 
first  the  second  factor.  The  preceding  arguments 
for  the  pressure  field  in  a  Lagrangian  frame  of 
reference  lead  to  the  hyj'othet  ical  spectrum  shown 
in  Figure  2.  For  convenience  we  have  normalized 
tin'  spectrum  with  respect  to  the  mean  square  pressure 
and  the  Lagrangian  time  scale  J  .  (c.f.  Tennokes 

and  Lumloy,  Chapter  S) .  Requirement  (2)  for  bubbLe 
growth  is  plotted  at  the  frequency  ui  -  1/T^.  It 
is  clear  that  as  long  as  *  *  l/Tp,  any  pressure 
fluctuation  persists  for  a  time  longer  than  the 
time  scale  of  the  bubble.  Thus  at  frequencies  less 
than  .  -  1/Tg  cavitation  inception  can  occur  with 
minimal  local  tension.  Moreover,  by  integrating 
the  spectrum  from  .»  -  0  to  -  1/T  ,  w<'  can  deter¬ 
mine  that  fraction  of  the  mean  square  pressure 
which  can  contribute  to  bubble  growth  without 
appreciable  tension  (assuming  a  normal  distribution 
of  nude  i )  . 

Consider  now  tire  effect  of  maintaining  Tp  con¬ 
stant  while  varying  the  Reynolds  number.  Taking 
C  * /u '  and  noting  that  there  are  essentially  no 
pressure  fluctuations  of  interest  above  the 
Kolmogorov  frequency,  ■  •-  (•  . )  ~  we  find  that 

after  1  Tp,  exceeds.  (•  )-,  the  entire  spectrum 

can  potentially  contribute  to  bubble  growth.  This 
will  occur  when  the  Reynolds  number  is  roughly 


FIGURE  2.  Hypothetical  pressure  *;j  ectrum  in  a 
Lagrangian  frame  of  re for**nr»- . 


FIGURE  3.  Integration  of  Lagrangian  pressure 
spectrum. 


u£/v  U/uTB)'  .  By  noting  the  spectral  dependence 
on  frequency  and  performing  a  running  integral,  a 
plot  such  as  shown  in  Figure  3  can  be  generated. 

This  graph  illustrates  how  rapidly  the  asvmptotic 
state  is  reached.  This  occurs  when^/T  “ 1  '•  J  (i  /v)  * 
(u’C./v)i  or  when  tf./u'T  %  (u*C/v)s  as  previously 
stated. 

As  an  example,*  cavitation  is  observed  to  occur 
in  submerged  jets  at  an  axial  position,  x,  that  is 
roughly  one  diameter  from  the  nozzle.  Assuming 
the  dissipation  rate  to  be  approximately  0.05UjVx» 
where  Uj  is  the  jet  velocity,  results  in  a  criterior 
that  the  jet  diameter  must  exceed  the  following 
before  scale  effects  are  absent:  d  >  0. 05Uj 3Tg2/v . 
Using  typical  values  of  Uj  =  10  m/s  and  Tp  =  10“^ 
sec.,  wo  conclude  that  the  asymptote  is  reached  for 
d  50  meters.  Thus  size  effects  could  be  important 
in  many  model  experiments. 

Effect  of  Intormi ttoncy  at  Small  Scale 

In  1947,  Batchelor  and  Townsend  concluded  from 
observations  of  the  velocity  derivatives  in 
turbulent  flow  that  the  fine  structure  of  the 
turbulence  (small  scales,  high  frequency)  was 
spatially  localized  and  highly  intermittant  in 
high  Reynolds  number  flows.  Subsequent  work  [c.f. 
Kuo  and  Corrsin  (1971)  ’  has  confirmed  that  there 
is  a  decrease  in  the  relative  volume  occupied  by 
the  fine  structure  as  the  Reynolds  number  is 
increased.  Thus  the  spatial  i ntermi ttancy  increases 
with  Reynolds  number.  The  effect  of  this  phenomenon 
on  filtered  hot  wire  signals  is  shown  in  Figure  4. 
Those  data  are  derived  from  Kuo  and  Corrsin  (1971). 
It  is  obvious  from  these  data  that  the  signal  is 
increasingly  intermittant  as  the  filter  frequency 
is  movi'd  to  higher  and  higher  values. 

Si  no*1  the  dissipation  of  turbulent  energy  takes 
place  at  the  smallest  scales  of  motion,  it  is  clear 
from  these  observations  that  the  rate  of  dissipation 
of  turbulent  energy  must  vary  widely  with  space 
and  time.  It  was  this  consideration  that  led 


•Stru  t  ly  spoaKinq,  tints*?  results  are  only  applicable 
wl)«'n  the  l„v|rangian  turbulent  field  is  stationary. 

In  most  flows  of  interest  this  is  seldom  the  case. 
However,  the  smallest  scales  of  motion  can  often 
be  considered  to  be  in  quasi -oqui librium. 


FIGURE  4.  Filtered  hot-wire  signals  in  qrid- 
generated  turbulence  (adapted  from  Kuo  and  Corrsin 
(1971)],  (i)  f  «  200  Hz,  f/f  =  0.52,  20  ms/division 
(horizontal  scale);  (ii)  1  kHz,  0.52,  4;  (iii)  6, 
0.52,  1;  (iv)  high-pass  signal,  f  -  kHz,  1  ms/ 
division. 


Kolmogorov  (1962)  to  reformulate  his  original 
similarity  hypothesis  in  terms  of  the  average.*  rate 
of  dissipation  of  turbulent,  energy  ,  and  to 
assume  that  the  logarithm  of  *  was  governed  by  a 
normal  distribution.  Later  work  by  Gurvich  and 
Yaglom  (1967)  showed  that  any  non-negative  quantity 
governed  by  fine  scale  components  has  a,  log  normal 
distribution  with  a  variance  given  by  =  A  +  B 
In  R,  where  A  is  a  constant  depending  on  the 
structure  of  the  flow,  B  is  a  universal  con:  tan t  and 
R,  is  the  turbulence  Reynolds  number. 

These  results  .have  imp]  icat  ions  for  the  cavita¬ 
tion  problem  at  hand.  Bouthor,  George,  and  Arndt 
(1977a,  b)  have  shown  that  Kolmogorov  similarity 
scaling  is  applicable  to  the  ‘nigh  wave  number 
turbulent  pressur  spectrum.  Ac.  a  consequence  of 
this  and  the  observed  int-rmi ttancy  and  spatial 
localization  of  small  scab1  velocity  fluctuations, 
it  is  reasonable  to  expect,  tin  -nine  t  r-  nd  in  tin* 
small  scale  pressure  fluctuations.  This  could 
result  in  an  important  cavitation  scale  effect. 

To  make  this  point  ••bar,  a  set  of  hypothetical 
band  passed  pressur*  signals  at  high  and  low 
Reynolds  number  nr-  pr«- in  Figure  r>.  For  the 
sake  of  argument,  assume  that  th»-  filter  is  set 
around  a  range  of  frequencies  which  will  result  in 
bubble  growth  ( .Tr  _  1).  diner  the  spectra  of  those 
two  signals  will  b»-  identified  in  terms  of  Kolmo¬ 
gorov  variables  and  since  the  low  Reynold:-,  number 
■lgnul  less  i  ntermi  tt.intr ,  there  i  ,  ,»  greater 
(reliability  that  the  high  Reynolds  number  signal 
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FIGURE  5.  Hypothetical  band-passed  pressure  signals: 
(i)  low  turbulent  Reynolds  numbers,  (ii)  high  turbu¬ 
lent  Reynolds  number. 


will  contain  more  intense  deviations  from  the  mean. 
In  particular,  with  all  other  factors  hold  equal 
it  is  more  likely  that  the  local  pressure  will  fall 
below  the  critical  pressure  when  the  Reynolds  number 
is  high,  even  though  the  spectra  are  identical. 

This  is  shown  in  Figure  5.  If  the  log  normal 
arguments  wore  applicable,  then  it  can  be  expected 
that  this  will  depend  on  the  Reynolds  number. 

The  effect  of  in termi ttancy  coupled  wi th  effects 
cited  earlier  could  be  of  considerable  importance 
to  the  problem  of  predicting  cavitation  inception 
in  the  prototype  from  small  scale  experiments  in 
tiie  laboratory.  The  Reynolds  number  in  model  and 
prototype  can  vary  by  many  orders  of  magnitude, 
for  example,  experimental  observations  of  boundary 
layer  cavitation  by  Arndt  and  Ippon  (1969)  were 
caniod  out  at  Reynolds  numbers,  u'6/v,  of  the 
order  5000.  On  larqo  ships,  Reynolds  numbers  of 
10'  and  greater  are  not  uncommon. 

Coherency  of  the  Pressure  Field 

An  important  factor  related  to  cavitation  in¬ 
ception  in  jots  is  the  existence  of  coherent 
structure  in  the  flow.  Cavitation  in  highly  turbu¬ 
lent  jets  is  observed  to  occur  in  ring  like  bursts, 
smoke  rings  if  you  will.  These  bursts  appear  to 
have  a  Strouhal  frequency  fd/U  of  approximately 
0.5.  This  point  is  underscored  by  some  recent  work 
of  Fuchs  (1974).  Fuchs  made  2  and  3  probe  pressure 
correlations  as  shown  in  Figure  6.  His  results  are 
summarized  in  Table  1.  Signals  filtered  at  a 
Strouhal  number  of  0.45  were  highly  coherent.  For 
comparison,  velocity  correlations  are  shown  in 
parentheses  indicating  that  the  velocity  field  is 
much  less  coherent  than  the  pressure  field. 


The  Turbulent  Boundary  Layer 

Because  of  the  relative  ease  of  measurement. ,  there 
exists  a  considerable  body  of  experimental  data 


General  Arrangement 


(a)  (b)  (c) 


pop,  po(p,±P2>  pop,  p.p? 

FIGURE  6.  Measurement  of  pressure  coherency  in  a 
turbulent  jet  (adapted  from  Fuchs  (1974)). 
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for  wail  pressure  due  to  turbulent  boundary  layer 
flow.  However,  in  many  ways  less  is  known  about 
the  turbulent  pressure  field  for  boundary  layers 
than  for  free  turbulent  shear  flows.  Not  only  is 
the  theoretical  problem  made  more  difficult 
(impossible  to  the  present)  by  the  presence  of  the 
wall,  the  experimental  problem  is  considerably 
complicated  by  the  dynamical  significance  of  the 
small  scales  near  the  wall. 

Thus,  in  spite  of  over  two  decades  of  concentrated 
attention  we  cannot  say  with  confidence  even  what 
the  rms  wall  pressure  level  is,  although  recent 
evidence  points  to  a  value  of  [Willmarth  (1975)]: 

P*  -  c  p  u^‘ 
c  =  2  to  3 

The  basic  problem  is  that  the  most  interesting  part 
of  a  turbulent  boundary  layer  appears  to  the  region 
near  the  wall  where  intense  dynamical  activity 
apparently  gives  rise  to  the  overall  boundary  layer 
activity.  While  the  details  of  the  process  are 
debatable,  most  investigators  concur  on  the  importance 
of  the  wall  region  on  overall  boundary  layer 
development.  Unfortunately,  under  most  experimental 
conditions,  the  scales  of  primary  activity  arc 
smaller  than  standard  wall  pressure  probes  can 
resolve  [Willmarth  (1975)].  Thus  we  have  virtually 
no  information  concerning  the?  contribution  of  the 
small  scales  to  the  pressure  field,  although  we 
suspect  that  the  small  scales  are  significant  or 
even  dominant. 


Pressure  Spectra  in  Boundary  Layers 

Our  knowledge'  of  the  pressure  spectra  may  be 
summarized  as  follows: 

1)  Pressure  fluctuations  arising  from  motions 


in  the  main  part  of  the  boundary  layer  (y/6  0.1) 

scale  with  the  outer  parameters  uA  and  6. 

2)  Pressure  fluctuations  arising  from  the  inner 
part  of  tin?  boundary  layer  scale  with  the?  inner 
parameters : 

a)  hydraulically  smooth,  u+,  V 

b)  hydrau 1 ica 1 ly  rough,  u* ,  b;  where  h  is 
roughness  height 

3)  Pressure  fluctuations  arising  from  the 
inertial  sublayer  (logarithmic  layer)  scale  only 
with  u^  and  y,  the  distance  from  the  wall. 

4)  The  wall  pressure  spectrum  is  a  composite 
of  all  these  factors  and  ins  a  distinct  region 
corresponding  to  each  factor. 

A  composite  picture  of  the  wall  pressure  spectrum 
is  shown  in  Figures  7a  and  7b.  The  1/k  range1  is 
evident  in  both  the  inner  and  outer  scalings  and 
arises  from  the  inertial  sublayer  contribution 
[Bradshaw  (1967) ] . 

The  pressure  spectrum  within  the  near  wall  region 
should  closely  resemble  the  wall  spectrum  (although 
this  has  never  been  confirmed).  The  spectrum  in 
the  main  part  of  the  boundary  layer,  should,  however, 
resemble  that  obtained  for  a  free  shear  flow  at 
high  Reynolds  numbers.  Again  there  is  no  information 
available  to  either  prove  or  disprove  this  conjecture. 

The  Lagrangian  model  developed  in  the  preceding 
section  depends  in  part  on  the  assumption  that  a 
material  point  is  in  a  stationary  random  field. 

As  long  as  the  Euler i an  field  is  homogeneous,  there 
is  no  problem.  This  is  approximately  true  in  many 
shear  flows,  but  is  never  true  in  a  turbulent 
boundary  layer.  Thus  our  Lagrangian  spectral  picture 
must  be  abandoned  entirely  (or  used  with  great 
restraint) . 

However,  a  number  of  features  of  the  Lagrangian 
model  can  be  applied  Jo  this  problem.  In  particular, 
the  "spectral  peaks"  in  the  outer  flow  can  be 
identified  with  the  Lagrangian  integral  scale, 

3  / u *  .  The  highest  frequencies  in  the  flow  will 


Table  1.  Normalized  correlation  functions  with  pressure  probes 
arranged  as  shown  in  Figure  6  (corresponding  velocity 
correlations  in  brackets) . 


Signals 

Unfiltered 

Signals 

Filtered  at  St  =  0.45 

P0P1 

+0.35 

(+0.03) 

0.66 

(0.13) 

p0  (p^p^ 

+0.57 

0.83 

(+0.07) 

(0.19) 

VP0  V  (P1+P2)2 

p0  (prp2’ 

-0.07 

0.06 

V*T  V  (prp2)2 

(+0.04) 

(0.02) 
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log  k  h 


In  words,  we  again  require  a  pressure  fluctuation 
to  persist  for  a  time  which  is  long  in  comparison 
to  the  response  time?  of  a  typical  nucleus. 

Since  V/uA'  is  the  shortest  time  scale  in  a 
smooth  wall  boundary  layer,  all  of  the  pressure 
spectrum  is  sampled  by  the  nuclei  when 

u*?tb/v  ■  1 

This  criterion  is  especially  important  in  view  of 
the  highly  intermi ttant  process  near  the  wall. 

For  rough  walls,  the  last  criterion  can  be 
expressed  in  terms  of  the  roughness  height  h  by 


log  kv/u. 


FIGURE  7.  Wall  pressure  spectra:  (a)  outer  scaling, 

(b)  inner  scalinq. 

be  u#* /v  or  u*/h,  depending  on  whether  the  wall  is 
hydraulically  smooth  or  rough,  and  there  will  be 
increasing  intermi ttoncy  with  increasing  Reynolds 
number.  The  latter  effect  is  most  interesting  and 
is  quite  evident  in  the  many  observations  of  dye 
streaks  in  the  wall  layer  Icf  Kim,  Kline,  a?id 
Reynolds  (1971)1. 

Effect  of  the  Pressure  Field  on  Cavitation 

Whether  or  not  the  pressure  fluctuations  play  a  role 
in  the  cavitation  inception  process,  depends  on 
the  previously  cited  criteria: 

1)  The  minimum  pressure  must  fall  below  a 
critical  level . 

2)  The  minimum  pressure  must  persist  below  the 
critical  level  for  a  finite  length  of  time. 

The  first  criterion  depends  greatly  on  the  yet 
unresolved  question  of  intermi ttency  and  its  effect 
on  the  probability  density  of  the  pressure  fluctua¬ 
tions.  At  this  point  in  time  we  can  say  that  the 
critical  cavitation  index  will  increase  with 
Reynolds  number  because  larger  excursions  from  the 
mean  pressure  are  more  likely.  Without  justification, 
it  is  hypothesized  that  the  effect  on  the  pressure' 
variance  will  be  approximated  by  a  log-normal 
dependence  on  the  Reynolds  number.  Detailed  study 
of  the  wall  pressure  such  as  that  proposed  by 
George  (1975)  should  aid  considerably  in  resolving 
this  question. 

The  question  of  time  scale  is  more  easily  con¬ 
fronted.  Since  most  of  the  enorqy  in  the  pressure 
spectrum  scales  with  u#  and  S  it  is  clear  that  the 
criteria  for  bubble  growth  without  appreciable 
tension  reduces  to 


“.V" 1 

Since  in  fully  rough  flow  u  h/v  >1,  it  is  clear 
that  the  small  scale  criterion  is  more  easily 
satisfied  with  rough  wall  experiments. 

In  summary,  the  information  we  have  on  pressure 
fields  in  turbulent  boundary  layers  and  its 
relationship  to  cavitation  inception  can  be 
summarized  as  follows: 

Significant  scale  effects  can  be  expected  when 
u'T  /A  ’  1.  As  the  ratio  of  T  to  the  smallest 
time  scale  in  the  flow  decreases,  the  scale  effect 
would  be  expected  to  level  off  i.e.  when  u*TB/v  or 
u^T  /h  •  1.  Further  increase  in  the  cavitation 

number  with  Reynolds  number  will  be  due  to  the 
Reynolds  number  dependent  effects  on  the  probability 
density  of  the  pressure  fluctuations  as  a  result  of 
increased  intermi t fancy  of  the  small  scale  structure. 
The  latter  effect  should  produce  a  more'  gradual 
dependence  of  the  cavitation  index  on  Reynolds 
number  than  the  former  effect. 

The  jirture,  as  displayed  above,  is  plausible 
and  perhaps  ''ven  appealing,  but  it  must  be  viewed 
simply  as  conjecture  until  definitive  experimental 
information  is  made  available.  An  important  hint 
of  the  relevance  of  these  results  can  be  found  in 
the  work  of  Arndt  and  Ippon  (1967)  where  it  was 
found  that  the  region  of  maximum  cavitation  in  a 
rough  boundary  layer  shift, d  inward  with  a  decrease 
in  u^Tg/h.  However,  the  change  in  this  parameter 
varied  only  by  a  factor  of  15  in  their  experiments. 
This  will  be  discussed  in  more  detail  in  subsequent 
sect  ions . 


4.  CAVITATION  INCEPTION  DATA 

A  rather  limited  amount  of  experimental  data  have 
been  collected  under  controlled  conditions.  The 
types  of  flows  considered  to  date  include  the  wake 
behind  a  sharp  edged  disk,  submerged  jets  from 
nozzles  and  orifices,  and  smooth  and  rough  boundary 
layers.  There  is  a  dearth  of  information  relating 
the  observed  cavitition  inception  with  the  turbulence 
parameters.  Some'  of  the  earlier  efforts  in  this 
direction  are  summarized  in  a  paper  by  Arndt  and 
Daily  (1969)  and  by  Arndt.  (1974b).  A  collation  of 
available  data  is  presented  in  Figure  R.  Here  the 
data  are  presented  in  the  form  of  Eq.  (1): 

0  *  C  =  f  (C  ) 

c  p  f 
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o  Smooth,  Doily  8  Johnson  (’56) 
Boundary  1 a  Sowteeth,  Arndt  8  Ippen  ('68)  / 

Layer  j^Sond,  Messenger  ('68) 

Sand,  Huber  (‘69) 


♦Wire  Screen,  Bechtel  (‘71^^ 


Jet  a  Rouse,  (’53)  ♦/ 

Wake  A  Kermeen,  Et  Al  (’55) 


-<ri+cp  =  l6Cf 


Best  Fit  Curve 


8.  Collation  of  cavitation  inception  data. 


11,^/VU*  Boundary  Layer  Flow 


fn  this  expression  C>  is  computed  either  from  the 
measured  wall  shear  in  the  case  of  boundary  layer 
flows  or  from  turbulence  measurements  made  in  the 
air  at  comparable  Reynolds  numbers  for  the  case  of 
a  free  jet  and  a  wake.  The  measured  value  of  C,  is 
only  significant  for  the  case  of  the  disk  wake  and 
the  pressure  data  was  determined  from  the  experi¬ 
mental  work  of  Carmodi  (1964).  The  available  data 
seem  tc:  be  will  approximated  by  the  relation 

1  +  C  «  16  Cr 

c  p  f 

which  was  originally  proposed  for  boundary  layer 
flow  by  Arndt  and  Ippen  (1968).  These  data  would 
to  imply  that  a  relatively  simple  scaling  law 
already  exists  and  would  further  imply  that  the 
previous  discussion  in  this  paper  on  turbulence 
effects  is  superfluous.  This  is  not  the  case. 

Arndt  and  Ippen  (1968)  made  observations  of  the 
bubble  growth  in  turbulent  boundary  layers.  Some 
of  their  results  are  depicted  in  Fiqurcs  9  and  10. 
Figure  9  shows  sample  bubble  growth  data.  The 
growth  rate  is  observed  to  stabilize  at  a  constant 
value  during  mot  ;,  of  the  growth  phase.  Using  Eq. 

(4)  ,  the  levels  of  local  tension  are  found  to  be 
quite-  small,  of  the*  order  20  to  100  millibar.  These 
data  correspond  to  observations  in  a  rough  boundary 
layer.  Of  particular  interest  is  the  fact  that, 
in  all  cases,  the  life  time  for  bubble  growth  is 
a  fraction  of  the  Laqranqian  time  scale,  =  ;Vu*  . 

In  fact  growth  times  were  observed  to  be  of  the 
order  h/u  .  Unfortunately  there?  is  not  enough 

*Tp  was  estimated  from  Eg .  (r>)  using  observed  values 
of  R*  reported  in  Arndt  and  Ipj«*n  (1967).  For 
convenience,  the  results  are  normal  ized  to  equivalent, 
sand  grain  roughness,  hs. 


Time  (m  sec) 

FIGURE  9.  Sample  bubble  growth  data  [after  Arndt 
and  Ippen  (1968)]. 


experimental  evidence  available  to  completely 
illuminate  this  point.  As  shown  in  Figure  10, 
cavitation  occurs  roughly  in  the  center  of  the 
boundary  layer  with  a  tendency  for  the  zone  of 
maximum  cavitation  to  shift  inward  as  u*TB/hs 
decreases  from  about  1.5  to  approximately  0.1*. 

In  the  cited  boundary  layer  experiments,  Cp  is 
negligible.  Thus  oc  =  16  Cf.  Noting  that  p'  is 
approximately  2.5  pu*2  at  the  wall,  we  estimate 
that  cavitation  is  incited  by  negative  peaks  in 
pressure  of  order  6  p' .  This  compares  favorably 
with  Rouse’s  (1953)  data  for  jet  cavitation  which 
indicate  that  negative  peaks  of  order  10  p*  are 
responsible  for  cavitation. 

A  strong  dependence  on  Reynolds  number  can  be 
observed  even  in  free  shear  flows.  Figure  11 
contains  cavitation  data  for  a  sharp  edged  disk. 
Those  data  were  obtained  in  both  water  tunnels 
and  a  new  depressurized  tow  tank  facility  located 
at  the  Netherlands  Ship  Model  Basin.  The  water 
tunnel  data  are  for  cavitation  desinence,  whereas 
the  tow  tank  data  are  for  cavitation  inception 
determined  acoustically.  The  cross  hatched  data 
were  determined  in  a  water  tunnel  at  high  velocities 
by  Kcermecn  and  Parkin  (1957).  All  the  other  data 
were  obtained  at  relatively  low  velocities  (2  -  10 
m/sec) .  There  is  considerable  scatter  in  these 
data  and  this  is  traceable  to  gas  content  effects 


FIGURE  10.  Observation  of  cavitation  in  turbulent 
boundary  layers  [after  Arndt  and  Ippen  (1968)]. 
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FIGURE  II.  Cavitation  inception  data  for  a  sharp- 
edged  disk. 


which  arc  dominate  at  low  velocities  as  will  bo 
discussed  later.  At  low  Reynolds  number  the  data 
appear  to  bo  satisfi€?d  by  the  empirical  relationship 
discussed  by  Arndt  (1976)  : 

=  0.44  +  0.0036  (Ud/v)  **  (7) 


experiments  with  disks  when  the  flow  was  super¬ 
saturated.  The  magnitude  of  the  effect  also  depends 
on  the  number  of  nuclei  in  the  flow.  Gas  content 
effects  were  noted  only  in  their  water  tunnel 
experiments  (whore  there  is  a  healthy  supply  of 
nuclei) .  No  gas  content  effects  on  inception  were 
noted  in  the  tow  tank  (where  the  flow  is  highly 
supersaturated  but  there  is  a  dearth  of  nuclei). 

Thus  the  picture  becomes  more  cloudy  as  the  influence 
of  dissolved,  noncondensable  gas  is  taken  into 
consideration . 


5.  SOME  REMARKS  ON  CAVITATION  NOISE 

A  complete  discussion  on  cavitation  noise  would  be 
beyond  the  scope  of  this  paper.  Recognizing  the 
unique  features  of  cavitation  inception  in 
turbulent  shear  flows,  it  appears  appropriate  to 
review  what  is  known  about  cavitation  noise  under 
the  same  circumstances. 

The  general  features  of  cavitation  noise  wore 
reviewed  by  Fitzpatrick  and  Strasberg  (1956),  Baiter 
(1974) ,  and  Ross  (1976) .  The  spectrum  of  cavita¬ 
tion  noise  can  in  its  simplest  form  be  defined  as 
the  linear  superposition  of  N  cavitation  events  per 
unit  time.  Thus  we  can  write 


It  was  found  that  the  tow  tank  data  agree  with  this 
relationship  at  relatively  high  Reynolds  numbers. 
Equation  (7)  was  developed  from  a  model  which 
assumes  laminar  boundary  layer  flow  on  the  face  of 
the  disk.  It  would  be  expected  that  this  condition 
would  be  satisfied  at  higher  Reynolds  numbers  in 
a  tow  tank  than  in  a  highly  turbulent  water  tunnel. 
At  high  Reynolds  number  (and  also  hiqh  velocity 
where  gas  content  effects  are  negligible),  there 
is  a  continuous  upward  trend  in  the  data  with 
increasing  Reynolds  number.  This  underscores  the 
need  for  further  work  as  suggested  in  the  intro¬ 
duction  to  this  paper. 

A  systematic  investigation  of  gas  content  effects 
in  free  shear  flow  was  recently  reported  by  Baker 
"t  al.  (1976).  Cavitation  inception  in  confined 
jets,  generated  either  by  an  orifice  plate  or  a 
nozzle,  was  determined  as  a  function  of  total  qas 
content  in  the  liquid.  The  results  are  shown  in 
Figure  12.  When  the  liquid  was  undersaturated  at 
test  section  pressure,  the  critical  cavitation 
index  was  independent  of  gas  content  and  roughly 
equal  to  that  observed  by  Rouse  (195 3)  for  an 
unconfined  jet.  When  the  flow  is  supersaturated, 
the  cavitation  index  is  found  to  vary  linearly  with 
gas  content  as  predicted  by  the  equilibrium  theory. 
Eg.  (6).  This  effect  occurs  even  though  the 
Laqrangian  time  scale  is  much  shorter  than  typical 
times  for  bubble  growth  by  gaseous  diffusion.  For 
•  xampb-,  in  tin*  cited  cavitation  data,  a  tyt  ioal 
res  idesjc  ■  tim*-  for  a  nucleus  within  a  larq«*  <  ddy 
is  roughly  1/1  r>  of  a  second.  At  a  qas  content  of 
7!  j  m  and  a  j*  t  velocity  of  approximately  1  >  m/s, 
i n«’.  pf  ion  occur- •  at  a  m*  an  pr"ssm*-  ••  juivalent  to 
a  relativ**  .  aturation  1  of  1.2 r  .  Epst<  in  and 

PI*  ;■;»  t  (pV»  ')  ;how  that  f or  growth  by  gaseous 
diffusion  alone,  V.7  seconds  is  r*,quii*,d  for  a  1  * 
cm  tm<-|.-u-  to  increase  its  .;  i  z>  by  a  fa  tor  of  1»>. 
on.-  adfiition.il  point  should  be  k**j  t  in  mi  rid  hen*. 

Tli*  local  pres. ;ur*  within  an  *<!dy  is  much  bss  than 
the  mean  pr-ssur*-  and  highly  supersat  urat  *-d  con¬ 
ditions  can  occur  locally.  Arndt  and  Keller  (1976) 
also  reported  extreme  qas  content  effects,  in  their 


S(f)  =  N  G ( f )  (8) 

The  function  G(f)  is  the  spectrum  of  a  single 
cavitation  event.  If  p.  is  the  instantaneous 
acoustic  pressure  due  to  the  growth  and  collapse  of 
a  single  bubble,  then  by  definition 


no 


Fitzpatrick  and  Strasberg  (1956)  have;  shown  that  a 
characteristic  bubble  spectrum  can  be  written  in 
the  form 


c;  ( f  t ., ) 
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FIGURE  12.  Cavitation  inception  in  confined  jets. 
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wherein  '  t)  is  a  characteristic  bubble  collapse 
time,  Rm  is  the  maximum  bubble  radius,  and  R  is 
the  distance  to  the  observer.  In  addition,  it 
appears  reasonable  to  assume  that  N  is  related  to 
the  number  of  nuclei  per  unit  volume,  n,  the 
velocity,  the  size  of  a  given  flow  field,  and  the 
relative  level  of  cavitation.  Therefore  we  write 


N/nU  d;'  =  f(u/n  ) 
o  c 

Thus  a  normalized  version  of  Eg.  (8)  would  be 
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It  is  difficult  to  obtain  appropriate  scaling 
factors  for  R  and  i  in  a  turbulent  shear  flow. 

The  problem  is  discussed  briefly  by  Arndt  and  Keller 
(1976).  Lacking  more  detailed  information,  the 
following  assumptions  can  be  used 
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If  we  interpret  S(f)  as  the  moan  square  acoustic- 
pressure  in  a  frequency  band  Af,  Eq.  (9)  can  be 
written  in  the  form 
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Blake  et  al.  were  able  to  determine  S(iof)  for  the 
case  of  noise  due  to  cavitation  on  a  hydrofoil 
using  measured  values  of  R^.  They  assumed  N  equal 
to  unity  and  found  that  Eq.  (11)  resulted  in 
excellent  collapse  of  the  data. 

Arndt  (1978)  used  Eq .  (12)  to  normalize  cavitation 
data  previously  reported  by  Arndt  and  Keller  (1976). 
These  data  correspond  to  noise  from  cavitation  in 
the  wake  of  a  disk  and  were  collected  under  a 
variety  of  conditions  in  both  a  water  tunnel  and  in 
a  depressurized  towing  tank .  Both  the  level  of 
dissolved  gas  and  the  number  of  free  nuclei  were 
monitored.  As  shown  in  Figure  13,  the  normalization 
is  not  very  successful.  It  would  appear  that  Eq.  (10) 
would  be  more  effective  in  taking  all  of  the 
variables  into  account.  However,  n  could  only  be 
measured  in  unison  with  acoustic  observations  in  the 
water  tunnel.  Because  of  the  nature  of  the  laser 
scattering  measurements  used  to  determine  n  in  the 
depressurized  towing  tank,  these  measurements  had 
to  be  made  separately  from  the  acoustic  measure¬ 
ments.  The  assumed  form  for  S(fi,J  in  Eqs.  (10)  and 
(11)  varies  by  a  factor  nd  /o'*.  As  an  example,  n  in 
the  depressurized  towing  tank  appeared  to  be  rela¬ 
tively  constant  and  equal  to  about  15/cm3.  Therefore 
the  factor  nd3/<rS  was  found  to  have  a  maximum  varia¬ 
tion  of  23  dB.  This  does  not  account  for  the  scatter 
shown  and  one  can  only  assume  that  there  are  other 
complicating  factors.  It  should  be  emphasized  that 
these  data  were  collected  under  carefully  controlled 
conditions.  This  underscores  the  fact  that  the 
current  state  of  knowledge  in  this  area  is  poor. 


Blake  ot  al.  (l‘)77)  circumvented  the  requirement 

of  measuring  n.  They  reasoned  that  6.  CONCLUSIONS 
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wherein  p^/  is  the  time  mean  square  of  pb  and  y 1 0 
is  the  total  lifetime  of  the  bubble  (including 
growth,  initial  collapse  times  and  rebounding  times). 
Further,  they  simply  reasoned  that 


Pa'  =  N  pb- 


or  that 


S(T  f) 

This  results  in 
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Making  the  same  assumptions  as  before,  we  would 
expect  that 


Cavitation  inception  in  turbulent  shear  flows  is 
the  result  of  a  complex  interaction  between  an 
unsteady  pressure  field  and  a  distribution  of  free 
stream  nuclei .  There  is  a  dearth  of  data  relating 
cavitation  inception  and  the  turbulent  pressure 
field.  What  little  information  that  is  available 
indicates  that  negative  peaks  in  pressure  having  a 
magnitude  as  high  as  ten  times  the  root  mean  square 


FIGURE  13.  Normalized  cavitation  noise  spectra. 
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pressure  can  exci to  cavitation  inception.  This  fact 
alorif  indicates  that  consideration  should  be  given 
to  the  details  of  the  turbulent  pressure  field. 

The  available  evidence  indicates  that  two  basic 
factors  related  to  the  pressure  field  enter  into 
the  scale  effects.  First,  as  the  scale  of  the 
flow  increases,  cavitation  nuclei  are  relatively 
more  responsive  to  a  wider  range  of  pressure 
fluctuations.  Secondly,  the  available  evidence 
indicates  that  large  deviations  from  the  mean 
pressure  art1  more  probable  with  increasing  Reynolds 
number.  This  would  explain  some  of  the  observed 
increases  in  cavitation  index  with  physical  scale. 

In  view  of  the  almost  total  lack  of  information  on 
the  statistics  of  turbulent  pressure  field  (aside 
from  some  correlation  and  spectral  data)  and  the 
potential  importance  of  this  knowledge  to  under¬ 
standing  cavitation,  it  is  strongly  recommended 
that  careful  experiments  bo  initiated  to  remedy  the* 
situation.  Such  experiments  have  been  proposed  by 
George  (1974b,  1975). 

Direct  application  of  the  pressure  field  informa¬ 
tion  to  cavitation  is  unfortunately  clouded  by  gas 
content  effects  which  also  increase  the  cavitation 
index  with  increasing  exposure  time.  The  fact  that 
a  reasonably  precise  scaling  law  for  cavitation 
noise  has  not  yet  been  found  (perhaps  a  consequence 
of  the  lack  of  knowledge  about  the  pressure  field) 
further  complicates  interpretation  of  experiments 
and  theory.  Therefore  it  is  also  strongly  recom¬ 
mended  that  the  problem  of  the  response  of  cavita¬ 
tion  nuclei  to  turbulence  receive  particular  attention. 
Such  experiments  have  been  proposed  by  Arndt  (1978). 
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ABSTRACT 

Secondary  flow  theories  are  employed  to  calculate 
the  secondary  vorticity  near  the  inner  wall  of  a  rotor 
for  several  flow  conditions.  This  calculated  vortic¬ 
ity  is  used  in  a  simple  vortex  model  to  calculate  the 
minimum  pressure  coefficient  of  the  resulting  vortex 
behind  the  rotor.  The  influence  of  inflow  velocity 
distributions  on  the  generation  of  secondary  vortic¬ 
ity  is  discussed.  Comparisons  are  given  between  the 
calculated  pressure  coefficients  and  the  measured 
cavitation  indices  of  the  vortex. 


1.  INTRODUCTION 

Secondary  flows  generate  additional  streamwi.se  vor¬ 
ticity  when  a  boundary  layer  flow  is  turned  by  a 
rotor.  The  apparent  effect  of  this  additional  vor¬ 
ticity  is  evidenced  by  the  high  cavitation  numbers 
of  the  vortex  formed  downstream  of  the  rotor  plane. 

One  exam:  le  of  the  cavitation  associated  with  a 
vortex  can  be  found  in  the  draft  tube  of  a  Francis 
turbine  operating  in  the  part  load  range.  The 
cavitation  defends  directly  on  the  square*  of  the 
strear.wi.se  vorticity  associated  with  the  vortex.  In 
most  cases,  the  critical  cavitation  numbers  typical 
of  this  vortex  are  often  higher  than  those  associ¬ 
ated  with  any  other  type  of  rotor  cavitation. 

Frevious  experimental  results  have  shown  that  a 
cavitation  inception  prediction  of  this  vortex  is  a 
very  difficult  problem.  All  rotors  operating  with 
a  wall  boundary  layer  have  a  vortex  along  the  inner 
wall.  The  appearance  of  this  cavitating  vortex  varies 
from  rotor  to  rotor.  The  critical  cavitation  number 
can  vary  as  much  as  an  order  of  magnitude.  Small 
variations  in  the  wall  boundary  layer  can  cause  a 
significant  change  in  the  critical  cavitation  number. 

Some  confusion  in  cavitation  inception  data  asso¬ 
ciated  with  this  vortex  is  due  to  a  confusion  of 
types  of  cavitation,  i.e.,  vaporous  versus  nonva- 
porous  cavitation.  Vortex  flows  tend  to  be  good 


collectors  of  gas  bubbles  which  can  cause  non- 
vaporous  cavitation.  This  often  leads  to  confusing 
nonvaporous  for  vaporous  cavitation  giving  high 
cavitation  numbers.  In  general,  results  indicate 
for  vaporous  limited  cavitation  that 


Thus,  the  minimum  pressure  coefficient  is  of  partic¬ 
ular  importance  in  a  study  of  vortex  cavitation  in¬ 
ception  . 

It  is  appropriate  then  to  find  a  simple  descrip¬ 
tion  of  the  vortex  in  order  to  calculate  its  minimum 
pressure  coefficient.  Unfortunately,  the  vortex  is 
composed  of  a  finite  number  of  vortex  filaments 
and  a  difficulty  arises  in  specifying  this  number. 
This  is  particularly  difficult  when  the  vortex  exists 
in  the  low  pressure  region  near  the  inner  wall  of  the 
complicated  flow  behind  a  rotor.  In  this  region, 
there  are  vortex  filaments  in  the  primary  flow  in 
addition  to  the  secondary  vortex  filaments  which  can 
influence  this  vortex.  The  combined  effect  of  these 
filaments  is  to  induce  a  swirl  velocity  distribution, 
Vq,  which  can  be  easily  measured. 

Some  preliminary  tests  show  that  in  many  cases 
small  changes  in  the  incoming  velocity  profile  near 
the  inner  wall  cause  large  differences  in  the  crit¬ 
ical  cavitation  number  of  the  vortex.  Measurements 
of  the  primary  flow  field  show  only  a  change  in  down¬ 
stream  velocity  profile  near  the  inner  wall.  This 
is  especially  true  if  the  rotor  was  designed  to  be 
unloaded  near  the  inner  wall.  For  these  cases, 
changes  in  the  critical  cavitation  number  can  be 
directly  related  to  changes  in  the  secondary  vortic¬ 
ity  near  the  rotor  inner  wall. 

The  secondary  vorticity  can  roll-up  into  a  vortex 
like  flow  in  the  blade  passage  or  it  can  simply  com¬ 
bine  with  other  vortex  filaments  aft  of  the  rotor  to 
form  a  larger  vortex  flow.  In  either  case,  there 
will  be  a  circulation  and  a  character istic  dimension 
of  the  passage  vorticity  which  will  determine  the 
critical  cavitation  number  of  the  resulting  vortex. 
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In  this  paper,  a  brief  summary  is  given  of  the* 
method  for  calculating  the  secondary  vorticity  in 
the  blade  passage  with  comparisons  to  flow  field 
measurements.  Initially,  the  primary  flow  field 
through  the  rotor  had  to  be  determined  in  order  to 
calculate  the  passage  secondary  vorticity.  This  was 
accomplished  by  using  a  streamline  curvature  method. 
Flow  field  results  are  given  in  detail  for  one  basic- 
flow  configuration  so  named  Basic  Flow  No.  1.  Com¬ 
parisons  between  the  calculated  minimum  pressure  co¬ 
efficients  and  measured  critical  cavitation  indices 
are  given  for  several  basic  flow  configurations  or 
inflow  velocity  distributions. 

2.  CALCULATION  OF  FLOW  FIELD 
Primary  Flow  Field 

A  schematic  of  the  calculation  procedure  for  the 
flow  through  a  rotor  is  given  in  Figure  1.  This 
outlines  the  iterative  procedure  for  the  calcula¬ 
tions  and  indicates  the  point  at  which  refinements 
to  the  deviation  angle  are  necessary  and  where 
secondary  flow  calculations  are  employed. 

It  is  important  to  realize  that  in  this  discus¬ 
sion  the  flow  field  is  being  solved  for  a  given 
rotor  configuration.  For  this  case,  the  boundary 
conditions  are  (1)  the  geometric  or  metal  angles 
of  the  blades.  Cl)  the  rpm  of  the  rotor,  (3)  the 
velocity  profile  far  upstream  of  the  rotor  plane, 
and  (4)  the  bounding  streamlines  of  the  flow. 

After  solving  for  the  bounding  streamlines,  the 
iterative  calculation  procedure  is  started  by 
establishing  the  velocity  profile  far  upstream  of 
the  rotor.  The  initial  conditions  {Step  1)  to  the 
solution  for  this  boundary  condition  are  (1)  bounding 
st reamt ube  and  (2)  velocity  profile  in  rotor  plane 
without  rotor.  With  this  information,  the  initial 
streamlines  without  rotor  can  be  calculated  using 
the  streamline  curvature  equations  (Stop  2).  The 
result  of  this  calculation  is  the  boundary  condition 
of  an  initial  velocity  or  energy  profile  at  a  station 
far  upstream  of  the  rotor  plane. 


CALCULATION  OP  PRIMARY  FLOW  FIELD 


FI sure  1.  Schematic  of  calculation  procedure  for 
primary  flow  field. 


FIGURE  2.  Schematic  of  boundary  conditions. 


Knowing  the  blade  metal  angles,  the  first  estimate 
of  the  flow  outlet  angles  (Step  3)  can  be  calculated. 
These  flow  outlet  angles  depend  on  the  blade  metal 
angles  and  on  a  deviation  angle.  The  deviation 
angle  correlation  developed  by  Howell  as  discussed 
in  Horlock  (1973)  is  initially  applied.  This 
relationship  considers  only  thin  blade  sections  and 
assumes  that  each  blade  section  operates  near  design 
incidence.  As  shown  in  Figure  2,  all  of  the  boundary 
conditions  are  now  known  and  the  flow  field  can  be 
solved  with  the  rotor  included  (Step  4)  by  using 
the  streamline  curvature  equations  (McBride  (1977)]. 

Once  a  converged  solution  is  obtained  for  the 
flew  field  using  Howell's  deviation  angles  (Step  4), 
the  axial  velocity  distribution  is  known  whereby  the 
inlet  angles  can  be  estimated  in  addition  to  the 
acceleration  through  the  rotor.  Now  a  second 
estimate  of  the  rotor  outlet  angles  (Step  5)  can  be 
made.  For  this  deviation  angle,  the  effects  of 
acceleration,  AS',  blade  camber,  5q,  and  blade 
thickness,  AB*,  are  calculated  separately.  For  the 
calculation  of  the  deviation  term  due  to  axial 
acceleration  th rough  the  rotor,  an  equation  developed 
by  Lakshminarayana  (1974)  is  applied.  For  the 
calculation  of  deviation  terms  due  to  camber  and 
thickness  effects,  the  data  obtained  by  the  National 
Aeronautics  and  Space  Administration  (Lieblein 
(196*5)  ]  arc  used.  The  result  is  an  improved  outlet 
flow  angle  profile  which  can  be  used  to  again  calcu¬ 
late  the  flow  field  (Step  6). 

The  converged  solution  of  the  flow  field  (Step  6) 
is  then  used  to  solve  the  secondary  vorticity 
equations  (Step  7)  and  to  determine  a  deviation  term, 
A--Ss,  which  is  due  to  nonsymmetric  flow  effects.  The 
details  of  the  secondary  flow  calculations  will  be 
discussed  later  in  this  paper.  An  improved  outlet 
flow  angle  profile  (Step  8)  is  obtained  by  adding 
this  secondary  flow  term  to  the  deviation  terms 
thus  far  calculated  to  obtain 

f  -  A.**  +  Afi*  +  S0  +  AiS  ,  (2) 

s 

where  Bp*  is  the  outlet  flow  angle  and  Bp  is  the 
blade  metal  outlet  angle.  This  outlet  flow  angle 
distribution  is  then  used  as  a  boundary  condition 
in  the  calculation  of  the  flow  field  (Step  9). 

Finally,  all  of  the  deviation  angle  calculations 
are  checked  based  on  the  flow  field  calculated  in 
Step  9.  If  the  angles  did  not  change  significantly 
then  the  result  obtained  in  Step  9  is  used  as  the 
final  flow  field. 

In  all,  twenty-eight  streamlines  were  calculated 
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FIGURE  3.  Comparison  between  velocity  profile  with/ 
without  rotor. 
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FIGURE  5.  Tangential  and  axial  velocity  profiles 
at  cap. 


through  the  rotor  with  the  first  streamline  being 
at  the  inner  wall  and  the  last  streamline  going 
through  the  rotor  tip.  The  streamlines  were  spaced 
more  closely  near  the  inner  wall  because  the  second¬ 
ary  flow  calculations  art  most  important  near  the 
wall.  Also,  the  streamline  curvature  equations  are 
inviscid  so  that  there  is  a  finite  velocity  at  the 
inner  wall  streamline. 

A  sample  of  the  calculations  for  the  flow  field 
is  given  in  Figures  3,4,  and  5  ior  the  flow  config¬ 
uration  called  Basic  Flow  No.  1.  For  Basic  Flow 
No.  1,  the  boundary  layer  entering  the  rotor  is 
axi symmetric  with  no  upstream  distribution  such  as 
screens  or  struts  forward  of  the  rotor  which  is 
operating  at  its  dcsiqn  flow  coefficient.  In  Figure 
3,  the  calculated  axial  velocity  profile  in  the 
plane  of  the  rotor  without  the  rotor  and  the  calcu¬ 
lated  axial  velocity  profile  in  front  of  the  rotor 
with  the  rotor  operating  on  design  is  shown.  In 
addition,  experimental  data  measured  in  the  48-inch 
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water  tunnel  by  a  LDA  system  are  given  for  a  com¬ 
parison.  In  Figure  4,  the  calculated  outlet  velocity 
profiles  are  shown  with  comparison  to  measured  data. 
Finally,  Figure  5  shows  the  calculated  and  measured 
tangential  velocity,  component,  V-j ,  downstream  of  the 
rotor  plane  where  cavitation  occurs  under  certain 
flow  conditions.  In  general,  the  flow  field  calcu¬ 
lations  show  very  good  agreement  with  the  experi¬ 
mental  data. 


Secondary  Flow  Field 

The  major  equations  used  in  the  streamline  curvature 
method  for  calculation  of  the  flow  field  were  derived 
from  the  principles  of  conservation  of  mass,  momentum, 
and  energy.  The  fluid  was  assumed  to  be  incompress¬ 
ible,  inviscid,  and  steady.  In  addition,  the  flow 
field  was  assumed  to  bo  axisymme trie. 

The  resultant  equations  allow  fer  streamline 
curvature  and  for  vcrticity  in  the  flow.  However, 
it  is  important  to  realize  that  the  solution  to  the 
flow  field  does  not  contain  all  of  the  vorticity. 

In  particular,  only  the  circumferential  vorticity 
is  totally  included.  The  other  components  of 
vorticity  contain  derivatives  with  respect  to  the 
ci rcumferen tial  direction  which  are  assumed  to  be 
zero.  As  discussed  by  Hawthorne  and  Novak  (1969), 
the  neglected  vorticity  terms  can  be  related  to  the 
secondary  flows  that  occur  in  the  blade  passage 
along  the  inner  wall. 

Using  the  generalized  vorticity  equations,  Lak- 
shminarayana  and  Horlock  (1973)  derived  a  set  of 
incompressible  vorticity  equations  valid  for  a 
rotor  operating  with  an  incoming  velocity  gradient. 
Their  expressions  for  the  absolute  vorticities, 

's'*  'n'r  defined  along  relative  streamlines,  s', 
n',  were  modified  for  the  boundary  conditions  imposed 
by  this  problem  and  were  integrated.  The  resulting 
equations  are 
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FIGURE  4.  Rotor  outlet  velocity  profiles  for  basic 
flow  no.  1. 
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L)  *  =  W. 


f  2uj 


WR* 


ds1  +  Wo 


2\\  1  a'  * 

fc>  n 


ds* 


* ds  *  +  w 


(4) 


where  the  primes  refer  to  a  rotating  frame  of 
reference  and  the  subscripts,  1,  2,  refer  to  com¬ 
puting  stations  along  a  streamline  within  the  rotor. 
As  shown  in  Figure  6,  s',  n' ,  b'  represent  the 
natural  coordinates  for  the  relative  flew,  W  is  the 
relative  velocity,  ojs'  and  u>n'  are  absolute  vorticity 
resolved  along  the  relative  streamline,  s',  and  the 
principal  normal  direction,  n*,  il  is  the  rotor 
rotation  vector,  and  R'  is  the  radius  of  curvature 
of  the  relative  streamline. 

The  means  by  which  the  streamwise  component  of 
vorticity  is  produced  in  this  relative  flow  are 
similar  to  those  discussed  by  many  investigators 
for  a  stationary  system.  However,  it  is  important 
to  note  that  additional  secondary  vorticity  is 
generated  when  ^  x  W  has  a  component  in  the  relative 
streamwise  direction.  Rotation  has  no  effect  when 
the  absolute  vorticity  vector  lies  in  the  s'-n' 
plane  and  the  rotation,  has  no  component  in  the 
binormal  direction,  b'. 

These  equations  were  employed  to  calculate  the 
secondary  vorticity  along  a  relative  streamline 
through  the  rotor.  All  of  the  quantities  in  the 
equations  wore  calculated  by  an  iterative  procedure 
using  the  primary  flow  calculations.  The  initial 
normal  component  of  absolute  vorticity,  u>ni,  for  a 
streamline  was  calculated  from  the  incoming  axial 
velocity  profile  to  the  rotor.  In  all,  the  vorticity 
along  twenty-eight  streamlines  was  calculated. 

As  an  example.  Figure  7  shows  the  importance  of 
each  term  in  Eq.  4  in  the  rotor  exit  plane  for  Basic- 
Flow  No.  X.  The  sum  of  these  terms  is  given  in 
Figure  8.  The  secondary  passage  vorticity  is  the 
difference  between  the  exit  vorticity,  .s',  and  the 
inlet  vorticity,  u.s  j  ,  along  a  streamline. 


CALCULATION  OF  FLOW  FIELD  THROUGH  ROTOR  IN  RELATIVE  COORDINATE  SYSTEM 


VELOCITY  COMPONENTS  .'ORTICITY  COMPLAINTS  ROTATION  COMPONENTS 


RELATIVE  A8S0LUTE  STREAMWISE  VORTICITY.  u(  = 


FIGURE  7.  Streamwise  passage  vorticity  for  basic  flow 
no.  1 . 


The  effect  of  this  additional  vorticity,  u>s4  - 
is  to  induce  secondary  velocities  which  are 
assumed  to  occur  at  the  exit  plane  of  the  rotor.  It 
is  important  to  note  that  the  normal  component  of 
vorticity,  an',  is  accounted  for  in  the  axisymmetric 
flow  analysis.  Thus,  only  streamwise  secondary 
vorticity  calculated  as  a  function  of  radius  influ¬ 
ences  the  flow  field. 

The  effect  of  the  streamwise  component  of  vorti¬ 
city  within  the  blade  passage  is  similar  to  that 
obtained  in  the  flow  through  a  curved  duct  [Hawthorne, 
(1961),  Eichenberger ,  (1953)];  however,  there  is 
the  difficulty  of  devising  a  reasonable  approximate 
method  of  satisfying  the  Kutta- Joukowski  condition 
at  the  exit  of  the  rotor.  The  method  used  in  this 
investigation  assumes  that  the  flow  is  contained  in 
a  duct  defined  by  the  blades  and  streamlines  of  the 
primary  flow  leaving  the  exit  of  each  blade.  In 
this  exit  plane,  a  flow  solution  devised  by  Hawthorne 
and  Novak  (1969)  was  applied.  The  secondary  stream- 
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FIGURE  8. 


Description  of  relative  coordinate  system. 


FIGURE  8.  Relative  passage  streamwise  vorticity  at 
rotor  exit  plane  for  basic  flow  no.  1. 


TABLE  1.  Deviation  Angles  for  Basic  Blow  No.  1 


wise  vorticity  was  divided  into  tangential  and  axial 
components  whereby  the  former,  (..  k.  \ -:.is  ^  )  sirup*, 
eauses  a  radial  gradient  of  axial  velocity  and  the 
latter  leads  to  an  equation  for  a  stream  function 
describing  the  radial  and  tangential  velocities  in 
tiie  exit  plane,  r,e. 

The  form  of  the  secondary  stream  function  equation 


V*  i (r,") 


ir 


1 

r  3r 


i  yv 
•)  •> 
r“ 


* 

(rtanr'  ;i ) 


-  (  .  '-m  '  )s ocr*  =  F ( r )  .  (5) 

s:<  s , 


where  vx  is  the  secondary  axial  velocity  and  is 
obtained  from  the  solution  of  the  tangent ial  com¬ 
ponent  of  streamwiso  vorticity.  The  solution  to 
Eq.  (r>)  was  found  by  applying  standard  differential 
techniques.  The  solution  and  the  necessary  boundary 
conditions  will  not  be  discussed  in  this  brief  paper. 

Tiie  deviation  angle  due  to  the  secondary  flow 
■an  be  calculated  using 


where  N  is  the  number  of  blades  and  V  i s  obtained 
from  the  solution  of  Eq.  (5).  Tin-  axial  velocity# 
Vx,  and  outlet  angle,  are  determined  in  tiie 

calculation  of  tiie  primary  flow  field. 

'Hie  results  of  tin*  secondary  flow  calculations 
for  various  basic  flows  indicate  that  the  effect?? 
arc  significant  only  near  tiie  inner  wall  where  tin- 
incoming  vorticity  is  tiie  largest.  The  deviation 
angles  calculated  for  Basic  Flow  No.  1  are  shown 
in  Table  1. 


3.  I’ AVI  TAT  I  ON  EXPERIMENTS 

Tiie  cav  tat  ion  experiments  were  conducted  in  tiie 
48-inch  diameter  wat<-r  tunnel  located  in  tin-  d,irfi**ld 
Thomas?  Water  Tunnel  Building  of  tiie  Applied  Research 
Laboratory  at  Tiie  Pennsy  1  van i a  State  University.  In 


Normalized  Distance 
from  Surface 

R/R 

R 

0.00 

).  04 
0.14 
0.24 
0.34 
0.44 
0.54 
0.64 


Deviation  Angles 

s 

-5.4 

c 

-2.9 

u 

-1.0 

|  <-0.2° 


all  cases,  desinont  cavitation  was  employed  as  the 
experimental  measure  of  tiie  critical  cavitation 
number.  Tiie  cavitation  in  tiie  vortex  system  occurred 
on  tin-  rotor  cap.  Also,  the  occurrence  of  tin¬ 
ea  v  i  t  a t  i  on  was  ve  ry  s j  >o r  ad  i  c . 

Tin-  air  content  of  3.1  ppm  war.  chosen  for  all  of 
the  cavitation  experiments  because  gas  effects  are 
reduced  and  tin-  relative  saturation  level  was  always 
much  less  than  unity.  Desinont  cavitation  number 
data  were  obtained  for  different  incoming  velocity 
profiles  to  the  rotor.  Tin*  incoming  velocity  profile 
was  varied  by  changes  in  the  configuration  of  the 
upstream  surface  in  addition  to  varying  the  rotor 
flow  coefficient.  Results  wore  obtained  with/without 
upstream  struts,  with/without  a  screen  on  the  upstream 
surface,  and  on/ off  design  rotor  flow  coefficients. 

In  all,  there  were  sixteen  different  flow  configura¬ 
tions  or  Basic  Flow  Nos.,  tested. 

Figures  9-11  display  the  effects  on  the  desinont 
cavitation  number  over  a  range  of  velocities  due  to 
variations  in  the*  inflow  velocity  distribution.  In 
general,  the  cavitation  number  increased  for  in¬ 
creasing  free  stream  velocity  for  all  flow  config¬ 
urations  shown.  As  shown  in  Figure  9,  the  addition 
of  upstream  struts  which  consisted  of  four  struts 
j  laced  at  the  0°,  90°,  180°,  270°  points  on  the 
u|  stream  surface1  caused  the  cavitation  number  to 
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flow  nos.  1  and  4. 
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10  15  20  K>  35  40  45  FIGURE  10.  Correlation  with  cavitation  data  for 

VELOCITY  -  ft/sec  basic  flow  nos.  1,  3,  4,  and  5. 


increase.  In  contrast  to  this  result,  the  addition 
of  upstream  screens  causes  the  cavitation  number  to 
decrease  as  shown  in  Figure  10.  Data  in  Figure  11 
show  that  a  decrease  in  the  flow  coefficient  by  10*;. 
causes  a  dramatic  increase  in  the  cavitation  number, 
whereas  a  1J'&  increase  in  the  flow  coefficient 
causes  the  opposite  trend  which  is  not  shown  in  the 
fiqures.  Additional  cavitation  results  are  given  in 
Billet  (1970). 


4.  CORRELATION  OF  SECONDARY  FLOWS  WITH  THE  CRITICAL 
CAVITATION  NUMBER 

Because  of  the  complicated  flow  field  where  the 
vortex  exists,  an  absolute  calculation  of  Cpmjn  of 
the  eavitating  region  would  be  very  difficult.  The 
minimum  pressure  associated  with  the  cavitation 
occurs  within  the  vortex  which  is  located  along  the 
inner  wall.  This  minimum  pressure  is  not  only 


VELOCITY  -  ft/sec 


rr  -tiRK  11.  Correlation  with  cavitation  data  for  basic 
flow  non.  1  and  2. 


determined  by  the  vorticity  associated  with  the 
vortex  but  also  by  the  location  of  the  vortex  in 
tin'  primary  flow  field. 

Considering  only  the  vortex,  there  are  many  fac¬ 
tors  which  can  influence  the  minimum  pressure  coef¬ 
ficient.  If  one  models  a  vortex  by  a  simple 
rotational  core  combined  with  an  irrotational  outer 
flow,  the  Cproin  is  found  to  be 


whore  T  is  the  circulation  and  rc  is  the  radius  of 
the  core.  Thus,  the  factors  which  influence  Cpmin 
are  those  which  influence  the  circulation  or  core 
size . 

Assuming  that  secondary  flows  control  the  vortex, 
Eq.  (7)  can  be  used  to  predict  changes  in  critical 
cavitation  number  due  to  changes  in  the  secondary 
vorticity  produced  along  the  inner  wall.  Therefore, 
Eq.  (7)  can  be  arranged  into  the  form 


r  V 

_  c  '*  J  B 


where  P  is  now  the  integrated  component  of  stream- 
wise  passage  vorticity  and  rc  is  approximated  by  the 
characteristic  dimension  of  the  resulting  passage 
vorticity.  The  letters  A  and  B  refer  to  different 
flow  states. 

The  passage  streamwise  vorticity  was  calculated 
along  several  moan  streamlines  in  the  blade  passage 
by  the  method  outlined  in  this  paper  for  four  basic 
flow  configurations  which  are  described  in  the  left 
hand  column  of  Table  2.  For  all  flow  configurations 
considered,  the  results  show  a  large  amount  of 
streamwise  vorticity  at  the  rotor  exit  plane  near 
the  inner  wall.  An  example  of  the  exit  streamwise 
passage  vorticity  is  shown  in  Figure  8  for  Basic 
F low  No .  1 . 

As  can  be  seen  in  Figure  8,  the  vorticity  near 


346 


TABl.K  2  -  Vortex  Ci  rcu  I  at  ion  and  Con*  Size  Cal  cul  at  ed  Flow  Vorticity  Data 


Basic  Flows 


Ci rcul at  ion 


( in7sve) 


Charac  tori st ic 
D  iinens  i  on 
R  (inch) 


Nondimens i ona 1 
Rat  it* 


( ’ 7 r  %V  ) 

c  ’ 


Planar  Momentum 
Thickness 
ft  (inch) 


Basic  Flow  No,  1 

without  upstream  struts  - 

il  .  (.4 

0.81 

-0.080 

0.85 

without  screen 
design  flow  coefficient 

Basic  Flow  No.  2 

without  upstream  struts  - 

a.  23 

0.  37 

-0.091 

0.7) 

without  screen 

l) .  9  des  i  j*n  f  1  o w  coo  f  f  I  c  i  en t 

Basic  Flow  No.  3 

without  upstream  struts  - 

10.99 

0.20 

-0.076 

0.94 

with  screen 

d e s  i  >•  n  f  1  o w  Ci* efficient 

Basil  Flow  No.  4 

with  upstream  struts 

8.29 

0.45 

i 

o 

ro 

1.01 

without  screen 
design  flow  coefficient 

the  inner  wall  has  a  characteristic  dimension 
associated  with  it.  A  measure  of  the  circulation 
associated  with  this,  vorticity  can  be  found  by 
integrating  the  vorticity  from  the  inner  wall  to 
tlu*  radius  whore  the  vorticity  changes  sign.  in 
addition,  the  character i st ic  dimension  of  the 
passage  streamwise  vorticity  must  be  related  to  the 
difference  between  the  radius  where  the  vorticity 
changes  sign  and  the  inner  wall  radius.  The  results 
for  several  basic  flow  configurations  are  shown  in 
Table  2.  Also,  the  nond i mens i ona  1  ratio,  r/r,.V^., 
which  is  a  measure*  of  the  minimum  pressure  coef¬ 
ficient  of  the  vortex  is  given  in  addition  to  tlu* 
planar  momentum  thickness  of  the  mean  boundary 
layer  profile  entering  the  rotor  for  each  flow 
conf igurat ion . 

En  order  to  make*  absolute  comparisons  between 
calculated  minimum  pressure  coefficients  and 
cavitation  data,  a  reference  point  is  necessary 
and  the  effect  of  Reynolds  number  must  be  calculated. 
A  reference  point  for  Basic  Flow  No.  1  of  2.8  at 

a  velocity  of  15  ft/sec  was  chosen.  The  influence 
of  Reynolds  number  was  determined  by  solving  for  tin- 
relative  streamwise  vorticity  at  two  different,  free 
stream  velocities.  For  these  calculations,  a  bound¬ 
ary  layer  profile  at  the  reference  Reynolds  number 
was  used  in  one  calculation  and  the  boundary  layer 
profile  at  thre  '  times  the  reference  number  was 
used  in  the  oth*  r  calculation. 

Now  using  Kg.  (8)  with  Basic  Flow  No.  I  as  the 
reference  point,  omparisons  between  cavitation 
data  and  Cpmin  cal  *ulated  using  uk  passage  stream- 
wise  vorticity  can  ■  ’■  .  Some  of  the  results 

are  shown  in  Figure*:  g,  10,  and  11.  As  can  be  not  eel, 
the  changes  in  Cpmin  <>r  ■  for  the  vortex  a:,  calcu¬ 

lated,  using  secondary  flow  theory,  correlate  well 
with  the  cavitation  results.  Only  the  correlation 
with  the  rotor  operating  off-design  (Basic  Flow  No. 

2)  is  poor  at  the  higher  velocities.  It  is  felt 
that  this  is  due  to  primary  flow  problems. 


5.  SUMMARY 

A  secondary  flow  analysis  has  been  developed  which 
can  be  employed  to  assess  tire  effect  of  inflow 
velocity  distribution  on  the  strength  and  core 
size  of  a  vortex.  This  analysis  has  been  sue  vss- 
fully  applied  to  a  rotor  where  the  secondary  flows 
dominate  the  flow  field  near  the  inner  wall. 

NOMENCLATURE 

a^*  -  streamline  spacing  in  bi-normal  direction 
-  radius  of  rotor 
W  -  relative  velocity 

r-  -  relative  outlet  metal  angle 

i\*  -  relative  outlet  air  angle 

AiN'  -  deviation  angle  due  to  axial  velocity  accel¬ 
eration 

•\AS  -  deviation  angle  due  to  secondary  flow: 
o0  -  deviation  angle  due  to  blade  camber 
o  -  cavitation  number  (P.»  -  Pv)  /  (1/2pV.«c  ) 

\  -  limited  cavitation  number 

■'d  -  dcsinent  cavitation  number 

..'S '  -  component  of  absolute  vorticity  vector  in 
relative  streamwise  direction 
•»n*  -  component  of  absolute  vorticity  vector  in 
relative  normal  direction 
■< p '  -  component  of  absolute  vorticity  vector  in 
relative  bi-normal  direction 
i-n*  -  component  of  rotation  vector  in  relative 
normal  direction 

-p'  -  component  of  rotation  vector  in  relative  bi¬ 
normal  direction 
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ABSTRACT 

In  general#  there  is  a  cavity  astern  of  the  hub  of 
a  ship  screw.  This  cavity  ir.  rather  stable  and  is 
roughly  in  the  shape  of  a  long  circular  cylinder. 
There  is  circulation  about  it,  which  occurs  in  the 
case  of  a  real  screw  propeller*  when  the  circulation 
around  the  blades  at  their  roots  is  nonzero. 

Because  the  divergence  of  the  vorticity  field  is 
zero,  this  circulation  at  the  roots  "flows"  down¬ 
stream  in  the  form  of  circulation  about  the  hub. 

At  the  end  of  the  hub  the  flow  contracts  and  the 
swirl  velocity  increases.  The  pressure  becomes 
lower  and  a  cavity  forms  where  the  pressure  decreases 
to  the  vapor  pressure. 

We  introduce  the  following  simplifications: 

First,  we  neglect  the  influence  of  the  finite  number 
of  blades  and  consider  a  half  infinite  axially 
symmetric  hub  immersed  in  an  inviscid  and  incom¬ 
pressible  fluid.  The  incoming  flow  consists  of  a 
homogeneous  part,  parallel  to  the  axis  of  the  hub 
in  the  direction  of  the  endpoint,  and  of  a  swirl 
which  represents  the  circulation  around  the  hub. 

In  tie'  upstream  direction  the  hub  tends  to  a 
circular  cylinder  while  its  radius  tends  to  zero 
towards  the  end  point.  Second,  our  theory  will  be 
linear:  The  difference  between  the  radius  of  the 

hub  and  the  radius  of  the  cavity  is  assumed  to  be 
small  and  quantities  which  are  quadratic  in  this 
difference  will,  in  qeneral ,  be  neglected. 

Using  these  simplifications  we  determine  the 
shape  of  the  cavity  for  given  valut.es  of,  for 
instance,  the  swirl,  the  incoming  velocity,  the 
ambient  pressure,  and  the  vapor  pressure.  The 
surface  tension  is  also  included  in  the  general 
formulation  of  the  problem.  The  more  detailed 
considerations,  as  well  as  the  numerical  calculations 
will  be  confined  to  zero  surface  tension. 

One  of  the  unknowns  of  the  problem  is  the 
position  of  the  point  of  separation.  This  position 
can  be  determined  by  demanding  that  the  pressure 
exceeds  the  vapor  pressure  everywhere  on  the  wetted 


surface  of  the  hub  and  by  demanding  that  the  flow 
cannot  penetrate  the  surface  of  the  hub. 

The  shape  of  the  cavity  is  roughly  a  circular 
cylinder.  There  are  waves  on  the  surface  of  this 
cylinder  which  are,  within  the  limitations  of  our 
theory,  steady  with  respect  to  the  hub,  and  their 
crests  and  throughs  are  perpendicular  to  the  axis 
of  the  hub.  We  will  give  numerical  results  for 
the  wavelengths  and  amplitudes  of  the  waves  as 
functions  of,  for  instance,  the  incoming  velocity 
and  of  the  shape  of  the  hub. 


1 .  INTRODUCTION 

A  long  cavity  generally  begins  somewhere  at  the 
end  of  the  hub  of  a  ship  screw.  This  cavity,  wnich 
has  circulation  around  it,  does  not  close  or  widen, 
it  has  a  rather  stable  mean  value  to  its  radius. 

The  circulation  or  swirl  occurs  in  the  case  of  a 
real  screw  propeller  when  the  circulation  around 
the  blades  at  their  roots  is  not  zero.  Because 
the  divergence  of  the  vorticity  field  is  zero,  this 
circulation  at  the  roots  "flows"  downstream  in  the 
form  of  circulation  about  the  hub  and  then  about 
the  cavity. 

In  order  to  gain  some  insight  in  this  phenomenon 
wo  introduce  some  simplifications.  We  neglect  the 
influence  of  the  finite  number  of  blades  and  con¬ 
sider  a  half  infinite  axially  symmetric  hub  immersed 
in  an  inviscid  and  incompressible  fluid.  The 
incoming  flow  consists  of  a  homogeneous  part  paral¬ 
lel  to  the  axis  of  the  hub  in  the  direction  of  the 
endpoint  and  of  a  swirl  which  represents  the 
circulation  around  the  hub.  In  the  upstream 
direction  the  hub  tends  to  a  circular  cylinder 
while*  its  radius  tends  to  zero  towards  the  end 
point.  Hence,  near  the  endpoint  the  flow  contracts 
and  the  swirl  velocity  increases  proportional  to 
the  inverse  of  the  radius.  This  means  that  the 
pressure  becomes  lower  and  a  cavity  starts  where 
the  pressure  decreases  to  the  vapor  pressure  of 
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the  fluid.  Another  approximation  is  that  our  theory 
will  be  linear.  In  order  for  this  theory  to  be 
valid  it  is  necessary  that  there  be  no  abrupt  changes 
in  radius  of  the  hub  and  cavity.  In  real  fluids  the 
viscosity  can  have  an  important  influence  on  the 
point  of  separation  [Wu  (1972)],  however,  this 
effect  is  too  complicated  to  be  treated  by  our 
method.  We  will  not  take  into  account  the  dependence 
of  the  local  vapor  pressure  on  the  curvature  of  the 
interface  between  vapor  and  liquid.  Surface  tension 
is  included  in  the  general  formulation  of  the  prob¬ 
lem.  The  more  detailed  considerations,  as  well  as 
the  numerical  calculations,  will  be  confined  to 
zero  surface  tension. 

One  of  the  unknowns  of  the  problem  is  the  value 
of  the  axial  coordinate  of  the  point  of  separation. 
This  value  can  be  determined  by  demanding  that  there 
is  no  place  at  the  wetted  area  where  the  pressure 
is  lower  than  the  prescribed  pressure  in  the  cavity 
and  by  demanding  that  the  flow  cannot  penetrate  the 
surface  of  the  hub. 

The  problem  is  very  similar  to  the  shrink  fit 
problem,  in  the  theory  of  elasticity,  of  an  unbounded 
elastic  medium  with  a  circular  two-sided  infinite 
hole  [Sparenberg  (1958) ] .  This  hole  is  occupied  by 
a  half  infinite  axially  symmetric  rigid  body  and 
the  problem  is  to  calculate  the  contact  pressure 
between  the  body  and  surrounding  medium  when  for 
instance  shear  stresses  are  supposed  to  be  zero. 

Also,  in  this  case,  the  edge  of  the  region  of  con¬ 
tact  has  to  be  determined. 

The  way  in  which  we  solve  our  problem  is 
analogous  to  the  way  in  which  the  aforementioned 
elastic  problem  can  be  solved.  First  we  determine 
a  Green  function.  This  is,  in  our  case,  the 
deformation  of  the  two-sided  infinite  cavity  with 
swirl  when  a  rotationally  symmetric  pressure  of  a 
Dirac  function  type  is  applied  at  the  circular 
cylindrical  wall.  By  using  this  Green  function  as 
a  kernel  we  can  write  down  a  Wiener-Hopf  integral 
equation  for  the  unknown  contact  pressure  causing 
the  fluid  flow  along  the  hub.  This  integral 
equation  is  solved  numerically  by  the  finite  element 
method . 


EQUATIONS  OF  MOTION  AND  BOUNDARY  CONDITIONS 


where  u,  v,  and  w  are  the  velocity  components  in  the 
x,  r,  and  0  direction,  p  is  the  pressure,  and  I’  is 
2't  times  the  circulation  around  the  axis.  From 
Bernoulli's  equation  it  follows  that 

PQ(r)  =  P,,"1’1 " /2r?  (2) 

Pa.  is  the  ambient  pressure  in  the  fluid  and  p  (r) 

*■  pw  for  r  ►  u’.  On  the  wall  of  the  cavity  for 

r  +  r  we  have 
c 

Po<rc)  =  P~  “  <'V?/2rJ  =  Pc  -  P^/r  (3) 

where  p  is  the  pressure  inside  the  cavity  and  po 
is  the  surface  tension  of  the  fluid.  In  the 
following  we  assume 

p  -  p  >  0  (4) 

10  c 

hence,  the  ambient  pr<.  -sure  at  infinity  is  larger 
than  the  pressure  in  thi  cavity.  From  (3)  it 
follows 


-  po  +  /p2e2  +  2  pT2  (p  -  p  )  . 

_  _ _ _ _ |» _ C 

c  2  (pu  -  Pc)  (5) 

We  had  to  choose  the  positive  root  under  the 
assumption  (4) .  For  (p  -  p  )  <  0  we  would  have 
chosen  the  negative  root,  however,  this  would 
yield  an  unstable  situation.  In  the  casr  of  zero 
surface  tension  (5)  simplifies  to 

rc  =  'VP/2<P,„-Pc>  (6) 


The  equations  of  motion  for  a  time  dependent  fluid 
flow  are 
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First  we  consider  a  two-sided  infinite  circular 
undisturbed  cavity  of  radius  rc,  with  swirl  in  an 
inviscid  and  imcompressible  fluid  of  density  p. 


FIGURE  1.  Undisturbed  cavity  flow. 


The  undisturbed  velocity  field  and  pressure  field  are 
u  -  U,  v  ~  0 ,  w  =  —  ,  p  =  pQ(r) ,  r  ^rc,  (1) 
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Also,  we  have  to  satisfy 


div  (u,  v, 


3u 

w)=  — 

3x 


3v 

3r 
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(10) 


For  a  disturbed  motion  which  satisfies  (7)...  (10) 
it  remains  true  that  (1) 

*  =  7  ,  (ii) 

otherwise  a  circular  contour  floating  with  the 
fluid  would  change  its  circulation  which  is  im¬ 
possible  when  external  force  fields  inside  the 
fluid  are  absent.  This  follows  also  from  (9)  which 
is  satisfied  by  (11).  Hence  substituting  (11)  into 

(7),  . (10)  we  are  left  with  the  following  three 

equations  for  the  three  unknown  functions  u,v,  and 
P» 


3ii  ;>U  3u 

—  4-  U - +  V  — - 

at  Dx  ar 


Substituting  (23)  into  (22)  and  using  (2)  and  (15) 
wo  find 


1  i)p 


^  i  a  •) 

p  “  (pr^/or" ')  +  p  =  p  -  iJp  ( - —  6r  )  +  pU‘ f  , 

,v  c  r  ~  2  c 

o  x 


2“  +  +  X.  =  0  .  (14) 

ix  a  r  r 

Wo  now  linearize  those  equations  with  respect  to 
the  undisturbed  swirl  flow, 

u  =  U  +  u,  v-v,  p=  p  +  p,  (15) 


Expanding  the  functions  of  r  in  (24)  with  respect 
to  <5rc,  neglecting  second  order  quantities,  and 
using  (3)  the  boundary  condition  (24)  changes  into 


p(x,  r  ,  t)  =  (-  +  —  )6r  +  oo  3r  +  pU^f. 

c  3  2c  Dx^  c 


where  the  perturbation  quantities  u(x,r,t),  v(x,r, 
t),  and  p(x,r,t,)  are  supposed  to  be  of  0  ( ?  )  -  Sub¬ 
stituting  (15)  into  (12)...  (14),  neglecting  terms 
of  0(‘)  and  using  (2)  we  find 


From  (16)  we  find,  because  p  ►  0  and  4>  -*■  0  for  x 


+  n  =  -  I  *£  , 

at  3x  p  ;)x 


which  is  Bernoulli's  law  for  the  unstationary  lin¬ 
earized  flow.  Herewith  the  dynamical  boundary 
condition  (25)  becomes 


3v  ,,  3v  1  3p 

—  +  u  —  =  - - *-  , 

at  ax  p  3r 


±  +  z -  0 

3x  3r  r 


a*  3a  r  *  0  a  *  ■ 

U  »  <-?  -  ~r)  6 r  -a — -  Sr  -U2f.  (27) 

>x  r3  *'c  c  3x-  c 

The  kinematical  condition  at  the  boundary  of  the 
cavity  is 


Because  the  (u,  v)  velocity  field  is  without  rota¬ 
tion  we  can  write 


3  <  .  „  3  ,  34> 

*rr  5r  +  U  <5r  *  r1  . 
at  c  3x  c  3r 


(U.  V)  =  (^  ,  ^)  (19) 

where  >  -  f(x,  r,  t.)  is  a  scaler  potential  function 
satisfied  by  (18) 


Hence,  we  must  solve  (20)  under  the  conditions  (27) 
and  (28)  while  $  *•  0  for  r  -*•  *»  and  for  x  -*■  -  ®. 


3.  THE  GREEN  FUNCTION 


3*  4>  +  a-  $  t  i  a j 

3x-’  3r-'  r  Jr 


We  suppose  the  dimensionless  loading  of  the  boundary 
(22)  to  have  the  form 


We  now  suppose  the  disturbed  cavity  wall  to  be  at 

r  =  r  +  iSr  ,  (21) 

c  c 

where  -Sr  (x,  t)  is  0(»).  On  this  axial  symmetric 
boundary  we  demand  the  difference  between  the 
pressures  inside  the  cavity  and  in  the  fluid  to  be 
in  equilibrium  with  the  effect  of  the  surface  ten¬ 
sion  and  with  some  still  unspecified  external 
normal  loading  pU‘  f (x,  t)  of  the  cavity  wall. 


p  =  p  -  ap  (-*  +  —  )  +  pU*’ f(x,t),  r  =  r  +  iSr  ,  (22) 
c  R  \  R?  c  c 

where  Rjand  R?  are  the  principle  radii  of  curvature 
of  the  boundary,  reckoned  positive  when  the  centers 
of  curvature  are  at  the  side  of  the  cavity. 

Within  the  accuracy  of  our  linearized  theory  we 
can  put 


f  ( x ,  t )  =  f(x)  c  ■,  (29 

where  i  is  a  "small"  positive  parameter  which  has 
no  connection  with  the  linearization  parameter  c. 
Because  our  problem  is  linear  we  assume 


<H*,r,t)  =  <Mx,r)  e*  t »  Sr  (x,t)  =  5r  (x)eCt  .  (30) 

c  c 

Then  equation  (20)  and  the  boundary  conditions  (27) 
and  (28)  change  into 


3  ‘  .v  1  ;) 

(—^r  +  —  +  ~  — )  ^ (x, r )  =  0, 

'X  3r-  r  3r 


('  +  U^)  'Mx'rc>  *  i“  p-),Src<x) 


Ri  =  r  +  (Sr 


*2  =  -  (SET  *rc  )  ’  (23) 


o— -t  <5rc  (x)  =  U2f  (x) , 
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tSr  (x)  +  —  6r  (x)  - 

c  3x  c  3r 


4>(x,rc)  =  0  . 


(33) 


We  introduce  the  Fourier  transform  g(u)  of  a  function 
g(x)  by 

+*' 

r 


-  ,  .  1  .  .  MIX .  ,  v  • 

g(u)  =  -=  g(x)e  dx,  g(x)  - 

/2n 


Transformation  of  (31)  yields 

•  "6  19  o  \  ,  .  _ 

i  — '  + - M  )  <P  (y ,  r)  =  0 

' 9r?  r  9r 


.. . -lux  _ 
g(A)e  dvi . 


(34) 


(35) 


Hence,  for  real  u 

<{)  (nr)  =  Aj(m)  K(|y|r)  +  A?  (p)  Iq  ( |  U  |  r)  ,  (36) 

where  K0  and  I0  are  modified  Bessel  functions. 
Because  4>  v  0  for  r  ►  00  we  have 


A->  (U)  =  0. 


(37) 


Substitution  of  (36)  with  (37)  into  (32)  and  (33) 
yields 


(t'-iuU)  K  ( |  u  |  r  )  Ai  (y)  -  (—  -  — r  +  o )  5r  (u) 

O  C  y-3  *  £ 

rc  r<-’ 

=  -U-f(u).  (38) 

1 1*|  Kj  ( |  u  |  r^)  A  ]  ( u )  +  (i-iuU)  Sr  ( u )  =  0.  (39) 

Solving  (3ft)  and  (39)  for  <Src  (w)  and  applying  the 
inverse  Fourier  transformation  we  obtain 


Arc(x)  = 


u- 


f  ( Vi )  I  u  I  Kj  ( |  |i  |  r c )  o  lllXdu 


[  (>  -iiitI)rK  i(|u|rc)  +  (^T  -  +  ir'u)  |  ii |  Kj  ( |  u  | rc) ) 


2n  S  (£.+  2l‘  rc  )  K 


-iCx 

K!  (5)  r°  df 


<f)  -  (a+6f/)Kj  (5)  ,  (42) 


where  a  and  $  are  dimensionless  quantities  given  by 


(43) 


It  can  be  easily  proved  that  under  the  assumption 
(4), 


a/8 


=  Jl  +  [Tr2  (p^  -  Pc)/po2j 


>  1. 


(44) 


In  order  to  find  the  Green  function  for  the 

'V 

stationary  case  we  have  to  take  the  limit  r  +  0  in 
(42). 

We  now  make  some  remarks  for  the  case  a  ^  0  and 
hence  £  ^  0. 

First,  the  integrals  in  (42)  are  absolutely  con¬ 
vergent  for  0  <  x  <  This  means  that  when  sur¬ 

face  tension  is  present  Green’s  function  k (x)  is 
finite  even  at  the  point  of  application  of  the 
singular  loading  (41) .  This  could  be  expected 
because  the  surface  tension  can  be  represented  by 
a  membrane  placed  at  the  boundary  of  the  cavity 
and  a  membrane  has  the  possibility  to  locally 
sustend  such  a  loading  by  a  jump  in  its  first 
derivative  while  its  deformation  is  still  a  contin¬ 
uous  function  of  x. 

Second,  we  consider  the  denominators  in  (42)  for 
t  -  0  and  look  for  positive  real  roots  of 


(?*“'•)  ■ 


K  (O 
o 

K]  (£) 


(45) 


(40) 


The  left  hand  side  of  (45)  is  curved  upwards  for 
£  >  0,  while  the  right  hand  side  is  curved  down¬ 
wards.  The  proof  of  the  latter  statement  is  rather 
complicated  and  will  not  be  given  here.  However, 
taking  this  for  granted,  it  means  that  there  are 
none  or  two  real  positive  roots,  which  is  analogous 
to  the  case  of  ordinary  gravity  waves  with  surface 
tension.  One  of  the  roots  corresponds  to  a  wave 
primarily  due  to  the  swirl,  the  other  one  to 
capillarity.  [Whitham  (1973),  p.446] 


We  now  choose 

f  (x)  =  5(x) 


(41) 


whore  <5  (x)  is  the  delta  function  of  Dirac,  hence 
?(U)  =  l//2n\  Next  we  split  the  range  of  integra¬ 
tion  into  two  parts  namely  -  «*  <  \\  <  0  and  0  <  u 
<  m  and  neglect  terms  of  0(f. *  )  in  the  denominator, 
then  we  find 


k(x)  =  * r  (x) 


57  J 


f  (x)=Mx) 


Kj  (Or 


i  r,x 
rc 


( •  -2l>  rc )  k  (o -  (<*m2 ) k x  (f. ) 
u 


4.  THE  CASE  OF  ZERO  SURFACE  TENSION 

Green’s  function  (42)  in  the  stationary  case  for 
zero  surface  tension,  when  we  take  a  different 
positive  value  for  r  which  of  course  is  irrelevant, 
is 


k  (x)  =1 im 


_1_ 
2  it 


__1 

2  TT 


K, (f)  e 


df. 


J 


Kjff.)  o 


)K  (5)-  a  K]  t  )  1 


fx 


df. 


( (f.+i  )K  (f.)  -  i  K,  (  .)  ] 


dSf  I j  ♦  I, 
(46) 


>4 
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5 

it 


Cl 


First  we  investigate  the  number  of  poles  of  the 
integrands  for  i  =  0,  hence,  the  number  of  positive 
real  roots  of 


Bessel  functions,  and  using  the  definition  of  f, 
we  find 


a  =  £ 


K  (6) 
o 


C  = 


i  t  K  (C  JiqK  ) 
0  0  o 


,  e  >  o. 


(47) 


K!  (5) 

where  now  (43)  a  =  r2/U2r  2  =  2 (p  -  p  )/pU2. 

c  ”  c 

From  the  well  known  expansions  of  K0(£)  and 
Kj  (£)  it  follows  that  the  right  hand  side  of  (47) 
is  zero  for  £  =  0  and  tends  to  infinity  for  £  -*• 

We  prove  that  this  function  increases  monotonically 
with  £,  hence,  we  have  to  consider 


{ 2K,  (£  )K  (£  )-£  KjMC  )+£  K  2(£  )} 
ooo  o  1  o  ooo 


Hence  by  (49)  we  find  that 

Im(£  +6  5)  >  0, 


(56) 


(57) 


K  <£) 


k  (a 


df  K,  <£)  2  K,  (f.) 


-  c  +  C 


Kj2 <£) 


(48) 


Instead  of  proving  that  the  right  hand  side  of  (48) 
is  positive  we  will  show  that 


or  the  pole  of  the  integrand  of  the  first  integral 
in  (46)  is  slightly  above  the  real  axis  for  e  small 
and  e  >  0.  In  the  same  way  the  pole  of  the  inte¬ 
grand  of  the  second  integral  in  (46)  is  slightly 
below  the  real  axis. 

Now  we  want  to  give  a  different  representation 
of  (46) .  We  distinguish  between  two  cases  x  >  0 
and  x  <  0.  In  the  case  of  x  >  0  we  rotate  the 
direction  of  integration  of  and  1 2  as  follows. 


2  K  U)  K.(U  -  f.  KiMU  +  f,  K  *<£)  >  0  . 

0  1  1  0 


(49) 
Hence , 


This  is  easily  shown  to  be  true  for  C  **■ 
when  the  derivative  of  (49)  is  negative  the 
function  itself  has  to  be  positive.  This  derivative, 

-2  K  (O  IK^C)  +  K  K  (:,)]/r.  -  +  K  2(.%),  (50) 

O  0  O 

is  negative,  since  Kj  (r.)  for  0  <  r  <  •*.  This  means 
that  the  right  hand  side  of  (47)  increases  mono¬ 
tonically,  hence,  there  is  one  and  only  one  root 
l  =  *,  of  (47)  in  0  <  C  <  *. 

We  will  estimate  the  value  of  K  .  Therefore  we 
show  that 


1 1  >  (0,+i°°) 


and  in  the  case  of  x  <  0 


(0,-i1®) 


( 0 ,  -  i°° )  , 


(0,+i<»)  . 


(58) 


(59) 


<r,+  l)  K  (t)  -  c  (f.)  >  0.  (51) 

0 

From  well-known  expansions  for  K  and  K \ ,  this 
inequality  holds  for  K  w  TO.  The  derivative  of  the 
left  hand  side  of  (51)  being 


(■■.+  1)  [K  (•-,!  -  K ;  (  •■  )  1  , 


(52) 


From  the  foregoing  it  follows,  that  for  x  >  0,  a 
pole  has  to  be  added  to  Ij  as  well  as  to  I^.  The 
question  arises:  are  there  still  other  poles  in 
the  complex  half  plane  Re  K  >  0  which  are  passed 
by  rotating  the  lines  of  integration?  We  now 
shall  give  a  proof  that  this  does  not  happen.  This 
proof  was  kindly  given  to  us  by  our  colleague  Prof. 
Dr.  B.  L.  J.  Braaksma. 

Consider  the  function 

def 

F(f)  =  r,  K  (O  -  a  kx  (C)  *  -  KKi  1  (O 
0  1 

+  (rt+DKj  (f.)  ]  ,  (60) 

which  is  real  for  real  values  of  £.  Suppose  S] 
with  Re  s\  >  0  and  Im  sj  /  0  is  a  zero  of  F(C), 
then  also  S2  =  sj  (complex  conjugated  value)  is 
such  a  zero.  The  functions  Kjfs.f,),  j  =  1,2, 
satisfy 


is  clearly  negative,  and  hence  (51)  holds  in  0  < 
\  <  .  From  Kj  (r.)  >  K  ,  ( •’ )  and  (51)  it  follows 

that  the  root  *  of  (47)  satisfies 


If  — 
df  2 


.  d 


,r  -  (s2  £2  +  1))  Ki  (s  .£) 
d£  3  3 


j  =  1,2. 
(61) 


.  +  (1 


<>  ' 


(53) 


Second  we  have-  to  determine  at  which  side  of  the 
real  axis  this  root  is  situated  when  •  is  small 
but  not  zero.  ronsider  the  denominator  of  the 
first  integral  of  (46),  hence  a  root  of 


Multiplying  (61)  by  Kj (s  £)  with  k  =  2  for  j  =  1 
and  k  =  1  for  j  =  2 ,  we  find  by  subtracting  the 
rosul ts 

<S]  -  SjlkK]  (S)f.)Ki  (srC)  =  UK1(s2()  ^-Kjfsjf) 

-  K;  (sj  O^-rK]  (s ;,:-.)  )  (62) 


(  .  -  i  ■  )  K  ( ‘ ) 


<  K,  (•)  =  0. 


(54! 


Hence 


The  zero  in  the  neighborhood  of  the  real  axis  of 
(54)  is  assumed  as 


<s,  -  s:)  J  £  K,  (sjfJK,  (s?C)d£  =  Cl  (Kj  (s2C)f^i  (sif,)0 


+  S 


(55) 


where  satisfies  (47)  or  (54)  with  •  =  0.  Sub¬ 
stituting  (56)  into  (64) ,  expanding  the  modified 


.  v.  ,  c  <s 

-  K!  (sjOjHCj  2  ! 

(63) 


It  Is  easily  seen  that  the  right  hand  side 
vanishes  for  £  ■*  "  and  because  S]  and  s?  are  zeros 
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of  F(f.)  (57)  this  right  hand  side  also  vanishes 
for  f4  -►  1.  Because  the  integral  is  positive  we 
have  found  that  the  assumption  Im  sj  =  -1m  s->  /  0 
yields  a  contradiction.  It  follows  that  no  other 
residues  have  to  be  added  to  the  resulting  integrals 
after  the  rotations  as  denoted  in  (58)  and  (59) 
besides  the  two  we  mentioned  for  x  >  0. 

Using  some  formulae  from  Watson  (1922)  we  find 


Then  we  have  to  solve  the  following  integral 
equation 


k  (x-x1 )  f(x')dx'=  6r  (x) 


which  is  of  the  Wiener- Hop f  type . 


0, 


(73) 


K  (+  i  O  =  r  I;  J  (O  +  i  Y  (*,)]  ,  /  -  o, 

o  -  2+o  o 


(64) 


THE  EXPLICIT  SOLUTION  OF  a  Kjif.)  -£  K  (fj  =  0 


Kj(+  i  O  *  -  -  l J x  ( h)  »  i  Y j  ( ' . )  1  ,  f.  '  0 ,  (65) 

Adding  poles  to  the  integrals  in  the  case  x  s  0  «e 
can  transform  the  Green  function  (46)  into 


k(x)  *  h(x) 


where 


(66) 


In  order  to  find  an  explicit  solution  of  Eq.  (47) 
we  first  have  to  make  some  preliminary  considerations. 
Assume  the  following  loading  of  the  otherwise  undis¬ 
turbed  cavity  boundary 

f  (x)  =  t  ]  6  (x)  ,  (74) 

where  .*  i  is  a  small  parameter.  By  (66)  we  find  for 
the  deformation  of  the  cavity 


I  c  1 


A  sin  bx 


x  >  0,  (75) 


h(x)  »  -  ~ 


and 


(f.J  (fJ+aJ^f,))' +lf,Y1(f,)+aY1  (?>]  (67) 


6  r  ( x )  =  p,  h ( x ) 
c  1 


Next  we  consider 


f  (x) 


,  x  <  0. 


x  <  0  ;  f  ( x )  =  0 ,  x  >  0 . 


(76) 


A  =  2.\  /(?  -t,  ) 


b  =  t.  /r 


(68) 


The  function  h (x)  is  symmetric,  h(x)  =  h(-x). 

For  x  *  0  it  has  a  logarithmic  singularity  because 
for  x  =  0  the  integrand  as  a  function  of  f, ,  behaves 
as  7/2**.,  hence 


h(x) 


1 


2,n  x 


0. 


(69) 


For  x  -  «*  the  behavior  of  h(x)  depends  on  the  behav¬ 
ior  of  the  integrand  in  (67).  For  r.  »  0,  this 
turns  out  to  be  as 


( 4a *  /n •  r.‘  )  +0  ( \  £n )  . 


(70) 


The  loading  qivon  in  (74)  is  the  derivative  with 
respect  to  x  of  the  loading  given  in  (76) .  Hence 
the  derivative  of  the  deformation  ^*rc(x)  caused 
by  (76)  has  to  be  equal  to  (75),  we  take 


r 

(x)  =  -,  j  |  ( f. ) df.  +  < 


'  j  —  cos  bx  ,  x  N  0,  (77) 


A 
1  b 


Then  it  follows  from  Doctsch  (194  3)  p.  23  3  that 


h  (x) 


-Tir  /«»*’  |  xl 


l*i 


(71) 


whore  we  have  chosen  the  constant  of  integration 
in  such  a  way  that  for  x  k  +°°  we  have  a  harmonic 
wave  with  mean  value  zero. 

Finally  consider 


Now  suppose  that  for  x  -  0  the  shape  of  the 
cavity  is  proscribed. 


6 


FIGURE  2.  Flow  with  swirl  along  hub. 


S  r  ( x ) 


x  <  0 


(72) 


f  ( x )  =  0 


f(x)  = 


0. 


(78) 


The  loading  given  in  (74)  is  also,  ’n  this  case, 
the  derivative  with  respect  to  x  of  the  loading 
given  in  (78).  Hence  the  same  argument  applies  as 
before.  However,  now  the  constant  of  integration 
has  to  be  chosen  so  that  the  disturbance  tends  to 
zero  for  x  -*■  ,  we  find 

(79) 


6**r  (x)  = 
c 


(1-cos  bx) ,  x  >  0, 


h  ( f, )  d  f  +  \ 


and  that  the  unknown  pressure  between  hub  and  fluid 
is  pc  +  pU‘  f  (x)  . 


Subtraction  of  the  disturbances  (77)  and  (79)  yields 
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S*r  (x)  -  <5**r  (x) 
c  c 


+»■ 


Equation  (87)  describes  the  dispersion  of  these 
waves  when  surface  tension  is  neglected. 


(80) 


6.  NUMERICAL  SOLUTION  OF  THE  INTEGRAL  EQUATION 


which  is  constant  as  could  be  expected  because 
belongs  to  a  constant  loading  of  magnitude  -rjpU? 
of  the  whole  cavity. 

This  displacement  however  can  be  calculated  in 
another  way  by  using  (6)  where  we  have  to  replace 

pc  by 

p  +  p’J^f  =  p  -  tlpU*’.  (81) 

c  c 

Expanding  (6)  with  respect  to  f  p  we  find 


r  + 

c  c 


r  *  'T 
c  2 


(p.-p  +«'  p>U-  ) 


i  jPU2 

- - -  )•  (82) 

“(P>v-Pc) 


Combining  (80)  and  (82)  yields 

+r 

pU-  r  /2  (p  -p  )  -•  j  h(x)dx  +  A/b 

c  -*•  c 


( 83 ) 


Substituting  h(\),  A,  and  b  from  (67)  and  (68)  into 
(83)  and  carrying  out  the  integration  with  respect 
to  x  we  find  after  some  reductions 

t  *  -  2<2.vM*-0~;  =  L  (84) 


where 


(85) 


Solution  of  (84)  with  respect  to  f,  yields 

o 

r,  <>t)  =  ,«  .  Ii  +,~r  )**  (86) 

o  (oiL- 1 

by  which  we  have  found  the  unique  solution  of  (47) 
for  real  and  \  -0.  This  derivation  rests  on 
some  mechanical  considerations  such  as  uniqueness 
of  the  solutions  in  relation  to  radiation  conditions. 
The  result  however,  which  is  interesting  from  the 
point  of  view  of  zeros  of  transcedental  equations 
connected  with  Bessel  functions,  has  been  verified 
by  others  in  a  more  straight  forward  way  and  found 
to  bo  correct. 

By  (86)  it  follows  that  an  axial  symmetric  wave 
moving  along  the  cavity  with  velocity  U  has  a  wave¬ 
length  \  (U)  given  by 

1  (U)  -  2n/b  ~  ('0  1  (2p/(p_-pc)  1 

(>  =  2  (p,rpc)/|)U-  <87) 


In  the  left  hand  side  of  (73)  the  function  k (x)  is 
given  by  (66-68)  and  the  dimensionless  quantity 
f(x’)  is  unknown.  For  x  <  0  the  right  hand  side 
is  determined  by  the  geometry  of  the  hub.  Let  this 
geometry  be  described  by 

r  =  r  (x)  =  r  +  Sr  (*)  ,  (88) 

h  c  h 

where  (x)  is  a  given  function.  Then  the  right 
hand  side  is  known  up  to  an  unknown  shift,  s,  of 
the  hub  along  the  x-axis,  since  the  position  of 
the  point  of  separation  is  a  priori  unknown.  Hence 
for  x  <  0  we  can  write  (73)  as 


o 


x’  )  f  (x’  )  dx‘ 


vSr  (x  +  s)  ,  x  <  0 
h 


(89) 


where  the  function  f(x’)  and  s  are  unknown.  First 
we  will  describe  how  f(x')  is  computed  numerically 
from  (89)  for  arbitrary  values  of  s.  Then  s  will 
be  determined  by  a  condition  to  be  satisfied  by  f 
at  x  =  0. 

We  make  some  remarks  concerning  the  behavior  of 
f(x')  for  x'to  and  for  x’  *•  -«».  As  will  be  shown 
in  the  Appendix,  the  behavior  of  f(x')  near  the 
origin  is,  for  arbitrary  values  of  s. 


f(x')  2u*1/2  B 


X  ' 


,1/2, 


x'  to 


(90) 


where  B  is  some  constant  which  will  be  discussed 
later . 

The  hub  has  a  constant  radius  far  upstream, 
hence  (x)  tends  to  a  finite  value  for  x 
Since  the  kernel  k  (x)  vanishes  for  x  >  -«*,  the 
perturbation  due  to  the  end  part  of  the  hub  van¬ 
ishes  far  upstream.  Hence,  the  pressure  distribu¬ 
tion  there  is  the  same  as  that  of  a  two-sided 
infinitely  long  hub  with  constant  radius.  This 
case  was  also  considered  in  the  preceding  section. 
We  find  f  (-«•)  from  (82),  with  -f  }  =  ff-®’),  and  (6) 
and  (87); 


f  (-°°)  =  a  6r  (-*>) /r  .  (91) 

h  c 

In  order  to  transform  (89)  into  a  discrete 
function  we  choose  n  +  1  points  on  the  negative 
x-axis : 


-a,  <  x  <  x  <  ...  <  Xi  <  x  *  0,  (92) 

n  n-1  o 

and  construct  n  coordinate  functions,  f  lx) ,  ..., 
fn(x),  defined  on  -°°  <  x  <  0  as  follows:  For 
m  =  2,  ...,  n-1  the  function  fm(x)  vanishes  out¬ 
side  the  interval  (Xtn+1'  xm_i),  and  inside  this 
interval  its  value  is 


f  (x)  =  (x  - 
m 

f  (x)  =  (x  - 
m 

The  function 


x  .  ) 
m+1 


x  ) 
m-1 


fl  (x) 


/  (x  -  X  )  , 
m  m+1 


/  (x  -  x  )  . 
m  m-1 


vanishes  for  x 


x  <  x  <  x  ,  (93a) 
m+1  -  -  m 

x  <  X  x  .  (93b) 
m-  -m-1 

<■  xp  ,  and: 


I 


'J 

r  % 

1 


1 


fl<x|  = 


1/2  1/2 

1*1  /  l*ll 


*i  ; 


fl(x)  *  (x  -  Xo)  /  (x  -  Xp).  x  <  X  <  Xj  . 

Finally  f  (x)  vanishes  for  x  ,  <  x  <  0  and: 
n  n-1  - 


(94a) 


(94b) 


f  (x)  *  (x 
n 

f  (x)  =  1 


x  )  /  (x  -  x  )  , 
n-1  n  n-1 


,  .  (95a) 

X  <  X  <  X 

n  -  -  n-1 


(95b) 


These  functions  are  plotted  in  Figure  3.  We  approx¬ 
imate  the  function  f (x* )  in  (89)  by  a  linear  com¬ 
bination  of  the  coordinate  functions: 

n 

f(x')  =  £  C  f  (x * )  ,  (96) 

m=l  m  m 

where  the  C  are  unknown  coefficients.  In  order  to 
approximate  f(x')  well  near  the  origin,  we  have 
chosen  fi  in  a  special  way  and,  besides,  the  points 
x  are  more  density  distributed  near  the  origin. 
Since  f(x’)  is  almost  constant  for  large  negative 


we  have  chosen  f  to  be  constant  in 
n 


values  of  x 
(-  x^)  . 

Next  we  have  to  determine  the  coefficients  Cj , 
...,  C  .  We  substitute  (96)  into  (89)  and  then 
the  C  must  be  chosen  so  that  the  difference 
between  the  right  hand  side  and  the  left  hand  side 
of  (89)  is  as  small  as  possible,  in  the  sense  of 
some  norm.  The  computed  values  of  the  C  appeared 
to  depend  strongly  on  which  norm  was  chosen  for  this 
difference;  many  of  these  norms  give  unreliable 
result#.  Wo  obtained  reliable  values  of  the  C  as 
follows:  m 

Equation  (89)  with  x  -  x,,  “ 0 , 1 , .  .  .  ,  n-2  yields 


m=  1 


whore  : 


flr.  (x. 

h  «. 


k  (x 


s) , 


» =  0 ,  ...»  n-2 


x' )  f  (x' )  dx' 


r>7) 


(98) 


At  the  points  xn_i  and  xn  we  minimize  the  difference 
between  the  right  hand  side  and  the  left  hand  side 
o f  (89).  The  expression 


£ 

•  -n- 1 


C 

m-  1 


-  •Sr  (x, 
h  t 


+  s)  r 


(99) 


is  a  quadrat ive,  non-negative  function  of  the  c 
Now  the  C.\  ,  ...»  Cn  are  determined  so  that  they 
minimize  (99)  with  the  constraints  (97). 


355 

We  have  checked  these  numerically  computed  values 
of  the  Cm  as  follows.  First,  the  computed  approxi¬ 
mation  has  the  square  root  character  (90)  even  in 
the  interval  (X3,0).  Second,  the  value  of  Cn  equals 
the  right  hand  side  of  (91)  within  an  error  of  0.5%. 
Third,  if  we  replace  the  kernel  k(x)  in  (89)  by  a 
kernel  k (x) ,  which  has  the  same  behavior  (69)  at 
the  origin,  and  which  for  x  -►  00  is  also  given  by  a 
term  A  sin  bx  as  in  (66) ,  then  (89)  can  be  solved 
effectively  by  the  Wiener-Hopf  method.  If  we  apply 
our  numerical  method  to  (89)  with  the  kernel  k, 
then  the  numerically  computed  function,  f,  equals 
the  analytically  computed  solution  within  an  error 
of  1%. 

We  have  tried  to  compute  the  Cj ,  . . . ,  C  in 
different  ways;  for  instance:  n 


By  collocating  the  points  x 


x  ,  with 


the  exception  of  one  point  x^ ,  so  that  the  number 
of  equations  equals  the  number  of  unknowns.  This 
method  had  to  be  rejected  because  the  computed 
approximation  for  f(x)  appeared  to  have  oscillations 
near  . 

ii)  By  minimizing  the  sum  of  squares  of  the 
differences  between  the  right  hand  and  the  left 
hand  side  of  (88)  at  the  points  xQ,  ...,  xn.  We 
have  also  rejected  this  method,  because  oscilla¬ 
tion  occurred  in  f(x)  near  the  origin. 

We  make  some  remarks  concerning  the  computation 
of  the  matrix  elements.  M,  in  (98).  For  m  =  1, 

— ,  n  -  1  the  integrand  is  non-zero  only  in  a 
bounded  region.  The  kernel  k (x)  is  written  as  the 
sum  of  a  logarithm  and  a  function  which  is  bounded 
at  x  -  0.  The  integral  over  the  logarithm  is 
evaluated  analytically;  the  remaining  term  is 
integrated  numerically.  For  m  =  n  the  integrand  is 


have  f  (x) 


1  and  we  must  evaluate 


k(xi  -  x’)  dx’ 


(100) 


Note,  that  the  integrand  does  not  tend  to  zero  for 
x’  k  as  follows  from  (66).  However,  the  express¬ 

ion  (100)  represents  the  deformation  of  the  cavity 
due  to  a  loading  which  equals  a  step- function .  This 
deformation  has  been  computed  in  (76,77). 

We  now  come  to  the  determination  of  the  shift,  s. 
The  pressure  in  x  0  at  r  =  rc  must  exceed  the 
vapor  pressure.  Hence,  by  (22)  with  '  -  0,  we 
must  have  f  2  0,  and  by  (90) ,  B  2  0.  As  will  be 
shown  in  the  Appendix,  the  shape  of  the  cavity  for 
small  values  of  x  is  given 

ir  (x)  =  Sr  (0)  +  Sr  (0)x  -  4B  (x  V* )  V3 ,  x  *  0 

c  h  h 

(101) 

Tiiis  implies  that  the  radius  of  curvature  tends  to 
zero  for  x  ♦  ,  Since  the  fluid  may  not  penetrate 


FIGURE  1.  The  coordinate  functions 
fl,  .  .  .  f 
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the  hub,  we  must  have  B  •  0  for  a  hub  with  a  smooth 
surface.  We  found  above  that  B  ■  0  and  hence  B 
must  vanish.  For  our  numerical  approximation  this 
implies  that  the  coefficient,  Cj,  must  vanish.  Now 
tile  value  of  the  shift,  s,  is  determined  by  iteration 
so  that  C«  vanishes. 

When  fix)  has  been  computed  we  can  compute  the 
shape  of  the  cavity  in  x  *  0  with  a  numerical 
integration  of  (73)  for  x  •  0.  Using  (40)  with 
•a  =  0,  we  can  derive  an  expression  for  6rc(x)  for 
x  -  .  The  derivation  is  similar  to  the  derivation 

of  (66)  and,  therefore  we  give  the  result  only: 


7.  NUMERICAL  RESULTS 

In  this  section  wo  give  compute rmadc  plots  of  the 
shape  of  the  cavity  flrc(x)  for  a  number  of  shajx-s 
of  the  hub  ^rjl(x)  and  for  a  number  of  values  of  the 
dimensionless  parameter  t.  We  consider  the  case  of 
zero  surface  tension,  hence  i  is  given  by  ( 87)  or 
by  (43)  with  o  =  Ot 


2(  l>  “  P  ) 


pU‘ 


r* 


(104) 


5r  (x) 


(102) 

{Aj  sin(\  x/r  )  +  Apcos(.%  x/r  ) 


It  follows  from  (88)  that  tr^ix)  depends  on  rc  for 
a  fixed  hub.  The  value  of  rc  is  given  by  (G)  : 


where : 


rc  =  (2)  Sr(p-  '  Pc)" 


(105) 


•  x 


cos  ( f.  x/'r  ) 
o  c 


f(x)  c’x. 


(103a) 


t  x 
e 


sin ('x/r  )  f(x)  dx. 

?  c 


(103b) 


However  we  can  vary  a  without  changing  6r^(x)  by 
varying  U  and  keeping  p,  I’  and  p„,  -  pc  constant. 

In  the  Figure  4  the  function  <Srh(x)  is  plotted; 
it  consists  of  a  straight  horizontal  line  and  part 
of  a  parabola.  The  x-axis  is  chosen  so  that  x  =  0 
at  the  point  of  separation.  No  scale-unit  is  given 
in  the  vertical  direction,  since  'rh(x)  and  *rc(x) 
are  the  linearized  perturbations  of  the  undisturbed 


rt/ n  r  // 1;  ?  rr  n  /  f 


"V 


/ 


'  x/r. 


b 


FT  JURE  4.  The  functions  rrvj  [  (x+s) /r,J 
(hatched  ''urvr?)  ,  frc(x/rc)  and  the  asymptotic 
expression  (M2)  (a.e.).  The  values  of  n  are 
a'4,  M2,  c)  1 ,  1)0.5,  e)0.25.  The  point  of 
separation  is  at  x»n.  'r^  is  given  by 
frus(x/rc)  -  1  for  x  ^  0  and  =  l-fx/rc)'  for 
x  s  0.  The  values  of  s/rc  are  a) 1.092, 
b)  1.017,  c)r>.S5fl,  d)  0 . 070 ,  e)  0.014  . 
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cavity  (l);  soe  Figure  2.  The  dimensionless  quantity 
x/rt;  is  on  the  horizontal  axis.  In  x  0  the 
numerically  computed  function  firc(x)  is  plotted 
and  also  the  asymptotic  expression  (102)  is  given, 
ft  appears  that  the  asymptot i c  expression  is  a  qood 
approxi  mat  ion  for  firc(x)  also  for  rather  small 
values  of  x/rc. 

The  Figures  4(a)  throuqh  (e)  correspond  to 
decreasing  values  of  i.  This  is  equivalent  to 
increasing  values  of  the  speed  U  with  constant  ,• , 

’’ ,  and  p,  -  pc.  The  length  of  the  waves  on  the 
cavity  is  an  increasing  function  of  i,  as  was  stated 
in  Section  4.  I'urtiier  we  observe  from  these  figi  •  cs 
the  following: 

i)  An  increase  of  the  speed  V  induces  an  increase 
of  the  amplitude  of  the  waves  on  the  cavity, 
i  i )  When  V  is  re j a t i ve  1  v  la rge ,  t he'  po i n t  of 
separat.  ion  is  near  tile  point  where  'ru(x)  attains 
the  value  ; r^  ( -  ■  )  .  When  ’ '  is  small,  the  point  of 
separation  is  near  the  |x>int  where  'r^(x)  -  0. 

The  latter  phenomenon  i.s  easily  understood,  since 
we  can  imagine  two  reasons  for  which  the  fluid  may 
separate  from  the  ’nub:  First,  the  radius  of  curva¬ 
ture  of  the  hub  may  bo  so  small  that  the  fluid 
particles  are  unable  to  keep  contact  with  the  hub. 
This  effect  dominates  in  the  case  of  a  relatively 
high  speed  U.  Second,  the  value  of  -Sr^tx)  may 
become  negative.  Then  the  centrifugal  force  makes 


the  fluid  particles  leave  the  hub.  This  effect  is 
important  in  the  case  of  a  low  speed. 

In  Figure  5  we  have  plotted  the  same  functions 
for  a  different  shape  of  the  hub.  Here  fir^(x) 
consists  of  a  straight  line,  a  part  of  a  parabola, 
and  another  straight  line.  It  appears  that  quali¬ 
tatively  the  same  effects  occur. 

In  Figure  6  we  have  only  one  value  of  the  param¬ 
eter,  i,  («  =  1),  but  we  have  plotted  a  family  of 
functions  fir^fx).  The  plot  of  firc(x)  is  omitted,  and 
we  have  indicated  the  point  of  separation  with  a 
dot.  The  amplitudes  of  the  waves  in  firc(x)  at  x  =  ■ 
are  denoted  in  a  table  underneath  Figure  f>.  These 
numbers  are  the  amplitudes  divided  by  <5 rj ,  {—••). 

From  this  figure  we  observe  the  following: 

iii)  If  fir^(x)  decreases  abruptly  as  a  function  of 
x,  then  the  amplitude  of  the  waves  on  the  cavity  is 
relatively  large. 

iv)  The  sign  of  fir^tx)  at  the  point  of  separation 
can  be  positive  or  negative,  depending  on  the 
function  firj,(x).  If  fir},  (x)  decreases  more  and  more 
slowly  as  a  function  of  x,  then  the  value  of  irw(x) 
at  the  point  of  separation  approaches  zero  from 

be  1 ow . 

Wo  will  compare  the  effects  on  the  cavity  by 
changing  i,  or  U  with  constant  p  and  p  -  p  ,  and 
of  the  function  fir^(x).  In  order  to  give  acrough 
description  of  the  dependence  on  fir  (x)  ,  we  use  the 
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FIHURE  5.  The  functions  l (x+s) /rcl 
(hatched  curve),  *rc(x/rc)  and  the  asymptotic 
expression  (102)  (a.e.).  The  values  of  a  are 
a)4,  b)2,  c) 1 ,  d)0.5,  e)0.25.  The  point  of 
separation  is  at  x=0.  is  qiven  by 

-rh(x/rc)=l  for  x  <  0,  =  l-(x/rc)‘/2  for 
n  <  x  <  rc,  and  =l,5-x/r  for  x  >  r The  values 
of  s/rc  are  a)1.68l,  b)1.759,  cll.SOS,  d)0.36 1, 
e) 0 . 052 . 
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FIGURE  6.  A  family  of  functions  Srh(x/rc)  with  nt  =  1.  They  are  given  by  6rh(x/rc)=l  for  x  <  0  and 
=  l-Mx/rc)’  for  x  >  0.  The  value  of  X  is  qiven  in  the  table.  The  point  of  separation  is  denoted  by  a  dot. 
The  amplitude  of  the  waves  at  x  =  co  divided  by  r^(-<-^>  ),  denoted  by  A,  is  also  given  in  the  table. 
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FIGURE  7.  The  functions  '5rh(x/rc)  (hatched 

curve)  and  $rc(x/rc)  for  vanishing  waves  at  '  ■  f  1  r  {  1  f  /  /  r 

x  *  ■».  The  values  of  a  are  a)  4 ,  b)  2 ,  c)  1 ,  ’  1  f  i  , 

d)  0.  5#  e>0.25.  The  point  of  separation  is  at  1  1  f  rr/  * ,  /  /  > 

x  =  0. 


’A- 


curvature  k  of  the  hub,  which  must  be  interpreted 
as  some  mean  value  of  the  curvature  of  6r^(x)  in 
the  wetted  region  not  too  far  upstream. 

First  we  consider  the  amplitude  of  the  waves  on 
the  cavity.  This  amplitude  is  an  increasing  function 
of  both  U  and  as  follows  from  i)  and  iii)  .  Next 
we  consider  the  point  of  separation.  An  increase 
of  U  or  k  tends  to  shift  this  point  from  the  point 
where  Sr^Cx)  =  0  to  the  point  where  6r^(x)  =  6rh(-”) 
as  follows  from  ii)  and  iv) .  Hence  in  these  respects, 
an  increase  of  U  has  roughly  the  same  effect  as  an 
increase  of  .  However,  the  length  of  the  waves  on 
the  cavity  is,  as  follows  from  the  previous  theory 
(87) ,  independent  of  ►:  but  is  a  decreasing  function 
of  U. 

Finally  we  consider  a  shape  of  the  hub  which 
induces,  for  some  value  of  a,  no  waves  on  the  cavity 
at  x  =  ••'.  The  existence  of  nontrivial  shapes  can 
be  shown  as  follows.  Let  iSr^fx)  and  <Sr^,(x)  be 
two  shapes  of  the  hub  and  let  (x)  and  <‘>rc-,  (x) 

be  the  corresponding  shapes  of  the  cavity  for  some 
value  of  u.  In  each  case  the  point  of  separation 
is  at  x  =  0.  We  choose  A  '■  0  so  that  the  amplitude 
of  l>5rCl(x)  at  x  =  •»  equals  the  amplitude  of  Srco  (x)  . 
(Notice  that  their  wavelength  is  already  the  same.) 
Next  we  choose  a  shift,  s  j  0,  so  that 

lim  \'rcl  (x+s)  +  «rc, <x)  =  0. 

X  v  ' 

Now  we  construct  a  shape,  fir^(x),  which  induces  no 
waves  at  infinity,  as  follows: 

6rh(x)  =  A6rhl  (x+s)  +  tSr^  (x)  ,  x  <  -s  (107) 

5  r  ( x )  =  \6r  ,  (x+s)  +  <Srh  .  (x)  .  -s  <  x  <  0 
h  c  ‘  n* 


The  dimensionless  load  f  was  introduced  in  (22) . 

By  virtue  of  the  linearity  of  our  equations  we 
obtain  the  load  corresponding  to  the  shape  (107)  by 
shifting  the  load  due  to  »Sr^t  over  a  distance  s, 
multiplying  it  by  \  and  summing  the  load  due  to 
6rh?.  This  load  is  nonnegative  in  x  <  0  and 
vanishes  in  x  >  0.  The  condition  for  the  point  of 
separation  described  in  the  preceding  section  is 
satisfied  at  x  =  0.  The  shape  of  the  cavity  is 
obtained  by  a  similar  construction  as  for  the  load 
f.  The  value  of  Sr  (x)  tends  to  zero  for  x  v  by 
virtue  of  ( 106) .  C 

Using  this  method  we  have  constructed  five 
functions  cSr^fx)  which  induce  no  waves  at  x  =  ■  for 
five  different  values  of  a  respectively.  The 
function  s  iSr^j  and  S  r^  are  the  functions  plotted 
in  Figures  4  and  5  respectively.  The  results  are 
plotted  in  Figure  7.  The  point  of  separation  is  at 

x  =  0.  The  value  of  Sr.  (x)  in  x  >  0  is  unessential, 
h 
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6r“ (O  =  k(U  f  {O  ,  ( A,  1 ) 

c 

where : 

-1 

MO  =  K,(|C|)  [(a  K,(U|)  -  |t|  K„  1 4  |  >  ]  •  (A, 2) 

Here  we  have  chosen  the  unit  of  length  to  be  equal 
to  rc,  so  that  rc  -  1 .  We  have  to  solve  (A,l)  with 
f (x)  =  0  for  x  >  0  and  with  Src(x)  being  prescribed 
for  x  <  0. 

In  order  to  apply  Wiener-Hopf-Technique ,  we  need 
a  multiplicative  decomposition  of  k(£).  We  define: 

H(f,)  =  -it  <£)  (f,2  -  C  )  (C2  +  1)”1/2,  (A,  3) 

0 

where  £  is  the  root  of  (47) .  This  function  is 
continuous  and  positive  in  <  £  <  ««.  By  virtue 
of  well-known  asymptotic  expressions  for  the 

Bessel  functions,  K  and  Ki  ,  we  have: 

o  1 

H(f)  -1+0  (I/O  .  f,  -  +  «  .  (A, 4) 

Hence,  we  can  decompose  H(C)  in  the  usual  way,  see 
for  instance  Noble  (1958) ;  we  find: 

H(f.)  =  h"(5)  /  H  +(C)  ,  (A, 5) 

where : 

=  exp  f  -  In  IH  (O  1  (A, 6) 


This  represents  two  equations;  the  upper  or  the 
lower  of  the  1  signs  must  be  read.  The  contour  of 
C+  (resp.  C-)  is  the  real  axis,  indented  into  the 
upper  (resp.  lower)  half  of  the  complex  f,-plane  at 
r.  =  The  function  H+ {K)  [resp.  H"(C))  is  analytic 
in  the  upper  (resp.  lower)  halfplane.  Using  (A, 2-3) 
and  (A, 5)  we  can  write  (A,l)  as 

IrT(f.)  (f.2  -  f.2)  (f,+i ) ” 1/2  H+(f.)  = 

<-  o 


-  (f.-i)  1/2  h'(C)  f  (f.)  .  (A, 7) 

The  function  (f+i)*5  has  a  cut  from  -i  to  -i™  and 
(f.-i)  has  a  cut  from  i  to  i00.  They  are  both 
chosen  so  that  they  are  positive  for  £,  -v  00 . 

The  function  6r  (x)  is  prescribed  for  x  <  0. 
c 

First  we  assume: 

A  x 

Sr  (x)  =  e  x  <  0  (A, 8) 

c 

for  some  positive  A;  later  we  discuss  the  general 
case.  Fourier  transformation  gives: 
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(2  n ) 


-1/2 


(C-i>> 


-1 


Sr  (f),  (A, 9) 


SOME  RESULTS  DERIVED  BY  USING  WIENER-HOPF-TECHNIQUE  where 


In  equation  (73)  we  lot  the  path  of  integration 
bo  from  -,o  to  and  wo  assume  the  load  f(x)  to 
vanish  for  x  >  0.  Then  applying  Fourier  transform 
(34)  to  both  sides  of  this  equation,  we  obtain: 
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(2n> 
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,Sr  (x)  dx 
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(A, 10) 


is  unknown.  We  substitute  (A, 9)  into  (A, 7)  and 
st-j-arati-  function:;  winch  an  analytic  in  the  upper 
halt’  plain*  and  nv;j»vt  i v>'  Iv  in  tin*  lower  one.  The re - 
fore  We  write: 

i(.'l)  1  '(-I')  1  l  *  1  )  '  '  M  f  (  ) 


h+ (  )  *  h'  (  )  , 


(A, 1 1 ) 


where : 


..  v  ,  |  >  1  ' 

( 2 :l )  (I  So  '-1  ■ 

is  analytie  m  t.ho  lower  halt  of  tin-  complex  ‘-piano, 
and : 


f  (x) 


-  1 


1/.' 


-  i  ‘  x  ( •  -  i ) 


1/2 


H  C) 


\C  +  «\  ‘  h  {  •  )  (  ■ 


)  Id’ 


(A, 19) 


Since  tin*  integrand  is  analytic  in  the  lower  half 
of  the  ’-plane,  the  right  hand  side  of  (A, 19) 
vanishes  for  x  0,  as.  follows  from  the  calculus 
of  ivsidu*..  in  order  to  obtain  an  expression  for 
f(x)  for  x  *  o  we  investigate  the  integrand  in 
(A,  19)  for  ’  *  +  Tlie  function  f  (x)  is  continuous 

.it  x  »  o,  s  i  nee"  the  integrand  is  0(.r,“^/2).  Hence 
f  0D  -  u.  For  real  values  of  t\  we  have,  by  (A, 6)  : 
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H  *  ( i  ■ ) 

H*  (  •  ) 

1  (A,i  i) 
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1/2  1 

'  >  X 

■n  [11(f)]  — —  ),  ( A ,  2  0 ) 
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- 

'  (II  (  )  )  exp 

■r~  a 
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(  1  ‘  41  )  ' 

(  M  )  1 
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J 

is  analytic  in  the  upper  I, alt  {  lam.  Using  (A, 9) 
ami  (A,  11)  wv  can  write  (A,  7)  as: 


where  the  integral  is  a  Cauchy  principal-value. 
Hence  for  real  ‘  we  have 


I  t 
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(  -  1 ) 


ii  (  )  r  <  •  ) 


(A, 14) 


♦ 

Tin-  function  t  (  )  i  •  analytic  in  the  upper 
.half  |  lane  by  virtue  of  (A,  10.  Hence  the  left 
■".and  id*  of  (A,  14)  i  s  analytic  in  the  upper  half 
plan*1.  Sine*  f(x)  van i she.  for  x  ■ 1 ,  f(  )  is 
analyt  ie  in  the  lower  half  }  Ian*-  ami  li*  nc*  the 
right  hand  side  of  (A,  14)  is  also  analytic  then*. 
Hence,  both  sidey  of  IA,14)  repr«  s.-nt  an  entire 
function.  The  11“  C)  tend  to  1  and  the  h1  ( ‘  )  an 
!Ml/‘)  for  ’  *  We  assume  *-r  (')  *  ‘  and  f(’) 

to  be  bounded  for  •  •.  *T;:en  tie-  entire 
function  must  be  a  first,  order  polynomial  ('  +  (*; 

where  the  values  of  the  constants  d  and  \  will 
In'  given  later.  We  (Mil  now  solv*  for  th*  unknown 
' r  and  f : 
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Th*  val  ;•  <>f  ;  »  -ho:  en  o  that  f(‘)  is  «t(-  ) 

'  ■  >t  -  •  .  He  no*  ,  I*'.'  (A,  Id)  : 


lire)]  ‘  -  1  +  H  (:.),  (A,  21) 

where  H  ( ’  )  is  a  continuous  function,  which  is  0(l/f.) 
for  *  +  *  by  ( A ,  4 )  .  Then'fore,  if  the  factor 
IPO  in  the  denominator  in  the  integrand  in  (A,  19) 
is  omitted,  the  value  of  the  integral  chanqcs  by  a 
term  which  is  <>(x)  for  x  *  0.  The  otlier  factors 
in  the  integrand  in  (A, 19)  are  an  exponential  and 
a  rat  ional  function  of  •’ .  Using  tlx*  calculus  of 
residues,  and  Tauber i an  theorems  we  can  obtain  an 
asymptotic  expression  for  the*  value  of  this  integral 
for  x  *  0.  We  do  not  go  into  details  and  give  the 
result  only: 


f(x)  2x  ~l/1  Ii  [  X |  1/J  .  x  I  0  (A, 22) 

where : 

R  -  (V  +  ■  (\  +  1 )  ~ H+(i')  .  la, 23) 


In  a  similar  way  we  investigate  r  (x)  for  x  > 
Substitution  of  (A,  17)  and  A,  18)  into1  (A,  15)  and 
then  into  (A, 9)  gives: 
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* 1  •*  t  m it  f(')  i  an  «>r«l**r  : -.mailer,  i.e., 
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Th*  m*  .  ciing  of  Mn  •  •hoi,-,-  for  f  (x)  will  be  discussed 
l  at  •  r  . 

W*  ■  obtain  fix)  with  t  m 


This  expression  is  o  ( \  V “ )  for  \  k  "  and  hence 
■r  (x)  and  its  first  derivative  are  continuous  at 
x  c.  An  expression  for  x  4  0  is  obtained  in  the 
same  way  as  for  f  (x)  : 


' r  (x)  1  r  (0)  +  Ar*  (0) 

c  c 
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x  1  0. 
(A, 25) 


At  this  point  we 
If  ( A , 1 H )  does 


return  to  our  choice  (A, 18)  for 
not  hold,  then  it  can  bn  shown 


inverse  Fourier  transform: 


that  : 
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f(x)  :  B*  X 


-1/2 


x  t  0, 


(A, 26) 


1/2 

Jr  (x)  ,Sr  (O)  -  B**  x  ,  x  40, 


(A, 27) 


willin'  till'  constants  B*  and  B**  have  the  same  sign. 
The  condition  f '■  0  implies  B*  ;  0  and  tin?  condition 
that  the  fluid  does  not  penetrate  the  hub  implies, 
in  thi'  case  of  a  smooth  hub,  that  B**  c  0.  lienee 
they  must  vanish  both,  which  is  achieved  only  by 
qivinq  C  the  value  (A, 18). 

Finally  we  consider  a  lull)  of  arbitrary  shapi'. 

By  virtue  of  the  Laplace  transform  we  can  write: 
c  +  i  > 

r  (x)  =  — C  |  g(i)e  X  d\  ,  x  •  0  ,  (A, 28) 

e  .bu  J 

c-  i.. 


In  this  expression  for  L(x)  we  substitute  i\  =  o , 
take  the  limit  c  t  0  and  use  some  syrnmet  ry-pro|x>rt  ies 
of  ll+  ( l: )  .  Then  we  find: 


L(x)  =  i 

o 

Since  the  integrand  in  thi:; 
wo  can  derive*  for  L(x): 


H  ( h ) 
(i-iu) 


x  •  0,  (A, 33) 


expression 


is  OO^2) 


L(x>  i:  1/2  lxT1/2  ,  x  1  0  .  (A, 34) 

As  stated  in  Section  (■> ,  tin*  position  of  tlu 
point  of  separation  is  determined  by  the  condition 
B  -  0.  By  (A,  U)  this  condition  becomes: 


when*  c:  is  a  positive  number,  and: 

f  _,x 

qO  )  -  w  e  Ar  (x)  dx  .  (A, 29) 

First  we  assume  that  Arjx)  is  .such  that  tin  intcgr.il 
in  (A, 29)  is  absolutely  convergent  for  \  =  e,  but 
our  results  will  appear  to  hold  for  a  more  general 
case.  By  virtue  of  tin*  linearity  of  our  questions, 
the  expressions  ( A ,  2  2 )  and  (A,2r>)  hold  with  B  given 
by: 

c+i**’ 

q  (V)  (1-  +  ?.■’)  (\  +  l)~1/2  ll+(i>)  d'. 

(A,  ).)) 


!  L(x)  P  ,l|r^  (x)  +  i'r(  (x)J  dx  =  0.  <A ,  35 ) 

We  can  give  an  interpretation  to  the  two  terms  in 
this  integrand.  There  are  two  reasons  for  which 
the  fluid  may  separate  from  the  hub.  First  the 
value  of  Src  may  become  negative,  so  that  tlu* 
centrifugal  force  makes  the  fluid  particles  leave 
the  hub.  This  corresponds  to  the  first  term  in  the 
integrand.  Second,  the  radius  of  curvature  of  the 
hub  may  be  so  small  that  the  fluid  particles  arc 
unable  to  keep  contact  with  the  hub.  This  corres¬ 
ponds.  to  the  second  term  in  the  integrand. 


Substitution  of  (A, 29)  into  (A, JO),  interchanging 
the  order  of  integration,  and  applying  partial 
integration  with  respect  to  x  twice,  gives: 


L{x)  l l  r  (x)  +  >r  ’  '  (x)  •  dx 


(A, 31) 
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ABSTRACT 

Bent  trailing  edges  and  erosion  are  often  observed 
on  marine  propellers  and  are  attributed  mainly  to 
unsteady  cavitation  caused  by  the  nonuniformity 
of  the  flow  field  behind  a  ship's  hull.  In  order 
to  improve  the  physical  understanding  of  the 
cavitation  inception  and  the  formation  of  cloud 
cavitation  on  marine  propellers,  a  large  two 
dimensional  hydrofoil  was  tested  in  the  DTNSRDC 
36- inch  water  tunnel  under  pi  telling  motion.  Fully 
wetted,  time  dependent,  experimental  pressure 
distributions  were  compared  with  Closing's  unsteady 
wing  theory.  The  influence  of  reduced  frequency 
and  pressure  distribution  on  inception  was  determined. 
A  simplified  mathematical  model  to  predict  unsteady 
cavitation  inception,  was  formulated.  Good  corre¬ 
lation  between  theoretical  prediction  and  experi¬ 
mental  measurements  on  cavitation  inception  was 
observed.  The  reduced  frequency,  maximum  cavity 
length,  foil  surface  pressure  variation,  and  time 
sequential  photographs  were  correlated  with  the 
formation  of  cloud  cavitation.  A  physical  model 
based  on  the  instability  of  a  free  shear  layer 
defining  a  near-wake  region  provides  a  reasonable 
explanation  of  the  observed  results. 


1.  INTRODUCTION 

Hydrofoil  craft  are  typically  designed  to  operate 
both  in  calm  water  and  waves;  and  marine  propellers 
normally  operate  in  the  nonuniform  flow  field 
behind  a  ship.  Unfortunately,  due  to  the  complexity 
of  the  experiments,  only  a  few  experiments  have 
been  specifically  concerned  with  unsteady  leading 
edge  sheet  cavitation  on  hydrofoils  and  propellers, 
Morgan  and  Peterson  (1977).  It  is  the  intent  of 
this  paper  to  report  the  results  of  experiments 
concerned  with  leadinq  edge  sheet  cavitation  on  an 
oscillating  two  dimensional  hydrofoil.  Following 
a  brief  review  of  the  most  pertinent  experimental 


data  available  in  the  literature,  an  analytical 
method  for  the  prediction  of  inception  will  be 
developed  and  compared  with  the  experimental  data. 

Once  the  cavity  is  present  on  the  foil,  cavity 
instabilities  develop  due  to  the  foil  oscillation 
and  also  due  to  the  inherent  instability  of  the 
cavitation  process.  This  general  process  of 
instability  in  the  leading  edge  sheet  cavity  is  the 
subject  of  this  paper. 

It  has  been  observed  by  innumerable  investigators 
that  a  leading  edge  sheet  cavity  can,  under  certain 
circumstances,  be  quasi  steady  with  relatively  few 
collapsing  vapor  bubbles  to  produce  erosion.  How¬ 
ever,  if  a  propeller  blade  enters  a  wake  field,  the 
inception  angle  of  attack  at  the  leading  edge  may 
not  agree  with  the  uniform  flow  inception  angle. 

In  addition,  the  developed  cavity  may  exhibit 
instabilities  not  produced  in  uniform  flow  fields. 

One  form  of  cavity  instability  is  manifest  by  the 
shedding  of  a  significant  portion  of  the  sheet 
cavity.  This  shed  portion  appears  to  be  composed 
of  microscopic  bubbles  and  is  commonly  referred  to 
as  "cloud”  cavitation,  van  Manen  (1962).  Cloud 
cavitation  is  now  considered  to  be  one  of  the  main 
causes  of  erosion  and  bent  trailing  edges,  Tanibayashi 
(1973). 

Model  experiments  have  been  performed  by  many 
organizations  in  an  attempt  to  simulate  full-scale 
wake  fields  in  which  propellers  operate.  One  of 
the  first  detailed  experiments  concerned  with 
unsteady  cavitation  was  reported  by  I to  (1962). 

These  experiments  were  with  pitching  three  dimen¬ 
sional  hydrofoils  and  propellers  in  a  wake  field. 

A  principle  result  directly  applicable  to  the  work 
to  be  reported  here  was  that  the  reduced  frequency 
had  an  important  influence  or.  the  cavitation.  He  i 

also  concluded  that  the  "critical"  reduced  frequency  j 

at  which  a  leading  edge  sheet  cavity  broke  up  into  j 

cloud  cavitation  was  0.3  to  0.4.  His  latter  con-  ! 

elusion  will  be  considered  in  more  detail  in  the  j 

context  of  the  results  to  be  report*  d  here.  '< 

A  recent  discussion  of  this  subject  was  given 
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by  Tanibayashi  (1962) .  He  concluded  that  the 
occurrence  of  cloud  cavitation  in  nonuni  form  flow 
cannot  be  predicted  on  the  basis  of  uniform  flow 
experiments.  In  earlier  work  by  Tanibayashi  and 
Chiba  (1968),  it  was  concluded  from  experiments 
with  an  oscillating  two  dimensional  foil  that  an 
unsteady  flow  was  required  for  the  formation  of 
cloud  cavitation.  However,  unlike  the  earlier 
results  of  I  to,  no  distinct  critical  reduced 
frequency  was  found.  Since  these  latter  results 
were  for  nominally  hemispherical  travelling  bubbles, 
instead  of  a  leading  edge  sheet,  it  remains  to  be 
established  whether  the  type  of  cavitation  in  the 
growth  phase  is  of  importance  to  cloud  cavitation 
formation. 

Chiba  and  Hoshino  (1976)  carried  out  extensive 
measurements  of  induced  pressures  on  a  flat  plate 
above  a  propeller.  On  the  basis  of  comparing 
results  with  and  without  a  wake  field  and  with  and 
without  cavitation,  they  determined  that  strong 
pressure  impulses  were  detected  on  the  flat  plate 
and  these  correlated  with  the  presence  of  cloud 
cavitat ion. 

Strong  pressure  fluctuations  of  very  short 
duration  have  also  been  detected  by  Meijer  (1959) 
on  the  surface  of  a  cavitating  two  dimensional  foil. 
He  attributed  these  pressure  fluctuations  to  a 
stagnation  point  at  the  rear  of  the  sheet  cavity 
passing  over  a  pressure  gage.  Chiba  (1975)  has 
attempted  to  correlate  cavity  collapse  on  a  two 
dimensional  oscillating  foil  with  the  response  from 
a  pressure  gage  mounted  in  the  foil.  He  concluded 
that,  as  expected,  when  the  shed  vapor  collapses 
large  pressure  impulses  occur.  The  essential 
points  for  both  of  these  experiments  are  that  foil 
mounted  pressure  gages  can  be  used  in  the  presence 
of  cavitation  and  when  correlated  in  time  with 
photographs  can  assist  in  the  interpretation  of  the 
physical  processes  involved.  This  technique  was 
also  used  in  interpreting  the  results  to  be  reported 
here . 

Two  other  oscillating  foil  experiments  have  also 
been  reported,  Miyata  (1972),  Miyata  et  al.  (1972), 
and  Radhi  (1975),  that  demonstrate  the  importance 
of  the  reduced  frequency  on  the  whole  cavity 
inception,  growth,  and  collapse  process.  Both  have 
shown  that  for  the  particular  conditions  of  their 
experiments,  inception  could  be  delayed.  The 
greatest  suppression  occurred  for  reduced  frequencies 
in  the  range  of  0.4  to  0.5.  Both  of  these  experi¬ 
ments  will  be  discussed  later  in  more  detail  within 
the  context  of  the  results  to  be  reported  in  this 
pape  r . 

All  of  the  experiments  reviewed  above  describe 
various  aspects  of  cavitation  instabilities  that 
are  associated  with  the  cavitation  performance  of 
oscillating  foils  and  propellers  in  a  wake.  This 
cavitation  performance  appears  to  be  uniquely 
related  to  the  unsteady  flow  field  that  exists 


over  the  cavitating  surface.  In  the  sections  that 
follow  analytical  and  experimental  results  will  be 
presented  in  an  effort  to  provide  a  better  under¬ 
standing  of  how  these  various  results  are  related 
and  of  the  associated  physical  processes  involved. 

2.  EXPERIMENTAL  APPARATUS  AND  TEST  PROCEDURE 
Foil  and  Instrumentation 

The  foil  was  machined  from  17-4  PH  stainless  st^el 
to  a  rectangular  wing  of  Joukowski  section  with  the 
trailing  edge  modified  to  eliminate  the  cusp.  To 
simulate  the  viscous  effects  at  the  leading  edge 
as  close  to  a  prototype  as  possible,  the  model  was 
designed  with  a  chord  length  of  24.1  cm  and  a  span 
of  77.5  cm.  The  maximum  thickness  to  chord  ratio 
is  10.5  percent.  The  foil  surface  was  hand  finished 
within  0.38  pm  RMS  surface  smoothness. 

Pressure  transducers  were  installed  at  a  distance 
of  7.96,  24.1,  and  60.3  mm  from  the  leading  edge. 
These  locations  correspond  to  3.3,  10,  and  25 
percent  of  chord  length  from  the  leading  edge. 

Kulite  semiconductor  pressure  gages  of  the  diaphram 
type  were  mounted  within  a  Helmholtz  chamber  con¬ 
nected  to  the  foil  surface  by  a  pinhole.  With  this 
arrangement  one  could  measure  the  unsteady  surface 
pressures  due  to  foil  oscillation  and  high  frequency 
pressure  fluctuations  inside  the  boundary  layer 
over  a  pressure  range  of  ±207  KPa  (±30  PSI)  and  a 
calibrated  frequency  range  of  0  to  2  kHz.  In  order 
to  increase  the  spatial  resolution  in  measuring 
the  local  pressure  fluctuations  inside  the  boundary 
layer,  the  diameter  of  the  pinholes  installed  on 
the  foil  surface  were  kept  at  0.31  mm  (0.012  inches), 
(see  Figure  1) .  This  arrangement  also  reduces  the 
danger  of  cavitation  damage  to  the  pressure 
transducers.  Extreme  care  was  taken  to  fill  the 
Helmholtz- type  chamber  through  the  pinhole  under 
vacuum  with  deaerated  water  to  minimize  the  possible 
occurrence  of  an  air  bubble  trapped  inside  the 
chamber.  If  a  gas  bubble  was  present  within  the 
gage  chamber,  the  resonant  frequency  of  the  chamber 
would  be  reduced  below  its  3880  Hz  value.  For 
example,  with  the  above  procedures  for  filling  the 
gage  chamber  at  a  pressure  of  3.4  KPa,  a  bubble  of 
0.6  mm  diameter  at  atmospheric  pressure  is  produced. 
This  bubble  will  lower  the  chamber’s  resonant 
frequency  to  1100  Hz.  The  danger  of  becoming  a 
Helmholtz  resonator  was  not  observed  in  our  dynamic 
calibration  tests  up  to  2000  Hz.  The  calibration 
procedure  used  here  was  developed  by  the  National 
Bureau  of  Standards,  Hilten  (1972),  modified  to 
the  extent  that  water  rather  than  silicone  oil  was 
the  fluid  medium.  Since  it  was  very  important  to 
determine  the  relative  phase  difference  between  the 
foil  angle  and  the  pressure  gage  signals,  all 
amplication  and  recording  equipment  was  selected  to 
minimize  the  introduction  of  unwanted  phase  shifts. 


C  *  241  m 


KULITE  PRESSURE  GAGE 


FIGURE  1.  A  sketch  of  the  foil 
and  three  pressure  qaqe  locations. 
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Photographic  Instrumentation 

All  photographs  used  to  document  the  inception  and 
cavity  instability  processes  were  taken  with  two 
35  nun  cameras.  Illumination  was  provided  by  strobe 
lights  having  a  light  duration  of  10  microseconds. 
With  the  camera  shutter  open,  the  first  frame  of  a 
sequence  was  taken  when  a  foil  position  indicator 
triggered  the  strobe  lights.  Each  succeeding 
exposure  was  taken  10  and  1/25  foil  oscillations 
after  the  proceeding  exposure.  An  electrical  pulse 
from  a  light  detector  was  recorded  on  a  channel  of 
the  same  magnetic  tape  that  was  used  to  record  the 
foil  position,  pressure  gage  responses,  and  a  time 
code.  Oscillograph  records  then  allowed  a  direct 
correlation  between  these  events.  Both  top  and 
s panwise  photographs  were  taken  simultaneously  by 
exposing  the  film  with  one  set  of  flash  lamps.  In 
order  to  focus  the  camera  lens  in  the  same  region 
as  the  location  of  the  pressure  gages  when  viewing 
in  the  spanwise  direction,  the  camera  was  elevated 
at  an  angle  of  4'  and  directed  slightly  downstream 
by  an  angle  of  10". 

High-speed  16  mm  movies  were  taken  at  a  rate  of 
L>,30D  frames  per  second  to  assist  in  the  interpre¬ 
tation  of  the  35  mm  pulse  camera  sequential 
photographs .  Adequate  exposure  for  those  photographs 
was  achieved  by  using  high  intensity  tungsten 
filament  flash  bulbs  of  25  millisecond  duration. 


Test  Section 

The  closed  jet,  tost  section  of  the  36- inch  water 
tunnel  was  modified  by  the  insertion  of  sidewall 
liners  to  provide  two  flat  sides  as  shown  in  Figure 
2.  On  each  end  of  the  foil  a  disc  was  attached. 
This  disc  rotated  in  a  sidewall  recess.  Thus  the 
foil  could  be  rotated  without  gap  cavitation 
occurring  between  the  end  of  the  foil  and  the 
sidewall  of  the  tunnel.  One  sidewall  assembly  was 
fitted  with  clear  plastic  windows  to  permit  side 
view  photography. 

The  foil  was  oscillated  by  a  mechanism  whose 
conceptual  design  is  shown  in  Figure  3.  With  this 
type  of  design  the  foil  mean  angle  (»  )  can  be 
adjusted  statically  and  the  amplitude  of  foil 
os c i 1 1 a  t i on  ( t  j )  can  be  con  tin  uous 1 y  ad  j  us ted 
between  0  1  t ]  i  4  while  in  operation.  The 
oscillation  frequency  is  continuously  variable 
between  4  Hz  _  f  25  Hz.  Air  bags,  shown  in 
Figure  3,  wer*-  installed  to  reduce  the  fluctuating 
torqu*  requi roments  on  the  motor  drive  system. 


FIGURE  3.  Conceptual  design  of  foil  oscillation 
mechanism. 


Water  Tunnel  Resonant  Frequencies 

The  study  of  cavity  dynamics  in  a  water  tunnel  gives 
rise  to  a  fundamental  question,  namely,  the  effect 
of  tunnel  compliance  on  transient  cavity  flows.  If 
the  tunnel  was  perfectly  rigid  and  if  there  were 
no  free  surfaces  other  than  that  of  the  cavity 
itself,  then  an  infinite  pressure  difference  in  an 
incompressible  medium  would  be  required  to  create 
a  changing  cavity  volume.  To  make  sure  that  this 
kind  of  tunnel  effect  would  not  be  present  in  our 
model  tests,  a  hydraulically  operated  piston  having 
a  frequency  range  of  0  to  45  I.z  was  initially 
oscillated  in  a  test  section  opening  to  simulate 
the  maximum  expected  change  of  cavity  volume.  A 
sharp  peak  of  fundamental  tunnel  resonance  was 
observed  at  4.7  Hz.  Consequently,  all  of  the  foil 
oscillation  experiments  reported  here  were  carried 
out  at  frequencies  either  above  or  below  this 
resonant  frequency. 

Data  Reduction 

Due  to  the  installation  of  tw->  sidewall  liners  in 
the  test  section,  the  tunnel  v '•city  was  corrected 
according  to  the  area-ratio  rule.  The  tape  recorded 
time  histories  of  foil  angle  and  pressures  were 
digitized  using  a  Raytheon  704  minicomputer  and 
reduced  using  algorithms  implemented  on  the  DTNSRDC 
CDC-6000  series  digital  computers.  The  time  histo¬ 
ries  wore  recorded  on  one  inch  magnetic  tape  at 
15  inches  per  second  (38  cm/s)  using  IRIG  standard 
intermediate  band,  frequency  modulation  techniques. 
During  digitization,  these  data  wore  filtered  using 
eight-polo  Butterworth  low  pass  filters  that  have 
a  -3  db  signal  attenuation  frequency  at  40  Hz. 

They  wen*  then  sampled  at  125  hertz.  \.\e  run 
lengths  used  in  the  data  reduction  were  nominally 
4o  second:..  For  the  oscillating  foil  data  the 
computer  output  consists  of  values  of  mean  and 
standard  deviations,  sine  wave  amplitudes  and 
frequencies,  and  transfer  function  magnitudes  and 
phases.  Mean  an  i  standard  deviation  values  were 
obtained  from  the  stationary  foil  data.  For  the 
transfer  functions,  the  system  input  was  foil  angle, 
where  the  pv» ssures  were  responses  to  this  input. 

For  t h«  dynamic  runs,  foil  angle  was  sinusoidal; 
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Schematic  of  closed  iot  tost  section. 
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nominally  cm*  percent  of  this  channel's  signal 
energy  consisted  of  harmonics  or  noise. 

Tlio  methods  used  in  data  reduction  are  now 
described.  The  mean  value,  u,  and  the  standard 
deviation,  1  ,  wore  calculated  in  the  usual  manner. 
The  sine  wave  amplitudes  and  frequencies,  and  the 
transfer  functions  were  obtained  using  operations 
on  measured  autospectra  and  cross  spectra.  Those 
spectra  were  obtained  using  overlapped  fast  Fourier 
transform  (FFT)  processing  of  windowed  data  segments, 
Nuttall  (1971),  where  the  following  reduction 
parameters  were  used:  FFT  size  of  1024,  50  percent 
overlap  ratio,  and  full  cosine  data  window.  The 
true  autospectrum  of  a  sine  wave  is  an  impulse, 

0.5A'  Mf  -  f  );  tin'  measured  autospectrum  is  this 
true  spectrum  convolved  with  the  spectral  window. 

The  spectral  window  associated  with  the  cosine  has 
the  form: 

\  .* 

sin  rr  f  \ 

fn(l-f')  J 

The  wave  frequency  is,  in  general,  not  sampled  at 
a  rate  which  is  an  integral  multiple  of  the  sampled 
frequency.  Thus,  the  measured  spectrum  consists 
of  this  spectral  window  sampled  at  evenly  spaced 
frequencies  where  the  location  of  the  samples 
relative  to  the  sine  wave  frequency  or  spectral 
window  maximum  is  unknown.  The  sine  wave  frequency 
and  amplitude  are  found  by  fitting  the  spectral 
window  shape  to  the  three  largest  samples  that  are 
closest  to  where  the  sine  wave  is  expected.  Hie 
transfer  functions  are  given  by  the  cross  spectra 
between  the  input  and  output  data  channels  divided 
by  the  autospectra  of  the  input  channel.  The 
transfer  functions  were  evaluated  at  the  frequency 
of  oscillation  of  the  foil.  Quadratic  interpolation 
between  spectral  samples  was  used  to  obtain  the 
cross  and  autospectrum  values.  Once  evaluated,  the 
complex  transfer  functions  wore  converted  to  magni¬ 
tudes  and  phases.  The  transfer  function  magnitude 
is  then  the  output  sine  wave  amplitude,  and  the 
transfer  function  phase  is  the  phase  angle  of  this 
output  sine  wave.  Except  for  data  runs  when  cavi¬ 
tation  was  present,  the  cross  spectra  coherency 
was  always  greater  than  0.98;  this  high  coherency 
implies  low  noise  and  high  linearity  at  the  foil 
oscillation  frequency. 


3.  UNSTEADY  HYDRODYNAMICS  IN  FULLY  WETTED  FLOW 

Basic  knowledge  in  the  general  field  of  unsteady 
aerodynamics  has  been  compiled,  condensed,  and 
presented  by  several  authors  [for  example  see 
Abramson  (1967) |.  Available  experimental  hydro¬ 
dynamics  information  for  oscillating  wings  and 
foils  is  very  limited,  especially  at  high  values 
of  Reynolds  number.  Most  of  the  available  experi¬ 
mental  data  concern  lift,  drag,  and  moment 
coefficients  from  flutter  and  craft  control 
investigations.  For  cavitation  inception  studies, 
accurate  determination  of  the  pressure  distribution, 
especially  around  the  leading  edge,  is  of  major 
importance.  In  the  present  investigation,  three 
pressure  gage  transducers  were  installed  on  the 
foil  to  measure  the  unsteady  surface  pressures. 
Experimental  data  were  then  correlated  with  an 
available  unsteady  flow  theory  with  the  intent 
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of  providing  adequate  information  to  analyze  unsteady 
cavitation  inception. 

The  foil  was  pitched  about  an  axis  at  \  chord 
length  from  the  leading  edge.  The  instantaneous 
foil  angle  a  is  given  by 

t  =  ot  +  i\  i  sin  ot  (1) 

where  a  ,  uj,  and  ui  are  the  mean  foil  angle,  pitch 
amplitude,  and  circular  frequency  of  pitch  oscil¬ 
lation.  Let  Cp  (t) ,  CpS,  and  CpU(t)  denote  the 
total  pressure  coefficient,  the  magnitude  of  the 
steady  pressure  coefficient  at  the  foil  mean 
angle,  and  the  magnitude  of  the  dynamic  pressure 
coefficient,  respectively.  At  a  given  location  on 
the  foil,  it  is  assumed  that: 


P  +  P  (t)  -  P 
s  u 


=  C  +  C  (t) 
pS  pu 


(2) 


who  re 


and 


C  (t) 


pu 


P  (t) 
u _ 


(3) 

(4) 


where  P(t),  Ps,  Pu(t),  and  ,>  are  the  local  total 
pressure  on  the  foil,  static  pressure  on  the  foil, 
dynamic  pressure  on  the  foil,  and  the  fluid  density, 
respectively;  P ^  and  V„  denote  the  freestream 
pressure  and  freestream  velocity.  We  have: 


-C  (t)  =  -  I  AC  !  sin(wt  +  (5) 

Pu  pu 

where  !.'.CpU|  and  are  the  amplitude  of  dynamic 
pressure  response  and  phase  angle,  respectively. 

A  positive  value  of  *■  means  that  the  pressure 
response  leads  the  foil  angle. 

Let  the  Reynolds  number,  Rn ,  and  the  reduced 
frequency,  K,  be  defined  by 

vw  C 

R  =  (6) 

n  v 

and 


where  C,  v,  and  :•>  are  the  chord  length,  kinematic 
viscosity  of  the  fluid,  and  the  circular  frequency 
of  the  oscillating  foil,  respectively.  Fully  wetted 
experiments  covered  the  range  of  Reynolds  number 
Rn  =  1.2  to  3.7  *  10*'  and  reduced  frequency  K  =  0.2  3 
to  2.30.  The  test  results  are  given  in  Tables  la 
to  lc.  The  phase  angles  and  the  amplitude  of 
dynamic  pressure  response  per  radian  of  pitch 
oscillation  are  given  in  Figures  4  and  5  at  values 
of  i]  =  0.5,  1.0,  and  2.0°. 

An  unsteady  potential  flow  theory  for  small- 
amplitude  motion  recently  developed,  Giesing  (1968), 
is  used  here  to  correlate  the  experimental  results. 
The  unsteady  part  of  the  pressure  coefficient  is 
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FIGURE  4a.  Phase  angles  of  dynamic  pressure 
response  at  pitch  amplitude  aj  =0.5  deg. 
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FIGUF^E  4b.  Phase  angles  of  dynamic  pressure 
response  at  pitch  amplitude  a j  =  1.0  deg. 
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FIGURE  4c.  Phase  angles  of  dynamic  pressure 
response  at  aj  =  2.0  deg. 
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obtained  as  the  difference  between  the  total  pressure 
coefficient  minus  the  steady  part.  The  steady 
solution  is  based  on  an  exact  nonlinear  theory. 

The  theoretical  values  obtained  from  Giesing's 
program  are  plotted  on  Figures  4  and  5  along  with 
the  experimental  data. 

The  phase  angles  obtained  from  experiments  and 
calculations  will  be  discussed  first.  As  seen  in 
Figures  4a  to  4c ,  the  agreement  between  experimental 
measurements  and  theoretical  calculations  of  pressure 
and  phase  angles  is  quite  good  for  all  three  pressure 
locations.  The  agreement  is  good  between  experi¬ 
mental  measurements  and  theoretical  predictions  of 
magnitudes  of  dynamic  pressure  for  the  cases  of 
X/C  =  0.25  and  0.10,  as  seen  in  Figures  5a  to  5c. 

At  low  values  of  K  the  measured  pressure  coefficients 
are  seen  to  be  slightly  lower  than  the  values 
calculated  for  the  case  of  X/C  =  0.033.  The  exact 
cause  of  this  small  discrepancy  between  measurements 
and  theoretical  calculations  has  not  been  determined. 

The  cause  of  sm  11  discrepancies  between  the 
theory  and  experiments  requires  further  investigation. 
Nevertheless,  the  overall  good  agreement  observed 
between  our  experimental  measurements  and  Giesing's 
method  is  extremely  encouraging.  It  is  noted  that 
Giesing's  method  is  based  on  unsteady  potential 
flow  theory.  The  combined  theoretical  and  experi¬ 
mental  results  by  McCroskey  (1975,  1977)  indicate 
that  unsteady  viscous  effects  on  oscillating  airfoils 
are  much  less  important  than  the  unsteady  potential 
flow  effects,  if  the  boundary  layer  does  not  interact 
significantly  with  the  main  flow.  The  present  study 
appears  to  agree  with  his  conclusion  for  the  case 
of  a  fully  wetted  foil.  On  the  basis  of  this 
relatively  good  agreement  between  Giesing's  method 
and  the  experimental  data,  this  method  will  be  used 
in  the  next  section  to  predict  cavitation  inception 
as  a  function  of  the  reduced  frequency,  K. 


4.  UNSTEADY  EFFECTS  ON  CAVITATION  INCEPTION 

The  major  object iv*  of  this  section  is  to  examine 
what  effect  unsteadiness  has  on  cavitation  inception. 
The  question  of  the  occurrence  of  cavitation  is  of 
particular  importance  when  comparing  model  test 
results  for  marine  propellers  or  hydrofoils  with 
the  full-scale  prototype  data.  We  would  like  to 
know  whether  a  noncavi tat ing  model  is  also  free 
from  cavitation  in  the  prototype.  When  calculating 
the  flow  about  propeller  blades  or  hydrofoils,  it 
is  important  to  know  whether  the  cavitation  bubbles 
form  on  the  blades,  and  if  so,  under  what  circum¬ 
stances.  The  cavitation  number  o,  defined  by 


•5  o  V/ 


has  proved  useful  as  a  coefficient  for  describing 
the  cavitation  process.  Here,  o  and  P  denote  the 
density  and  vapor  pressure  of  the  fluicS  and  P  and 
V  denote  the  freest ream  static  pressure  and  the 
freest ream  velocity,  respectively. 

In  addition  to  the  incoming  flow  properties  such 
as  freestream  turbulence  and  nuclei  content,  the 
surface  finish  and  boundary  layer  characteristics 
on  the  body  surface  are  also  of  paramount  importance 
to  the  cavitation  inception  process  Acosta  and 
Parkin  (1975).  To  limit  the  scope  of  the  test 
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program,  air  content  of  the  water  was  not  varied. 

The  air  content  was  measured  with  70$  saturation 
in  reference  to  atmospheric  pressure  at  a  water 
temperature  of  22.2°  C  and  tunnel  pressure  of  103.6 
kPa. 

The  foil  was  pitched  sinusoidally  around  an  axis 
at  the  quarter  chord  location  aft  of  the  foil  leading 
edge.  The  cavitation  tests  were  carried  out  by 
lowering  the  ambient  pressure  from  the  previous 
fully  wetted  tests.  The  determination  of  cavitation 
inception  was  based  on  visual  observations.  For 
every  test  condition,  30  pictures  were  taken  to 
record  the  cavitation  process  on  the  foil.  A 
picture  was  taken  every  ten  oscillations  plus  1/25 
of  the  time  period  of  the  foil  oscillation.  Thus, 
a  series  of  high  quality  short  duration  photos 
were  taken  that  together  simulate  one  and  1/5  cycles 
of  the  foil  oscillation.  A  pulse  signal  was 
simultaneously  recorded  on  magnetic  tape  when  a 
picture  was  taken.  In  this  way,  each  cavity  pattern 
observed  on  the  foil  could  be  related  directly  to 
the  instantaneous  angle  of  attack  of  the  foil. 

Analytical  Prediction 

A  simplified  mathematical  model  will  be  formulated 
first  to  explore  the  possible  effect  of  unsteadiness 
on  cavitation  inception.  A  significant  delay  in 
dynamic  stall  was  observed  experimentally  and 
discussed  in  a  recent  review  paper  by  McCroskey 
(1975),  who  showed  that  the  pressure  gradient  dCp/dx 
around  the  leading  edge  was  of  paramount  importance 
in  dynamic  stall.  The  studies  by  Carta  (1971) 
indicate  that  the  mechanism  involved  in  the  delay 
of  dynamic  stall  is  the  large  reduction  of  unfavor¬ 
able  pressure  gradient  dC  /dx  during  any  unsteady 
motion.  p 

The  mechanism  involved  in  cavitation  inception 
is  different  from  the  mechanism  of  aerodynamic 
stall.  It  is  generally  assumed  that  cavitation 
occuis  on  a  body  when  the  local  pressure,  including 
the  unsteady  pressure  fluctuations  within  the 
boundary  layer,  falls  to  or  below  the  vapor  pressure 
of  the  surrounding  fluid,  Huang  and  Peterson  (1976). 
Aside  from  the  effect  of  nuclei  content  of  the 
water,  it  is  the  value  of  the  local  pressure 
coefficient  that  governs  the  occurrence  of  cavita¬ 
tion.  Prior  to  the  occurrence  of  cavitation  on 
an  oscillating  foil,  the  foil  is  in  a  fully  wetted 
condition.  Thus,  the  knowledge  of  pressure  distribu¬ 
tion  on  the  foil  in  the  fully  wetted  condition 
can  be  expected  to  provide  useful  information  for 
unsteady  cavitation  inception  prediction. 

As  previously  mentioned,  the  combined  theoretical 
and  experimental  results  reviewed  and  summarized 
by  McCroskey  (1977)  indicate  that  unsteady  viscous 
effects  on  oscillating  airfoils  are  much  less 
important  than  unsteady  potential  flow  effects,  if 
the  boundary  layer  does  not  interact  significantly 
with  the  main  flow.  In  the  present  study,  as 
discussed  in  the  previous  section,  the  three 
pressure  coefficients  measured  at  three  points 
around  the  leading  edge  are  predicted  reasonably 
well  by  Giesing's  method  both  in  amplitude  and 
phase  within  the  range  of  reduced  frequencies 
examined.  This  unsteady  potential  flow  theory  will 
now  be  used  to  investigate  cavitation  inception. 

In  the  tests,  the  foil  was  oscillated  about  a 
mean  angle  of  3.25°.  The  mean  values  of  dynamic 
foil  loadings  determined  from  measurements  are 
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FT  "JURE  5a.  Maqnitude  of  dynamic  pressure  res{>onse  at 
=  0.5  deq. 
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FIGURE  5c.  Maqnitude  of  dynamic  pressure  response  at 
a l  =  2.0  deq. 


plotted  in  Figure  6.  Aside  from  some  scatter  in 
the  data,  they  are  seen  to  be  independent  of 
frequency  (or  reduced  frequency).  The  steady 
pressure  distribution  calculated  theoretically  at 
3.25°  is  given  in  Figure  7.  A  suction  peak  appears 
at  around  1.8  percent  of  the  chord  length  aft  of 
the  leading  edge.  Reasonably  good  agreement  between 
the  theoretical  prediction  and  the  three  experimental 
measurements  should  be  noted.  Experimental  data 
confirm  the  basic  assumption  made  in  Eq.  (2)  that 
the  total  pressure  coefficient  Cp(t)  is  the  sum  of 
the  dynamic  pressure  coefficient  Cj.u(t)  plus  the 
static  pressure  coefficient  CpS  at  the  mean  foil 
angle,  i.e. 


cP(t) 


ps 


C  (t) 
pu 


We  will  now  proceed  to  examine  the  possible 
relationship  between  the  dynamic  pressure  coeffi¬ 
cient  CpU(t)  and  the  static  pressure  coefficient 
Cps.  Let  the  instantaneous  foil  angle  be  expressed 
as  in  Eq.  (1) .  The  dynamic  pressure  response  is 
then  given  by 


-C  (t)  = 
pu 


pu 


sin  hot  +  4) 


(5) 
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FIGURE  5b.  Maqnitude  of  dynamic  pressure  resjjonsp  at 
it  -  1 .  deq . 


They  are  functions  of  reduced  frequency  K  and 
location  X/C.  They  can  be  obtained  either  from 
experimental  measurements  or  theoretical  calculations. 
In  the  following  study,  Giesing's  program  will  be 
used  to  compute  those  variables.  In  our  oscillating 
tests,  the  mean  foil  angle  was  always  maintained  at 


-  3.; 


The  typo  of  cavitation  observed  in  our 
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TABLE  la  -  MEASURED  DYNAMIC  PRESSURE  RESPONSE  AT  PITCH  AMPLITUDE  Or,  -  0.5  DEC. 


x/c 

•  0.25 

x/c 

-  0.10 

x/c  ■ 

0.033 

Run 

Number 

V 

f 

K 

4 

PCpu!'* 

4 

PCpuPo, 

4 

1  “  ^pu )  'Oj 

a/ a 

HZ 

xlO"6 

Deg 

Per  Radian 

D2g 

Per  Radian 

Deg 

Per  Radian 

7002 

4.88 

5.5 

.  846 

1.2 

43.4 

3.48 

7.1 

5.58 

-3.1 

9,92 

7006 

4.88 

10. 0 

1.539 

1.2 

77.7 

5.40 

31.2 

5.60 

7.0 

9.62 

7010 

4.88 

15.0 

2.305 

1.2 

95.7 

8.51 

48.3 

6.77 

15.5 

10.10 

7014 

6.71 

5.5 

.635 

1.7 

35.8 

3.07 

1.2 

5.69 

-6.4 

10,15 

7019 

6.71 

10. 0 

1.154 

1.7 

58.4 

4.13 

13.6 

5.72 

.1 

9.  72 

7024 

6.71 

15.0 

1.730 

1.7 

81.6 

6.59 

32.5 

6.21 

7.6 

10.32 

7029 

9.75 

5.5 

.423 

2.4 

18.3 

2.69 

-2.0 

4.74 

-11.5 

10.43 

7034 

9.75 

10.0 

.769 

2.4 

44.9 

3.34 

12.6 

4.79 

-7.1 

9.93 

7039 

9.75 

15.0 

1.153 

2.4 

62.2 

4.45 

24.8 

5.32 

-2.3 

10.21 

8002 

13.11 

5.5 

.317 

3.3 

5.7 

2.61 

-11.3 

5.89 

-15.1 

10.90 

8006 

13.11 

10. 0 

.576 

3.3 

29.5 

2.7' 

-3.2 

5-33 

-12.4 

10.10 

8010 

23.11 

15.0 

.865 

3.  ) 

48.5 

3.  .0 

6.4 

5.36 

-8.2 

10.19 

8029 

6.71 

4.0 

.462 

1.7 

24.9 

2.65 

-4.3 

5.60 

-9.2 

10.09 

8041 

9.75 

4.0 

.  308 

2.4 

7.1 

2.58 

-7.6 

4.78 

-13.3 

10.64 

8045 

13.11 

4.0 

.231 

3.3 

-2.5 

2.77 

-13.3 

5.86 

-15.8 

11.68 

8057 

14.94 

5.5 

.282 

«.7 

.7 

2.88 

-15.1 

6.62 

-16.6 

11.80 

1121 

11.58 

4.0 

,2b4 

-.9 

3.05 

-9-9 

4.54 

-15.0 

11.85 

1122 

11.58 

5.5 
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J.K 

10.5 

2.86 

-1.0 

4.44 

-13.3 

11.12 

1123 

11.68 

7.5 

.495 

’.8 

20.3 

2.91 

4.3 

4.44 

-11.6 

10.77 

1124 

11.58 

10. 0 

.660 

32.1 

3.03 

10.0 

4.53 

-9.5 

10.72 

1125 

11.68 

15.0 

.990 

2.  A 

52.3 

3.93 

24.0 

5.00 

-5.4 

10.69 

TABLE  lb 

-  MEASURED 

DYNAMIC 

PRESSURE  RESPONSE  AT 

PITCH 

AMPLITUDE  Or,  - 

1.0  DEC. 

x/c 

•  0.25 

x/c 

-  0.10 

x/c  • 

0.033 

Run 

Mtaaber 

V 

m/a 

f 

HZ 

K 

Rn 

xlO*6 

4 

Deg 

l;'cpol/Oi 

Per  Radian 

• 

Deg 

1  -V/c, 

Per  Radian 

4 

Deg 

l'cpu  Woo 

Per  Radian 

7007 

4.88 

5.5 

.846 

1.2 

42.4 

3.39 

10.5 

5.46 

-1-5 

9.66 

7007 

4.8  8 

10. 0 

1.579 

1.2 

71.1 

5.13 

28.5 

6.09 

7.4 

9.77 

7011 

4.88 

15.0 

2.705 

1.2 

93.6 

8.51 

47.0 

7.40 

16.0 

10.73 

7015 

6.71 

5.5 

.635 

1.7 

37.4 

3.04 

5-8 

5.28 

-5-3 

10.03 

7020 

6.71 

10-0 

1.154 

1.7 

62.8 

4.57 

23.6 

5.67 

2.0 

10.05 

7025 

6.71 

15-0 

1.730 

1.7 

79.5 

6.71 

38.8 

6-75 

8.6 

10.70 

7010 

9.  75 

5.5 

-423 

2.4 

20.7 

1.67 

-2.6 

5.26 

-10.4 

10.36 

7075 

9.  75 

10.0 

.769 

2.4 

44.9 

3.28 

9.5 

5.19 

-5.3 

9.91 

7040 

9.75 

15.0 

1.153 

2.4 

62.6 

4.64 

20.9 

5.76 

-.6 

10.41 

800  7 

17.11 

5.5 

.317 

7.3 

7.6 

2.64 

-9.5 

5.91 

-13-6 

11.03 

8007 

17.11 

10.0 

.576 

3.3 

30.9 

2.81 

-1.9 

5.45 

-10.2 

10.22 

8011 

17.11 

15.0 

.865 

3.3 

49.0 

3.63 

6.8 

5.65 

-6.9 

10.40 

8010 

6.71 

4.0 

.462 

1.7 

23.5 

2.69 

-1.1 

5.13 

-8.6 

10.07 

8042 

9. 75 

4.0 

.308 

2.4 

8.2 

2.59 

-7.9 

5.34 

-12.4 

10.72 

8046 

17.11 

4.0 

.231 

3.3 

-.8 

2.78 

-11.8 

6.13 

-14.2 

11.76 

8058 

14.94 

5.5 

.282 

3.7 

3.5 

2.90 

-U.8 

6.46 

-14.8 

11.96 

1017 

11.58 

4.0 

.264 

2.8 

-.3 

3.08 

-11.3 

5.76 

-13-9 

12.09 

1018 

11.58 

5.5 

.762 

2.8 

9.4 

3.03 

-6.3 

5.58 

-12,7 

11.83 

1019 

11.58 

7.5 

.497 

2.8 

21.7 

2.97 

.6 

5.22 

-10.5 

10.99 

1020 

11.58 

10.0 

.660 

2.8 

34.2 

3.33 

6.1 

5.40 

-9.0 

10.83 

1021 

11.58 

15.0 

.988 

2.8 

52.2 

4.15 

15.5 

5.69 

-4.9 

11.10 

TABLE 

Ic  -  MEASURED  DYNAMIC  PRESSURE  RESPONSE  AT 

PITCH  AMPLITUDE 

nr,  - 

1.5  DEC 

x/c  - 

0.25 

x/ c 

-  0.10 

x/c 

-  0.033 

Run 

Number 

V 

f 

K 

Rn 

4 

PCpJ/fti 

4 

lAcp0l"*i 

4 

PCpJ/w’. 

ml  s 

HZ 

xlO'6 

Deg 

Per  Radian 

Deg 

Per  Radian 

Deg 

Per  Radian 

70)1 

9.  75 

5.  5 

.423 

2.4 

21.0 

2.65 

-3.2 

5.50 

-10.0 

10.26 

70)6 

9.75 

10.0 

.769 

2.4 

46.5 

3.22 

8.3 

5.30 

-5.1 

9.76 

7041 

9.  75 

15.0 

1.153 

2.4 

62.3 

4.62 

19.0 

5.98 

-.2 

10.40 

8004 

13.11 

5 . 5 

.317 

).) 

9.0 

2.57 

-8.6 

5.72 

-13.0 

10.79 

8008 

n.  ii 

10.0 

.576 

3.) 

31.5 

2.78 

-1.0 

5.19 

-9.7 

10.19 

8012 

n.  li 

15.0 

.  R65 

).  ) 

50.2 

3.63 

8.4 

5.62 

-5.7 

10.35 

Or, 

-  2.0  DEC 

7004 

4.88 

5-5 

.846 

1.2 

46.7 

3.  36 

16.9 

4.93 

-.7 

9.34 

7008 

4.88 

10.0 

1.539 

1.2 

71.3 

5.14 

33.7 

6.01 

7.2 

9.76 

701? 

4.88 

18.0 

2.  305 

1.2 

90.7 

8.47 

49.0 

7.96 

16.0 

10.98 

7016 

6.71 

5-5 

.635 

1.7 

33.0 

3.01 

7.4 

5.06 

-4.9 

9.75 

7021 

6.71 

10. 0 

1.154 

1.7 

58.5 

4,16 

23.2 

5.59 

2.0 

9.83 

7026 

6.  7  1 

15-0 

l.  730 

1.7 

77.8 

6.  30 

36.4 

6.91 

8.7 

10.87 

7012 

9.  75 

5.8 

.423 

2.4 

19.4 

2.63 

-2.fi 

5.38 

-9.7 

9.99 

70)7 

9.75 

in.o 

.769 

7.4 

44.7 

3.18 

8.3 

5.30 

-5.0 

9.68 

7042 

9.  75 

15-0 

1.153 

2.4 

60.9 

4.42 

19.2 

5.92 

0.0 

10.26 

80)1 

6.71 

4.0 

.462 

1.7 

18.8 

2.70 

-.1 

4.86 

-8.3 

9.67 

8047 

13.11 

4.0 

.2)1 

).  ) 

2-0 

2.50  • 

-13.0 

8.35 

-16.5 

10.16 

Or, 

-2.5  DEC 

7017 

6.  71 

518 

.6)5 

1.7 

32.8 

2.89 

6.9 

4.91 

-4.8 

9.34 

7022 

6.  71 

10. 0 

1.154 

1.7 

57.7 

4.01 

21.6 

5.54 

1.6 

9.71 

70J7 

6.71 

18.0 

1.  7)0 

1.7 

77.9 

6.00 

36.4 

6.59 

8.8 

10.33 

NEGATIVE  PRESSURE  COEFFICIENT 
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*  IQ  15  20  25 

FREQUENCY.  HZ 


FIGURE  6.  Mean  pressure  coefficients  deduced  from 
oscillatinq  tests. 


tost  program  always  initiated  near  the  foil  leading 
edge. 

Let  (dCp/du)s  denote  the  static  pressure  gradient 
with  respect  to  foil  angle  at  a  given  location  on 
the  foil.  Similarly,  let  (dCp/di)u  denote  the 
dynamic  pressure  gradient  with  respect  to  foil  angle 
at  the  same  location  on  the  foil  with  the  reduced 
frequency,  K,  as  the  parameter.  To  simplify  the 
writing,  they  will  be  referred  to  as  the  "static" 
and  "dynamic"  angular  pressure  gradients  respectively 
Let  r  (k )  bo  the  ratio  of  dynamic  angular  pressure 
gradient  versus  static  angular  pressure  gradient 
at  a  given  location  on  the  foil,  namely 

UK)  =  (dC  / d  i)  /  (dC  /d  i)  (9) 

P  u  p  s 

This  ratio  \ (K)  and  the  phase  angle  for  several 
locations  and  reduced  frequencies  have  been  calcu¬ 
lated  and  are  given  in  Table  2.  The  static  angular 
pressure  gradient  (dC  /da)  at  a  given  location  is 
approximated  for  mean^foi  Wangles  of  3.3  to  4.3° 
since  leading  edge  cavitation  inception  typically 
occurred  within  this  range.  As  scon  in  Table  2, 
for  a  given  reduced  frequency,  the  amount  of 
reduction  in  dynamic  pressure  ratio  { \ )  remains 
almost  a  constant  value  in  the  range  of  0.004  < 

X/C  <  0.06  which  covers  the  foil  region  over  which 

leading-edge  cavitation  occurs.  Consequently,  if 
the  foil  is  oscillated  around  the  mean  foil  angle 
u0,  the  shape  of  the  pressure  distribution  in  the 
neighborhood  of  the  suction  peak  and  the  peak 
location  are  essentially  the  same  for  both  zero 


FIGURE  7.  static  pressure  distributions  at 
foil  angles  of  3.5  and  3.25  deg. 


• 
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0.05 


-7  47 
10. 18 
.<>0 


0  -7.46 

'■V  28-°J 

?  .91 


0  -7.44 

iXpu-O,  i4'28 

'  .91 


-7.41 

20.72 


U 

15.28 

.91 


TABLE  2  -  THEORETICALLY  CALCULATED  DYNAMIC  PRESSURE 
RESPONSE  AT  VARIOUS  (x/c)  LOCATIONS 

REDUCED  FREQUENCY,  K 

0.1  0.1  0.5  0.75  1.0  1.5 

dc 

At  x/c  -  0.0046,  (-rtf'  '  33.52 
d  <t  a 

-10.51  -11.25  -9.51  -7.91  -6.97  -6.26 

28.10  22.41  21.87  20.97  20.57  20.27 

.84  .67  .65  .61  .61  .61 

dc 

At  x/c  -  0.0071,  -  10.25 

dQ8 

-10.51  -11.11  -9.25  -7.45  -6.32  -5.26 

26.09  21.72  20.28  19.44  19.06  18.77 

.86  .72  .67  .65  .63  .62 

dc 

At  x/c  -  0.0117,  "  28.59 

10.88  -8.78  -6.66  -5.22  -3.56 

18.78  17.51  16.77  16.44  16.19 

.70  .66  .63  .62  .61 

dc 

At  x/c  -  0.018,  (j-£)  -  23.0 
-10.38  -10.51  -8.08  -5.48  -1.58  -1.02 

19.27  15.99  14.89  14.25  11.96  13.75 

.83  .70  .65  .62  .61  .60 

dc 

At  x/c  -  0. 026, (j-jl #  -  19.65 

-7.19  -4.01  -1.52  +2.15 

12.67  12.12  11.88  11.71 

.65  .62  .61  .60 

dc 

At  x/c  -  0.015.  (  .  £)  -  16.79 

d  a  s 

•10.16  -9.51  -6.10  -2.22  ♦  -  96  <-5.96 

14.19  11.72  10.81  •  10.40  10.20  10.09 

.85  .70  .65  .62  .61  .60 


10.28  -10.08 

16.47  11.61 

.84  .69 


10.46 

22.59 

.85 


dc 

At  x/c  -  0.058,  Ij-^l^  •  12.78 

-9.84  -8.10  -1.11  ♦2.11  ♦7.21  ♦IS. 41 

10.84  8.89  8.21  7.88  7.78  7.81 

.85  .69  .65  .61  .61 


2.0 

-5.96 

20.19 

.60 


-4.61 
18.68 
•  62 


16.10 


♦1.11 
13-67 
•  60 


♦  5.40 


11.68 

.60 


♦10.51 

10.11 

.60 


♦22.84 

8.O5 

.61 


and  nonzero  reduced  f  requencios- .  This  is  an 
important  conclusion  which  will  bo  utilized  later 
in  the  analytical  prediction  of  cavitation  inception. 

Wo  will  now  proceed  to  develop  a  criterion  to 
dofino  the  unsteady  leading  edge  cavitation  inception. 
Lot  denote  the  cavitation  inception  angle 

measured  in  a  stationary  tost  for  given  values  of 
and  Rn .  As  an  example,  at  a  cavitation  number  of 
:  -  1.15  and  Rn  =  3  y  101‘ ,  cavitation  inception 
occurred  experimental  ly  at  *js  -  3,r*°.  Tin-  corre¬ 
sponding  pressure  distribution  calculated  using 
potential  flow  theory  is  given  in  Figure  7  with  a 
suction  peak  appearing  at  around  1.6  percent  chord 
aft  of  the  leading  edge.  Lot  CpSmin  (  gs)  denote 
the  minimum  value  of  the  static  pressure  coefficient 
t'ps »  the  foil  angle  i  -  It  has  been 

generally  assumed  that  cavitation  inception  occurs 
when  “Cpsmin  (  lis^  =  " •  Obviously,  this  simple 


relationship  is  not  realized  in  the  present  test 
results  (See  Figure  7) .  This  kind  of  discrepancy 
in  applying  the  above  scaling  law  for  cavitation 
inception  is  a  classic  problem  and  has  been  exten¬ 
sively  discussed  in  the  literature  [for  example  see 
Morgan  and  Peterson  (1977)  and  Acosta  and  Parkin 
(1975) ] . 

One  of  the  possible  reasons  for  this  discrepancy 
is  that  a  finite  amount  of  time  is  required  for 
nuclei  to  grow.  Thus,  cavitation  inception  will 
depend  not  only  on  the  magnitude  of  the  suction 
pressure  peak,  but  it  will  also  depend  on  the  shape 
of  the  pressure  distribution  in  the  neighborhood 
of  the  suction  peak  and  the  peak  location.  Since, 
as  shown  previously,  these  two  features  of  the 
pressure  distribution  are  essentially  the  same  for 
zero  and  nonzero  reduced  frequencies  of  interest 
here,  it  will  be  assumed  that  the  amount  of  time 
required  for  nuclei  to  grow  is  approximately  the 
same  for  both  a  stationary  and  oscillating  foil. 
Consequently,  it  is  assumed  that  cavitation  incep¬ 
tion  occurs  on  the  foil  at  nonzero  reduced 
frequencies  when  the  magnitude  of  -Cpsmin  (c*is)  is 
encountered  during  the  foil  oscillation,  for  given 
values  of  0  and  Rn. 

An  analytical  method  will  now  be  developed  to 
predict  leading  edge  cavitation  inception  on  a 
oscillating  foil  based  on  inception  measurements 
made  on  a  stationary  foil.  Let  ACp  be  given  by 


AC 

P 


|c 


Psmin 


(a.  ) 


is 


C 

psmin 


(a0> 


(10) 


whore  Cpsmjn  (  x  ,)  denotes  the  minimum  value  of  the 
static  pressure  coefficient  at  a  =  u0  and  CpSmjn  ( "» i s ) 
is  the  minimum  static  pressure  coefficient  at  the 
cavitation  inception  angle  »^s.  According  to  our 
assumption,  unsteady  cavitation  occurs  when  the 
difference  in  the  static  loading  ACp  between  i^s 
and  ■».,  is  produced  by  the  dynamic  loading  at  some 
instant  of  time  t^.  Thus,  unsteady  cavitation 
occurs  if 

i  C  (t.)  I  =  ACP  (11) 

pu  1  P 

whore  lcpU(tj)|  is  the  magnitude  of  the  dynamic 
pressure  response  at  time  t.  =  tj  .  If  the  value  of 
‘is  _  1  i-s  small  it  follows  from  Eqs.  (5)  and  (11) 
that 


■i]  (dc  /da)  sin  (wt .  +  <?)  *  ('* .  -  »  )  (dC  /d  >) 

p  u  1  is  J  p  s 

(12) 

where  t^  corresponds  to  that  instant  of  time  at 
which  Eq.  (11)  is  satisfied.  Small-amplitude 
motion  has  been  assumed.  The  static  angular 
pressure  gradient  is  to  be  evaluated  at  the  location 
of  the  suction  peak  corresponding  to  the  steady 
condition  i  =  a  .  The  unsteady  inception  angle  cx^u 
for  a  given  reduced  frequency  K  is  obtained  from 
Eqs .  ( 1 )  and  ( 12) . 


x .  =  i  +  ( a .  -  !\  ) 


cos  ft 


is  o 


-  i,  sin 4  \J  1  -  (  1&-  ~ — -)  ,  (ui  /  0)  (13) 


As  a  consequence  of  Eq.  (12),  no  singularity  is 
expected  inside  the  square  root.  Due  to  the 
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unsteady  effect  the  inception  angle  iju  is  generally 

different  from  it.  .  Let  .Vi  be 
vs 

.Vi  -  .1.  -  u.  (14) 

1U  is 

which  can  be  used  to  measure  the  magnitude  of  the 
unsteady  effect.  From  Eq.  (13),  it  follows,  that. 

Ait  -■■<».  -  i  )  (  Cy^-  -  1) 

is  .  >  f . 


(■M  *  0) 

For  t.hf  ca.se  where  the  |>!uisr  angle  ;  is  small  at 
t i t » '  locution  of  inception,  we  have 


(lb) 

A 1 though  a  ■  mall  |  base  ai'.-jl*  ,  approximation  is 
not  required,  it  is  useful  t<>  main  this  approx i- 
mutioi:  for  t  he  s.ak*  of  d  i  sous*-,  inq  the  implications 
of  K  .  (  PO  .  TL»-  first  t'-rm  on  tile  right-hand  side 

r<!  i ;  *  s  the  •  ff-st  of  tie  ratio  of  dynamic  to 

•  tatis  angular  jj*s.;ur.-  <ii.idi.nt-.  (K)  on  unst<*adv 
..Mvit.it  !..f;  in  ••  •:  t  i on .  The  second  term  represents 
tie-  eff.-ct  of  }  huse  angle,  amp  1  i  t  ud.e  of  os  o  i  1  1  a  t  i  on  , 
and.  tiie  ratio  of  pr.-ssure  gradients,  on  cavitation 


FIGURE  8.  Measured  cavitation- inception  angles  for 
test  runs  1205  to  1208,  x j  -  2.8  deg. 


inception.  lor  example,  as  seen  in  Figure  4  the 
Phase  angles  of  dynamic  pressure*  response  at  the 
leading  edge  lag  behind  the  foil  angle  (negative  ?) 
for  values  of  K  less  than  1.0  at  X/C  -  0.033.  Due 
to  this  phase  lag,  the  occurrence  of  unsteady  cavi¬ 
tation  inception  is  further  delayed.  Contributing 


TABLE  3  -  EXPERIMENTAL  RESULTS  ON  UNSTEADY 
CAVITATION- INCEPT ION  ANCLES,  «lu 


Run 

V 

f 

K 

nr 

is 

or 

iu 

No. 

m/  s 

H7- 

xlO"6 

Deg 

Deg 

Deg 

1205 

9.  75 

4.0 

2.4 

.307 

1.35 

2.8 

4.3 

5.2« 

1206 

9.75 

5.5 

2.4 

.423 

1.35 

2.8 

4.3 

5.28 

1207 

9.75 

7.5 

2.4 

.577 

1.35 

2.8 

4.3 

5.26 

1208 

9.75 

10.0 

2.4 

.768 

1.35 

2.8 

4.3 

5.28 

1301 

11.49 

4.0 

2.8 

.264 

1.13 

.95 

3.5 

3.94 

1302 

11.49 

5.5 

2.8 

.362 

1.13 

.95 

3.5 

3.94 

1303 

11.49 

7.5 

2.8 

.494 

1.13 

.95 

3.5 

3.94 

1304 

11.49 

10.0 

2.8 

.659 

1.13 

.95 

3.5 

3.94 

1305 

11.49 

15.0 

2.8 

.988 

1.13 

.95 

3.5 

3.94 

1306 

11.49 

25.0 

2.8 

1.646 

1.13 

.95 

3.5 

3.71  -3.94 

1307 

14.78 

4.0 

3.7 

.205 

1.12 

1.00 

3.5 

3.71  ~3.94 

1308 

14.78 

5.5 

3.7 

.282 

1.12 

1.00 

3.5 

3.71 

1309 

14.78 

7.5 

3.7 

.384 

1.12 

1.00 

3.5 

3.94 

1310 

14.78 

10.0 

3.7 

.512 

1.12 

1.00 

3.5 

3.94 

HOI 

11.49 

4.0 

2.8 

.264 

1.13 

1.55 

3.5 

3.90  -4.20 

1402 

11.49 

5.5 

2.8 

.362 

1.13 

1.55 

3.5 

3.90  -4.20 

1403 

11.49 

7.5 

2.8 

.494 

1.13 

1.55 

3.5 

4.20 

1  404 

11.49 

10.0 

2.8 

.659 

1.13 

1.55 

3.5 

4.  20 

1405 

11.49 

15.0 

2.8 

.987 

1.13 

1.55 

3.5 

4.20 

1406 

11.49 

25.0 

2.8 

1.646 

1.13 

1.55 

3.5 

3.60  ~  3.90 

1407 

14.78 

4.0 

3.7 

.205 

1.14 

1.55 

3.5 

3.90 

1408 

14.78 

5.5 

3.7 

.282 

1.14 

1.55 

3.5 

4.20 

1409 

14.78 

7.5 

3.7 

.  384 

1.14 

1.55 

3.5 

4.20 

1410 

14.78 

10.0 

3.7 

.513 

1.14 

1.55 

3.5 

3.90 

1501 

16.42 

4.0 

4.1 

.185 

1.15 

.95 

3.5 

3.71 

1502 

16.42 

5.5 

4.1 

.255 

1.15 

.95 

3.5 

3.71 

1503 

16.42 

7.5 

4.1 

.  347 

1.15 

.95 

3.5 

3.71 

1504 

16.42 

10.0 

4.1 

.467 

1.15 

.95 

3.5 

3.94 

lc  05 

16.42 

15.  V 

4.1 

.694 

1.15 

.95 

3.5 

3.71 

1506 

16.4'’ 

25.  *3 

4.1 

1.157 

1.15 

.95 

3.5 

3.71~  3.94 
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TABLE  4  -  THEORETICAL  CALCULATION  OF  AND  C*lu  FOR  TEST  SERIES 
1205  TO  1208  AT  x/c  =  0.018 


K 

i 

P 

aa 

“lu 

NOTE: 

DEC 

DEG 

DEG 

0.05 

-7.41 

.91 

.42 

4.72 

« 

4.30 

DEG 

0.1 

-10.38 

.83 

.64 

4.94 

is 

0.3 

-10.53 

.70 

.86 

5.16 

Qq  • 

3.25 

DEG 

0.5 

-8.08 

.65 

.87 

5.17 

0.75 

-5.48 

.62 

.85 

5.15 

<*l  - 

2.80 

DEG 

1.0 

-3.58 

.61 

.83 

5.13 

1.5 

-1.02 

.60 

.74 

5.04 

2.0 

+1.13 

.60 

.66 

.  4.96 

to  the  inception  delay  is  the  oscillation  amplitude 
.i] .  It  is  noted  that,  the  effect  of  oscillation 
amplitude  on  inception  angle  is  strongly  coupled 
witli  the  phase  angle.  Thus,  there  will  be  no  effect 
of  n  on  inception  if  there  is  no  phase  shift.  This 
is  a  consequence  of  the  small  oscillation  amplitude 
assumption.  As  the  reduced  frequency  K  approaches 
zero,  ■•',‘■1  and  i  *0,  and  the  steady-state  inception 
angle  (A t  -0)  is  recovered. 


Experimental  Results 

The  range  of  Reynolds  numbers  covered  in  the  cavita¬ 
tion  tests  was  2.4  to  4.1  10 h.  Because  it  is 

shown  in  Acosta  and  Parkin  (1975)  and  Huang  and 
Peterson  (1976)  that  the  existence  of  laminar 
separation  may  trigger  premature  cavitation  in 
model  tests,  the  boundary  layer  characteristics  on 
the  foil  under  stationary  conditions  were  calculated. 
Within  the  Reynolds  number  range  of  the  test  program, 
the  occurrence  of  laminar  separation  around  the 
leading  edge  was  not  predicted.  Flow  visualization 
with  dye  injection  supported  this  conclusion.  The 
unsteady  effect  of  foil  oscillations  on  the  boundary 
layer  characteristics  was  not  included  in  the 
calculation . 

In  order  to  simulate  prototype  viscous  effects 
as  closely  as  possible,  the  model  was  tested  at 
high  tunnel  speeds  (11.5  to  16.4  m/s).  For  a 
given  body  shape  the  laminar  boundary  layer  thick¬ 
ness  based  on  chord  length  decreases  approximately 
as,  (Rji)_j.  The  effect  of  surface  roughness  on  flow 
character i s t ics  becomes  more  important  at  higher 
Reynolds  number.  This  roughness  effect  was  found 
in  the  present  model  tests  with  cavitation  appearing 
prematurely  in  a  few  "weak"  spots  oven  though  the 
surface  was  highly  polished.  This  caused  some 
difficulty  in  determining  accurate  values  of 


cavitation  inception  angle.  The  relative  importance 
of  this  uncertainty  was  minimized  by  applying  the 
same  cavitation  inception  criteria  to  both  the 
steady  and  unsteady  test  results. 

Six  scries  of  oscillating  foil  tests  were  carried 
out.  The  test  conditions  and  the  test  results  are 
given  in  Table  3.  Only  30  pictures  were  taken  to 
cover  one  and  1/5  cycles  of  oscillating  motion, 
and  thus  the  anqle  at  which  inception  occurred  can 
only  be  related  to  two  successive  pictures.  There¬ 
fore,  in  some  cases,  the  inception  angle  is  given 
in  terms  of  a  small  range  of  angles  instead  of  a 
single  value. 

The  test  results  from  runs  1205  to  1208  are 
shown  in  Figure  8.  In  these  cases,  the  foil  was 
oscillated  around  a  mean  angle  t. ,  =  3.25°  with  a 


FTGURE  9.  Measured  cavi tation- incept ion  anqles  for 
runs  1401  to  1410. 


TABLE  5  -  THEORETICAL  CALCULATION  OF  bet  AND  Of  FOR  TEST  SERIES 
1401  TO  1410  AT  x/c  -  0.01b 
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TABLE  6  *  THEORETICAL  CALCULATION  OF  Att  AND 
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FIGURE  10,  Measured  cavitation-inception  anqles  for 
runs  1301  to  1310  and  1501  to  1506. 


pitch  amplitude  of  a0  =  2.8°  and  cavitation  number 
•i  -  1.35.  Tlie  measured  cavitation  inception  angle 
at  the  stationary  condition  was  =  4.3°.  Within 

the  range  of  reduced  frequency  0.3  s  K  £  0.77,  the 
measured  unsteady  cavitation  inception  angles  were 
liu  "  That  is,  a  significant  delay  of 

cavitation  inception  was  observed  at  nonzero 
reduced  frequencies.  The  unsteady  inception  anqles 
computed  from  Eq.  (15)  will  now  be  examined.  A 
previous  discussion  indicates  that  the  suction 
pressure  peak  with  the  foil  in  oscillation  is 
located  at  essentially  the  same  X/C  position  as  the 
suction  peak  corresponding  to  the  steady  condition 


a  =  a0.  As  seen  in  Figure  7,  the  steady  suction 
peak  occurs  at  a  location  near  X/C  =  0.018.  The 
predicted  results  based  on  Eq.  (15)  for  the  unsteady 
cavitation  inception  are  given  in  Table  4  and  plotted 
in  Figure  8  along  with  the  experimental  data.  The 
phase  angle  ,  and  the  ratio  of  dynamic  to  static 
angular  pressure  gradients,  f, ,  used  in  the  predic¬ 
tion  were  calculated  with  Gcising's  computer  program. 
Reasonably  good  agreement  between  theoretical  calcu¬ 
lations  and  experimental  measurements  is  observed. 

The  test  results  from  runs  1401  to  1406  and  runs 
1407  to  1410  are  given  in  Table  3  and  plotted  in 
Figure  9.  In  these  cases,  the  foil  was  oscillated 
around  a0  =  3.25°  with  a  pitch  amplitude  of  - 
1.55°  and  cavitation  number  of  o  =  1.14.  The 
measured  cavitation  inception  angle  at  the  stationary 
condition  is  =  3.5°.  The  measured  unsteady 
inception  angles  vary  from  ctiu  =  3.9  to  4.2°  between 
K  =  0.2  to  1.0  and  a±u  -  3.6  to  3.9°  at  K  =  1.65. 

Tlie  theoretical  results  obtained  from  Eq.  (15)  are 
given  in  Table  5  and  plotted  in  Figure  9.  Once 
again,  a  significant  delay  in  cavitation  inception 
is  observed  experimentally  and  predicted  theoret¬ 
ically  at  nonzero  reduced  frequencies.  Tile  agree¬ 
ment  is  fair.  Part  of  the  discrepancy  between  theory 
and  experiment  may  be  due  to  the  lack  of  accurate 
resolution  in  measuring  foil  angles,  since  only 
30  pictures  were  taken  to  simulate  1  and  1/5  cycles 
of  foil  oscillation.  The  phase  angle  $  is  seen  to 
change  the  sign  from  negative  to  positive  values 
at  K  above  1.5.  Consequently,  at  high  values  of 
reduced  frequencies  the  amount  of  reduction  in 
cavitation  inception  delay  is  reduced.  This  trend 
is  observed  experimentally  and  predicted  theoret¬ 
ically  . 

The  test  results  from  runs  1301  to  1306,  1307 
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FIGURE  II.  Measured  cavitation-inception  angles  by 
Miyata  (1972) . 


to  1310  and  1501  to  1506  are  given  in  Table  3  and 
plotted  in  Figure  10.  The  foil  was  oscillated 
around  uQ  =  3.25°  with  a  pitch  amplitude  of  uj  = 

0.95°  and  cavitation  number  o  =  1.12  to  1.15.  The 
measured  cavitation  inception  angle  at  the  stationary 
condition  is  x^s  =  3.5°.  The  measured  maximum 
steady  inception  angles  are  Uj_u  =  3.70  to  3.93°. 

Once  again,  a  significant  delay  in  cavitation 
inception  at  nonzero  reduced  frequencies  is  mea¬ 
sured.  'Hie  theoretical  calculations  based  on  Eq.  (15) 
are  given  in  Table  6  and  plotted  in  Figure  10.  The 
agreement  is  reasonably  good. 

In  order  to  provide  an  insight  into  the  effect 
of  on  cavitation  delay,  a  theoretical  example 
is  computed  in  Table  7  and  plotted  in  Figure  8. 

The  foil  is  assumed  to  pitch  around  ctQ  =  3.25°  with 
an  amplitude  of  uj  -  6.0°.  The  stationary  cavita¬ 
tion  inception  angle  is  assumed  to  be  =  4.3°. 

It  is  seen  in  Figure  8  that  a  significant  delay  in 
cavitation  inception  can  be  expected  if  the  pitch 
amplitude  is  increased.  This  trend  is  also  observed 
experimentally  by  comparing  Figures  9  and  10. 

A  two-dimensional  foil  undergoing  pitch  oscil¬ 
lations  around  an  axis  located  at  mid-chord  was 
tested  by  Miyata  et  al.  (1972).  Two  of  the  typical 
test  results  are  produced  in  Figure  11  for  com¬ 
parison.  For  the  data  shown  the  foil  was  oscillated 
with  a  pitch  amplitude  of  '*i  =  6.0°.  As  expected 
(See  Figure  8)  a  significant  increase  in  the  angle 
of  cavitation  inception  is  noticed  for  0  <  K  <  1.2. 

For  the  second  set  of  data  shown  in  Figure  11,  the 
foil  was  oscillated  with  a  pitch  amplitude  of 
tj  -  3.0°.  A  similarity  between  Figure  8  and 
Figure  11  is  noticed.  Although  the  foil  shapes  and 
the  locations  of  pitch  axes  are  different  between 
Miyata*. s  experiments  and  ours,  the  effect  of 
unsteadiness  on  cavitation  inception  is  similar  for 
two  modi' 1  tests.  A  similar  trend  is  also  noticed 
in  Radhi's  experiments  (1975). 

In  the  review  papers  by  Acosta  and  Parkin  (1975) 
and  Huang  and  Peterson  (1976) ,  one  is  clearly 
reminded  that  even  under  steady  conditions  the 
cavitation  inception  process  is  extremely  complex. 


The  theoretical  prediction  of  cavitation  inception 
angle  under  steady  conditions  is  still  very  difficult. 
However,  if  the  steady-state  inception  angle  a^s  is 
known  from  model  tests,  the  effect  of  unsteadiness 
on  cavitation  inception  may  be  estimated  reasonably 
well  by  Eq.  (15) .  Further  investigations  are 
needed  to  explore  discrepancies  between  theory  and 
experiment  and  the  applicability  of  Eq.  (15)  to 
different  foil  shapes  and  for  pitch  axis  different 
from  the  ones  examined  here. 


5.  LEADING  EDGE  SHEET  CAVITY  INSTABILITY 

Wu  (1972)  has  provided  a  very  useful  review  of  the 
physics  of  cavity  and  wake  flows  which  may  help  to 
explain  the  observations  of  the  present  experiment. 
The  essence  of  his  description,  applicable  to  the 
partial  cavity  condition,  is  that  the  free  shear 
layer  enveloping  the  cavity  is  unstable.  The  cavity 
occupies  a  portion  of  what  can  be  referred  to  as 
the  wake  bubble  or  near  wake,  physically  delineated 
in  steady  flow  by  a  dividing  streamline  that  is 
characterized  by  a  constant  or  nearly  constant 
pressure.  For  the  condition  where  the  cavity  within 
the  near  wake  is  unsteady,  the  region  is,  strictly 
speaking,  not  defined  by  a  streamline  but  by  a 
material  line  which  is  difficult  to  observe  experi¬ 
mentally.  Because  of  this  difficulty,  we  will 
initially  assume  that  a  quasisteady  approximation 
is  valid.  When  the  cavity  is  just  beyond  the 
inception  condition,  its  surface  should  be  smooth 
as  would  be  expected  with  a  laminar  shear  layer. 

As  the  cavity  grows  in  length  the  free  shear  layer 
would  tend  to  become  unstable.  Transition  from  a 
laminar  to  turbulent  shear  layer  initially  takes 
plate  at  the  downstream  end  of  the  near-wake.  A 
further  extension  of  the  cavity  length  causes 
transition  to  gradually  move  upstream  along  the 
free  shear  layer  and  the  far-wake  becomes  irregular. 
This  is  comparable  to  the  bursting  of  a  short  laminar 
separation  bubble  in  a  single  phase  fluid.  With  a 
continued  increase  in  cavity  length,  transition 
can  begin  at  the  leading  edge  of  the  cavity. 

In  applying  here  the  general  features  of  the 
near-wake  outlined  by  Wu  (1972)  no  assumption  is 
made  as  to  whether  the  cavity  occupies  all  of  the 
near-wake  region  since  the  detailed  physics  of  the 
region  downstream  of  the  cavity  trailing  edge  are 
uncertain.  One  possibility  is  that  the  roll-up  of 
the  shear  layer  into  vortices  is  completed  at  the 
near-wake  closure  where  the  vortices  break  away. 

If  this  occurs,  it  is  reasonable  to  expect  a 
periodicity  in  this  shedding  process. 

The  variation  in  foil  pressure  at  the  Pj  location 
(see  Figure  1)  can  give  a  useful  insight  into  what 
is  happening  both  downstream  of  the  cavity  and 
within  the  cavity  when  the  foil  is  oscillaing  with 
a  pitch  amplitude  (aj)  of  1.55°.  Figure  12  shows 
an  oscillograph  record  of  the  pressure  variation 
P]  for  a  cavity  that  reaches  its  maximum  length 
downstream  of  the  gage  location.  (A)  is  the 
region  where  the  foil  surface  is  fully  wetted  and 
the  pressure  appears  to  follow  the  variation 
expected  as  the  angle  of  attack,  a,  is  varied.  At 
point  (B) ,  the  cavity  begins  to  cover  the  gage  and 
in  this  example  the  pressure  drops  from  the  fully 
wetted  pressure  of  31.7  kPa  to  the  cavity  pressure 
in  U.0U3  seconds.  The  cavity  pressure  remains 
constant,  except  for  several  pressure  spikes  (C)  of 
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millisecond  duration,  until  the  trailing  edge  of 
the  cavity  recedes  past  the  Pj  gage  (point  D) . 

The  absolute  magnitude  of  the  cavity  pressure 
could  not  bo  accurately  determined  from  those 
experiments  since  the  in  situ  pressure  gages  were 
not  calibrated  for  the  condition  of  a  gas/liquid 
interface  at  the  entrance  to  Helmholtz- type  chamber 
over  each  gage.  As  shown  in  Figure  12,  point  B, 
the  growing  cavity  does  not  appear  to  produce  large 
foil  surface  pressure  fluctuations  at  its  downstream 
edge.  However,  when  the  cavity  recedes,  (ie. ,  point 
D)  then  the  foil  surface  pressure  fluctuations  can 
be  comparable  to  the  magnitude  of  the  dynamic- 
pressure. 

Based  on  photographic  records  it  appears  that 
when  the  cavity  is  expanding,  its  trailing  edge  is 
disturbed  as  one  would  expect  if  the  shear  layer 
were  unstable  at  that  location.  Beginning  at  the 
cavity  trailing  edge  and  then  moving  forward,  the 
cavity  surface  becomes  highly  disturbed,  irregular, 
and  bubbles  are  introduced  into  the  shear  layer, 
just  as  one  would  expect  when  transition  in  the 
shear  layer  moves  forward.  The  cavity  pressure, 
as  measured  by  the  gages  P|  ,  P;>  and  P^,  remains 
constant  throughout  this  change  in  the  surface  of 
the  cavity. 

During  the  early  stages  of  sheet  cavity  growth, 
when  only  the;  cavity  trailing  edge  appears  disturbed, 
small  regions  of  bubbles  are  shed  from  the  sheet 
cavity  trailing  edge.  This  shedding  process  becomes 
more  accentuated  as  the  sheet  cavity  length  increases 
and  more  of  its  surface  becomes  disturbed.  High 
speed  movies  taken  at  9,300  frames  per  second 
clearly  show  the  highly  turbulent  characterist i cs 
originating  at  the  trailing  edge  of  the  sheet 
cavity  and  progressively  moving  upstream. 

The  sequence;  of  vapor  shedding  from  the  cavity 
trailing  edge,  as  determined  by  high  speed  movies 
taken  at  9,100  frames  per  second,  is  as  in  the 
sketches  of  Figure  13.  The*  photographs  of  Figure 
14  demonstrate  a  phase  in  the  vapor  bubble  sheddinq 
process  from  the  sheet  cavity  as  sketched  in  13c 
with  two  regions  of  shed  vapor  downst roam.  Tt 
should  be  noted  that  since  the  foil  surface  is 
very  smooth,  a  reflection  of  the  shed  vapor  is 
seen  in  the  side-  view;;.  Therefore  a  dashed  line 


has  been  added  to  Figure  14  to  indicate  the 
separation  of  the  vapor  and  its  reflected  image. 

This  shedding  process  is  periodic  and  for  the 
example  shown  in  Figure  14  the  shedding  frequency 
at  a  given  spanwise  location  is  nominally  700  hertz. 
The  view  shown  in  Figure  14  covers  nominally  the 
center  third  of  the  foil  span.  Visual  observations 
with  stroboscopic  lighting  indicate  that  the  leading 
edge  sheet  cavitation,  for  nonzero  values  of  K, 
typically  consists  of  a  series  of  3  dimensional 
cavities  across  the  span. 

In  Figure  15  the  top  view  shows  a  depression  in 
the  cavity  surface  (a)  just  above  P\  and  a  rise  in 
cavity  height  (b)  just  downstream  of  the  depression. 
At  this  instant  a  pressure  "spike”  is  detected  by 
Pj  (see  for  example  C  in  Figure  13) .  This  condition 
precedes  the  shedding  of  a  small  region  of  vapor 
bubbles  upstream  of  the  sheet  cavity  trailing  edge 
and  significantly  deforms  the  cavity  trailing  edge 
shape.  It  is  the  forerunner  of  the  condition  that 
will  be  referred  to  in  this  paper  as  "cloud"  cavita¬ 
tion.  It  is  interesting  to  note  that  after 
correlation-  of  over  600  photographs  of  the  leading 
edge  sheet  cavitation  with  the  pressure  gage  signal, 
the  pressure  "spike"  always  occurs  when  a  depression 
in  the  cavity  surface  exists  over  the  pressure  gage. 
The  converse,  however,  was  not  observed,  ie.,  the 
"spike"  can  occur  when  no  depression  was  discernable 
in  the  photographs.  These  "spikes"  can  occur  without 
any  significant  gross  change  in  the  observed 
character  of  the  sheet  cavity  surface  in  the  general 
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vicinity  of  a  pressure  qage.  Since  numerous  pressure 
"spikes"  can  occur  during  the  1  i  ft'  of  the  sheet 
cavity  it  appears  improbable  that  they  are  duo  to 
the  interaction  of  a  postulated  reentrant  jet  with 
the  sheet  cavity  surfaces  [Knapp  ot  al.  (1970)). 

These  "spikes"  frequently  have  amplitudes  which  are 
comparable  to  the  dynamic  pressure  and  certainly 
exceed  the  estimated  static  pressure  in  the  free 
shear  layer  over  tilt?  pressure  gage  location.  Quite 
possibly,  these  pressure  ".spikes"  are  due  to  the 
free  shear  layer  itself  since*  they  only  occur  when 
the  cavity  surface  indicates  a  turbulent  shear 
layer  is  present.  When  the  reduced  frequency  is 
high,  for  example  at  K  -  1.65,  the  fully  wetted 
pressure  variation  leads  the  foil  angle  by  68°  and 
then  no  pressure  "spikes'*  are  produced  at  the  pressure 
gage  location  a.s  can  be  seen  in  Figure  15.  At 
these  high  reduced  frequencies  the  ix?r iodic  shedding 


from  the  sheet  cavity  trailing  edge  downstream  of 
the  pressure  gage  is  still  observed. 

Hie  last  aspect  of  the  leading  edge  sheet  cavity 
instability  to  be  described  in  this  paper  is  that 
which  will  be  called  cloud  cavitation.  The  three 
principle  features  of  cloud  cavitation  for  K  >  0 
are  as  follows: 

(1)  A  large  surface  area  of  the  sheet  cavity 
becomes  highly  distorted  and  undergoes  a 
significant  increase  of  overall  cavity 
height  in  the  distorted  region,  (Figure  17) 

(2)  Once  this  distorted  region  begins  to 
separate  from  the  main  part  of  the  sheet 
cavity,  the  upstream  portion  of  the  sheet 
cavity  develops  a  smooth  surface  and  a 
reduced  thickness  (Figures  18  and  19) . 

(3)  The  trailing  edge  of  the  smooth  surfaced 
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region  t  on  moves  downstream,  becomes 
unstable  at  its  trailing  edge,  and  quickly 
develops  the  characteristic  appearance  of 
the  leading  edge  sheet  cavity  elsewhere 
along  the  span  (see  feature  a  in  Figure  20); 
or,  the  trailing  edge  of  the  smooth  portion 
of  the  sheet  cavity  moves  upstream  to  the 
foil  leading  edge  and  the  cavity  disappears 
(Figure  21).  In  Figure  21  a  dye  trace 
injected  at  the  foil  leading  edge  can  be  seen. 

When  the  foil  is;  stationary  (K=0)  cloud  cavita¬ 
tion  shedding  can  be  Very  periodic  as  can  be  soon 
in  Figure  22  which  shows  the  oscillograph  trace  of 
the  pressure  gage  rcsj>onse.  The  frequency  of 
shedding  for  the  condition  illustrated  in  Figure 


22  is  42  Hz  based  on  the  response  of  the  pressure 
gage  P] .  Figure  23  shows  a  photograph  of  the  type 
of  cavitation  that  produced  the  time  pressure  history 
of  Figure  22.  In  Figure  23,  (a)  is  a  cloud  just  in 
the  process  of  being  shed,  (b)  is  a  cloud  previously 
shed  at  a  nearby  spanwise  location,  and  (c)  is  a 
cloud  shed  earlier  at  the  same  location  as  (a) . 

The  cavities  did  not  shed  in  the  manner  of  the  two- 
dimensional  separation  which  typically  occurs  in 
sharp  leading  edge  foils  [Song  (1969) ,Besch  (1969), 
Wade  and  Acosta  (1965)].  Instead,  cavity  shedding 
was  highly  three-dimensional  and  more  or  less 
independent  of  the  sheet  cavity  instability  occur¬ 
ring  several  cavity  lengths  away  along  the  foil 
span.  However,  it  appears  that  for  the  trailing 
edge  shedding  and  the  cloud  cavitation  (at  least 
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IIGURE  18.  Cloud  cavity  sepa¬ 
ration  from  leadinq  edge  sheet 
cavity  (example  1) ,  K  =  0.99, 

=  11.5  m/s,  =  76.2  kPa, 
x  =  3.25  +  1.55  sin  at. 


for  K  ')  shedding  occurronco  alternated  between 
several  spanwise  locations.  Tli  is  is  clearly  scon 
i  n  F  i  qur»  .  1 . 

S<  vral  other  aspects  of  the  cavity  shedding 
1  w-  r«  apparent.  The  shed  vapor  had  an 

initial  gross  rotation  with  the  sum*-  direction  as 
oceur-  in  the  free  shear  layer.  This  was  evident 
from  t  lie  high  speed  movies  viewing  the  cavitation 
along  th»*  span  (ie.,  a  side  view),  and  can  also  be 
inferred  from  the  pulse  camera  photographs  taken 
from  the  same  view.  The  gross  volume-  of  the  shed 
vapor  hud  relatively  little  dispersion  prior  to  its 
collapse  but  frequently  developed  within  it  regions 
of  apparent  bubble  coabv.enoe  prior  to  collapse, 
as  cun  be  seen  in  figure?;  14  and  .’4. 

On  the  basis  of  th>-  tr«viously  d*«scrib*-d  de  f  i  n  i  - 
t  i  ■'  fi  of  clout!  cavitation,  its  orv-urT'-nc'  was 
determined  from  avui  lable  photographs.  Tin-  pn-sctu.v 
of  cloud  cavitation  as  a  funetion  of  the  ratio  of 


maximum  sheet  cavity  length,  C.m,  to  chord  length, 

C,  and  reduced  frequency  K  j.s  shown  in  Figure  25. 

The  data  used  to  define  the  condition  for  the 
occurrence  of  cloud  cavitation  were  all  taken  at 
nominally  the  same  value  of  a.  Figure  25  shows 
that  for  a  given  ( - m/c)  value,  cloud  cavitation 
can  occur  at  nonzero  K  values  whereas  none  would 
be  apparent  for  K  =  0.  For  example,  if  tost 
conditions  were  adjusted  such  that  Cm/c  =  0.36,  at 
0.3  •  K  •  0.4,  then  one  could  conclude  as  did  Ito 
( 1 1 1 7 6 )  that  there  was  a  "critical"  reduced  frequency 
associated  with  the  onset  of  cloud  cavitation. 

Figure  25  also  shows  two  curves  representative 
of  the  influence  of  the  value  of  \q  on  cloud  cavita¬ 
tion.  It  is  readily  apparent  from  the  data  in 
Figure  25  that  the  conditions  for  cloud  cavitation 
cannot  be  simulated  by  guas i -steady  experiments. 

As  shown  in  Figure  25,  cavity  length  is  strongly 
dependent  on  K,  If  the  angle  of  a  stationary  foil 
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w n:;  : ■  < •  t  to  the  maximum  angle  the  osci  1  lat inq  foil 
attained  (4..'!°  for  * \  ~  o.0r>  in  Figure  2r>)  ,  the* 
maximum  cavity  length  could  be  an  much  as  a  factor 
of  two  larger  than  for  finite-  values  of  K  (eg., 

K  -  1.2). 

The  data  {-lotted  in  Figure  26  show  that  within 
the  accuracy  of  the  experiments,  a  variation  in 
vo  1  oc  i  ty  f  rom  It .  5  to  16.4  m/s  f  •  roduc.v  *d  no  .signifi¬ 
cant  change  in  the  results  si  town  in  Figure1  2s  other 
than  that  expected  for  the  small  variation  in  ; 
that  occurred  between  tests.  It  appears  that  the 
parameter.;  of  K,  •,  and  tj  ,  are  sufficient  to 
correlate  all  of  the  j resent  data  with  the  presence 
o  f  c 1 oud  ca v i t a  fc i on . 


6.  CONCLUSIONS 

In  order  to  improv-  th*  phyOenl  understand ;  ng  >f 
the  cavitation  ino'f-t  ion  process  and  the  formation 


of  cloud  cavitation  on  marine  propellers,  a  large 
two-dimensional  hydrofoil  was  tested  in  the  DTNSRDC 
36-inch  Water  Tunnel  under  pitching  motion.  The 
foil  was  instrumented  with  pressure  transducers  to 
measure  the*  unsteady  surface  pressure  duo  to  foil 
oscillation,  and  photos  were  taken  to  correlate 
cavitation  inception  and  cavity  patterns. 

Prior  to  the  occurrence  of  cavitation  on  an 
oscillating  foil,  the  foil  is  in  a  fully  wetted 
condition.  Knowledge  of  the  pressure  distribution 
on  a  fully  wetted  foil  can  be  expected  to  provide 
useful  information  for  prediction  of  unsteady  cavi¬ 
tation.  Fully  wetted,  time  dependent,  experimental 
pressure  distributions  were  compared  with  results 
from  Closing's  method  for  calculating  unsteady 
potential  flow.  Good  correlation  between  the 
prediction  and  the  experimental  measurements  was 
obtained  for  both  dynamic  pressure  amplitudes  and 
phase  angles  within  the  range  of  reduced  frequencies 
investigated  (K  =  0.23  to  2.30).  This  good  corre- 
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FIGURE  22.  Surface  pressure 
fluctuations  for  K  =  0, 

11.5  m/s,  Px  =  76.2  kPa, 
3.25°. 
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I !  «s  FIGURE  23.  Alternate  spanwise 

cloud  cavitation  shedding  for 
K  =  0,  =  11.5  m/s,  P  =76.2 

kPa ,  a  =”3.25. 


lation  supports  MeCrosk^y's  conclusion  that  unsteady 
viscous  of foots  on  fully  wetted  oscillating  airfoils 
arc?  loss  important  than  unsteady  potential  flow 
effects,  if  the  boundary  layer  does  not  interact 
significantly  with  the  main  flow. 

Six  series  of  oscillating  foil  experiments  wen? 
carried  out  in  this  test  program  to  study  the 
leading  edge  sheet  cavity  growth  and  collapse. 

A  simplified  mathematical  model  was  developed  to 
explain  experimental  results  for  leading  edge  sheet 
cavitation  inception.  The  mathematical  model 
utilizes  Closing's  method  for  calculating  the 
unsteady  potential  flow.  A  significant  delay  in 
unsteady  cavitation  inception  was  both  predicted 
and  measured.  A  further  delay  in  cavitation 
inception  was  also  observed  and  predicted  with 
increasing  pitch  amplitude.  It  is  shown  that 
unsteady  cavitation  inception  is  a  function  of: 


(1)  the  ratio  of  dynamic  to  static  angular 
pressure  gradients 

{dC  /du)  /  (dC  / da) 
p  u  p  s 

and , 

(2)  the  phase  shift  between  the  foil  angle 
and  the  dynamic  pressure  response. 

Due  to  the  phase  lag  in  pressure  response  a  signifi¬ 
cant  delay  in  unsteady  cavitation  inception  is 
predicted  theoretically  and  observed  experimentally. 
Additionally,  the  angle  at  which  cavitation  inception 
occurs  increases  with  increasing  pitch  amplitude. 

This  effect  results  from  a  change  in  the  phase  angle. 

It  is  well  known  tha  even  in  a  stead  condition 
the  cavitation  inception  process  is  extremely  complex. 
The  theoretical  prediction  is  still  very  difficult. 


CAVITY  LENGTH 


i’TiiUKE  24.  Apparent  coales- 
;.’onct'  of  vapor  bubbles  within 


cloud  cavity;  K  = 
_  =  14.4  m/s ,  V . 
t'=  3.2r'"  ♦  l.f'c.' 


.''.24, 

-  124.1  k Ta, 
sin  ~t. 


FI  U’b.F  2r>.  Variation  in  cloud  cavitation  with  reduced  frequency  K  and  pitch  amplitude 
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FIGURE  26.  Influence  of  V#, 

V  ,  i , ,  and  K  on  cavity  length 
(  >'  m/c }  . 


Nevertheless,  if  the  inception  angle  iis  is  known 
from  the  steady  model  tests,  the  unsteady  effect 
on  cavitation  inception,  to  the  first  order,  may 
be  estimated  by  the  present  method.  Since  the 
present  tests  were  carried  out  with  only  one  foil 
shape  and  only  one  pitch  axis  location,  further 
experiments  are  required,  and  in  particular,  the 
range  of  variables  should  be  extended. 

Based  on  photographic:  observations  of  the  leading 
edge  sheet  cavitation  instabilities,  it  appears 
that  the  free  shear  layer  and  near-wake  stability 
•oncepts  reviewed  by  Wu  (1972)  give  a  reasonable 
qualitative  description  of  tin'  physical  process. 

The  inherent  instability  of  the  free  shear  layer 
and  associated  vortex  shedding  appear  to  provide* 
a  reasonable  model  for  the  breakup  of  a  sheet 
cavity.  However,  the  detailed  hydrodynamics 
associated  with  the  near-wake  closure  region  can 
still  only  be  postulated.  The  commonly  held  concept 
of  a  reentrant  jet,  Wu  (1972),  may  provide  a  reason¬ 
able  description  applicable  to  the  closure  of  the 
near-wake  region  during  the  actual  shedding  of 
vapor.  For  sheet  cavitation  extending  over  only  a 
portion  of  the  foil  chord  this  reentrant  jet  may 
not  actually  penetrate  the  cavity  itself  but  pene¬ 
trate  only  a  locally  separated  reqion  just  down¬ 
stream  of  the  sheet  cavity  trailing  edge.  In  any 
event,  the  presence  of  a  reentrant  jot  is  not 
required  to  explain  the  inherent,  instability  and 
breakup  of  the  sheet  cavity. 

For  the  conditions  of  the  experiments  reported 
here,  where*  the  gross  flow  is  nominally  two  dimen¬ 
sional,  the  cavity  instability  is  not  coherent  to  a 
significant  extent  along  the  foil  span.  In  other 


words,  the  cavity  instability  is  highly  three- 
dimensional  and  appears  to  be  principally  dependent 
on  conditions  in  the  immediate  upstream  free  shear 
layer  flow.  The  most  extreme  form  of  cavity  insta¬ 
bility  is  manifest  as  a  large  shed  cloud  of  vapor 
and  thus  referred  to  in  the  literature  as  "cloud" 
cavitation . 

Within  the  context  of  the  experimental  results 
reported  here,  the  principle  parameters  controlling 
the  formation  of  cloud  cavitation  are  reduced  fre¬ 
quency,  K,  cavitation  number,  o  and  foil  oscillation 
amplitude,  The  maximum  cavity  length,  (?m/c)' 

is  a  function  of  these  three  parameters.  However, 
it  has  been  shown  that  predictions  of  cm/c  at  finite 
reduced  frequencies  cannot  be  based  on  the  cavitation 
observations  at  zero  reduced  frequency.  With  e  con¬ 
stant,  the  results  show  that  it  is  possible  to  have 
no  cloud  cavitation  at  finite  reduced  frequencies  - 
even  though  it  was  present  on  a  stationary  foil  set 
to  the  maximum  unsteady  angle.  However,  if  the 
steady  foil  is  set  to  the  mean  angle  of  oscillation, 
t0,  and  no  cloud  cavitation  is  present,  then  it  is 
easily  shown  that  at  finite  reduced  frequencies 
cloud  cavitation  will  be  present.  Thus,  Ito’s  con¬ 
clusion  that  there  exists  a  "critical"  reduced  fre¬ 
quency  for  the  onset  of  cloud  cavitation  appears  to 
be  the  result  of  the  specific  chosen  values  of  the 
parameters,  K,  and  a  \  . 

The  implication  of  the  above  results  is  that  the 
prediction  of  the  occurrence  of  cloud  cavitation 
for  hydrofoils  in  waves  and  propellers  in  wakes  can¬ 
not  be  based  solely  on  the  performance  in  calm 
wat**r  or  uniform  flow. 
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Turbulent  Shear  Flow 
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ABSTRACT 

Conditions  and  positions  of  inception,  locations  of 
zones ,  and  as; vets  and  behaviors  of  bubble.;  and 
‘■avitios  of  cavitations  occurring  on  two  hydrofoils 
witii  the  profiles  of  Clark  Y  11.7  and  0-.  in  shear 
flows  and  a  uniform  flow  have-  been  observed  and 
measured,  and  correlated  witii  mea..ured  j -re-sure 
distributions  on  the  hydrofoils  and  turbulence 
levels  and  size  distributions  of  cavitation  nuclei 
in  free  streams. 

At  attack  anqles  small  for  tiu-  profile,  traveling 
cavitations  begin  near  positions  of  minimum  pressure 
and  at  cavitation  numbers  about  the  same  as  absolute 
values  of  minimum  pressure  coefficients,  irrespective 
of  flow  shears  in  free  streams  provided  local  values 
are  used .  Discrepancies  between  conditions  and 
positions  of  inceptions  and  pressure  coefficients 
and  their  distributions,  and  sizes  of  traveling 
bubbles  depend  on  qualities  of  free  streams. 

On  the  hydrofoil  with  the  Clark  Y  11.7  profile, 
a  traveling  bubble  in  a  zone  of  rising  pressure, 
deforms,  creating  a  projection  in  shear  flow,  or 
two  projections  iri  uniform  flow,  loaves  only  the 
projection  and  then  collapses.  On  the  hydrofoil 
with  profile,  a  traveling  bubble  collapses  after 
the  deformation  caused  by  the  instability  of  the 
bubble  surface.  On  both  hydrofils,  bubbles  collaps¬ 
ing  symiii  *  r  .cally  and  asymmetrically,  looking  like 
micro  jets  forming,  can  be  found. 

At  attack  angles  large  for  the  profile,  fixed 
cavitations  occur.  Conditions  and  positions  of 
inception  are  similar  to  those  of  traveling  cavita¬ 
tions.  In  the  boundary  layers  on  both  side  walls, 
fixed  cavitations  occur  at  relatively  large 
cavitation  numbers.,  possibly  equal  to  the  absolute 
values  of  local  minimum  pressure  coefficients,  and 
even  develop  beyond  the  boundary  layers.  Cavitation 
zones  on  the  low-speed  side  are  larger  than  those 
on  the  other  side,  and  those  occurring  in  the 
boundary  layers  of  uniform  free  streams  are  of  an 
into rmed i ate  si ze . 


At  attack  angles  intermediate  for  the  profile, 
fixed  and  traveling  cavitations  occur  at  the  same 
time  and  tend  to  become  fixed  only  on  the  Clark  Y 
11.7  jrofile.  On  the  J"  profile,  fixed  cavitations 
at  the  leading  edge  and  traveling  cavitations  at 
about  the  mid-chord  appear  at  the  same  time  in  shear 
flows,  but  only  fixed  cavitations  occur  and  develop  at 
the  Leading  edge  in  uniform  flows. 


1.  INTRODUCTION 

Many  researches  on  the  cavitation  character ist ics 
of  hydrofoil  profiles  have  boon  published,  and  the 
appearance,  the  degree,  and  the  effects  on  the 
hydrodynamic  behavior  of  hydrofoil  of  the  incipient 
and  developed  cavitations  occurring  on  hydrofoils 
have  been  discussed  by  Numachi  (1939,  1954),  Daily 
(1944,  1949),  and  Kermeen  (1956a,  1956b).  Recently, 
the  effects  of  the  behavior  of  boundary  layers  and 
the  turbulence  in  the  free  stream  on  the  inception 
and  development  of  cavitations  on  hydrofoils  were 
reported  by  Casey  (1974),  Numachi  (1975),  and  Blake 
et  al  .  (1977).  Although  they  have  been  concerned 

with  cavitation  occurring  on  hydrofoils  in  a  free 
stream  of  uniform  velocity,  actual  blades  of 
hydraulic  machines,  including  ships'  propellers, 
work  mostly  in  nonuniform  flow,  and  the  effect  of 
nonuniformity  might  have  to  be  examined  as  well. 

Investigations  on  cavitation  occurring  in  shear 
layers  have  been  made  by  Daily  and  Johnson  (1956) 
in  a  zone  of  wall  shear  turbulence,  by  Kermeen  and 
Parkin  (1957)  in  a  wake  behind  a  circular  plate 
and  by  Rouse  et  al.  (1950)  and  Rouse  (1953)  in 
submerged  jets.  But  research  concerning  the  cavita¬ 
tion  occurring  on  hydrofoils  laid  in  a  free  stream 
witii  a  shear  is  not  available  as  far  as  the  authors 
are  aware. 

The  present  report  is  intended  to  clarify  the 
influence  of  the  spanwise  shear,  uniform  in  the 
core  and  the  accompaning  boundary'  layers  on  both 
sides  of  the  free  stream  and  its  turbulence  on  the 
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inception  and  development  of  cavitation  and  the 
aspect  and  behavior  of  cavitation  cavities  occurring 
on  two  hydrofoil  profiles  with  different  cavitation 
characteristics . 


2.  EXPERIMENTAL  APPARATUS  AND  METHODS 
High  Speed  Water  Tunnel 

The  water  tunnel  used  for  the  experiment  is  shown 
schematically  in  Figure  1.  The  tunnel  contains 
180m3  of  water.  The  water  is  circulated  by  the 
centrifugal  pump,  P,  whose  revolution  is  controllable. 
Bubbles  generated  in  the  measuring  section,  the 
duct,  and  the  pump  mainly  disappear  in  the  reservior 
T.  In  the  reservoir  the  water  first  flows  upward 
to  the  free  surface  at  the  top  of  the  reservoir, 
and  then  down  very  slowly  through  an  area  of  20m‘ 
to  the  bottom.  Two  spaces,  one  at  the  entrance 
corner  of  T  and  the  other  at  the  top  of  the  tunnel, 
separate  bubbles  from  the  water  and  continuously 
remove  the  separated  air.  The  water  sucked  up  from 
the  bottom  of  T  turns  to  the  horizontal  direction 
through  corner  vanes,  and  enters  the  measuring 
section  through  the  honey  comb,  S,  made  of  synthetic- 
resin  pipes  of  26mm  u  ameter,  6mm  thick,  and  450mm 
long.  Then  it  flows  through  two  nozzles,  N1  and 
N2 ,  which  contract  the  cross  section  from  2100xi400mm2 
to  1500x1000mm2  and  to  1200x200mm2,  the  room  for 
installing  the  shear  grid,  and  the  nozzle  for 
contracting  the  cross  section  from  1200x200mm2  to 
610x200mm2.  The  contraction  ratio  is  24:1  in  all. 

The  water  flowing  out  of  the  measuring  section  flows 
through  the  diffuser  and  back  to  the  circulating 
pump  P. 

The  tunnel  pressure  is  controlled  by  introducing 
compressed  air  to  the  top  of  the  reservoir  or  by 


FIGURE  2.  Velocity  distribution  at  no  grid  condition. 


lowering  the  free  surface  led  from  the  top  of  the 
tunnel,  the  maximum  and  minimum  pressures  being 
48xl05  Pa  and  -0.8x10s  Pa.  The  flow  velocity  at 
the  measuring  section  is  controlled  from  the  measur¬ 
ing  station  by  controlling  the  speed  of  the 
circulating  pump  P. 


Measuring  Section 

The  measuring  section  has  a  cross  section  200mm 
wide  and  610mm  high  and  its  total  length  is  3000mm. 
The  first  upstream  1000mm  has  two  plexiglass  windows 
in  each  side,  and  upper  and  lower  wall.  In  this 
experiment,  the  hydrofoil  is  installed  through  two 
downstream-side  windows  in  both  side  walls.  Figure 
2  shows  the  spanwise  distributions  of  the  velocity 
and  the  static  pressure  at  the  position  of  the 
mid-chord  of  the  hydrofoil  in  the  case  of  no  grid. 
The  velocity  profile  is  almost  uniform  except  in 
the  10$  the  boundary  layers  on  both  side  walls. 

The  static  pressure,  expressed  as  the  difference 
from  that  at  the  side  wall,  is  constant  within  the 
accuracy  of  this  experiment. 


Hydrofoils 

Two  hydrofoils  have  been  prepared  for  the  experiment, 
each  of  which  has  100mm  chord  and  700mm  span.  Two 
profiles  have  been  selected;  one  is  Clark  Y  11.7 
and  the  other  08,  dimensions  of  which  are  shown  in 
Table  1.  The  former  is  selected  for  the  purpose  of 
examining  the  influence  of  the  behavior  of  the 
boundary  layer  on  the  hydrofoil  surfaces  on  the 
inception  and  development  of  cavitation  and  the 
aspects  of  cavitation  bubbles  or  cavities,  because 
it  has  a  round  nose  and  a  surface  pressure  distri¬ 
bution  rising  toward  the  trailing  edge.  The  latter 
is  selected  as  a  typical  profile  among  ones  designed 
by  Numachi  (1952)  for  high-speed  flows,  and  has  a 
sharp  leading  edge  and  comparatively  good  cavitation 
characteristics  for  its  simple  shape. 

The  hydrofoil  of  the  Clark  Y  11.7  profile  has 
14  and  13  piezometer  holes  of  0.4mm  diameter  on  the 
suction  and  pressure  surfaces  respectively,  and  one 
of  the  08  profile  has  13  and  13  piezometer  holes. 


Table  1 

Profile 

Forms  of 

Hydro  foils 

Clark  V 

'  11.7 

08 

X 

Y 

X 

Y 

Upper 

Lowe  r 

Uppe  r 

Lowe  r 

0.0 

3.50 

3.50 

0 .0 

0 .16 

0.16 

1  .  25 

5.45 

1.93 

1.25 

0 .35 

0.0 

2.5 

6.50 

1.47 

2 . 5 

0 .73 

0.0 

5  .  0 

7.90 

0.93 

5 .0 

1.47 

0.0 

7.5 

8 . 85 

0.63 

10.0 

2 . 79 

0.0 

10.0 

9.60 

0.42 

15.0 

3 .95 

0.0 

15.0 

10.68 

0.15 

20 .0 

5 .02 

0 .0 

20 .0 

11.36 

0.03 

30.0 

6  .62 

0 .0 

30.0 

11.70 

0.0 

50 .0 

8 .00 

0.0 

40.0 

11.40 

0.0 

70.0 

6.62 

0.0 

LP 

O 

o 

10.52 

0 .0 

80 .0 

5  .02 

0.0 

60 . 0 

9.15 

0.0 

90 .0 

2 . 79 

0.0 

70 .0 

7 .35 

0.0 

95  .0 

1.47 

0.0 

80 .0 

5.22 

0.0 

97.5 

0 .73 

0.0 

90.0 

2 . 80 

0.0 

98 . 75 

0 .35 

0.0 

100.0 

0.12 

0 . 0 

100.0 

0 .16 

0  .  16 
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Table  2 

Posi tions 

of  Piezometer  Holes 

Clark 

Y  11.7 

°8 

Uppe  r 

Lower 

Uppe  r 

Lowe  r 

X  % 

X  % 

X  % 

X  % 

1 

0 

1 

3  .0 

14 

3 .0 

2 

3.0 

15 

3 .0 

2 

6 .0 

15 

6.0 

3 

6 .0 

16 

6 .1 

3 

10.0 

16 

10.0 

4 

10.1 

1  7 

10.1 

4 

15 .0 

1  7 

15.0 

5 

15.1 

18 

14 .8 

5 

20 .0 

18 

20.0 

6 

20 . 1 

19 

20 . 1 

6 

30 .0 

19 

30.0 

7 

30 .0 

20 

30 .1 

7 

40.0 

20 

40.0 

8 

40.5 

21 

39 .9 

8 

50 .0 

21 

50.0 

9 

50 . 1 

22 

50 . 0 

9 

60.0 

22 

60.0 

10 

60.2 

23 

60.0 

10 

70 .0 

23 

70.0 

11 

70.4 

24 

69.8 

11 

80 .0 

24 

80.0 

1  2 

80 . 3 

25 

79 . 8 

12 

85  .0 

25 

85 .0 

13 

85  .0 

26 

84  .8 

1  3 

90.0 

26 

90.0 

14 

90 . 2 

27 

89.6 

2I,„56  7  8 

9  io 

"  i2i3M 

y 

6  7  8 

9  10 

"12  a 

1  N.,  ■ 

Via19  20  21 

22  23  24  25  27 

26 

14  16  18 
6  17 

19  20  21 

22  23 

as  are  shown  in  Table  2.  The  holes  are  inclined  to 
the  direction  of  the  free  streams  as  to  have  no 
influence  on  the  pressures  measurements  of  each  other. 
Pressures  are  measured  by  using  a  mercury-water 
manometer. 

For  measurements  of  pressure  distributions,  the 
hydrofoil  is  shifted  spanwise  so  as  to  allow  the 
piezometer  holes  to  cover  the  whole  200mm  span. 

For  observations  of  cavitations,  the  part  of  hydro¬ 
foil  having  no  piezometer  hole  is  used. 


Shear  Grids 

In  order  to  examine  the  influence  of  shear  flow, 
the  free  stream  at  the  measuring  section  has  been 
made  to  have  the  simplest  shear,  that  is,  uniform 
shear.  The  grids  for  creating  uniform  shear  flow 
are  composed  of  straight  rods  arranged  perpendicular 
to  the  free  stream  and  the  hydrofoil  span  with  non- 
uniform  spacings  calculated  by  using  the  theory  of 
Owen  and  Zienkiewicz  (1957).  The  spaces  near  both 
side  walls  were  modified  according  to  Liverey  and 
Turner,  (1964)  and  fldachi  and  Kato  (1973)  and  are 
shown  in  Table  3.  In  order  to  make  two  different 
free  streams  having  the  same  shear  but  different 
turbulence,  two  grids  were  made,  composed  of  rods 
with  different  diameters,  20mm  for  No.  1  and  15mm 
for  No.  2. 


TABLE  3  Rod  Spacings  of  Shear  Grids 


:)rld  No.  1 

Rod  Numb*1  r  1  2 _  3  4 


diritnnof  from  low-spi-cd 

sid*’  wall  (mm)  2<i.l  V).9  103.4  I S 3 .  .3 

orid  No.  2 

Rod  Numhot  _ _  2  3 _ 4 _ 5 

•ll’t.iricr,  from  1  nw-  ; ;  d 

,1.1.-  wall  (mm)  1  (■  .  81.5  118.4  101.2 


Hie  shear  grid  is  installed  at  a  position  1500mm 
upstream  from  the  mid-chord  of  hydrofoil,  where 
the  cross  section  of  the  duct  is  about  twice  as 
great  as  that  of  the  measuring  section  so  as  to 
keep  the  grid  free  from  cavitation. 

Measurement  of  Velocity  and  Static  Pressure  at  the 
Measuring  Section 

Spanwise  distributions  of  the  velocity  and  the  static 
pressure  are  measured  at  the  position  of  the  mid¬ 
chord  of  the  hydrofoil  in  the  absence  of  the 
hydrofoil,  by  using  a  Prandtl-type  Pitot  tube  of 
3mm  diameter.  They  corresponded  to  the  difference 
of  static  pressures  at  the  inlet  and  exit  of  the 
second  nozzle,  N2,  and  the  static  pressures  at  the 
exit  of  the  nozzle  and  the  position  530mm  upstream 
and  170mm  below  the  position  of  the  mid-chord  of 
hydrofoil . 

It  has  been  pointed  out  by  Lighthill  (1957)  that 
total  pressures  measured  by  using  a  Pitot-tube  in 
a  shear  flow  exhibit  larger  values  than  real  ones 
due  to  displacement  effects  of  a  Pitot-tube.  The 
displacement  thickness  of  the  boundary  layer  on 
the  Pitot-tube  used  in  this  experiment,  having  a 
ratio  of  outer  to  inner  diameters  of  0.6,  is 
calculated  as  about  0.54mm  by  use  of  the  empirical 
equation  presented  by  Yound  and  Mass  (1936)  and 
Macmillan  (1956).  The  error  in  this  experiment 
caused  by  the  displacement  thickness  is  the  order 
of  0.08mm/s  for  a  shear  factor  of  0.15  in  the  core 
of  the  shear  flow  so  that  it  can  be  neglected, 
except  in  the  boundary  layers.  There  the  shear 
factor,  on  which  the  error  is  proportional,  is 
considerably  large,  especially  near  both  side  walls. 

The  static  pressure  at  the  measuring  section  is 
limited  due  to  the  following  two  reasons:  at  the 
upper  limit,  by  the  strength  of  the  differential 
piezometer  used  for  detecting  the  velocity  at  the 
measuring  section;  and  at  the  lower  limit  by  the 
need  to  prevent  the  shear  grid  from  cavitating. 

The  prescribed  velocities  at  the  measuring  section 
are  determined  so  as  to  keep  the  static  pressure 
at  the  measuring  section  within  the  above-written 
limits  for  obtaining  the  inception  and  development 
of  cavitation  corresponding  to  the  angles  of  attack 
of  the  hydrofoils,  as  shown  in  Table  4. 

Measurement  of  Turbulence 

Spanwise  distributions  of  the  components  of  turbu¬ 
lent  velocity  in  the  directions  parallel  to  the 
free  stream  and  perpendicular  to  the  free  stream 
and  the  hydrofoil  span  are  measured  at  the  position 
of  the  mid-chord  of  hydrofoil  (in  the  absence  of  it) 
by  using  the  Laser-Doppler  velocimeter,  D1SA  55L 
Mark  II.  Each  component  of  turbulent  velocity  is 


TABLE  4  Velocity  and  Pressure  at  the  Test  Section 
on  Cavitation  Experiments 


« (rad) 

Velocity  (m/s) 

Pressure  {105  pa) 

0.0 

11.0 

-0.64  -  -0.45 

0.052 

10.0 

-0.65  -  -0.35 

0.105 

9.0 

-0.60  -  -0.11 

0.157 

8.0 

-0.33  -  +0.40 
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FIGURE  3.  Schematic  diagram  for  nuclei  measurements. 

detected  as  an  absolute  value  of  the  root  mean 
square . 


Relative  Measurement  of  Cavitation  Nuclei 

Size  distributions  of  gas  nuclei  are  measured  by 
using  the  sound-attenuation  method  of  Schiebe  1969 
The  measuring  system  is  shown  in  Figure  3.  The 
frequency  range  of  swept  pulses  was  20kHz- 1000  kHz 
Both  probes  for  emission  and  reception  were  25mm 
diameters,  made  of  a  crystal,  and  exposed  directly 
to  water.  The  measurements  were  relative  ones  for 
comparison  between  the  three  cases  of  no  grid  and 
grids  No.  1  and  No.  2  because  the  system  has  not 
yet  been  calibrated  for  bubbles  with  prescribed 
definite  diameters. 

Measurements  were  carried  out  at  four  positions 
in  the  spanwise  direction  at  the  mid-chord  of 
hydrofoil  perpendicular  to  the  free  stream  and  the 
hydrofoil  span. 


Observations  and  Measurements  of  Cavitation 

Cavitation  inceptions  are  seen  by  the  naked  eye 
under  50Hz,  stroboscopic  3us  flash  illumination. 

An  incipient  cavitation  number  is  defined  by  using 
the  static  pressure  at  which  the  inception  is 
detected  while  reducing  the  static  pressure  at  a 
low  rate  and  the  local  free  stream  velocity.  How¬ 
ever,  in  the  boundary  layers  the  velocities  at 
outside  edges  are  taken  while  the  free  stream 
velocity  is  kept  at  the  prescribed  value.  Desin¬ 
ences  are  too  intermittent  and  indefinite  to  be 
detected  definitely  in  the  course  of  raising  the 
static  pressure. 

For  the  measurements  of  positions  of  inception 
and  the  observations  of  appearances  of  cavitation 
bubbles  or  cavities,  photographs  of  3  gs  exposure 
and  high-speed  motion  pictures  of  3000  frames  per 
second  and  2  us  exposure  for  each  frame  were  taken. 
For  the  high-speed  photography,  the  high-speed 
camera,  FASTAX,  was  used  synchronized  with  the 
high-speed  stroboscope  made  by  E.  G.  and  E  Co.  Ltd. 
For  the  measurements  of  average  locations  and  shapes 
of  cavitation  regions,  photographs  of  1/60  s 
exposure  were  used. 


3.  RESULTS  OF  EXPERIMENT  AND  DISCUSSIONS 
Shear  Flow  at  Measuring  Section 

The  velocity  profiles  normalized  by  each  velocity 
at  the  mid-span  and  the  distributions  of  the  static 
pressure  expressed  as  the  difference  from  one  at 
the  side  wall  and  normalized  by  each  dynamic  pressure 
at  the  mid-span  for  the  grids  No.  1  and  No.  2  are 
shown  in  Figure  4.  The  flow  shear  for  grid  No.  1 
is  uniform  in  the  free  stream  core  and  the  non- 
dimensional  shear  factor  is  0.15.  That  for  grid 
No.  2  is  about  the  same  as  for  grid  No.  1  at  half 
the  core  of  the  free  stream  on  the  high-speed  side 
but  smaller  at  the  other  half.  The  non-dimensional 
shear  factor  is  0.06.  Both  have  boundary  layers  of 
10%  thickness  span  on  both  sides.  The  static 
pressure  is  higher  in  the  free  stream  core  than  on 
the  side  walls  by  about  1%  or  a  little  more  of  the 
dynamic  pressure  at  mid-span.  Scatters  of  plots 
are  within  the  accuracy  of  this  experiment. 


Spanwise  Distribution  of  Turbulence 


(a)  Grid  No.l 


(b)  Grid  No. 2 


FIGURE  4.  Velocity  and  static  pressure  distribution 
for  shear  grids. 


Root  mean  squares  of  two  components  of  turbulent 
velocity,  one  stream-wise  and  the  other  perpendic¬ 
ular  to  it  ahd  the  hydrofoil  span,  are  measured 
in  every  free  stream,  and  shown  in  Figure  5 
normalized  by  Uc.  The  velocity  at  the  mid-span  was 
kept  at  9.86  m/s.  When  both  are  expressed  as  the 
turbulence  levels  based  on  the  local  velocity  of 
free  stream,  U,  for  the  cases  of  the  two  shear  grids, 
both  u'/U  and  w'/U  vary  so  little  in  the  spanwise 
direction  that  they  can  be  regarded  as  constant 


FIGURE  5.  Spanwise 
distribution  of 
turbulence. 
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Ro  tern) 

FIGURE  6.  Spanwise  variation  of  size  distribution  of 
cavitation  nuclei. 


within  the  accuracy  of  this  measurement.  u'/LJ  was 
6.8  and  6.2/5  in  the  case  of  grids  No.  1  and  No.  2, 
respectively,  and  w'/U  was  3.6$  in  the  case  of  both 
two  shear  grids.  It  has  been  reported  by  Harris 
et  al.  (1977)  that  in  a  shear  flow  generated  by  a 
shear  grid,  w'  and  the  other  lateral  component  of 
turbulent  velocity,  say  v',  are  almost  the  same. 

If  it  is  also  assumed  that  v*  =  w'  in  this  experi¬ 
ment,  the  resultant  turbulence  levels  were  8.5  and 
8.0$  in  the  case  of  the  grids  No.  1  and  No.  2, 
respectively,  in  the  core  of  the  free  stream.  In 
the  case  of  no  grid  both  u'/U  and  w*/U  were  0.1$, 
and  the  turbulence  can  be  regarded  as  isotropic 
at  a  level  of  0.17$,  in  the  core  of  free  stream. 


Spanwise  Variation  of  Size  Distribution  of  Cavita¬ 
tion  Nuclei 

Attenuations  of  sound  pressures  were  measured  at 
four  positions  in  the  spanwise  direction  (  12.5, 
37.5,  62.5,  and  87.5$  span)  from  the  low-speed  side 
at  the  position  of  mid-chord  in  the  absence  of  the 
hydrofoil,  and  at  the  cavitation  numbers  of  2.75 
and  0.65.  Because  the  levels  of  attenuated  sound 
pressures  were  not  calibrated  for  micro  bubbles 
of  known  sizes,  sound  pressure  levels  in  the  shear 
flows  at  each  measuring  position  were  compared  with 
one  in  the  uniform  flow  in  which  any  spanwise 
variation  was  not  noticed.  Frequencies  and 
differences  of  sound  pressure  levels  were  related 
to  equivalent  radii,  and  to  differences  of  the 
numbers  of  cavitation  nuclei  from  those  in  the 
uniform  flow  by  using  the  formulae  presented  by 
Richardson  (1947)  and  Gavrilov  (1964). 

At  a  cavitation  number  of  2.75,  any  noticeable 
difference  of  size  distributions  between  the  shear 
flows  and  the  uniform  flow  was  not  found.  At  a 
cavitation  number  of  0.65,  however,  remarkable 
differences  were  noticed  as  can  be  seen  in  Figure 
6.  Numbers  of  nuclei  with  radii  smaller  than  24um 
in  both  shear  flows  are  considerably  larger  than 
those  in  uniform  flow,  and  the  larger  the  numbers 
of  nuclei  the  smaller  the  nuclei  radii  are.  Size 
distributions  in  the  two  shear  flows  were  not  so 
different  from  each  other  in  the  high-speed  sides 
of  free  streams,  but  in  the  low-speed  sides,  the 
shear  flow  made  by  the  grid  No.  2  is  richer  in 
nuclei,  especially  in  the  range  of  small  radii,  than 
the  other. 


Cavitation  Inception 

Spanwise  variations  of  local  incipient  cavitation 
numbers  are  plotted  in  Figure  7  for  the  Clark  Y 
11.7  profile,  and  in  Figure  8  for  the  08  profile. 
Also,  spanwise  variations  of  positions  of  minimum 
pressure  for  the  case  of  no  grid,  grid  No.  1,  and 
grid  No.  2,  are  shown. 

Clark  Y  11.7  Profile 

In  the  case  of  no  grid  incipient  cavitation 
numbers,  kdi,  are  a  little  smaller  than  absolute 
values  of  minimum  pressure  coefficients,  |cpmin|'s 
over  the  whole  span  at  the  attack  angles,  a,  of 
0  and  0.052  rad,  and  in  the  core  of  free  stream  at 
ct*s  of  0.105  and  0.157  rad.  Differences  between 
kdi's  and  |cpmin|*s  increase  as  a  increases  until 
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FIGURE  7.  Spanwise  variation  of  incipient  cavitation 
numbers  for  the  Clark  Y  11.7  profile. 
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FIGURE  8.  Spanwise  variation  of  incipient  cavitation 
numbers  for  the  O0  profile. 


it  reaches  0.105  rad,  but  become  smaller  at  a  = 

0.157  rad. 

At  a's  not  smaller  than  0.105  rad,  fixed  cavita¬ 
tions  occur  in  the  boundary  layers  at  positions 
very  close  to  both  side  walls  at  kd’s  much  greater 
than  local  |cpmin|'s.  At  the  same  time  a  zone  of 
cavitation  widens  spanwise  beyond  each  boundary 
layer  with  the  inception  so  that  detection  of 
inception  becomes  difficult  in  the  region  neighbor¬ 
ing  both  boundary  layers  on  the  side  walls.  This 
is  the  reason  the  lack  of  points  between  y/h  =  0.025 
-  0.3  and  0.7  *  0.975.  Frequency  distributions  of 
cavitation  occurrences  analyzed  by  using  high  speed 
motion  pictures  for  1  second  illustrate  those  facts, 
as  can  be  seen  in  Figure  9. 

In  free  streams  with  shears  made  by  the  grids 
No.  1  and  No.  2,  kdi's  almost  equal  or  are  a  little 
larger  than  local  |Cpmin|'s.  They  vary  spanwise 
under  the  influences  of  the  flow  shears  in  the 
core  and  the  boundary  layers  on  both  side  walls, 
and  the  accompanied  secondary  flows,  except  at 
a  =  0.105  rad,  which  indicates  that  these  free 
streams  are  rich  in  cavitation  nuclei.  At  a  =  0.105 
rad,  kdi  is  a  little  smaller  than  |cpmin|,  which 
can  be  assumed  to  be  due  to  cavitations  changing 
from  traveling  to  fixed,  as  mentioned  in  the  next 
section . 

Differences  between  kdi's  and  |cpmin|'s  in  the 
boundary  layers  are  larger  than  those  in  the  case 
of  no  grid  on  the  low-speed  side,  but  are  the 
contrary  on  the  high-speed  side,  due  to  the 
secondary  flows  induced  by  the  flow  shears  in  the 
cores.  The  above-mentioned  effect  is  most  remark¬ 
able  at  u  =  0.105  rad:  kdi's  in  the  boundary  layer 
on  the  low-speed  side  in  cases  of  the  shear  grids 
are  larger  than  those  not  only  in  the  case  of  no 
grid  but  also  |cpmin|*s  in  the  boundary  layer, 
though  only  by  a  little.  The  mechanism  causing 
the  effect  has  been  examined  by  measuring  spanwise 
variations  of  static  pressures  on  three  points  near 
the  leading  edge  in  the  boundary  layer  on  the  low 


speed  side  at  the  attack  angle  of  0.105  rad  in  the 
case  of  the  grid  No.  2.  It  was  confirmed  that  the 
detected  incipient  cavitation  number,  2.53,  in  the 
boundary  layer  lies  near  the  largest  absolute  value 
of  the  pressure  coefficient  based  on  the  local 
velocities  in  the  zone  between  3  and  5  mm  from  the 
side  wall.  However,  measured  velocities  in  the 
zone  are  not  very  reliable.  Symbols  A  in  Figure 
7  show  kdi's  when  the  hydrofoil  has  a  tip  clearance 
of  about  0.1mm  on  the  high-speed  side  in  the  case 
of  grid  No.  1.  It  was  found  that  effects  of  a 
boundary  layer  are  weakened  by  tip  clearances, 
especially  at  large  angles  of  attack,  although 
another  cavitation  occurs  at  the  tip  clearance. 


08  Profile 

At  0  angle  of  attack,  traveling  cavitations 
occurred  and  kdi  almost  coincide  with  |cpmin|  in 
the  case  of  no  grid,  but  were  larger  than  the  latter 
in  the  case  of  grid  No.  1.  The  difference  decreases 
spanwise  toward  the  high-speed  side,  in  correspon¬ 
dence  with  the  size  distribution  of  cavitation 
nuclei.  At  angles  of  attack  larger  than  0  rad, 
however,  fixed  cavitations  occurred  and  kdi's  were 
much  larger  than  measured  |cpmin['s  because  of  the 
lack  of  a  piezometer  hole  at  the  position  of  the 
largest  |cpmin| ,  which  is  closer  to  the  leading 
edge  than  the  closest  hole  at  3%  chord.  At  a  = 

0.052  rad,  in  the  case  of  the  grid  No.  1,  another 
cavitation  of  the  traveling  type  appears  around 
the  position  of  the  measured  second  |cpmin|  and  the 
kd  almost  coincided  with  the  measured  |Cpmin|.  kdi's 
in  the  case  of  grid  No.  1  were  smaller  than  those 
in  the  other  case  on  the  high-speed  side.  The 
discrepancey  can  be  surmised  as  due  to  the  discrep¬ 
ancy  between  structures  of  laminar  separation 
bubbles  just  behind  the  leading  edge  in  the  two 
cases  because  of  the  difference  between  turbulence 
levels.  At  a  =  0.105  rad,  kdi  in  the  case  of  the 
grid  No.  1  was  larger  than  in  the  case  of  no  grid 
in  the  core  of  free  stream,  but  was  the  opposite 
in  the  boundary  layer  on  the  high-speed  side  wall. 

In  the  case  of  no  grid,  cavitations  with  long  and 
wide  zones  occurred  in  the  boundary  layers  on  both 
sides  close  to  the  side  walls  and  the  leading  edge 
as  with  the  Clark  Y  11.7  profile. 


Location  of  Incipient  and  Developed  Cavitations 

Spanwise  variations  of  positions  of  cavitation 
inception  and  front  and  rear  edges  of  (time)  average 
zones  of  developed  cavitation  are  shown  in  Figures 
10  and  11  for  the  profiles  Clark  Y  11.7  and  08 
respectively.  Also  are  shown  spanwise  variations 


FIGURE  9.  Frequency 
distribution  of  cavi¬ 
tation  occurrence. 
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FIGURE  10  (a)(b).  Spanwise  variations  of 
position  of  inception  and  front  and  rear 
edges  of  cavitation  zones  for  the  Clark  Y 
11.7  profile. 
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Clark  Y  11.7 
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of  positions  of  minimum  pressure,  in  each  case 
indicated  in  the  figures.  The  bottom  and  the 
second  (at  a  =  0,  0.052  rad)  groups  show  the 
positions  of  inception  or  front  edges  of  cavitation 
zones  and  refer  to  the  scales  written  on  the  right- 
hand  side,  and  the  other  groups  show  rear  edges  of 
cavitation  zones  and  refer  to  the  scales  written  on 
the  left-hand  side.  Open  symbols  correspond  to 
traveling  cavitations  and  closed  and  semi-closed 
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FIGURE  10  (c) (d) .  Spanwise  variations  of 
position  of  inception  and  front  and  rear 
edges  of  cavitation  zones  for  the  Clark  Y 
11.7  profile. 


FIGURE  11.  Spanwise  variation  of  the 
position  of  inception  and  the  front  and  rear 
edges  of  cavitation  zones  for  the  0Q  profile. 
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symbols  to  fixed,  kd's  indicated  in  the  figure  are 
based  on  the  velocity  at  the  mid- span. 


Clark  Y  11.7  Profile 

In  the  case  of  no  grid,  traveling  cavitations  oc¬ 
curred  a  little  downstream  from  positions  of  minimum 
pressure  at  a  =  0  and  0.052  rad.  Front  edges  of 
average  zones  of  cavitation  move  forward  beyond  posi¬ 
tions  of  minimum  pressure  as  kd  is  reduced,  uni¬ 
formly  in  the  core  of  the  free  stream.  At  a  =  0.105 
rad,  in  the  core  of  the  free  stream,  cavitations, 
mainly  traveling  mixed  with  fixed,  occurred  just 
downstream  from  positions  of  minimum  pressure.  How¬ 
ever,  with  a  small  decrease  of  kd  from  the  incipient, 
the  type  of  cavitation  changes  to  fixed  and  the 
front  edges  of  cavitation  zones  move  backward  from 
positions  of  inception  and  forward  with  a  further 
decrease  of  kd.  In  the  boundary  layers  on  both 
side  walls,  fixed  cavitations  occurred  very  close 
to  the  leading  edge  of  the  profile  and  to  the  side 
walls,  and  front  edges  of  cavitation  zones  move 
little  as  kd  is  reduced.  At  ci  =  0.157  rad,  fixed 
cavitations  occurred  just  downstream  from  positions 
of  minimum  pressure  and  front  edges  of  cavitation 
zones  movt  i  forward  just  a  little  and  never  ex¬ 
ceeded  positions  of  minimum  pressure,  in  the  core 
of  free  stream.  In  the  boundary  layers  on  both 
side  walls,  fixed  cavitations  occurred  just  down¬ 
stream  from  the  leading  edge  of  the  profile  and  al¬ 
most  attached  to  the  side  walls,  and  front  edges  of 
cavitation  zones  moved  little  as  kd  was  reduced. 

At  all  attack  angles,  lines  of  rear  edges  of 
cavitation  zones  have  shapes  similar  to  the  velocity 
profile  at  kd's  a  little  smaller  than  the  incipient. 
But  rear  edges  move  backward  with  a  further  decrease 
of  kd  to  be  almost  uniform  in  the  spanwise  direction. 

In  cases  of  grids  No.  1  and  No.  2,  positions  of 
inception  are  closer  to  positions  of  minimum 
pressure  than  in  the  case  of  no  grid,  in  correspon¬ 
dence  with  size  distributions  of  cavitation  nuclei: 
Front  edges  of  cavitation  zones  move  forward  beyond 
positions  of  minimum  pressure  in  the  cores  of  free 
streams  at  u  =  0,  0.052,  and  0.105  rad.  At  a  =  0, 
0.052,  and  0.105  rad,  incipient  cavitations  are  of 
the  traveling  type,  but  at  a  =  0.105  rad,  in  the 
cores  of  the  free  stream,  cavitations  sometimes 
change  their  type  from  traveling  to  fixed  as  kd  is 
reduced,  and  in  those  cases  front  edges  of  zones 
of  fixed  cavitations  move  backward  from  the  inception 
position.  In  the  boundary  layer  on  the  low-speed 
side  wall  a  fixed  cavitation  occurred  very  close 
to  the  leading  edge  of  the  profile  and  to  the  side 
wall,  but  no  inception  of  cavitation  of  any  type 
can  be  detected  in  the  boundary  layer  on  the  other 
side  wall,  in  the  range  of  kd  in  this  experiment. 

At  i  -  0.157  rad,  fixed  cavitations  occurred  at 
positions  of  minimum  pressure,  including  the  boundary 
layers  on  both  side  walls,  and  front  edges  of 
cavitation  zones  move  little. 

At  kd's  a  little  smaller  than  the  incipient, 
lengths  of  cavitations  are  larger  on  the  high-speed 
side  than  on  the  other  side  at  a  -  0  and  0.052  rad. 

At  't  =  0.105  and  0.157  rad,  however,  they  are  larger 
near  the  wall  on  the  low-speed  side  than  on  zones 
more  distant  from  the  wall.  Rear  edges  of  cavita¬ 
tion  zones  have  a  tendency  to  be  uniform  in  the 
spanwise  direction  at  all  attack  angles  as  cavita¬ 
tions  develop. 

Much  difference  between  the  two  grids  in  the  loca¬ 


tions  and  movements  of  cavitation  zones  cannot  be 
found . 

08  Profile 

At  0  angle  of  attack,  positions  of  cavitation 
inception  and  movements  of  front  and  rear  edges  of 
cavitation  zones  with  a  decrease  of  kd,  compared 
with  positions  of  minimum  pressure,  are  quite 
similar  to  those  of  the  Clark  Y  11.7  profile  in 
the  cases  of  no  grid  and  grid  No.  1.  However,  at 
a's  larger  than  0,  fixed  cavitations  always  occurred 
at  the  leading  edge  over  the  whole  span,  irrespective 
of  the  existence  of  the  shear  grid.  Front  edges  of 
cavitation  zones  never  moved  from  the  leading  edge 
as  kd's  were  reduced.  Lengths  of  cavitation  zones 
do  not  grow  much,  owing  to  the  steep  negative- 
pressure  zones  just  behind  the  leading  edge,  until 
kd's  are  reduced  to  about  the  second  |cpmin|*s. 

But  in  the  case  of  no  grid,  once  kd's  increase, 
they  develop  suddenly  beyond  positions  of  minimum 
pressure  and  tend  to  be  uniform  in  the  spanwise 
direction  as  can  be  seen  in  Figure  13(b)  at  a  = 

0.052  and  kd  =  0.7.  In  the  case  of  grid  No.  1, 
however,  lengths  of  the  fixed  cavitation  do  not 
grow  enough  to  reach  positions  of  minimum  pressure. 
Instead  cavitations  of  the  traveling  type  appear 
around  positions  of  the  second  minimum  pressure,  as 
can  be  seen  in  Figure  13(b)  at  a  *  0.052  and  kd  = 

0.7  and  as  shown  in  Figure  11(b)  by  the  symbols  A. 

The  length  of  the  cavitation  zone  is  about  the  same 
as  that  in  the  case  of  no  grid  in  the  free  stream 
core  but  smaller  than  that  in  the  boundary  layers 
on  both  sides,  at  the  beginning  of  development. 

At  ct  =  0.105  rad,  the  length  of  the  cavitation  zone 
is  much  larger  than  that  in  the  case  of  no  grid  at 
the  beginning  of  development,  but  becomes  about  the 
same  as  the  others  with  a  further  decrease  of  kd. 


Aspect  and  Behavior  of  Cavitation  Bubbles  and 
Cavities 

Figures  12  and  13  show  several  examples  among  the 
3us-exposure  photographs  and  an  example  of  high¬ 
speed  motion  pictures  of  cavitations  taken  at  the 
inception  and  each  stage  of  development  occurring 
on  the  Clark  Y  11.7  and  08  profiles,  respectively. 
Cavitation  numbers  indicated  in  the  figure  on  the 
left  hand  side  are  based  on  the  velocity  at  the 
mid-span. 


Clark  Y  11.7  Profile 

At  a  =  0  and  0.052  rad,  incipient  cavitations  are 
of  the  traveling  type  in  all  cases,  and  in  general, 
the  bubble  radius  and  number  of  bubbles  in  the  case 
of  no  grid  were  the  largest  and  the  smallest, 
respectively,  of  the  three  cases,  followed  by  the 
case  of  grid  No.  1,  which  agrees  with  the  size 
distributions  of  cavitation  nuclei  given  previously. 
Each  bubble  is  circular  when  observed  perpendicular 
to  the  hydrofoil  surface,  but  as  the  cavitation 
number  is  reduced,  two,  in  the  case  of  no  grid,  or 
one,  in  both  cases  of  two  shear  grids,  horn- like 
projections  are  projected  behind  each  bubble  from 
the  downstream  or  both  sides.  The  groups  of  plots 
lying  second  from  the  bottom  in  Figures  10(a) (b) 
show  positions  of  the  upstream  tips  of  the  projec- 
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FIGURE  12  (a) (b) .  Cavitation  on  the  hydrofoil  of  the  Clark  Y  13.7  profile. 


FIGURE  12  (e).  Behavior  of 
fixed  cavitation  on  the  hydro¬ 
foil  of  the  Clark  Y  11.7  pro¬ 
file,  t  =  0.157  rad,  flow  up 
t<  down,  12  ms  between  frames, 
2iis  exposure. 


tion:-,  which  to  b**  lift.  1«'  affected  by  cither 

kd  or  Up-  .'hoar  of  t  h*  fr«-«  stream.  Tin  probations, 
in  the  cum-  of  no  q rid,  arc  supposed  to  bo  generated 
in  cores  of  trailing  vortices  and  adhere  to  the 
hydrofoil  surface,  because  velocities  of  the  bubbles 
exceed  those  of  surrounding  water  in  regions  down¬ 
stream  from  positions  of  minimum  pressure.  It  can 
be  seen  in  high  speed  motion  pictures  shown  in 
Figure  12 (f)  that  the  main  body  of  bubbles,  having 
generated  projections,  decay,  leave  behind  them 
projections  of  two  string-1  ike  bubbles,  and  then 
collapse.  In  cases  of  the  two  shear  grids,  bubbles 
are  inclined  uj>ward  toward  the  high-speed  side  due 
to  the  secondary  flow  caused  by  the  flow  shears. 
Trailing  vortices  on  the  low- speed  side  reach  the 
hydrofoil  surface  easier  than  those  on  the  high¬ 
speed  side.  Bubblers  which  generate  projections  be¬ 
come  fewer  as  kd  is  reduced  in  the  cast'  of  the 
shear  grids.  Several  bubbles  can  be  found  which 
seem  to  collapse  and  generate  micro  jots. 

At  i  -  o.ios  rad,  cavitations  of  both  types, 
traveling  ami  fixed,  appear,  though  the  former  are 


fewer  than  the  latter,  front  edges  of  fixed  cavi¬ 
tation  zones  are  round  compared  with  tips  of  the 
above-mentioned  projections.  At  i  =  0.157  rad,  only 
fixed  cavitations  occur.  A  cycle  of  formation  of 
the  break  off  of  a  fixed  cavity'  is  shown  in  high 
speed  motion  pictures  in  Figure  12(e).  At  first, 
a  clear  bubble  is  generated,  like  those  observed  in 
our  laboratory  on  the  surface  of  an  axisymmetrical 
body  with  a  hemispherical  nose.  The  bubble  develops 
in  both  streamwise  and  spanwise  directions.  The 
middle  part  of  the  spanwise  breadth  of  the  bubble 
becomes  bubbly,  then  wavy,  and  after  the  development 
of  tile  middle  part  breaks  off  in  pieces  of  micro¬ 
bubble  clouds  which  are  transported  downstream  al¬ 
though  a  few  remaining  small  parts  grow  and 
disappear. 


OS  Profile 

At  0  angle  of  attack  tiny  bubbles  of  traveling 
cavitation  can  be  found  at  a  kd  a  little  smaller 
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found  in  both  cases.  Even  in  the  case  of  the  grid 
No.  1,  much  uniformity  of  cavitation  zones  can  be 
found,  although  some  tail  wisps  of  cavitation  can 
be  found  in  the  case  of  no  grid,  e.  g. ,  ones 
gathered  in  cores  of  streamwise  vortices. 


4.  CONCLUDING  REMARKS 

Conditions  and  positions  of  inception,  locations  of 
zones,  and  the  aspect  and  behavior  of  bubbles  and 
cavities  of  cavitations  occurring  on  two  hydrofoils 
with  the  profiles  of  Clark  Y  11.7  and  Os  in  shear 
flows  made  by  shear  grids  and  a  uniform  flow  have 
been  observed  and  measured.  They  have  been  corre¬ 
lated  with  measured  pressure  distributions  on  the 
hydrofoils  and  the  qualities  of  free  streams,  i.e. 
turbulence  levels  and  size  distributions  of  cavita¬ 
tion  nuclei  in  free  streams.  The  main  conclusions 
deduced  from  the  results  may  he.  summarized  as 
fol lows . 

At  attack  angles  small  for  the  profile,  when 
pressure  distributions  have  gradual  chordwise 
changes,  traveling  cavitations  incept  near  positions 
of  minimum  pressure  and  at  cavitation  numbers  about 
equal  to  absolute  values  of  minimum  pressure  coeffi¬ 
cients,  irrespective  of  flow  shears  in  free  streams, 
provided  local  values  influenced  by  flow  shears  are 
used.  Discrepancies  between  conditions  and  posi¬ 
tions  of  inceptions,  and  pressure  coefficients  and 
their  distributions  depend  on  the  free  stream  quali¬ 
ties.  The  sizes  of  traveling  bubbles  depends  on  the 
si 2#*  distribution  of  cavitation  nuclei. 

On  the*  hydrofoil  with  the  Clark  Y  11.7  profile, 
having  a  relatively  large  positive  pressure  gradient, 
a  traveling  bubble  in  a  zone  of  rising  pressure 
it  forms,  creating  a  projection  in  shear  flow,  or 
two  projections  in  uniform  flow,  leaves  only  the 


projection  and  then  collapses.  On  the  hydrofoil 
with  the  08  profile  having  gradual  pressure  gradient, 
a  traveling  bubble  collapses  after  the  deformation 
caused  by  the  instability  of  bubble  surface.  On 
both  hydrofoils,  bubbles  collapsing  symmetrical ly 
and  asymmetrically,  looking  like  micro  jets  forming 
can  be  found. 

At  attack  angles  larger  for  the  profile,  when 
the  pressure  distribution  declines  steeply  followed 
by  a  relatively  large  positive  pressure  gradient, 
fixed  cavitations  occur.  Conditions  and  positions 
of  inception  are  similar  to  those  of  traveling 
cavitations,  although  discrepancies  of  them  from 
pressure  coefficients  and  their  distributions  are 
less  than  those  of  traveling  cavitations.  In  the 
boundary  layers  on  both  side  walls,  fixed  cavitations 
occur  at  relatively  large  cavitation  numbers, 
possibly  equal  to  absolute  values  of  local  minimum 
pressure  coefficients.  They  develop  in  both  stream- 
wise  and  spanwise  directions  even  far  enough  beyond 
the  boundary  layers  to  affect  cavitation  inceptions 
in  zones  neighboring  the  boundary  layers.  Cavita¬ 
tion  zones  on  the  low-speed  side  are  larger  than 
those  on  the  high-speed  side.  Fixed  cavitations 
of  this  kind  occur  in  the  boundary  layers  on  both 
sides  of  uniform  free  streams  also. 

At  attack  angles  intermediate  for  the  profile, 
fixed  and  traveling  cavitations  occur  at  the  same 
time  and  tend  to  become  fixed  only  on  the  Clark  Y 
11.7  profile.  On  the  08  profile,  fixed  cavitations 
at  tlie  leading  edge  and  traveling  cavitations  at 
about  the  mid-chord  appear  at  the  same  time  in  shear 
flows,  but  only  fixed  cavitations  occur  and  develop 
at  the  leading  edge  in  uniform  flows.  Discrepancies 
of  conditions  and  positions  of  inception  from 
pressure  coefficients  and  their  distributions  are 
the  largest  of  the  three  cases  mentioned  on  the 
Clark  Y  11.7  profile,  but  about  the  same  as  above 
mentioned  two  cases,  on  the  08  profile. 
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NOMENCLATURE 

Cp:  pressure  coefficient 
jcpmin!  :  absolute  value  of  minimum  pressure 
coefficient 

number  of  total  occurrences  of 
cavitation 

number  of  local  occurrences  of 
cavitation  at  position  y 
width  of  measuring  section 
cavitation  number 
incipient  cavitation  number 
chord  length  of  hydrofoil 
number  of  bubbles  at  radius  RQ 
static  pressure  at  hydrofoil  surface 
or  in  free  stream 
static  pressure  at  side  wall  of 
measuring  section 
bubble  radius 
local  free  stream  velocity 
velocity  at  mid  span  of  hydrofoil 
installed  in  measuring  section 
RMS  values  of  turbulence  velocity 
components  parallel  to  free  stream, 
parallel  to  hydrofoil  span  and 
perpendicular  to  u'  and  v* ,  respec¬ 
tively 

X,  Y;  x,  y  :  co-ordinate  system  fixed  in  hydrofoil; 

the  X(x)  axis  is  parallel  and  the 
Y(y)  axis  is  perpendicular  to  the 
chord  of  the  hydrofoil 
t  :  attack  angle  in  radian 
.  :  water  density 

\  :  chordwise  distance  from  leading  edge 
of  hydrofoil  to  rear  edge  of  cavita¬ 
tion  zone 

Vi  :  chordwise  distance  from  leading  edge 
of  hydrofoil  to  inception  point  or 
front  edge  of  cavitation  zone 
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ABSTRACT 

The  boundary  layer  of  four  propeller  models  in 
uniform  flow  is  investigated  and  related  with  cavita¬ 
tion  inception.  Laminar  separation  is  found  to  be 
an  important  phenomenon  on  model  propellers.  The 
radius  where  laminar  separation  starts  is  found  to 
be  a  limit  for  the  radial  extent  of  cavitation. 

No  inception  takes  place  in  regions  of  laminar  flow. 
The  effect  of  nuclei  in  the  flow  is  investigated 
using  electrolysis.  Nuclei  seem  to  be  important 
for  cavitation  inception  when  laminar  separation 
occurs,  but  they  do  not  initiate  sheet  cavitation, 
when  the  boundary  layer  flow  is  laminar.  When  the 
boundary  layer  on  the  blades  is  tripped  to  turbu¬ 
lence  by  roughness  at  the  leading  edge  it  is  shown 
that  this  changes  the  cavitation  by  restoring  cavita¬ 
tion  inception  at  the  vapour  pressure.  The  effect 
of  electrolysis  on  cavitation  becomes  very  small 
when  the  propeller  blades  are  roughened.  Calcu¬ 
lations  of  the  pressure  distribution  and  the  laminar 
boundary  layer  were  made  and  related  with  test 
results . 


1.  INTRODUCTION 

When  cavitation  patters,  observed  on  full  scale 
ship  propellers,  are  compared  with  observations  on 
model  scale,  differences  are  often  found  le.g., 

Bindel  (1969),  Okamoto  et  al.  (1975)1.  These 
differences  are  caused  by  two  main  factors:  in¬ 
correct  scaling  of  the  incoming  flow  of  the 
propeller,  including  propeller-hull  interaction, 
and  incorrect  scaling  of  cavitation. 

Considerable  efforts  have  been  made  to  improve 
the  simulation  of  the  incoming  flow  by  testing  the 
cavitating  propeller  model  behind  the  ship  model 
in  a  large  cavitation  tunnel  or  in  a  depressurized 
towing  tank,  or  by  correcting  the  measured  model 
wake  to  simulate  the  full  scale  wake  in  a  cavitation 
tunnel  [Sasajima  and  Tanaka  (1966),  Hoekstra  (1975)). 


In  this  paper  the  problem  of  proper  scaling  of 
cavitation  will  be  investigated. 

Scaling  rules  for  cavitating  propellers  can  be 
formulated  using  dimensional  analysis  when  the 
relevant  parameters  are  known.  This  results  in  the 
following  well-known  dimensionless  quantities: 
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where  =  advance  velocity  of  the  propeller 

n  =  number  of  propeller  revolutions 
D  =  propeller  diameter 
Pq  =  pressure  at  some  reference  level 
Pv  =  vapour  pressure 
p  =  density  of  water 
g  =  acceleration  due  to  gravity 
h  =  vertical  distance  from  reference  level 
v  =  kinematic  viscosity 

When  these  dimensionless  parameters  are  kept  the 
same  for  model  and  prototype,  the  cavitation 


401 


behaviour  of  a  propeller  is  independent  of  size, 
provided  that  no  additional  parameters  play  a  role 
in  the  cavitation  process. 

The  choice  of  the  cavitation  index  as  a  parameter 
implies  the  assumption  that  inception  occurs  when 
the  local  pressure  is  equal  to  the  vapour  pressure. 
When  the  inception  pressure  deviates  from  the  vapour 
pressure  these  deviations  are  called  ’’scale  effects 
on  cavitation  inception” . 

Two  scaling  problems  do  arise  now.  First  it  is 
impossible  to  maintain  the  Froude  number  and  the 
Reynolds  number  at  the  same  time.  The  Reynolds 
number  is  abandoned  and  is  lowered  on  model  scale 
by  a  factor  of  \3/2,  where  1  is  the  scale  ratio. 

Even  if  the  Froude  number  is  not  maintained  it  is 
practically  impossible  to  obtain  the  full  scale 
Reynolds  number  on  model  scale.  The  second  scaling 
problem  is  that  nuclei  play  a  role  in  cavitation 
inception.  Both  problems  manifest  themselves  as 
scale  effects. 

Pure  water  can  withstand  very  high  tensions  and 
nuclei  are  necessary  to  generate  inception  of 
cavitation.  Nuclei  are  mostly  considered  to  be  gas 
pockets  in  the  fluid,  possibly  trapped  in  small 
crevices  of  hydrophobic  particles.  For  a  review 
see  Holl  (1970) .  In  a  cavitation  tunnel,  however, 
the  flow  will  also  contain  free  air  bubbles  which 
come  out  of  solution  at  the  pump,  at  sharp  corners, 
or  at  the  cavitating  propeller  in  the  test  section. 
Rcsorbers  are  used  to  bring  the  free  gas  back  into 
solution,  or  the  tunnel  can  be  prepressurized. 

When  no  large  nuclei  are  present,  however,  scale 
effects  on  cavitation  become  larger  [Hill  and 
Wislicenus  (1961)].  Inception  of  cavitation  becomes 
related  to  the  pressure  at  which  the  largest  gas 
bubbles  become  unstable  and  start  to  expand,  and 
this  pressure  is  lower  than  the  vapour  pressure 
when  the  nuclei  are  small  [Daily  and  Johnson  (1956) ) . 
In  a  towing  tank  there  are  very  few  nuclei  since 
they  will  rise  to  the  surface  or  to  go  into  solution. 
Therefore  Noordzij  (1976)  created  additional  nuclei 
in  the  NSMB  Depressurized  Towing  Tank  by  electrolysis 
and  showed  the  "stabilizing"  influence  of  nuclei  on 
propeller  cavitation  beuind  a  ship  model.  A  similar 
effect  was  reached  by  Albrecht  and  Bjorhcden  (1975) 
who  injected  additional  nuclei  into  the  water  of 
their  free  surface  cavitation  tunnel  after  the  low 
pressure  in  the  test  section  had  deaerated  the 
water  so  much  that  nuclei  wore  no  longer  formed  in 
the  tunnel. 

It  is  very  difficult  to  control  the  nuclei  content 
of  the  incoming  flow  [Schiebe  (1969)].  When  the 
nuclei  are  lerge  enough,  the  inception  pressure 
will  be  close  to  the  vapour  pressure.  However, 
when  the  nuclei  are  too  large  they  can  lead  to 
"gaseous  cavitation"  [Holl  (1970)1  with  inception 
above  the  vapour  pressure,  or  they  can  be  removed 
from  the  region  of  lowest  pressures  by  the  pressure 
gradient  in  the  flow,  as  was  theoretically  shown  by 
Johnson  and  Hsieh  (1966). 

Varia'^on  of  the  Reynolds  number  leads  to  viscous 
eff- ■  >  on  cavitation  inception.  Arakeri  and  Acosta 

(1973)  and  Casey  (1974)  showed  the  effect  of  the 
boundary  layer  on  cavitation  inception.  Laminar 
separation  was  shown  to  be  especially  important. 
Arakeri  and  Acosta  (1973)  visualized  the  boundary 
layer  by  a  schlieren  technique  and  they  tentatively 
related  the  cavitation  index  at  inception  and  the 
pressure  coefficient  at  laminar  separation  or  at 
transition.  Increased  pressure  fluctuations  in 
the  reattachment  region  of  a  laminar  separation 


bubble  and  in  the  transition  region  were  measured 
by  Arakeri  (1975)  and  by  Huang  and  Hannan  (1975). 

Van  der  Meulen  (1976)  also  observed  the  inception 
process  on  headforms  by  means  of  holography.  He 
showed  that  suppression  of  laminar  separation  by 
polymers  also  could  suppress  cavitation  inception. 
The  relation  between  the  inception  pressure  and 
the  pressure  at  laminar  separation  or  transition 
was  not  always  confirmed.  In  a  recent  case  study 
fKuiper  (1978)],  it  was  shown  that  viscous  effects 
were  responsible  for  a  delay  in  cavitation  inception 
on  a  propeller  model.  Additional  nuclei  had  no 
effect  in  this  case,  but  it  was  not  yet  clear  if 
nuclei  did  interact  with  the  boundary  layer  to 
create  cavitation  inception. 

In  this  study,  scale  effects  on  cavitation  on 
three  propellers  with  different  characteristics 
were  investigated.  When  a  propeller  operates  in 
a  wake,  scaling  problems  of  the  incoming  flow  and 
of  cavitation  cannot  be  separated.  Therefore  the 
propellers  were  tested  in  uniform  axial  flow.  The 
tests  were  carried  out  mainly  in  the  Depressurized 
Towing  Tank.  A  description  of  this  facility  is 
given  by  Kuiper  (1974).  The  advantages  of  this 
tank  for  the  research  on  scale  effects  on  cavitation 
inception  are  the,  supposedly,  very  low  and  constant 
turbulence  level  and  nuclei  content,  the  uniform 
inflow  of  the  propeller,  and  the  absence  of  wall 
effects.  Both  advance  speed  and  propeller  revolu¬ 
tions  can  be  controlled  very  accurately.  The  range 
of  Reynolds  numbers  which  can  be  tested  is  lower 
than  in  a  cavitation  tunnel  (maximum  carriage  speed 
is  4  m/sec.)  but  is  not  smaller. 

Tine  aim  of  the  present  study  is  to  gain  insight 
into  the  occurrence  of  scale  effects  on  cavitating 
propellers  and  to  develop  means  to  improve  the 
correlation  with  full  scale  observations.  Paint 
tests  were  carried  out  to  visualize  the  boundary 
layer  flow  on  the  propeller  blades.  Methods  to 
calculate  the  pressure  distribution  on  the  blades 
are  discussed  and  the  calculated  pressure  distri~ 
butions  are  used  for  the  interpretation  of  the 
results  of  the  paint  tests  and  the  cavitation 
observations.  The  nuclei  content  is  varied  by 
using  electrolysis,  and  roughness  at  the  leading 
edge  of  the  propeller  blades  is  applied  to  make  the 
boundary  layer  on  the  blades  turbulent,  thus  simu¬ 
lating  a  higher  Reynolds  number.  The  relation 
between  the  boundary  layer  on  the  blades  and 
cavitation  inception  is  shown  and  the  effect  of 
leading  edge  roughness  and  electrolysis  is  investi¬ 
gated. 


2 .  TEST  PROGRAM 

Propellers  and  Test  Conditions 

Four  propellers  were  investigated  in  uniform  flow. 
Propeller  A  is  the  propeller  which  was  investigated 
behind  a  model  in  a  case  study  by  Kuiper  (1978). 
This  propeller  showed  viscous  scale  effects  on 
cavitation  inception  but  was  insensitive  for 
electrolysis  (Figure  1).  Behind  the  model,  this 
propeller  operated  in  a  nozzle.  In  this  study  it 
was  tested  without  a  nozzle. 

Propeller  B  is  the  propeller  which  was  tested  by 
Noordzij  (1976)  behind  a  model.  This  propeller 
was  very  strongly  influenced  by  electrolysis. 
Without  electrolysis  the  sheet  cavitation  varied 
per  revolution,  (Figure  2).  With  electrolysis  the 


propoller  an  electrolysis  grid  was  mounted,  as 
shown  in  Figure  5.  The  wires  had  a  diameter  of 
0.2  mm  and  a  current  of  0.2A  was  used  to  generate 
nuclei.  The  propeller  shaft  was  at  0.4  meter  below 
the  water  level  and  the  lowest  wire  at  0.5  meter. 
Therefore  the  effect  of  electrolysis  could  only 
be  observed  in  the  upper  half  of  the  propeller  disk 
-The  propeller  boundary  layer.  Two  ways  of 
affecting  the  boundary  layer  were  used.  First, 
sandroughness  at  the  leading  edge  was  used  to  trip 
the  boundary  layer  to  turbulence.  Second,  the 
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cavitation  j  att.i  rn  was  present  and  identical  at 
every  revolution.  This  "stabilizing"  effect  of 
nuclei  in  important  because  it  affects  the  induced 
treasure  fluctuations  on  the  hull. 

Propeller  C  had  a  very  distinct  collapse  of  the 
cavity  when  the  blades  left  the  wake  peak,  as  can 
be  seen  in  Figure  3.  This  irregular  collapse  of 
the  cavity  was  thought  to  be  caused  by  viscous 
effects  and  it  can  also  strongly  influence  the 
pressure  fluctuations  on  the  hull. 

Propeller  D  was  not  tested  in  cavitating  con¬ 
ditions.  It  was  used  only  for  boundary  layer 
visualization.  This  propeller  is  an  example  of  a 
smaller  propeller  model  used  behind  models  with  a 
maximum  length  of  7  meters.  This  propeller  was 
made  of  a  copper-nickel-aluminium  alloy  (CUNIAL) . 
Propellers  A,  B  and  C  were  of  aluminium. 

Tlie  most  important  geometrical  characteristics 
of  the  four  propellers  are  given  in  Figure  4.  The 
complete  description*  necessary  for  the  calculations, 
is  given  in  the  Appendix .  Most  tests  were  done  in 
the  NSMB  Depressurized  Towing  Tank.  To  obtain 
uniform  inflow  the  propellers  were  mounted  on  a 
right- angle  drive  unit,  which  was  kept  afloat  by  a 
catamaran- type  vessel,  as  shown  in  Figure  5.  Only 
a  few  comparative  tests  were  done  in  a  cavitation 
tunne 1 . 

The  following  parameters  were  varied: 

-Tlie  propeller  loading.  Two  advance  ratio's  were 
used,  namely  70*  and  40*  of  the  pitch  ratio  at 
r/R=0.7.  (Slip  ratio's  of  30*  and  60*  respectively) . 
The  slip  ratio  of  30%  corresponds  to  a  loading  which 
is  about  normal  behind  the  ship,  the  slip  ratio 
of  60*  corresponds  to  an  overloaded  condition,  as 
occurs  when  the  blades  are  in  a  wake  peak.  Propel  lor 
A  was  also  investigated  at  an  intermediate  loading 
with  a  slip  of  40*  . 

-The  nuclei  content.  At  1  meter  in  front  of  the 


WITHOUT  ELECTROLYSIS 


WITH  ELECTROLYSIS 


FIGURE  2.  Effect  of  electrolysis  on  propeller  B 
behind  the  model. 
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FIGURE  3.  Irregular  collapse  of  cavitation  on  propeller 
C  behind  the  model. 


5  BLADES 

0  :  0  3266  m 

At/Ao  ;  0  620 
CQ7/0  :  0  366 
i/ctol)  0  042 


6  BLADES 

0  :  0  216 3  m 

Ac/Ao  =  0  633 
Co?/D  :  0  436 
t/cO  :  0  040 


f/A 
1  0 

0  72 
0  53 

0  24 


propeller  Reynolds  number  was  varied  with  a  factor 
of  about  three. 

-The  cavitation  index.  Throe  values  of  the 
cavitation  index  were  used:  oNT=1.5,  2.0,  and  2.5. 
The  reference  level  of  the  cavitation  index  was 
always  taken  at  the  propeller  tip  in  the  top  i>osition. 
In  this  paper  most  cavitation  observations  will  be 
shown  at  viNT=1.5.  At  higher  revolutions  a  lower 
cavitation  index  was  possible:  oNT=0.5  in  the 
towing  tank  and  aNT=1.0  in  the  cavitation  tunnel. 


Paint  Observations 


To  visualize  the  character  of  the  boundary  layer 
at  the  propeller  blades  a  surface  oil  flow  technique 
was  used  [Maltby,  ed.  (1962)].  This  technique  was 
adapted  for  use  in  water  on  propellers  by  Meyne 
(1972)  and  Sasajima  (1975).  It  is  particularly 
useful  on  rotating  bodies  because  the  difference 
in  friction  coefficient  between  laminar  and  turbu¬ 
lent  boundary  layer  flow,  in  combination  with  the 
centrifugal  force  acting  on  the  paint,  creates  a 
clear  difference  in  the  direction  of  the  paint- 
streaks  in  laminar  and  turbulent  regions. 

The  paint,  used  in  our  paint  tests,  consisted 
of  lead-oxide,  diluted  with  linseed  oil  and  coloured 
with  red  "Dayglo”  pigment.  This  mixture  produced 
a  finely  detailed  pattern  of  streaks  on  the  metal 
surface  of  the  propeller.  When  the  propeller 
blades  were  painted  yellow  with  a  thin  layer  of 
zinc-chromate  primer,  as  is  done  with  the  cavita¬ 
tion  observations  to  improve  contrast  and  to  avoid 
reflections,  no  streaks  were  formed.  Consequently 
the  flow  visual i zation  tests  were  done  with  the 
profilers  not  painted. 

The  viscosity  of  the  paint  was  controlled  by 
the  amount  of  linseed  oil  and  was  chosen  such  that 
the  formation  of  the  pattern  took  about  one  full 
run  in  the  towing  tank.  At  least  500  revolution:, 
were  always  available  to  form  th-^  pattern.  To 


FIGURE  4.  Geometry  of  propellers. 


reach  the  desired  condition  took  about  100 
revolutions,  most  of  them  very  close  to  the  final 
condition.  Paint  tests  were  also  done  in  the 
cavitation  tunnel.  The  pictures  obtained  there 
were  more  profuse,  especially  at  high  tunnel  veloc¬ 
ities,  because  of  the  relatively  long  time  it  took 
to  reach  a  stable  condition.  For  runs  longer  than 
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be  derived  with  suitable  accuracy.  Since  the 
propeller  thrust  is  least  sensitive  to  viscous 
effects  this  quantity  gives  the  most  reliable 
verification  of  calculations.  When  the  propeller 
geometry  and  the  nominal  inflow  are  known  two 
approaches  are  available  to  obtain  the  distribution 
of  propeller  loading,  viz.  the  lifting  line  theory 
and  the  lifting  surface  theory.  Hereafter,  both 
approaches  will  be  considered  with  models  going 
back  to  the  work  of  Lerbs  (1952)  for  the  former 
and  Sparenberg  (1960)  for  the  latter  theory. 


DETAIL  ELECTROLYSIS  GRID 


FIGURE  5.  Test  equipment  for  open-water  tests. 


a  few  minutes  the  viscosity  of  the  lead-oxide  is 
too  low  and  the  blades  are  cleaned  by  the  flow. 

The  paint  is  put  on  the  propeller  blades  at  the 
leading  edge  to  about  10#  of  the  chord.  The  layer 
must  be  rather  thick  to  provide  enough  paint  to 
cover  the  whole  blade.  Some  pictures  were  taken 
with  UV  light  using  the  fluoriscent  properties  of 
the  pigment.  The  bulk  of  the  pictures  of  the  paint 
tests  was  taken  in  colour  photography  with  natural 
light.  This  gave  good  colour  prints,  but  unfortu¬ 
nately  the  contrast  in  monochrome  paper  turned  out 
to  be  rather  poor. 


Roughness  at  the  Leading  Edge 

To  trip  the  boundary  layer  to  turbulence  the  leading 
edge  of  the  propeller  blades  was  covered  with 
carborundum.  The  leading  edge  of  the  propeller 
blade  is  wetted  with  watery  thin  varnish  to  about 
0.5  mm  from  the  leading  edge.  This  is  done  by 
touching  the  leading  edge  with  a  pad  wetted  with 
varnish.  The  softness  of  the  pad  determines  the 
length  of  the  wetted  area  from  the  leading  edge. 

Then  carborundum  is  put  on  the  wetted  area  by 
spreading  the  grains  on  a  felt  cloth  and  by  wiping 
the  wetted  leading  edge  with  that  cloth.  Two  grains 
sizes  were  used:  30  ym  (31-37)  and  60  nm  (53-62). 
Microscopic  inspection  afterwards  is  necessary.  An 
example  is  given  in  Figure  6. 


3.  CALCULATION  OF  PRESSURE  DISTRIBUTION 

The  analysis  of  boundary  layer  phenomena  and  of 
cavitation  on  propeller  blades  becomes  very  specu¬ 
lative  when  the  pressure  distribution  is  not  known. 
No  firm  experimental  verification  of  calculations 
of  the  pressure  distribution  is  available  yet,  only 
the  total  thrust  and  torque  give  some  evidence  of 
the  value  of  calculations.  The  calculations  are 
always  potential  flow  calculations  and  the  effect 
of  viscosity  on  the  propeller  sections  cannot  yet 


Lifting  Line  Calculations 

The  lifting  line  theory  concentrates  the  loading  of 
a  propeller  section  at  one  point.  Using  the  induc¬ 
tion  factor  method  [Wrench  (1957)],  a  relation 
between  the  hydrodynamic  pitch  angle,  and  the 

circulation,  T,  at  each  section  is  found. 

3. (i)  =  F[T(r)]  (5) 

i 

When  a  given  propeller  is  analysed  B^  and  T  are 
unknown.  To  find  them  a  second  relation  is  necessary, 
which  is  derived  from  two-dimensional  profile 
characteristics.  The  lift  coefficient 

/  dC  \ 

cl  STV  <a+V  (6> 

where  aQ  is  the  zero  lift  angle  of  the  propeller 
section.  Since  the  angle  of  attack  a  is  taken  from 

a  =  (6  -  B.>.  (7) 

P  l 

where  g  is  the  known  geometrical  pitch  angle,  a 
second  relation  is  formulated  between  Cl  (or  T) 
and  Bj.,  in  which  dCL/da,  is  assumed  to  be  known. 

When  the  two-dimensional  value  for  dCL/da,  based 
on  the  geometry  of  the  propeller  section,  is  used 
the  results  are  rather  drastically  wrong.  This  is 
caused  mainly  by  the  finite  length  of  the  propeller 
section,  which  creates  a  distribution  of  induced 
velocities  affecting  camber  and  angle  of  attack. 
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FIGURE  6.  Microscopic  picture  of  leading  edge 
roughness . 
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FIGURE  7.  Propeller  open-water  characteristics. 
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So  Eq.  6  has  to  be  corrected  to  obtain  a  three- 
dimensional  lift  curve.  At  one  point  of  the  lift 
curve,  at  the  ideal  angle  of  attack,  results  of 
systematic  lifting  surface  calculations  are  avail¬ 
able  (Morgan  et  al.  (1968)]  and  they  can  be  expressed 
as  correction  factors  on  camber,  Kc,  and  the  angle 
of  attack,  K«.  Van  Oossanen  (1974)  used  these 
correction  factors  to  define  the  three-dimensional 
lift  curve  over  the  whole  range  of  angles  of  attack 
instead  of  at  the  ideal  angle  of  attack  only.  He 
wrote 

f  dC.  \  dCT  ] 

(8) 
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where  is  the  ideal  angle  of  attack  of  the 
propeller  section.  Substitution  of  these  three- 
dimensional  values  in  Eq.  6  makes  it  possible  to 
solve  the  set  of  Eqs.  5-7,  resulting  in  a  radial 
distribution  of  8j  ,  u(),  and  Cl- 

In  Figure  7  the  calculated  open-water  character¬ 
istics  using  this  approach  are  compared  with  experi¬ 
ments.  The  agreement  between  measurements  and 
calculations  is  acceptable.  Propeller  B  could  not 
be  calculated  since  the  regression  formula’s  for 
Kc  and  Ku  in  the  program  were  restricted  to  a 
maximum  pitch  ratio  of  1.4. 

Viscosity  is  taken  into  account  by  assuming  a 
viscous  lift  slope 
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where  t=  max.  thickness  of  propeller  section 
c=  chord  length  of  propeller  section 

The  drag  is  calculated  using  the  characteristics 
of  the  equivalent  profiles  of  the  NSMB  B-series 
propellers. 

Lifting  Surface  Calculations 

The  lifting  surface  theory  calculates  the  induced 
velocities  over  the  propeller  blades,  in  chordwise 
and  radial  direction,  thus  including  the  effects 
of  finite  aspect  ratio  of  the  blades.  The  draw¬ 
back  is  that  the  theory  is  linearized,  which 
restricts  the  validity  to  lightly  loaded  propellers. 

Van  Gent  (1977)  has  shown  in  his  thesis  how 
heavily  loaded  propellers  can  be  treated  with  a 
linearized  theory  since  the  vorticity  in  the  wake 
induces  an  additional  axial  velocity  component  in 
the  propeller  plane,  keeping  the  angles  of  attack 
of  the  propeller  sections  small. 

The  boundary  conditions  on  the  propeller  blades 
are  fulfilled  at  a  number  of  chordwise  and  spanwise 
points.  In  our  calculations  four  chordwise  and 
ten  radial  points  per  blade  were  chosen.  The  pitch 
of  the  vortex  sheet  in  the  wake  was  taken  rather 
arbitrarily  as  the  pitch  at  0.7D. 

A  very  approximate  description  of  the  viscous 
effects  is  used.  The  drag  force  of  the  propeller 
sections  is  split  into  two  parts:  a  drag  force 
as  a  result  of  losses  in  the  suction  peak  at  the 
leading  edge  and  a  drag  force  due  to  friction.  The 
latter  is  calculated  using  a  friction  coefficient 
of  0.0080,  irrespective  of  the  Reynolds  number. 

The  first  drag  force  is  taken  as  half  the  theoretical 
suction  force.  The  same  correction  is  also  applied 
to  the  sectional  lift,  which  is  obtained  from  chord- 
wise  integration  of  the  lift  distribution.  In  the 
calculation  of  the  induced  velocities  the  geometrical 
pitch  angle  is  reduced  by  3/4  degree  to  simulate 
viscous  effects  on  the  zero  lift  angle. 

The  open-water  diagrams  as  calculated  with  the 
lifting  surface  theory  as  described  by  Van  Gent 
(1977)  are  shown  in  Figure  7  together  with  experi¬ 
mental  results  and  lifting  line  calculations.  The 
general  agreement  with  measurements  is  as  good  as 
the  lifting  line  calculations.  This  makes  clear 
that  the  linearized  lifting  surface  theory  can 
indeed  produce  reliable  open-water  characteristics 
up  to  high  propeller  loadings.  At  very  low  advance 
ratio's  the  calculations  deviate  from  the  measure¬ 
ments  but  this  might  well  be  caused  by  an  erroneous 
estimate  of  the  viscous  effects. 


Calculation  of  the  Pressure  Distribution 

Lifting  line  as  well  as  lifting  surface  calculations 
give  the  radial  distribution  of  the  lift  coefficient, 
of  the  angle  of  attack,  and  of  the  induced  camber 
(or  camber  distribution)  which  can  be  translated 
into  a  zero  lift  angle.  In  Figure  8  these  results 
are  compared  for  propeller  A  at  40/S  slip.  The 
lifting  line  calculation  gives  a  higher  loading  at 
the  tip  and  a  lower  loading  at  inner  radii,  compared 
with  the  lifting  surface  calculation.  This  is 
characteristic  for  all  four  propellers  in  all 
conditions.  The  total  thrust  does  not  differ  very 
much.  Large  differences,  however,  are  found  for 
the  angle  of  attack  and  for  the  zero  lift  angle. 


FIGURE  8.  Radial  distribution  of  lift  coefficient  and 
angle  of  attack  on  propeller  A  at  40%  slip. 


Since  these  values  will  be  used  in  the  calculation 
of  the  pressure  distribution  this  discrepancy  needs 
further  attention. 

The  source  of  the  discrepancy  is  the  choice  of 
Eqs .  8  and  9,  used  in  the  lifting  line  calculation. 
The  reduction  of  the  slope  of  the  lift  curve  with 
the  lifting  surface  correction  factor  for  the  camber, 
Kc  (Eq.  8),  is  an  empirical  one,  first  suggested 
by  Lerbs  (1951)  when  he  analyzed  the  lift  slopes 
of  his  "equivalent  profiles".  The  physical  meaning 
of  this  correction  is  not  clear,  but  it  still  can 
lead  to  correct  results  for  thrust  and  torque, 
since  the  lift  slope  for  the  equivalent  profiles 
was  derived  using  a  lifting  line  theory  and  experi¬ 
ment'll  values  of  thrust  and  torque.  Therefore,  this 
correction  for  the  lift  slope,  used  in  combination 
with  the  same  lifting  line  theory,  should  give 
results  for  thrust  and  torque  not  too  far  from  the 
experimental  results.  The  definition  of  the  three 
dimensional  zero  lift  angle  (Eq.  9)  is  another 
empirical  relation,  bringing  the  calculated  open 
water  characteristics  in  line  with  experiments. 
However,  this  does  not  necessarily  mean  that  the 
three  dimensional  angle  of  incidence  and  zero  lift 
angle  have  a  physical  meaning  and  can  be  used  for 
the  calculation  of  the  pressure  distribution. 
Therefore,  the  results  of  the  lifting  surface  cal¬ 
culations  are  used  in  the  following  to  calculate 
the  pressure  distribution. 

To  calculate  the  pressure  distribution  on  the 
blades,  the  effect  of  propeller  thickness  has  to 
be  calculated  and  the  leading  edge  singularity  of 
the  lift  distribution  has  to  be  dealt  with.  Tsakonas 
et  al.  (1976)  calculated  the  pressure  distribution 
on  the  propeller  blades  using  a  singularity  distri¬ 
bution  for  the  thickness,  in  combination  with  a 
linearized  lifting  surface  theory.  These  calcula¬ 
tions,  however,  remain  linearized,  producing  an 
infinite  velocity  at  the  leading  edge,  which  was 
removed  by  the  Li gh thill  correction  for  thin  air¬ 
foils  [Lighthill  (1951)].  In  our  study,  three- 
dimensional  effects  on  the  pressure  distribution 
are  neglected.  Interaction  effects  between  thickness 
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FIGURE  9.  Calculated  pressure  distribution  on  the 
suction  side  at  30%  slip. 


and  loading,  which  occur  duo  to  the  non-planar 
surface  of  the  propeller  blades  are  taken  into 
account  by  a  correction  factor  [Morgan  et  al.  (1968)]. 
This  makes  it  possible  to  apply  conformal  mapping 
to  calculate  the  pressure  distribution.  An  approx¬ 
imation  of  the  original  theory  of  Thcodorsen  (1932), 
known  as  Goldstein's  third  approximation  [Goldstein 
(1948) ]  was  used.  The  determination  of  the  "effec¬ 
tive  geometry"  was  done  using  a  camber  line,  derived 
from  the  calculated  induced  velocities  of  the  lifting 
surface  calculation.  This  can  be  done  because  the 
problem  is  linearized.  The  calculated  induced 
camberline  and  the  geometrical  thickness  distribution 
were  combined  in  the  NACA-manner  to  obtain  the 
geometry  of  the  effective  profile.  The  pressure 
distribution  on  the  propeller  section  was  then  cal¬ 
culated  using  the  induced  angle  of  attack  from  the 


lifting  surface  calculation.  The  lift  coefficient, 
which  is  found  from  the  lifting  surface  calculation, 
is  maintained  using  the  method  of  Pinkerton  (1934). 
This  is  necessary  because  the  potential  flow  lift 
coefficient  of  the  effective  profile  is  slightly 
lower  at  inner  radii,  where  the  sections  become 
thicker.  The  differences  are  of  the  order  of  0.02. 
In  Figures  9  and  10  the  calculated  pressure 
distributions  at  the  suction  side  are  given  for 
propellers  A,  B,  and  C. 


4.  RESULTS  OF  PAINT  TESTS 

In  Figure  11  the  paint  patterns  are  shown  for  pro¬ 
pellers  A,  B,  and  C  at  30#  slip  and  at  Reynolds 
numbers  typical  for  testing  behind  12  meter  models. 
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FIGURE  10.  Calculated  pressure  distribution  on  the 
suction  side  at  60%  slip. 


These  pictures  were  taken  with  UV- illumination. 

At  the  leading  edge  the  paint  is  removed,  due  to 
high  local  velocities.  The  streaks  are  formed 
gradually,  either  in  a  nearly  tangential  direction 
(the  turbulent  region)  or  pointed  outwards  (the 
laminar  region).  The  transition  from  laminar  to 
turbulent  boundary  layer  flow  is  shown  by  a  change 
in  direction  of  the  streaks. 

Laminar  boundary  layer  flow  occurs  in  all  cases 
near  the  leading  edge.  Transition  in  chordwise 
direction  to  turbulent  boundary  layer  flow  occurs 
gradually,  but  a  transition  region  can  be  distin¬ 
guished  and  at  the  trailing  edge  the  boundary  layer 
is  turbulent.  When  the  paint  streaks  are  nearly 
in  the  radial  direction  the  flow  is  separated.  At 
inner  radii  the  boundary  layer  if  often  close  to 
separation.  Laminar  separation  was  clearly  present 


on  propeller  D,  as  is  shown  in  Figure  12.  At  60" 
slip  the  radius  where  laminar  separation  is  replaced 
by  natural  transition  can  be  seen  by  the  sharp 
corner  in  the  paint  streaks. 

At  the  suction  side  near  the  tip  a  turbulent 
region  exists  immediately  from  the  leading  edge 
(Figure  11) .  An  increase  in  propeller  loading 
showed  a  radial  increase  of  the  turbulent  region  at 
outer  radii,  as  illustrated  in  Figure  12.  The 
change  in  radial  direction  of  the  laminar  region 
near  the  leading  edge  to  the  turbulent  region  at 
outer  radii  on  the  suction  side  is  abrupt  and 
nearly  di:  continuous ,  as  sketched  in  detail  in 
Figure  13.  The  laminar  region  is  cut  off  and  the 
region  of  natural  transition  at  inner  radii  does 
not  reach  the  leading  edge.  We  will  designate  the 
radius  where  this  discontinuity  occurs ,  the  critical 
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PROPELLER  A 


ReN  =  0.73  x  106 


PROPELLER  B 


ReN  =  0.51  x  106 


PROPELLER  C  , 


FICtURE  11. 
30%  slip. 


Paint  patterns  at 


radius  of  the  propeller.  Such  a  critical  radius 
can  also  be  observed  from  the  paint  pattern  of 
Sasajima  (1975)  and  of  Meyne  (1972).  This  critical 
radius  turned  out  to  be  very  important  for  cavita¬ 
tion  inception  and  could  be  discerned  in  all  cases. 
No  photographs  are  shown  because  of  the  bad  contrast 
of  the  monochrome  prints.  (Figure  1  fi )  . 

On  propeller  B  at  60^  slip  a  separation  bubble 
at  Lhe  leading  edge  was  observed,  connected  with  a 


stagnation  region  near  the  tip  on  the  suction  side, 
which  indicated  the  position  of  the  tip  vortex.  In 
the  direction  of  the  hub  the  laminar  separation 
bubble  extended  exactly  until  the  critical  radius. 
This  lead  us  to  the  hypothesis  that  laminar  sepa¬ 
ration  near  the  leading  edge  was  the  cause  of  the 
discontinuous  character  of  the  paint  streaks  at  the 
critical  radius.  To  verify  the  hypothesis  of  laminar 
separation  at  the  critical  radius,  boundary  layer 
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FIGURE  12.  Variation  of  the  critical  radius  with 
propeller  loading  on  propeller  D  (suction  side) . 


calculations  wore  made,  using  the  pressure  distri¬ 
butions  as  calculated  in  Section  3.  The  laminar 
boundary  layer  was  calculated  with  Thwaites'  method 
(Thwaites  (1949)].  Laminar  separation  was  predicted 
using  Curie  and  Skan's  (1957)  criteron.  This  cal¬ 
culation  method  does  not  take  into  account  the 
delaying  effect  of  rotation  on  laminar  separation, 
but  since  laminar  separation  occurs  very  close  to 
the  leading  edge  the  effect  of  rotation  on  the 
development  of  the  boundary  layer  will  still  be 
small.  The  correlation  between  the  calculated  and 
the  observed  critical  radius  is  given  in  Figure  14, 
and  this  correlation  is  quite  good.  The  critical 
radius  at  all  conditions  and  the  variation  of  the 
critical  radius  between  the  propeller  blades  can 
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FrGURE  13.  Discontinuity  of  paint  streaks  at  the 
critical  radius. 


FIGURE  14.  Correlation  of  calculated  radius  of 
laminar  separation  and  measured  critical  radius. 


also  be  found  from  Figure  14.  As  can  be  seen,  the 
variation  of  the  critical  radius  per  blade  in  one 
condition  can  be  considerable,  showing  the  sensi¬ 
tivity  of  laminar  separation  to  the  manufacturing 
accuracy.  The  critical  radius  per  blade,  however, 
reproduced  remarkably. 

The  position  of  laminar  separation  is  independent 
of  the  Reynolds  number.  So  another  check  on  the 
hypothesis  of  laminar  separation  at  the  critical 
radius  is  the  independence  of  the  critical  radius 
from  the  Reynolds  number.  Propellers  A  and  C  were 
therefore  tested  with  about  twice  the  original 
number  of  revolutions.  Propeller  A  was  also  inves¬ 
tigated  in  a  cavitation  tunnel:  the  highest 
Reynolds  number  in  the  towing  tank  was  repeated 
and  another  condition  with  about  three  times  the 
original  Reynolds  number  was  tested.  The  paint 
tests  in  the  cavitation  tunnel  were  less  accurate 
since  turbulent  spots  occurred,  which  caused  a 
wedge  shaped  tangential  streak  through  the  laminar 
pattern.  This  was  strongest  at  the  higher  Reynolds 
numbers . 

Figure  15  gives  the  critical  radius  as  a  function 
of  Reynolds  number  for  the  blades  available  for 
comparison.  There  is  a  slight  trend  for  the  critical 
radius  to  decrease  with  increasing  Reynolds  number, 
but  this  is  only  very  slight.  The  critical  radius 
is  strongly  dependent  on  the  propeller  loading  and 
a  slight  increase  of  the  propeller  loading  with 
increasing  Reynolds  number  might  cause  the  decrease 
of  the  critical  radius.  For  comparison  the  obser¬ 
vations  of  Sasajima  are  also  drawn  in  Figure  15. 

He  observes  a  larger  shift  of  the  critical  radius 
with  Reynolds  number,  but  his  results  from  the 
tank  show  no  variation  with  Reynolds  number.  The 
variations  found  in  the  cavitation  tunnel  might 
well  be  caused  by  variations  in  propeller  loading 
or  by  wall  effects.  The  conclusion  seems  justified 
that  the  critical  radius  is  independent  of  the 
Reynolds  number,  at  least  until  natural  transition 
occurs  close  to  the  minimum  pressure  point.  In 
that  case  a  critical  radius  no  longer  exists. 


It  is  important  to  note  that  in  Figure  12  at  bo" 
slip  the  radius  where  laminar  separation  occurs 
near  midchord  is  not  the  critical  radius,  although 
in  this  case  the  difference  between  both  is  small. 
With  increasing  Reynolds  number,  however,  the  region 
of  laminar  separation  near  midchord  will  decrease, 
while  the  critical  radius  will  remain  unchanged. 

The  distance  between  the  sharp  corner  in  the  paint, 
streaks  of  Figure  12b  and  the  critical  radius  win 
therefore  increase  with  increasing  Reynolds  number. 

An  increase  of  Reynolds  number  causes  a  shift 
in  the  chordwise  position  of  the  transition  region 
at  radii  inside  the  critical  radius,  as  is  illus¬ 
trated  in  figure  16.  This  was-  a 2 so  observed  cm 
the  pressure  side'.  In  Figure  17  the  chordwise 
position  of  the  transition  region  is  given  at 
t  R  0,7  as  a  function  of  the  sectional  Reynolds 
number,  which  is  related  to  the  entrance  velocity 
and  the  chordlength  of  the  propeller  section  at 
that  radius.  The  transition  region  is  averaged  in 
Figure  17.  This  makes  clear  that  a  complete  turbu¬ 
lent  boundary  layer  at  a  radius  of  d.7k  requires 
sectional  Reynolds  numbers  of  about  S«ltV  .  At  the 
suction  side,  turbulent  flow  at  this  radius  also 
occurs  when  the  loading  is  increased,  i.e.  the 
critical  radius  is  smaller  than  0.7. 

Kmpirical  criteria  for  transition  of  the  boundary 
layer  to  turbulence  have  been  given  as  a  relation 
between  tin  Reynolds  numbers  based  on  the  length 
from  the  stagnation  point,  Rex,  and  bused  on  the 
momentum  thickness.  Re.-..  Mi  die  1  Smith 

(L'*rif»)  .  Van  Oossnnen  used  the  Smif’n  line 


as  a  criterion.  When  t  he  relation  between  Re.,  and 
Re x  over  the  chord  was  calculated,  both  on  the 
suet  ion  side  and  on  the  pressure  side,  this  relation 
was  so  closely  parallel  to  the  criterion  of  Kq .  10 

that  no  reliable  intersection  was  possible.  When 
♦here  is  a  strong  negative  pressure  peak  at  the 
leading  edge  the  relation  between  Re.:  and  Rox  is 
such  that  Mg.  10  always  prediet:;  transition  very 
close  to  tin  loading  edge.  When  the  pressure 
distribution  was  nearly  shock  free,  the  prediction 
was  erroneous. 

To  calculate  the  transition  region,  calculation 
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FIGURE  17.  Chordwise  jjosition  of  natural  transition 
inside  the  critical  rudius. 


of  the  stability  of  the  laminar  boundary  layer 
might  give  better  results  ; Smith  and  Camberoni  (1956)  |. 
Since  transition  occurs  far  from  the  loading  edge, 
the  effect  of  rotation  can  be  important.  When  the 
calculation  scheme  of  Arakori  (1973)  is  used  it  is 
possible  to  take  the  effect  of  rotation  into  account 
using  Meyne's  (1972)  results.  This  was  beyond  the 
scope  of  this  paper. 

5 .  CAVITATION  OB  S  K RV  AT I ON  S 

The  cavitation  on  propellers  A,  B/  and  C  is  .sketched 
in  Figure  18  for  both  slip  ratio's.  The  cavitation 
index  at  the  blade  tip  in  top  position,  '.NT  (Eq.  2) 
was  always  1.5.  The  Reynolds  numbers  Rojj  ,  wore? 
about  5<10‘  .  At  30*  slip  the  condition  is  not  far 
from  inception  and  a  ca vita ting  tip  vortex  is 
present  in  nearly  all  cases.  However,  in  some  cases 
at  low  Reynolds  numbers,  propellers  A  and  C  were  ob¬ 
served  without  any  cavitation.  This  was  not  due  to 
intermittent  cavitation  during  one  test,  but  oc¬ 
curred  when  tests  were  repeated  with  time-intervals 
of  some  weeks.  During  one  test  the  ob.sorvat ions 
w*  r*'  quite  consistent,  indicating  that  the  varia¬ 
tions  are  caused  by  factors  which  are  still  not 
under  “Hough  control,  e.g.,  air  content,  nuclei 
content ,  turbulence. 


Correlation  with  Paint  Test 

Of  interest  is  the  correlation  of  the  radial  extent 
of  the  cavity  with  the  observed  critical  radius, 
found  from  the  paint  test.  In  Figure  18  the 
observed  position  of  the  critical  radius  is  indicated, 
as  well  as  the  calculated  ideal  inception  radius, 
which  is  the  radius  where  the  minimum  pressure  on 
the  blades  equals  the  vapor  pressure.  Also  indicated 
is  the  cavitation,  observed  when  the  leading  edge 
was  roughened,  as  will  be  discussed  in  the  next 
section , 


On  propeller  A  and  on  propeller  B  at  30^  slip 
the  radial  extent  of  the  cavitation  is  clearly 
restricted  by  the  observed  critical  radius.  Some¬ 
times  there  is  a  small  difference  between  the 
critical  radius  and  the  inception  radius,  which  is 
probably  caused  by  a  change  in  the  pressure  distri¬ 
bution  by  the  cavitation. 

The  calculated  ideal  inception  radii  at  60#  slip 
should  be  considered  with  caustion.  They  are  close 
to  the  hub  and  the  influence  of  the  hub  is  not 
taken  into  account  in  the  calculations.  For  example 
on  propeller  B  at  60#  slip  the  inception  radius  is 
larger  than  calculated.  In  that  case  the  critical 
radius  is  smaller  than  the  inception  radius  and 
does  not  cause  any  viscous  effects  on  cavitation. 

The  distance  between  the  ideal  inception  radius 
and  the  critical  radius  on  propeller  C  is  small, 
so  the  scale  effects  due  to  the  critical  radius 
will  be  small  too. 

We  can  conclude  that  no  cavitation  occurred  in 
regions  of  laminar  flow  near  the  leading  edge.  The 
radial  extent  of  cavitation  can  bo  seriously 
restricted  by  the  critical  radius.  Since  the  crit¬ 
ical  radius  is  connected  with  laminar  separation 
this  means  that  variation  of  the  Reynolds  number 
does  not  remove  this  restriction  until  very  high 
Reynolds  numbers.  From  Figure  17  the  sectional 
Reynolds  number  at  r/R=0.7  has  to  exceed  5*106, 
whereas  a  value  of  3*10$  is  mostly  considered 
enough  to  avoid  Reynolds  effects  on  thrust  and  torque. 


Variation  of  Reynolds  Number 

Propellers  A  and  C  were  tested  at  a  higher  Reynolds 
number  in  the  towing  tank,  while  propeller  A  was 
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FIGURE  18.  Cavitation  observations  at  o.  =1.5. 
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also  tested  in  the  cavitation  tunnel  at  two  Reynolds 
numbers.  Mo  differences  in  cavitation  pattern  due 
to  variation  of  the  Reynolds  number  were  observed 
in  the  towing  tank.  Notably  the  radial  extent  of 
the  cavity  was  unchanged,  which  confirmed  that  the 
critical  radius  restricted  cavitation  inception 
independent  of  the  Reynolds  number.  The  results 
of  propeller  A  at  30*  slip  are  shown  in  Figure  19. 
in  this  figure  the  observations  of  the  tests  in 
the  cavitation  tunnel  are  also  shown.  These  show 
some  differences  requiring  further  attention.  The 
cavity  in  the  cavitation  tunnel  at  Rcn=1. 56*10*>  is 
somewhat  larger  than  in  the  towing  tank,  but  the 
difference  is  not  significant  and  is  probably 
caused  by  a  slight  difference  in  propeller  loading. 
(The  tunnel  condition  was  taken  at  a  K„,-value 
derived  from  the  open  water  measurements.  The  flow 
velocity  was  not  measured) .  Remarkable  are  the 
spots  of  cavitation  at  Re«=l.  56x10*’>  which  increased 
in  number  when  time  increased! 

At  Rejs.=2.72*10^  there  is  a  sheet  outside  r/R=0.9, 
the  same  as  at  Re^-l .  56*10*' .  The  spots  however, 
have  increased  in  number  and  they  coalesce  at  some 
distance  from  the  leading  edge,  forming  a  cavity 
until  about  r/R=0.8  with  isolated  spots  until  r/R=0.7, 
which  is  the  ideal  inception  radius.  The  increase 
of  the  number  of  spots  with  time  was  not  observed 
in  this  situation,  but  the  time  to  reach  a  stable 
condition  was  much  longer  than  at  lower  Reynolds 
numbers . 


r  TUNNEL  d  TUNNEL  ^ 

ReN;  1  56x106  r<?n  :  2  72  X  «/’ 

FIGURE  19.  Effect  of  Reynolds  number  on  propeller  A 
at  30%  slip  with  =  1.5. 


The  occurrence  of  cavitating  spots  in  the  laminar 
region  agrees  with  the  observation  of  turbulent 
streaks  in  the  paint  tests  in  the  cavitation  tunnel 
at  higher  Reynolds  numbers.  Therefore,  it  is 
con  lectured  that,  in  the  tunnel,  tiny  x^articles 
were  dci>osited  on  the  leading  edge  of  the  propeller, 
thus  creating  turbulent  streaks.  The  number  of 
these  streaks  may  increase  with  time,  and  these 
turbulent  streaks  cause  spots  of  cavitation. 

Another  possible  effect  is  that  the  propeller 
is  not  hydrodynamically  smooth.  With  increasing 
Reynolds  number  the  boundary  layer  becomes  thinner 
and  more  sensitive  to  local  roughness.  In  this 
case  the  streaks  would  always  be  in  the  same  position. 
Not  enough  observations  were  made  to  verify  this, 
but  the  strongly  reduced  occurrence  of  turbulent 
spots  in  the  towing  tank  points  to  the  flow  as  the 
origin  of  the  disturbances.  The  occurrence  of 
these  streaks  was  also  apparent  in  the  tank  when 
the  pressure  was  drastically  lowered,  as  is  shown 
in  Figure  20.  It  is  of  course  very  important  to 
recognize  these  cavitating  spots  since  they  indicate 
a  region  of  laminar  boundary  layer  flow  and  a 
possible  restriction  of  the  radial  extent  and  the 
volume  of  the  cavity. 

The  effect  of  Reynolds  number  on  cavitation  in 
the  region  from  the  critical  radius  to  the  tip  is 
small.  In  nearly  all  cases  cavitation  took  place 
in  this  region  at  low  Reynolds  numbers.  In  some 
cases  no  cavitation  was  present  in  this  region  at 
a  low  Reynolds  number,  as  shown  in  Figure  21.  A 
paint  test  is  included  to  show  the  critical  radius. 

At  a  higher  Reynolds  number,  cavitation  was  present 
until  the  critical  radius.  The  ideal  inception 
radius  in  this  case  is  at  r/R=0.7.  A  similar  effect 
was  sometimes  seen  at  propeller  C  and  can  be 
explained  by  the  fact  that  the  rcattachment  region, 
where  inception  is  assumed  to  occur,  shifts  to 
lower  pressure  regions  with  increasing  Reynolds 
number.  Calculations  of  such  an  effect  are  given 
by  Huang  and  Peterson  (1977).  It  is  not  certain, 
however,  that  the  Reynolds  number  is  the  only 
variable  since  application  of  electrolysis  also 
caused  inception  at  low  Reynolds  numbers.  Apparently 
the  nuclei  distribution  becomes  more  critical  with 
lower  Reynolds  numbers. 


Observations  with  oNT  =  0.5 

Laminar  boundary  layer  flow  was  seen  to  prevent 
sheet  cavitation  at  the  leading  edge.  To  see  if 
there  is  some  threshold  for  inception  the  cavitation 
index  was  drastically  lowered  to  aTN~0 . 5 .  This 
was  only  possible  at  high.  Reynolds  numbers.  In 
Figure  22  propeller  A  is  shown  at  30%  slip,  a 
condition  comparable  with  Figure  19b,  but  at  a  low 
cavitation  index.  It  is  clear  that  even  in  this 
extreme  condition  no  cavitation  occurred  in  the 
laminar  flow  region. 

A  comparison  of  the  local  cavitation  index  with 
the  pressure  coefficients  as  given  in  Figure  9 
shows  that,  e.g.,  at  r/R-O.R,  the  minimum  pressure 
coefficient  is  0.54  while  the  cavitation  index  at 
that  radius  is  0.08  to  0.012,  depending  on  the 
position  of  the  blade.  The  cavitation  index  at  this 
radius  is  lower  than  the  pressure  coefficient  over 
most  of  the  propeller  section.  When  turbulent  spots 
appeared  inside  the  critical  radius  these  spots 
were  suporcavitating,  as  is  also  shown  in  Figure  20. 

Bubble  cavitation  can  be  expected  near  midchord 


cavitation  could  be  established  and  no  bubble 
cavitation  occurred  near  midchord  at  inner  radii. 
Both  phenomena  are  suspected  to  be  caused  by  a  lack 
of  nuclei.  So  electrolysis  was  applied,  as  will  be 
discussed  in  the  next  section. 


6.  VARIATION  OF  NUCLEI  CONTENT  BY  ELECTROLYSIS 

Some  measurements  in  the  NSMB  Depressurized  Towing 
Tank  with  the  scattered  light  method  indicated 
that  the  nuclei  content  of  this  tank  was  nearly 
independent  of  the  pressure.  The  density  of  small 
nuclei  (17  wm)  was  1.2*107  nT 3  and  that  of  the 
largest  available  nuclei  (45  |jjn)  was  1.2*10^  m  ^ . 
{This  corresponds  with  nuclei  number  densities,  as 
defined  by  Gates  (1977)  of  9* 10 11  and  2 . 4 * 1 0 1 0 
respect ively  1.  A  description  of  the  measuring 
technique  which  was  used  is  qiven  by  Keller  (1974). 
A  comparison  with  similar  measurements  in  the  NSMB 
large  cavitation  tunnel  .Arndt  and  Keller  (1976)" 
shows  that  the  nuclei  content  is  lower  than  that 
in  the  cavitation  tunnel  at  the  lowest  air  content 
by  a  factor  of  about  5.  The  nuclei  content  in  the 
cavitation  tunnel  was  very  much  dependent  on  the 
total  air  content  of  the  water,  showing  variations 
of  a  factor  of  ID  between  high  (12.5  ppm)  and  low 
(0.3  ppm)  air  content..  This  dependency  was  absent 


FT  JUKE  Turbulent,  streaks  inside  the  critical 

ra  il j ;  at  higher  Reynolds  numbers.  Propeller  c  at 
slip. 


«it  inner  radii,  where  the  minimum  pressure  exists 
near  midchord.  At  propeller  A  at  r/RO.6  the'  cavita¬ 
tion  index  is  between  n.l  1  and  0.20,  at  ' nt ' 0.5, 
while  the  minimum  pressure  coefficient  is  0.26. 

As  can  be  seen  in  Figure  22  no  bubble  cavitation 
occurred.  The  cavitatinq  spot  at  midchord  is  a 
dent,  in  the  propeller  surface  and  illustrates  the 
low  local  pressure.  Similar  observations  were  made 
with  projieller  C  at  cNT 0.5.  No  threshold  for  sheet 
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FIGURE  21.  Effect  of  Reynolds  number  on. cavitation 
inception  outside  the  critical  radius.  Propeller  A 
at  40%  slip. 
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FIGURE  22.  Cavitation  at  very  low  cavitation  index. 
Propeller  A  at  30%  slip. 


in  the  Depressurized  Towing  Tank.  So  when  cavita¬ 
tion  observations  in  the  tank  are  compared  with 
observations  in  the  tunnel/  we  can  assume  that  the 
nuclei  content  in  the  tunnel  is  always  larger  than 
that  in  the  tank  by  at  least  a  factor  of  10.  Perhaps 
most  important,  however,  is  that  in  the  tank  nuclei 
creator  than  60  i;m  are  absent. 

The  nuclei  content  in  the  tank  has  been  varied 
using  electrolysis,  as  described  in  Section  2.  The 
nuclei  size  distribution  from  the  wires  of  0.2  mm 
diameter  has  not  been  measured.  Exploratory 
photographic  observations  showed  that  the  bubbles 
coming  from  the  wires  are  in  the  range  of  50  to 
100  pm  under  comparable  conditions. 

The  influence  of  the  wires  on  the  propeller 
boundary  layer  was  checked  by  a  paint  test  on 
propeller  A  at  30^  slip.  The  paint  patterns  with 
and  without  wires  were  identical.  So  we  assume  that 
the  turbulence,  coming  from  the  wires,  did  not 
affect  the  propeller  boundary  layer.  This  assumption 
should  be  treated  with  some  caution,  because  Gates 
(1077)  showed  widely  different  effects  of  flow 
turbulence  on  two  headforms,  both  with  laminar 
separation . 

Gatos  also  showed  that  large  amounts  of  nuclei 
can  influence  the  boundary  layer.  Notably  the 
laminar  separation  bubble  on  his  hemispherical 
headform  was  removed.  To  see  if  this  was  also  the 
case  in  our  tests  a  paint  test  was  carried  out  with 
propeller  A  at  30'1  slip.  The  cavitation  index  was 
just  above  inception,  so  cavitat. ion  was  avoided. 

To  correct  for  the  higher  pressure  in  this  condition 
the  current  through  the  electrolysis  wires  was 
increased  to  produce  the  same  volume  of  gas  per 
second  as  in  the  cavitating  condition.  No  effect 
on  the  paint  pattern  could  be  observed.  Especially 
the  critical  radius  remained  unchanged.  So  we 
assume  that  the  nuclei  had  no  disturbing  effect  on 
the  boundary  layer.  As  to  the  effect  of  electrolysis 


on  the  cavitation  pattern,  three  regions  on  the 
suction  side  of  the  propeller  blades  can  be 
distinguished : 

a.  At  radii  larger  than  the  critical  radius, 
where,  at  least  near  the  critical  radius, 
laminar  separation  takes  place. 

b.  At  radii  smaller  than  the  critical  radius 
having  a  negative  pressure  peak  at  the  leading 
edge . 

c.  At  radii  smaller  than  the  critical  radius 
having  a  pressure  distribution  which  is 
nearly  shockfree. 

At  radii  larger  than  the  critical  radius  no  effect 
of  electrolysis  on  sheet  cavitation  could  be  seen 
in  those  cases  where  it  was  present.  In  the  few 
cases  where  no  cavitation  was  present  in  this 
region  application  of  electrolysis  restored  inception 
An  example  of  absence  of  cavitation,  apparently  due 
to  a  lack  of  nuclei,  is  shown  in  Figure  23,  where 
blade  3  of  propeller  C  at  60$  slip  showed  consider¬ 
able  cavitation  ,  while  blade  4  was  free  of  sheet 
cavitation  during  the  whole  run  (9  photographs  in 
3  different  blade  positions). 

Absence  of  cavitation  in  regions  of  laminar 
separation,  however,  is  an  exception  in  the  steady 
case.  A  possible'  explanation  is  that  the  water  is 
never  completely  without  nuclei  and  sooner  or  later 
a  nucleus  will  expand  in  the  separated  region  and 
cause  inception.  After  inception  cavitation  seems 
to  be  more  or  less  self-sustaining.  This  agrees 
with  the  observation  of  Gates  (1977)  that  inception 
on  a  hemispherical  body  appeared  to  be  insensitive 
to  freestream  nuclei  content  as  long  as  laminar 
separation  took  place.  The  situation  is  different, 
however,  in  the  unsteady  case,  when  a  blade  passes 
a  wake  peak.  Only  a  very  restricted  time  is  avail¬ 
able  for  inception  at  every  propeller  revolution 
and  a  high  frequency  of  encounters  with  nuclei  is 
necessary  to  obtain  inception  at  every  revolution. 
This  can  explain  why  the  "stabilizing"  effect  of 
electrolysis  is  more  pronounced  behind  a  ship  model 
than  in  the  open-water  tests  of  the  currer.  test 
program. 

At  higher  Reynolds  numbers  absence  of  cavitation 
in  regions  of  laminar  separation  was  not  observed. 
Apart  from  viscous  effects  this  can  also  be  caused 
by  an  increase  in  encounter  frequency  of  nuclei, 
since  an  increase  in  Reynolds  number  of  the  same 
propeller  models  always  implied  an  increase  in 
propeller  revolutions. 

At  radii  smaller  than  the  critical  radius  elec¬ 
trolysis  surprisingly  had  no  effect  at  all.  No 
cavitation  was  initiated  in  the  minimum  pressure 
peak,  although  the  pressure  was  far  below  the  vapor 
pressure.  Even  the  cavitation  pattern  at  very  low 
cavitation  index,  as  shown  in  Figure  22,  was 
unchanged.  It  is  not  clear  yet  why  the  nuclei  do 
not  expand.  Possibly  nuclei  do  not  reach  the 
minimum  pressure  region  due  to  a  screening  effect 
as  described  by  Johnson  and  Hsieh  (1966).  In  a 
situation  as  shown  in  Figure  23,  however,  nuclei 
promoted  cavitation  inception  and  were  not  pushed 
away.  This  is  only  possible  when  the  critical 
size  of  nuclei  in  a  laminar  flow  region  is  different 
from  the  critical  size  in  the  reattachment  region 
of  a  laminar  separation  bubble. 

The  third  region  which  has  to  be  considered  is 
the  region  where  the  pressure  distribution  is 
nearly  shockfree  and  has  its  minimum  pressure  near 
midchord.  When  the  pressure  is  low  in  these  regions 
bubble  cavitation  can  be  expected.  A  situation 
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FIGURE  23.  Inconsistency  of  cavitation  inception 
outside  the  critical  radius  at  low  nuclei  content. 
Propeller  C  at  60%  slip. 


like  this  is  shown  in  Figure  22,  but  none  or  only 
a  few  transient  bubbles  were  seen. 

Electrolysis  sometimes  restores  bubble  cavitation 
in  this  region,  but  in  many  cases  it  does  not. 

This  inconsistency  could  even  be  found  on  the  same 
propeller  in  virtually  the  same  condition  when 
tested  repeatedly  with  long  time  intervals.  In 
one  case  an  abundant  amount  of  large  bubbles  was 
visible  without  causing  bubble  cavitation,  while 
an  amount  of  invisibly  small  nuclei  did  cause 
bubble  cavitation  in  the  same  condition.  In  Figure 
19d  it.  was  seen  that  in  the?  cavitation  tunnel 
cavitatinq  spots  at  the  leading  edge  were  formed  at 
high  Reynolds  numbers.  When  the  cavitation  index 
was  lowered,  bubble  cavitation  occurred  in  the 
wake  of  those  spots,  while  at  radii  in  between  of 
the  spots  no  bubble  cavitation  was  observed.  When 
the  cavitation  index  was  lowered  to  about  -5^=0. 5 
the  spots  wore  connected  with  intense  bubble  cavita¬ 
tion,  as  shown  in  Figure  24.  It  can  be  soon  that 
th>  bubble  cavitation  is  related  to  the  spots  at 
the  leading  edge.  Apparently  the  stream  nuclei, 
which  were  abundant  in  the  tunnel  at  this  low 
cavitation  index,  did  not  create  bubble  cavitation, 
while  nuclei,  generated  by  a  cavitatinq  spot 
created  intense  bubble  cavitation.  The  possible 
relation  between  pressure  distribution,  boundary 
lay»*r,  and  nuclei  distribution  must  be  studied  to 
analyse  these  phenomena. 


7.  VARIATION  OF  THE  BOUNDARY  LAYER  BY  ROUGHNESS 
AT  THE  LEADING  EDGE 

In  all  tests,  at  least  one  of  the  propeller  blades 
was  roughened  at  the  leading  edge,  as  described  in 
Section  2.  With  paint  tests,  it  was  verified  that 
the  laminar  regions  were  changed  into  turbulent 
ones.  Although  the  grain  size  of  30  ym  and  GO  ym 


is  larger  in  comparison  with  the  boundary  layer 
thickness,  there  was  a  lower  limit  in  the  region 
which  had  to  be  covered  with  carborundum  to  cause 
turbulent  flow.  For  thin  sections  an  evenly  dis¬ 
tributed  layer  of  carborundum  of  say  0.5$  of  the 
chord  was  necessary  to  trip  the  boundary  layer. 

There  was  little  difference  between  the  effect  of 
30  ym  and  60  ym  carborundum.  At  thick  sections 
to  be  effective  roughness  was  necessary  until  about 
the  minimum  pressure  point.  At  the  pressure  side 
the  boundary  layer  remained  increasingly  laminar 
when  the  loading  increased.  At  70$  slip  the 
the  pressure  side  of  the  roughened  blades  was 
completely  laminar  near  the  leading  edge. 

Attention,  given  until  now  to  the  propeller 
boundary  layer,  was  focussed  on  the  effect  on 
torque  and  thrust.  Calculation  methods  to  account 
for  Reynolds  effects  on  open-water  characteristics 
are  based  on  the  assumption  of  turbulent  boundary 
layer  flow  on  the  propeller  model  [Lerbs  (1951)  ] 
or  on  an  empirical  value  in  between  fully  turbulent 
and  fully  laminar,  as  compiled  by  Lindgren  (1972). 
From  the  paint  tests  however,  we  saw  that  the 
turbulent  region  at  the  suction  side  strongly 
depends  on  the  propeller  loading.  The  difference 
between  the  dimensionless  thrust  and  torque  coeffi¬ 
cients,  therefore,  will  not  only  depend  on  the 
Reynolds  number,  but  also  on  the  propeller  loading. 

In  order  to  eliminate  the  dependency  of  thrust 
and  torque  coefficients  on  the  Reynolds  number, 
turbulence  stimulators  have  been  used.  Sasajima 
(1975)  used  studs,  Yasaki  and  Tsuda  (1972)  and 
Tsuda  et  al.  (1977)  used  trip  wires  at  some  distance 
from  the  leading  edge.  Apart  from  changing  the 
boundary  layer,  these  devices  also  have  considerable 
resistance  of  their  own.  Effects  both  on  thrust 
and  torque  are  difficult  to  separate.  The  influence 
of  roughness  at  the  leading  edge  on  thrust  and 


FIGURE  24.  Bubble  cavitation  in  the  wake  of  spots  at 
the  leadin'?  edr ir.  Propeller  A  at  slip  in  the  cavi¬ 
tation  tunnel. 
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surface,  as  studied,  e.g.,  by  Holl  (1965)  and 
Benson  (1966) .  Application  of  their  results  is 
also  difficult,  because  the  ratio  between  grainsize 
and  boundary  layer  thickness  without  roughness, 
which  is  required  for  the  calculations,  varies 
rapidly  in  this  region.  The  boundary  layer  thickness 
on  the  smooth  blades  near  the  end  of  the  roughness 
was  about  30  um  in  all  conditions,  when  no  separation 
took  place.  At  the  position  of  laminar  separation 
the  boundary  layer  thickness  was  only  a  few  um. 

Thus,  the  ratio  of  grainsize  to  boundary  layer 
thickness  easily  varies  by  a  factor  of  ten.  Appli¬ 
cation  of  inception  calculations  on  distributed 
roughness  |o.g.,  Arndt  and  Ippen  (1968)]  seems 
more  appropriate,  but  this  is  difficult,  because  a 
friction  coefficient  is  required  for  the  calculations, 
as  well  as  an  "equivalent  sandroughnoss" .  Both 
are  strongly  interrelated  [Bohn  (1972)]  and  espe¬ 
cially  near  the  leading  edge  these  quantities  are 
difficult  to  estimate. 

The  roughness  elements  do  form  a  massive  distur¬ 
bance  of  the  boundary  layer  and  an  increase  in  the 


torque  coefficients  is  given  in  Figure  25.  These 
measurements  wore  carried  out  with  a  special  dyna¬ 
mometer  inside  the  propeller  hub  to  assure  that  the 
differences  were  not  insignificant  due  to  inaccuracy 
of  the  measurements.  The  accuracy  in  Figure  25  is 
still  only  about  •  0.005. 

Using  Lindgren  (1972),  the  value  of  AKq  between 
fully  turbulent  and  fully  laminar  boundary  layer 
flow  on  the  propeller  is  0.0035.  The  actual 
influence  of  the  roughness  at  the  leading  edge  is 
smaller,  so  that  we  can  conclude  that  the  resistance 
due  to  the  carborundum  was  very  small.  An  analysis 
of  the  effect  of  roughness  at  the  leading  edge  on 
the  performance  of  the  propeller  is  beyond  the 
scope  of  this  paper. 

The  effect  of  leading  edge  roughness  on  cavitation 
is  sketched  in  Figure  18.  The  radial  extent  of  the 
cavitation  is  increased  in  those  cases  where  the 
critical  ra.dius  was  a  limit  for  cavitation.  The 
risk  of  scale  effects  on  cavitation  inception  due 
to  laminar  boundary  layer  flow  is  largest  at  low 
propeller  loadings,  when  the  risk  of  laminar 
separation  is  smallest.  But  it  still  can  be 
considerable  at  high  loadings,  as  is  shown  in  Figure 
26,  wL.^re  propeller  A  is  shown  with  and  without 
roughness  at  60'*  slip. 

Application  of  roughness  at  the  leading  edge  is 
expected  to  cause  two  problems.  P'irst  the  geometry 
of  the  leading  edge  may  be  altered,  having  a  pro¬ 
found  influence  on  the  minimum  pressure  peak. 
Secondly,  the  local  inception  index  may  be  changed 
due  to  roughness.  The  effect  on  the  shape  of  the 
leading  edge  can  only  be  minimized  by  using  small 
grain  sizes.  However,  to  obtain  a  turbulent  boundary 
layer  the  current  30  um  grainsize  was  about  the 
minimum  and  no  differences  in  cavitation  behavior 
were  observed  between  blades  roughened  with  30  um 
and  60  um  roughness.  The  effect  of  surface  irreg¬ 
ularities  on  cavitation  inception  can  be  large,  as 
was  shown  by  Holl  (1965).  Moreover,  Holl  points 
out  that  "the  most  disastrous  place  to  locate 
surface  roughness  is  at  the  point  of  minimum 
pressure  of  a  parent  body".  This  is  exactly  what 
cannot  be  avoided  at  the  rather  sharp  leading  edge 
of  thin  propeller  sections.  The  situation  very 
close  to  the  leading  edge,  however,  is  different 
from  the  situation  of  an  isolated  roughness  at  a 
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cavitation  inception  pressure  to  a  value  greater 
than  the  vapor  pressure  is  possible,  which  would 
create  additional  scale  effects  on  cavitation 
inception.  To  estimate  the  importance  of  a  possible 
increase  in  cavitation  inception  index,  the  ideal 
inception  radius  is  also  given  in  Figure  18.  This 
is  the  radius  where  cavitation  should  start  when 
the  calculations  of  the  pressure  distribution  were 
correct  and  when  no  scale  effects  would  occur.  As 


can  bo  seen,  no  cavitation  occurs  inside  the  ideal 
inception  radius,  indicating  that  the  pressure  at 
inception  with  roughness  is  not  far  from  the  vapor 
pressure.  Assuming  that  full  scale  inception  takes 
place  near  the  minimum  pressure  point  at  the  vapor 
pressure  |o£=-Cp  (minimum)],  application  of  sand- 
roughness  can  effectively  simulate  this  situation 
at  much  lower  Reynolds  numbers.  Further  experiments 
are  necessary  to  find  out  the  precise  effect  of 
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leading  edge  roughness  on  the  flow  and  on  the 
boundary  layer.  Holographic  methods,  as  applied  by 
van  der  Meulen  (1976)  in  studying  the  effects  of 
polymers  can  be  attractive  for  these  experiments. 

When  the  effect  of  roughness  at  the  leading  edge 
is  studied  three  regions  on  the  model  propeller  can 
again  be  distinguished.  At  radii  larger  than  the 
critical  radius,  where  inception  on  the  smooth 
blades  takes  place  due  to  laminar  separation,  the 
cavitation  behavior  is  unaffected  by  roughness. 
Cavitation  was  always  present  on  the  roughened 
blades.  It  is  unknown  if  the  sensitivity  to  nuclei 
in  the  unsteady  case  increases,  as  is  suspected  on 
the  smooth  blade.  Experiences  with  several  other 
propellers  behind  a  model  indicate  that  this  is 
not  the  case  and  that  nuclei  have  very  little  effect 
when  roughness  is  applied. 

In  the  laminar  region,  at  radii  smaller  than  the 
critical  radius,  roughness  at  the  leading  edge  has 
its  major  effect,  as  described  above.  In  some 
cases,  however,  problems  appeared  in  the  form  of 
streaky  cavitation  as  shown  in  Figure  27a.  When 
the  pressure  on  the  blade  sections  was  constant, 
as  was  the  case  for  propeller  A  at  r/R=0.7  and  for 
propeller  C  at  r/R=0.8,  both  at  30*  slip  (Figure  9), 
and  when  the  Reynolds  number  was  low,  cavitating 
streaks  were  formed  behind  the  roughness  elements. 

In  Figure  27b  the  same  blade  in  the  same  condition 
at  a  higher  Reynolds  number  is  shown.  Here  a  smooth 
cavity  is  seen.  The  roughness  elements  apparently 
suffer  from  laminar  separation  at  low  Reynolds 
number  and  cavitation  occurs  in  the  separated  regions 
behind  the  roughness.  The  length  of  the  spots  is 
strongly  dependent  on  the  cavitation  index,  as  is 
shown  in  Figure  28b,  where  the  same  situation  as 
in  Figure  27a  is  shown  at. a  somewhat  higher  cavita¬ 
tion  index.  The  spots  disappeared  and  the  propeller 
is  near  inception.  Figure  28  also  shows  that  in¬ 
ception  of  the  sheet  at  the  leading  edge  is  not  far 
from  the  vapor  pressure,  because  the  ideal  inception 
radius  in  this  case  was  0.7b.  When  roughness  was 
applied,  electrolysis  had  no  further  effect  at 
radii  smaller  than  the  critical  radius. 

In  the  region  with  shockfree  pressure  distribution, 
bubble  cavitation  was  seen  to  be  promoted  in  some 
cases  by  roughness  at  the  leading  edge.  The  influ¬ 
ence  cf  roughness,  however,  was  inconsistent  again 


FT  >URF.  2^.  Effect  of  leading  edge  roughness  on  bubble 
cavitation.  Propeller  A  at  10%  slip  in  the  cavitation 
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in  this  region,  as  it  was  with  electrolysis.  When 
there  was  cavitation  at  the  leading  edge  due  to 
the  roughness,  again  bubble  cavitation  appeared  at 
midchord,  as  is  illustrated  in  Figure  29,  where 
nuclei  generated  by  cavitation  at  the  leading  edge 
created  bubble  cavitation  at  midchord.  The  cavita¬ 
tion  index  at  0.7R  in  Figure  29  is  0.18  and  the 
minimum  pressure  coefficient  from  Figure  9  is  0.20, 
so  the  situation  with  roughness  seems  to  be  the 
situation  without  scale  effects  on  cavitation 
inception.  Nuclei  in  the  flow,  however,  did  not 
create  bubble  cavitation. 


8.  CONCLUSIONS 

The  results  of  the  present  test  program  can  be 

summarized  as  follows: 

1.  On  the  suction  side  of  a  model  propeller  a 
critical  radius  can  exist  outside  of  which 
the  boundary  layer  is  turbulent  from  the 
leading  edge.  This  critical  radius  is  due 
to  laminar  separation,  as  was  seen  from  some 
observations,  from  calculations  (Figure  14), 
and  from  the  Reynolds  independency  of  the 
critical  radius.  (Figure  15). 

2.  To  obtain  natural  transition  near  the  leading 
edge  on  a  propeller  model ,  high  Reynolds 
numbers  (ReN>2 . 5*106 )  are  required. 

3.  The  critical  radius  is  a  limit  for  the  radial 
extent  of  sheet  cavitation  from  the  leading 
edge.  An  increase  of  nuclei  by  electrolysis 

is  ineffective  in  the  laminar  region  (Figure  22). 

4.  Outside  the  critical  radius,  cavitation  is  not 
inhibited  (the  inception  pressure  was  not 
accurately  determined) ,  but  i  lack  of  nuclei 
at  low  Reynolds  number  seems  to  decrease  the 
frequency  of  inception  (Figure  23) .  In  the 
unsteady  case  the  nuclei  content  of  the  water 
is  probably  important  in  this  region. 

5.  Roughness  at  the  leading  edge  can  effectively 
remove  the  critical  radius,  thus  simulating  a 
higher  Reynolds  number.  Inception  of  cavitation 
at  the  roughness  elements  occurs  close  to  the 
vapor  pressure,  which  is  assumed  to  be  also 

the  case  on  the  prototype. 

6.  When  the  pressure  distribution  is  very  flat 
and  the  Reynolds  number  is  low,  the  roughness 
elements  can  induce  spots  of  cavitation.  The 
length  of  these  spots  is  strongly  dependent  on 
the  cavitation  index  and  is  different  from  the 
cavity  length  at  high  Reynolds  numbers.  This 
is  probably  due  to  laminar  separation  at  the 
roughness  elements  (Figure  27) . 

7.  The  inception  of  bubble  cavitation  near  mid¬ 
chord  at  inner  radii  is  not  consistent.  There 
seems  to  be  an  interaction  between  the  pressure 
distribution,  the  nuclei  distribution,  and 
even  the  boundary  layer.  When  cavitation  at 
the  leading  edge  is  present,  bubble  cavitation 
occurs  near  midchord  when  the  pressure  is  below 
or  near  the  vapor  pressure  in  that  region. 

8.  Lifting  line  and  lifting  surface  calculations 
can  adequately  predict  the  open-water  character¬ 
istics  of  a  propeller.  For  the  calculation  of 
the  pressure  distribution,  however,  lifting 
surface  calculations  are  necessary.  The  corre¬ 
lation  between  calculations  and  the  results  of 
paint  tests  and  cavitation  observations  is  good. 
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From  the  previous  investigations  in  uniform  flow 
some  tentative  explanations  can  be  given  of  the 
scale  effects  on  cavitation  as  shown  in  Figures 
1-3.  The  explanations  can  only  be  tentative  since 
the  unsteady  pressure  distribution  on  the  propellers 
in  the  wake  is  not  known.  Propeller  A  in  Figure  1 
apparently  had  a  critical  radius  at  r/R=0.9  in 
this  blade  position,  which  was  removed  by  roughness 
at  the  leading  edge.  Also,  behind  the  model  in 
some  situations  no  cavitation  at  all  occurred  in 
the  wake  peak,  which  is  expected  to  be  due  to  a 
lack  of  nuclei  (as  seen  in  Figure  21). 

The  lack  of  nuclei  is  more  apparent  at  propeller 

B,  The  critical  radius  is  expected  to  be  near  the 
hub,  but  the  low  encounter  frequency  with  nuclei 
of  sufficient  size  makes  cavitation  inception  more 
or  less  random.  The  irregular  collapse  of  the 
cavity  on  propeller  C  is  apparently  due  to  a  strong 
change  in  the  pressure  distribution,  due  to  a  sharp 
wake  peak.  The  critical  radius  at  the  position  of 
Figure  3  is  near  r/R=0.9  but  the  cavity  at  inner 
radii  is  still  collapsing.  This  phenomenon  could 
also  be  seen  on  high  speed  films,  where  the  sheet 
cavity  was  seen  to  detach  from  the  leading  edge 
and  collapse  while  moving  with  the  flow.  Some 
cavitating  spots  can  be  seen  at  r/R=0.8  on  propeller 

C. 
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APPENDIX 

The  geometry  of  the  four  propellers,  used  in  this 
study  and  shown  in  Figure  4,  is  given  in  this 
appendix.  The  output  is  from  a  propeller  data 
base  and  is  not  dimensionless  but  in  mm  on  model 
scale.  Propellers  A  and  C  were  stored  in  the  data 
base  on  a  different  model  scale  than  actually  used 
in  the  tests,  but  this  has  no  further  impact.  Cal¬ 
culations  were  made  directly  from  this  data-base. 

At  each  radius,  R,  the  pitch,  P,  is  given, 
together  with  the  distance  to  the  generator  line  of 
the  trailing  edge,  TE,  the  leading  edge,  LE,  and 
the  position  of  maximum  thickness,  TM.  The  positive 
direction  is  from  the  generator  line  to  the  leading 
edge. 

The  geometry  of  the  propeller  section  is  given 
by  the  thickness  and  the  distance  of  the  face  of 
the  propeller  section  above  the  pitch  line.  The 
ordinates  of  the  section  geometry  are  given  as 
percentages  of  the  distance  between  point  of  max¬ 
imum  thickness  and  leading  edge  (positive)  or 
trailing  edge  (negative) .  The  origin  therefore 
always  is  at  the  point  of  maximum  thickness  of  the 
profile . 

The  profile  thickness  at  leading  and  trailing 
edge  is  finite  in  this  appendix.  The  radii  at  the 
leading  edge  were  determined  by  generating  a  spline 
through  the  profile  contour  or  by  interpolating  in 
the  transformed  plane  after  conformal  mapping. 

Both  interpolating  techniques  gave  nearly  the  same 
results  and  were  very  close  to  the  actual  propeller 
geometries . 
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Discussion 


SHIN  TAMIYA ,  HIROHARU  KATO,  and  YOSHIAKI  KODAMA 


1‘1-UKK  1.  '-nnoral  arraMement. 


The  discussers  appreciate  the  excellent  re¬ 
search  work  on  cavitation  inception  done  at  NSMB*. 

At  the  University  of  Tokyo  the  discussers  also  per¬ 
formed  similar  experiments  using  both  hemispherical 
and  ITTC  headforms  tested  in  our  newly  built  cav¬ 
itation  tunnel.  This  tunnel  has  a  filtering  tank 
containing  60  cartridge  type  filters,  which  contin¬ 
uously  remove  air  nuclei  and  solid  particles  larger 
than  ca.  1  pm  from  water  (Figure  1) . 

Figures  2  through  7  show  the  effect  of  elec¬ 
trolysis  on  cavitation  inception.  The  photograph 
in  Figure  3  was  taken  a  few  seconds  after  that  in 
Figure  2.  The  flow  conditions  are  exactly  the  same 
for  Figures  2  and  3;  the  only  difference  is  the 
presence  of  hydrogen  bubble  nuclei.  The  photographs 
in  Figures  4  and  5,  as  well  as  6  and  7,  were  also 
taken  under  the  same  conditions. 

In  the  discussers'  experiments  the  cavitation 
caused  by  electrolysis  nuclei  generates  only  bubble 
type  cavitation.  Even  when  sheet  cavitation  exists, 
the  cavitation  bubbles  caused  by  the  electrolysis 
nuclei  seem  to  break  up  the  sheet  cavity. 


FIiHJRE  2.  Without  hydrogen  bubbles  V  =  6.8  m/s, 

'.i  =  0.01. 


♦Netherlands  Ship  Model  Basin 
#Statens  Skeppsprovningsanstalt 


FI  (HIRE  3.  With  hydrogen  bubbles  V  -  6.8  m/s, 
■’  -  0.R1. 


FIGURE  5.  With  hydrogen  bubbles  V  =  6.8  m/s, 
•J  =  0.71. 


Kit  JURE  4.  Without  hydrogen  bubbles  V  =  6.8  m/s, 
i  =  0.71. 


FIGURE  6.  Without  hydrogen  bubbles  V  =  6.8  m/s, 
•  =  0.60. 


FIGURE  7.  With  hydrogen  bubbles  V  =  6.8  m/s, 
■i  =  0.60. 


0.  RUTGERS SON 


I  would  like  to  congratulate  the  author  of 
this  interesting  paper.  As  a  complement  to  the  data 
presented  I  think  that  some  results  obtained  at 
SSPA#  when  testing  high-speed  propellers  could  be 
of  some  interest.  A  propeller  of  the  supercavi- 
tating  type  was  tested  with  three  different  gases 
in  the  water.  Also,  two  different  conditions  of 
the  blade  surface  were  used,  smooth  polished  and 
painted  with  a  thin  spray  paint  giving  the  surface 
some  roughness. 

In  Figure  1  the  propeller  characteristics  from 
these  tests  for  homogenous  flow  at  the  cavitation 
number,  o  -  0.6,  are  shown.  In  the  partially  cav- 
itating  region  (J  >  1.0)  there  is  a  very  pronounced 
influence  due  to  gas  content  for  the  polished  pro¬ 
peller.  For  the  painted  propeller  no  such  influ¬ 


ence  was  found.  Cavitation  pictures  at  the  advance 
ratio,  J  =  1.1,  give  the  explanation  for  these 
differences.  Figure  2  shows  the  cavitation  at  the 
lowest  gas  content  (a/as  *  0.2)  for  the  polished 
propeller.  The  cavitation  pattern  is  divided  into 
two  parts.  The  first  part  is  a  sheet  starting  at 
the  leading  edge.  The  second  part  is  an  unstable 
sheet  of  bubble  cavitation  at  the  aft  part  of  the 
blade.  Tests  at  higher  gas  contents  (Figure  3, 
a/as  =  0.4)  show  that  the  aft  part  cavitation  now 
has  a  larger  extension.  The  painted  propeller 
(Figure  4)  shows  a  rather  different  pattern  for  the 
aft  part  cavitation  (the  leading  edge  sheet  is  al¬ 
most  uninfluenced  by  gas  content  and  roughness) . 

The  aft  part  cavitation  now  consists  of  a  thin  sheet 
of  very  small  bubbles.  The  sheet  also  has  a  rela- 
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tively  larger  extension  on  the  painted  propeller 
than  on  the  polished  propeller.  Obviously  it  is 
the  changes  in  this  aftpart  cavitation  that  cause 
the  changes  in  propeller  characteristics. 

Full  scale  tests  have  also  been  conducted  with 
this  propeller  design.  In  Figure  5  the  full  scale 
cavitation  pattern  corresponding  to  the  model  tests 
is  shown.  This  cavitation  pattern  is  very  similar 
to  that  of  the  painted  model  propeller. 

In  the  author's  Figure  29  bubble  cavitation 
is  shown  very  similar  to  that  in  tests  with  the 
painted  propeller  at  SSPA.  The  author  concludes 


that  this  cavitation  is  inconsistent.  Based  on  our 
experience  with  full  scale  cavitation,  however,  I 
think  that  the  pattern  shown  could  very  well  repre¬ 
sent  a  full-scale  case. 

The  influence  of  nuclei  content  a  .d  blade 
roughness  on  the  cavitation  pattern  is  found  to  be 
rather  similar  in  the  tests  at  NSMB  and  SSPA.  The 
main  difference  is  the  necessary  amount  of  rough¬ 
ness.  This  difference  is  possibly  due  to  the  dif¬ 
ference  in  Reynolds  number,  about  10  times  as  high 
in  the  tests  at  SSPA  as  in  those  carried  out  at 
NSMB. 
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G.  KUIPER 


Both  the  hemisphere  and  the  ITTC  body  are 
known  to  exhibit  laminar  separation  in  the  range 
of  Reynolds  numbers  (estimated  at  about  2  x  10s) 
used  in  the  experiments  of  Tamiya  et  al.  as  was 
already  shown  by  Arakeri  and  Acosta  (1973) .  They 
now  point  to  an  apparent  discrepancy  between  the 
results  as  described  in  my  paper  and  their  obser¬ 
vations:  on  the  propellers  nuclei  were  found  to 
generate  sheet  cavitation  in  the  very  few  cases 
where  it  was  not  yet  present,  and  the  nuclei  never 
changed  the  appearance  of  the  cavity. 

First  of  all,  the  cavitation  patterns,  both 
with  and  without  electrolysis,  on  the  headforms  of 
the  discussers  show  a  remarkable  resemblance  to 
various  patterns  shown  on  the  ITTC  bodies  at  other 
facilities  [Lindgren  and  Johnsson  (1966)  and  also 
reproduced  by  Gates  and  Acosta  in  their  paper  on 
this  program]  illustrating  that  the  nuclei  content 
was  at  least  one  of  the  factors  causing  the  varia¬ 
tion  in  type  of  cavitation  observed  at  different 
facilities. 

From  the  observations  of  the  discussers  it  can 
be  concluded  that  the  nuclei,  generated  by  elec¬ 
trolysis,  removed  the  laminar  separation  bubble  in 
the  same  manner  as  shown  very  clearly  by  Gates  and 
Acosta  in  their  symposium  paper.  This  phenomenon 
was  found  when  there  were  many  large  free  stream 
bubbles  in  the  flow,  as  can  also  be  observed  in  the 
pictures  of  the  discussers.  In  our  case,  however, 
we  verified  with  a  paint  test  that  electrolysis  did 
not  remove  the  laminar  separation  bubble  by  veri¬ 
fying  that  the  critical  radius  wan  unchanged. 

The  observations  of  the  discussers  show  that 
an  overdose  of  nuclei  can  change  the  situation 
considerably.  Gates  and  Acosta  assume  that  the 
free  stream  bubbles  do  trip  the  boundary  layer. 
Another  possibility,  however,  is  that  the  dynamic 
behavior  of  the  bubbles  near  the  minimum  pressure 
region  changes  the  pressure  distribution  on  the 
body,  specifically  by  decreasing  the  low  pressure 
peak.  This  would  also  remove  laminar  separation, 
leaving  the  boundary  layer  laminar  over  a  longer 
distance.  In  fact  the  nuclei  do  not  only  affect 
cavitation  inception  but  they  change  the  free 
stream  conditions,  making  a  correct  comparison  of 
the  inception  phenomena  impossible. 

Rutgersson,  in  his  discussion,  gives  an  illus¬ 
tration  of  a  possible  effect  of  nuclei  and  roughness 
on  bubble  cavitation.  With  the  pictures  alone, 


only  some  assumptions  can  be  made  as  to  what  hap¬ 
pened  on  this  propeller,  but  I  will  make  an  attempt 
to  give  an  explanation. 

Although  the  Reynolds  number  was  rather  high 
it  looks  like  the  boundary  layer  within  r/R  =  0.8 
is  laminar  over  a  large  portion  of  the  chord,  while 
the  minimum  pressure  region  is  near  midchord 
(Figure  2).  An  increase  of  the  nuclei  content 
leads  to  occasional  cavitating  spots,  starting  at 
the  low  pressure  region  (Figure  3) .  On  the  painted 
blade,  however,  the  boundary  layer  seems  to  be 
turbulent  and  bubble  cavitation  starts  there,  near 
the  minimum  pressure  region  (Figure  4) . 

If  my  tentative  description  is  correct  there 
is  a  difference  between  the  discussers'  case  and 
Figure  29  (and  also  Figure  24)  from  my  paper,  since 
there  the  boundary  layer  in  the  region  of  low  pres¬ 
sure  was  turbulent,  and  still  no  bubble  cavitation 
occurred.  Only  when  cavitation,  generated  by  rough¬ 
ness,  at  the  leading  edge  took  place,  a  separate 
region  of  bubble  cavitation  also  appeared. 

Whatever  may  be  the  case,  it  must  be  kept  in 
mind  that  these  descriptions  of  phenomena  do  not 
explain  them,  because  it  is  not  clear  to  me  why 
there  should  be  any  interaction  between  the  bound¬ 
ary  layer  and  the  free  stream  nuclei  and  which 
parameters  would  control  this.  I  think  more  sys¬ 
tematic  research  is  necessary  to  he  able  to 
simulate  bubble  cavitation  on  model  propellers 
in  a  reproducible  way. 

I  agree  with  the  suggestion  of  the  author  that 
the  increased  amount  of  bubble  cavitation,  as  shown 
many  times  by  roughened  propeller  models,  may  well 
be  representative  for  full-scale  cases.  Bubble 
cavitation  seems  to  be  inhibited  on  scale  models 
very  easily,  when  bubble  cavitation  does  occur  on 
scale  models  the  situation  is  so  bad  that  invari¬ 
ably  erosion  problems  do  occur  on  full-scale. 
Ironically  a  better  simulation  of  bubble  cavitation 
may  not  make  the  interpretation  easier. 

In  general  both  discussions  have  made  it  clear 
again  that  it  is  impossible  to  make  general  state¬ 
ments  about  the  effect  of  nuclei  or  roughness.  To 
make  any  interpretation  and  to  avoid  confusion  the 
test  conditions  must  be  given  as  complete  as  pos¬ 
sible.  Finally,  I  thank  the  discussers  for  their 
discussions  and  for  their  kind  attention  to  my 
paper. 
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ABSTRACT 

This  paper  describes  an  experimental  investigation 
of  boundary  layer  flow  and  cavitation  phenomena  on 
three  axisymmetric  bodies.  The  bodies  possess 
different  boundary  layer  or  surface  characteristics. 
The  importance  of  these  features  for  incipient  and 
developed  cavitation  are  studied  by  using  in-line 
holography.  A  good  correlation  is  found  between 
observations  and  calculations  of  laminar  flow 
separation  and  subsequent  transition  to  turbulence 
of  t.hn  separated  shear  layer.  The  influence  of 
polymer  additives  on  laminar  flow  separation  is 
studied  in  detail.  The  results  of  this  study  explain 
the  effect  of  cavitation  suppression  by  polymer 
additives  on  certain  bodies. 


1 .  INTRODUCTION 

Axisymmetric  bodies  have  often  been  used  to  study 
the  inception  of  cavitation.  These  studies  were 
usually  made  by  systematically  varying  the  parameters 
related  to  the  liquid  flow  (velocity,  turbulence, 
air  content,  pressure  history)  or  to  the  body  (size, 
surface  roughness,  wettability) .  Although  a  con¬ 
siderable  knowledge  of  cavitation  was  obtained  in 
this  way,  a  complete  understanding  of  many  cavitation 
phenomena  was  still  lacking.  A  breakthrough  was 
achieved  by  Acosta  (1974)  who  emphasized  the  need 
for  a  thorough  understanding  of  the  basic  fluid 
mechanics  of  the  liquid  flow  surrounding  the  bodies 
in  which  cavitation  takes  place.  This  statement 
was  based  on  an  earlier  study  by  Arakeri  and  Acosta 
(1973)  in  which  the  boundary  layer  flow  was  visual¬ 
ized  by  the  employment  of  the  schlieren  method. 
Cavitation  inception  could  be  correlated  with  the 
occurrence  of  laminar  flow  separation.  Unawareness 
of  this  important  flow  phenomenon  had  obscured  the 
results  of  comparative  cavitation  studies  with 
axisymmetric  bodies,  made  in  the  past. 

In  general,  it  can  be  stated  that  cavitation 


inception  on  a  body  is  affected  by  nuclei,  viscous, 
and  surface  effects.  The  present  study  deals  with 
the  two  latter  effects.  The  use  of  holography,  a 
three-dimensional  imaging  technique,  enabled  a  new 
approach.  The  employment  of  this  method  for  the 
observation  of  cavitation  inception  phenomena  has 
been  reported  before  by  Van  der  Meulen  and  Ooster- 
veld  (1974) .  In  the  present  study  an  extended 
version  of  the  method  has  been  used  by  which  boundary 
layer  flow  phenomena  also  could  be  observed.  Viscous 
effects  were  studied  by  comparing  two  axisymmetric 
bodies,  a  hemispherical  nose  having  laminar  flow 
separation  and  a  blunt  nose  not  having  it.  Surface 
effects  were  studied  by  comparing  two  hemispherical 
noses,  one  made  of  stainless  steel,  the  other  made 
of  Teflon. 

The  phenomenon  of  turbulent-flow  friction  reduc¬ 
tion  by  polymer  additives  of  high  molecular  weight 
has  been  known  for  about  thirty  years.  In  recent 
years  an  increased  interest  has  been  shown  on  the 
effect  of  polymer  additives  on  cavitation.  In  the 
present  work  the  influence  of  polymer  additives  on 
the  flow  about  the  test  bodies  is  studied  and 
related  with  the  influence  on  cavitation. 


2.  EXPERIMENTAL  METHODS  AND  PROCEDURE 
Description  of  Test  Facility 

The  facility  used  is  the  high  speed  recirculating 
water  tunnel  of  the  Netherlands  Ship  Model  Basin. 
Originally,  the  maximum  speed  in  the  40  mm  circular 
test  section  was  65  m/s  and  the  maximum  allowable 
tunnel  pressure  35  kg/cm2.  A  detailed  description 
of  this  tunnel  and  its  air  content  regulation  system 
is  given  by  Van  der  Meulen  (1971,  1972).  For  the 
present  study  a  new  test  section  was  made.  It  has 
a  50  mm  square  cross  section  with  rounded  corners 
(radius  10  mm),  to  limit  the  influence  of  the  walls. 
The  models,  having  a  diameter  of  10  mm,  occupy  3.25 
percent  of  the  cross-sectional  area  of  the  test 
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FIGURE  1.  Schematic  diagram  of  high 
speed  cavitation  tunnel  with  polymer 
injection  system. 


section.  Injection  of  polymer  solutions  from  the 
nose  of  the  models  was  made  by  a  Hughes  Centurion- 
100  pump  unit.  The  unit  consists  of  a  drive  mech¬ 
anism  fitted  with  two  pump  heads.  A  pulse-damper 
was  used  to  minimize  flow  variations.  Further 
details  are  given  by  Van  der  Meulen  (1974b).  A 
schematic  diagram  of  the  tunnel  with  the  polymer 
injection  system  is  shown  in  Figure  1. 

To  measure  the  influence  of  polymer  additives 
on  the  friction  factor  and  the  surface  tension  of 
the  solutions,  a  turbulent-flow  rheometer  and  a 
surface-tensionmeter  have  been  used.  Details  on 
these  measuring  devices  are  given  by  Van  der  Meulen 
(1974a,  1976b). 


Test  Models 

According  to  Arakeri  and  Acosta  (1973) ,  most 
axisymmetric  models  used  in  cavitation  inception 
studies,  such  as  the  hemispherical  nose  and  the 
ITTC  standard  headform,  exhibit  laminar  boundary 
layer  separation.  It  means  that  the  laminar  boundary 
layer  is  unable  to  overcome  the  adverse  pressure 
gradient  and  the  flow  separates  from  the  wall. 

Schiebe  (1972)  introduced  a  standard  series  of 
axisymmetric  models  which,  theoretically,  should 
not  exhibit  boundary  layer  separation.  To  distin¬ 
guish  between  these  two  classes  of  axisymmetric 
models,  a  hemispherical  no.se  and  a  blunt  nose, 
selected  from  Schiebe's  standard  series,  were  used 
in  the  present  investigations.  Both  models  were 
made  of  stainless  steel  (SST) .  In  addition,  a 
third  model  (hemispherical  nose)  was  used,  made  of 
Teflon.  The  contour  of  the  blunt  nose  is  derived 
from  the  combination  of  a  normal  source  disk  and 
a  uniform  flow.  Schiebe  (1972)  calculated  the 
dimensionless  coordinates  and  pressure  coefficients 
for  a  series  of  models  in  the  range,  Cpmin  =  0.33 
(point  source)  -  1.0.  From  this  series  a  blunt 
nose  with  a  minimum  pressure  coefficient  of  0.75 
was  selected. 

The  diameter,  D,  of  the  cylindrical  part  of  the 
hemispherical  nose  is  10.00  mm.  Theoretically, 
the  diameter  of  the  blunt  nose  increases  smoothly 


to  an  asymptotic  value,  D,  with  increasing  axial 
distance,  x.  This  value  was  set  at  10.00  mm. 
However,  for  the  manufacture  of  the  blunt  nose  a 
minor  deviation  from  the  theoretical  contour  had 
to  be  permitted.  Thus,  the  actual  contour  coincides 


HEMISPHERICAL  NOSE 


BLUNT  NOSE 


FIGURE  2.  Cross  sections  of  stainless  steel  models 
(dimensions  in  mm) . 
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FIGURE  3.  Computed  pressure  co¬ 
efficient  as  a  function  of  surface 
coordinate  over  diameter  for  hemi¬ 
spherical  nose.  Data  points  ob¬ 
tained  from  measurements  by  Rouse 
and  McNown  (1948)  at  Re  =  2.1  x 
10?  are  included. 


with  the  theoretical  contour  over  a  distance,  x/D 
=  0-1.6,  and  next  changes  smoothly  into  a  circular 
cylinder  with  a  diameter  of  9.88  mm.  The  cross 
sections  of  the  SST  models  are  shown  in  Figure  2. 

For  the  Teflon  hemispherical  nose  the  dimensions 
are  the  same  as  for  the  SST  hemispherical  nose. 
However,  the  Teflon  model  was  not  made  of  solid 
Teflon  but  consisted  of  a  Teflon  nose  slipped  on 
a  SST  core.  Extreme  care  has  to  be  exercised  in 
manufacturing  models  for  cavitation  studies.  An 
accurate  similarity  of  the  model  contour  is  essential, 
but  a  smooth  surface  is  even  more  critical.  The 
drastic  effects  of  surface  roughness,  in  particular 
isolated  irregularities,  on  cavitation  inception 
have  been  demonstrated  by  Holl  (1960)  and  Arndt 
and  Ippen  (1968) .  The  present  models  were  made  by 
Instrumentum  TNO  in  Delft.  The  models  were  inspected 
by  an  optical  comparator  (magnification  50x) .  For 
the  SST  hemispherical  nose  the  maximum  deviation 
from  the  true  contour  was  within  5  urn,  for  the 
Teflon  hemispherical  nose  within  10  \im .  For  the 
blunt  nose,  the  maximum  deviation  for  x/D  <  0.3 
was  within  a  few  microns  and  for  x/D  >0.3  within 
10  pm.  The  mean  surface  roughness  height  for  the 
SST  models  was  0.05  pm;  for  the  Teflon  model  this 
value  was  considerably  hiqher. 

Computations  of  the  pressure  coefficient  for  the 
hemispherical  nose  and  the  blunt  nose  were  made  at 
the  National  Aerospace  Laboratory  NLR,  The  Nether¬ 
lands.  The  velocity  potential  for  irrotational 
flow  along  the  model  contour  was  computed  with  the 
variational  finite  element  method  according  to 


Labrujere  and  Van  der  Vooren  (1974).  This  method 
is  suitable  for  axisymmetric  flows.  The  relation 
between  the  pressure  coefficient,  Cp,  and  the 
velocity  potential,  <J>,  is  given  by 

<|V  =  v02  (l+Cp)  (1) 

dS  c 

where  s  is  the  streamwise  distance  along  the  model 
contour  and  VQ  the  free  stream  velocity.  The  pres¬ 
sure  coefficient  was  computed  in  the  absence  of 
tunnel  walls  and  with  tunnel  walls.  In  the  latter 
case,  it  was  necessary  to  substitute  the  square 
cross  section  with  rounded  comers  by  a  circular 
one  (diameter  55.44  mm),  having  the  same  cross- 
sectional  area.  For  the  hemispherical  nose,  the 
results  are  plotted  in  Figure  3.  Also  given  are 
data  points  obtained  from  measurements  by  Rouse 
and  McNown  (1948)  at  a  Reynolds  number  of  2.1  x  10^ . 
The  computed  Cp-values  are  claimed  to  be  accurate 
within  0.1  percent.  The  Cp-value  for  irrotational 
flow  in  the  absence  of  tunnel  walls  is  0.7746  at 
s/D  =  0.6825  (y  =  78.2°).  With  tunnel  walls  the 
CPmin~va^ue  at  the  same  location  is  0.8367.  For 
the  blunt  nose,  the  results  are  plotted  in  Figure 
4.  The  computed  Cp-values  are  accurate  within  1 
percent.  The  Cp-value  for  irrotational  flow  in 
the  absence  of  tunnel  walls  is  0.750,  which  is 
consistent  with  the  accurate  computations  by  Schiebe 
(1972).  With  tunnel  walls  the  Cp^f^-value  is  0.802. 
Tabulated  values  of  Cp  are  presented  by  Van  der 
Meulen  (1976b)  and  Labrujdre  (1976) . 
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■  rrotational  flow  without  walls 
irrotational  flow  with  walls 


FIGURE  4.  Computed  pressure  co¬ 
efficient  a.s  a  function  of  surface 
coordinate  over  diameter  for  blunt 
nose. 


Holographic  Method 

In  the  present  work,  in-line  holography  has  been 
used  to  study  cavitation  and  flow  phenomena  about 
the  test  models.  The  method  consists  of  making 
photographic  records  containing  detailed  information 
on  the  cavitation  and  flow  patterns.  Holography 
ha^  become  one  of  the  most  important  areas  of  modern 
optics  since  the  invention  of  the  laser  as  a  new 
light  source.  Holography  is  usually  described  as 
a  method  for  storing  wavefronts  on  a  record  from 
which  the  wavefronts  may  later  be  reconstructed. 

The  record,  formed  in  photosensitive  material,  is 
called  a  hologram.  In  forming  holograms  two  sets 
of  light  waves  are  involved:  the  reference  waves 
and  the  subject  waves.  In  the  present  case  of  in¬ 
line  holography  only  one  set  of  waves  is  used 
basically.  The  undeflected  light  waves  from  this 
set  of  waves  act  as  reference  waves,  the  light 
waves  deflected  by  the  subject  act  as  subject  waves. 

A  schematic  diagram  of  the  applied  optical  system 
is  shown  in  Figure  5.  The  light  source  is  the 
Korad  K-1QH  pulsed  ruby  laser  of  the  Institute  of 
Applied  Physics  TNO-TH.  To  improve  the  resolution 
of  the  system,  the  red  light  from  the  ruby  laser 
is  converted  to  ultraviolet  light,  with  a  wavelength 
of  0.347  urn,  in  a  KDP-crystal.  The  pulse  duration 
is  25  nanoseconds  and  the  maximum  energy  4  mJ  in  the 
TEMqo  mode.  A  telescopic  system  (Lp  and  L3)  is  used 
to  obtain  a  laser  beam  with  a  diameter  of  30  mm. 

A  mirror  reflects  the  beam  into  the  test  section  of 
the  tunnel.  In  the  walls  of  the  plexiglass  test 
section,  two  optical  glass  windows  are  inserted. 
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The  location  of  the  body  in  the  test  section  is 
such  that  the  nose  is  illuminated  by  the  laser  beam 
over  a  length  of  about  20  mm,  and  the  body  contour 
is  imaged  on  the  hologram.  A  shutter  is  placed  on 
the  first  window.  The  camera  containing  the  holo¬ 
graphic  plate  is  located  close  to  the  second  window. 
Agfa-Gevaert  Scientia  Plates  8E56  and  8E75  with  a 
resolution  up  to  3000  lines/mm  were  used  as  recording 
material.  The  ruby  laser  could  also  be  used  as  a 
multiple  switched  laser.  Two  or  three  pulses  with 
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FIGURE  5.  Schematic  diagram  of  optical  system  for 
makinq  holoqrams  of  cavitation  or  flow  phenomena  in 
test  section  of  tunnel. 
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FIGURE  t>.  Schematic  diaqram  of  reconstruction 
set-up. 


pulse  separations  of  50  or  100  ysec  could  be 
generated.  This  enabled  multiple  imaging  of  moving 
cavities  on  one  hologram. 

Reconstruction  of  the  holograms  was  made  with  a 
continuous-wave  He-Ne  gas  laser  (A  =  0.633  ym) .  A 
schematic  diagram  of  the  reconstruction  set-up  is 
shown  in  Figure  6.  The  diameter  of  the  laser  beam 
is  enlarged  by  the  lenses,  Lj  and  L;> .  The  intensity 
of  the  light  can  be  adjusted  by  a  polaroid  filter. 
The  hologram  is  placed  on  a  stage,  fitted  with 
guides  so  that  the  hologram  can  be  moved  in  two 
orthogonal  directions.  The  movement  of  the  staqe 
is  measured  on  vernier  scales.  The  reconstructed 
image  is  studied  with  a  microscope  with  a  magnifi¬ 
cation  between  40x  and  200x. 

Flow  Visualization  Technique 

A  new  technique  had  to  be  developed  to  visualize 
the  boundary  layer  flow  about  the  axisymmetric 
models.  A  description  of  the  several  methods  in¬ 
vestigated  is  given  by  Van  der  Meulen  (1976b).  The 
ultimate  method  consisted  of  injecting  a  sodium 
chloride  solution  into  the  boundary  layer  from  a 
hole  located  at  the  stagnation  point  of  the  model. 
The  diameter  of  the  hole  is  0.08  mm.  The  sodium 
chloride  solution  has  a  slightly  different  index 
of  refraction  from  the  surrounding  fluid.  The 
light  emitted  from  the  pulse  laser  will  be  deflected 
and  the  deflections  are  recorded  in  the  hologram. 
Optimum  conditions  for  flow  visualization  arc  given 
by  Van  der  Meulen  and  Katerink  (1977).  in  the 
present  study,  the  ratio  of  the  injection  velocity, 
Vj_ ,  to  the  velocity  in  the  test  section,  V0,  was 
usually  between  0.1  and  0.2.  The  sodium  chloride 
concentration  was  2  percent.  At  first,  the  fluid 
was  injected  with  a  hypodermic  syringe,  but  later 
on,  a  plunger  with  a  constant  motion  was  used. 


Procedure 

The  tests  performed  in  the  high  speed  tunnel  com¬ 
prised  flow  visualization  tests,  cavitation  tests 


and  cavitation  inception  measurements.  Essentially, 
the  flow  visualization  and  cavitation  tests  consisted 
of  making  holograms  at  proscribed  conditions.  Prior 
to  each  series  of  tests  the  model  was  cleaned  and 
the  tunnel  refilled.  To  adjust  the  air  content, 
the  water  was  passed  through  the  deaeration  circuit 
for  a  period  of  IS  h  at  a  constant  pressure  in  the 
deaeration  tank.  All  tests  were  made  at  a  constant 
air  content,  t,  of  about  5  cm  V*’  (1  cm3  of  air  per 
liter  of  water  at  STP  corrosix>nds  to  1.325  ppm  by 
weight).  For  each  test  the  temperature  of  the 
tunnel  water  was  measured  to  obtain  the  dynamic 
viscosity  and  the  vapor  pressure.  The  average 
value  of  the  water  temperature  was  20 °C.  The  flow 
visu  ilization  tests  covered  a  velocity  range  of  2 
to  30  m/s.  For  the  cavitation  tests,  the  velocity 
ranged  from  10  to  20  m/s.  The  effect  of  polymer 
additives  on  cavitation  and  cavitation  inception 
was  investigated  by  inject ing  a  500  ppm  Polyox  WSR- 
301  solution  from  the  nose  of  the  models.  Polymer 
injection  was  provided  b/  the  Hughes  Centurion- 100 
pump  unit.  The  holograms  were  made  at  the  instant 
of  maximum  injection  rate.  The  injection  rate  was 
such  that  the  average  value  of  V:/V0  was  0.17.  For 
the  cavitation  inception  measurements,  the  velocity 
ranged  from  10  to  24  m/s.  Inception  (or  desinence) 
was  observed  visual ly. 


3.  BOUNDARY  LAYER  STUDIES 
Newtonian  Flow 

The  holograms  exhibited  a  distinct,  occurrence  of 
laminar  boundary  layer  separation  on  the  hemispher¬ 
ical  nose.  The  location  of  separation  could  be 
obtained  quite  accurately  from  the  holograms.  At 
this  location  the  interference  pattern  usually 
showed  a  V- shape.  This  is  shown  in  the  photograph 
presented  in  Figure  7.  This  photograph  also  shows 
the  laminar  separation  bubble  itself  and  the 
subsequent  transition  to  turbulence  and  reattachment 
of  the  separated  shear  layer.  In  the  transition 
region,  the  flow  is  still  visualized  by  the  sodium 
chloride,  but  further  downstream,  where  the  turbu¬ 
lence  becomes  more  developed,  mixing  of  the  sodium 
chloride  prevents  any  further  observations.  The 
determination  of  the  length  and  the  maximum  height 
of  the  laminar  separation  bubble  from  the  holograms 
was  somewhat  complicated  by  the  fact  that  the  height 
of  the  bubble  may  show  a  maximum,  as  illustrated  by 
case  A  in  Figure  8,  or  that  the  outer  flow  line 
shows  an  inflexion  point,  as  illustrated  by  case  B 
in  Figure  8.  The  location  of  separation  for  the 
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inflexion  point 


FIGURE  8.  Observed  shapes  of  laminar  separation  bubble 
on  hemispherical  nose  (schematically)  and  definitions 
of  lenqth  and  maximum  heiqht  of  bubble. 


hemispherical  nose  is  given  in  Figure  9.  In  this 
figure  the  angular  location  of  separation,  Ys»  is 
plotted  against  the  Reynolds  number.  Results  on 
the  length,  L,  the  height,  H,  and  the  length  to 
height  ratio,  L/H,  of  the  separation  bubble  are 
presented  in  Figures  10,  11  and  12.  Each  data 
point  refers  to  one  hologram  (values  for  the  upper 
and  lower  side  of  the  model  are  averaged) .  Most 
data  points  refer  to  the  SST  hemispherical  nose, 
a  few  refer  to  the  Teflon  hemispherical  nose. 

The  present  observations  are  in  agreement  with 
those  obtained  earlier  by  Arakeri  (1973)  and  Arakeri 
and  Acosta  (1973).  From  Figure  9  it  follows  that 
the  boundary  layer  separation  angle  is  independent 
on  the  Reynolds  number,  which  is  consistent  with 
theory  (Srhlichting,  1965) .  For  the  SST  hemispher¬ 
ical  nose  the  average  value  of  ys  is  85.43°.  This 
value  is  claimed  to  be  quite  accurate.  To  compare 
this  experimental  value  with  the  theoretically 
predicted  one,  laminar  boundary  layer  calculations 
were  made  using  the  method  derived  by  Thwaites 
(1949) .  With  this  method  the  parameter  m  is  cal¬ 
culated,  where  m  is  defined  as 


and  where  0  is  the  momentum  thickness,  U  the  velocity 
at  the  edge  of  the  boundary  layer,  v  the  kinematic 
viscosity,  and  s  the  distance  along  the  surface. 
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FIGURE  10.  Lenqth  of  separation  bubble  to  diameter, 
L/D,  as  a  function  of  Reynolds  number  for  hemispheri¬ 
cal  nose.  The  solid  lines  refer  to  theoretical  pre¬ 
dictions  . 


Laminar  boundary  layer  separation  is  said  to  occur 
for  m  =  0.09.  The  computations  of  ys  were  made 
with  the  accurate  pressure  distributions  obtained 
earlier  (Figure  3) .  For  the  actual  case  (with 
tunnel  walls)  ys  was  found  to  be  85.57°,  and  thus, 
in  excellent  agreement  with  the  experimental  value. 

The  theoretical  value  of  ys  is  hardly  affected  by 
the  presence  of  the  tunnel  walls,  since  in  the 
absence  of  tunnel  walls  we  found  ys  =  85.53°. 

Arakeri  (1973)  found  experimental  and  theoretical 
values  of  87°.  However,  his  computations  were 
based  on  the  experimental  pressure  distribution 
data  by  Rouse  and  McNown  (1948) ,  as  shown  in  Figure  3. 

The  length  and  the  height  of  the  separation 
bubbles  decrease  gradually  with  increasing  Reynolds 
number.  The  variations  in  length  and  height  for  a 
given  Reynolds  number  are  partly  duo  to  the  different 
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FIGURE  9.  Boundary  layer  separation  angle,  y^, 
as  a  function  of  Reynolds  number  for  hemispherical 


FIGURE  11.  Heiqht  of  separation  bubble  to  diameter, 
H/D,  as  a  function  of  Reynolds  number  for  hemispheri¬ 
cal  nose. 
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FIGPRE  12,  Lenqrh  to  height  ratio  of  separation  bubble, 
L/H,  as  a  function  of  Reynolds  number  for  hemispherical 
nose . 


appearances  of  the  separation  bubbles  near  transition, 
as  illustrated  in  Figure  H.  The  length  to  height 
ratio  of  the  separation  bubbles  (Figure  12)  is  not 
very  dependent  on  the  Reynolds  number.  For  the  SST 
hemispherical  nose  an  average  value  of  10.8  is  found. 

To  compare  expor imental  values  of  I.  with  theoret¬ 
ical  ones,  it  is  necessary  to  calculate  the  location 
of  transition  on  the  separated  shear  layer.  Recently, 
Van  Ingen  (1975)  presented  a  calculation  method  for 
the  laminar  part  of  separation  bubbles  in  which 
also  the  location  of  transition  is  predicted.  The 
method  is  based  on  a  solution  of  the  Navier-Stokes 
equations,  valid  near  the  separation  point.  A 
relation  is  found  for  the  separation  streamline 
leaving  the  wall  at  an  angle,  S.  By  using  constant 
values  of  B,  ;a,  and  msep,  to  be  obtained  experi¬ 
mentally,  a  formula  is  derived  to  calculate  the 
length  of  the  separation  bubble.  It  is  assumed 
that  the  separation  streamline  is  straight  and 
that  the  angle  i  is  given  by 

tan  *  =  -  B-  -  -  ,  (3) 

Re 

’sep 

where  Ro0sep  the  Reynolds  number  based  on  the 
momentum  thickness  at  separation,  given  by 


sep 


(4) 


TABLE  1.  Separation  Streamline  Angle  &  For  SST 
Hemispherical  Nose,  Derived  from  Holograms. 


Ro  ■  in"'' 

Rp"sO|. 

•S 

B 

n.21 

56 

14. 6° 

14.6 

0.  36 

74 

9.0° 

11.8 

0.62 

97 

7.0° 

11.9 

0.97 

121 

5.2° 

11.1 

l  *  35 

144 

4.4° 

11.  1 

1.41 

146 

4.2° 

10.8 

L  ♦  87 

169 

4.  3° 

12.7 

2.40 

191 

3.9° 

13.0 

3.40 

228 

2.8° 

11.1 

The  amplification  factor,  aa ,  is  defined  as 


neutral 


(5) 


where  a/aneutral  t*ie  rat^°  °f  the  amplitude  of 
a  disturbance  to  its  amplitude  at  neutral  stability. 
msep  va^-ue  m  at  separation  (msep  =  0.09). 

According  to  Dobbinga  et  al .  (1972),  b  is  usually 
between  15  and  20,  but  lower  values  are  also  found. 

To  obtain  B  for  the  present  case,  the  separation 
streamline  angle,  *,  was  derived  from  a  series  of 
holograms.  The  results  are  presented  in  Table  1. 

The  average  value  of  B  is  12.0. 

With  Van  Ingen's  method,  the  location  of  transi¬ 
tion  has  been  calculated  for  'd  =  7  and  a  =  8, 
using  msep  =  0.09  and  B  =  12.  The  results  are 
plotted  in  Figure  10.  It  is  found  that  most  experi¬ 
mental  data  points  lie  between  the  two  theoretical 
curves.  The  best  fit  would  be  obtained  for  oa  =  7.5. 
It  should  be  noted  that  the  present  experimental 
data  refer  to  the  beginning  of  transition.  In  a 
recent  paper.  Van  Ingen  (1976)  attempted  to  corre¬ 
late  the  amplification  factor  with  the  turbulence 
level,  Tu.  For  oa  =  7.5,  predicting  the  beginning 
of  transition,  we  find  Tu  =  0.15*.  Although  the 
turbulence  level  in  the  high  speed  tunnel  has  not 
been  measured,  it  is  possible  to  obtain  an  approx¬ 
imate  value (without  considering  noise  aspects). 
Arakeri  (1975a)  measured  the  location  of  transition 
on  a  1.5  caliber  ogive  in  the  axisymmetric  test 
section  of  the  CIT  high  speed  water  tunnel.  The 
turbulence  level  in  this  tunnel  was  0.25.  Recently, 
Arakeri  (1977)  performed  similar  measurements  in 
the  NSMB  high  speed  water  tunnel.  The  agreement 
between  the  transition  data  indicates  that  the 
turbulence  level  in  both  tunnels  was  approximately 
the  same.  Hence,  the  turbulence  level  in  the  NSMB 
tunnel  may  have  been  close  to  0.2%,  which  is  con¬ 
sistent  with  the  value  derived  earlier.  The  above 
considerations  on  the  turbulence  level  are,  however, 
not  confirmed  by  the  measurements  of  Gates  (1977) , 
who  found  that  the  turbulence  level  had  no  effect 
whatsoever  on  the  location  of  transition  on  a 
hemispherical  nose. 

As  shown  in  Figures  9  through  12,  the  appearance 
of  the  laminar  separation  bubble  on  the  Teflon 
hemispherical  nose  is  the  same  as  for  the  SST 
hemispherical  nose.  From  Figure  10  it  is  found 
that  the  higher  surface  roughness  of  the  Teflon 
body  has  no  effect  on  transition.  Apparently,  the 
amplification  of  disturbances  mainly  occurs  down¬ 
stream  of  separation. 

The  blunt  nose  exhibited  a  laminar  boundary  layer 
with  normal  transition  to  turbulence.  Laminar  flow 
separation  did  not  occur.  A  photograph  showing 
transition  is  presented  in  Figure  13.  A  plot  of 
the  transition  data  is  given  in  Figure  14.  Since 
the  outflow  of  the  sodium  chloride  solution  from 
the  nose  of  the  model  was  in  some  cases  quite 
unstable,  the  determination  of  the  precise  location 
of  transition  provided  some  difficulties,  but  an 
upper  or  lower  bound  could  still  be  indicated.  In 
Figure  14  these  data  points  are  marked  with  an 
arrow.  When  the  arrow  is  pointing  upward  the  data 
point  is  considered  to  be  the  lower  bound?  when  the 
arrow  is  pointing  downward  the  data  point  is  con¬ 
sidered  to  be  the  upper  bound.  Silberman  et  al. 

(1973)  made  laminar  boundary  layer  calculations  for 
a  series  of  blunt  noses  having  values  ranging 
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FIGURE  13.  Photoqraph  showinq  transition  (T)  from  laminar  to  turbulent  boundary  layer  on  blunt  nose 
(st/D  =  1.68).  The  flow  is  from  left  to  right,  VQ  “  8  m/s. 


from  0.333  to  1.0.  The  calculations  showed  that 
none  of  the  blunt  noses  were  subjected  to  laminar 
separation.  The  present  observations  are  in 
agreement  with  these  theoretical  predictions. 

Non-Newtonian  Flow 

The  influence  of  polymer  additives  on  the  boundary 
layer  flow  about  the  models  was  investigated  by 
injecting  a  500  ppm  {parts  per  million  by  weight) 
Polyox  WSR-301  solution  from  the  nose  of  the  models. 
To  visualize  the  flow,  the  injection  fluid  contained 
2  percent  sodium  chloride.  For  the  SST  hemispher¬ 
ical  nose,  the  holograms  showed  that  laminar  flow 
separation  was  no  longer  present.  An  example  is 
given  by  the  photograph  presented  in  Figure  15.  At 
or  shortly  downstream  from  the  location  where 
Newtonian  flow  separation  occurred,  transition  from 
laminar  to  turbulent  boundary  layer  flow  is  observed, 
^rom  the  holograms  made  in  the  velocity  range  4  to 
20  m/s,  it  could  be  derived  that  transition  to 
turbulence  occurred  close  to  the  location  of 
Newtonian  flow  separation.  It  was  difficult,  however, 
to  indicate  the  precise  location  of  transition. 


Another  important  observation  was  that  the  sodium 
chloride  was  not  completely  mixed  in  the  turbulent 
region,  but  was  still  able  to  show  the  existence  of 
waves  and  streaks  further  downstream,  till  the  end 
of  the  hologram.  An  example  of  this  phenomenon 
has  been  given  by  Van  der  Meulen  (1976b).  For  the 
Teflon  hemispherical  nose  it  was  found  that  the 
influence  of  polymer  additives  on  laminar  flow 
separation  was  the  same  as  for  the  SST  hemispher¬ 
ical  nose.  Although  the  observations  made  with  the 
blunt  nose  wore  somewhat  obscured  by  the  irregular 
outflow  from  the  nose  of  the  model,  the  main  con¬ 
clusion  to  be  derived  from  the  holograms  is  that 
the  polymer  causes  early  transition  to  turbulence. 

The  approximate  locations  of  transition  are  plotted 
in  Figure  14. 

The  polymer  concentration  used  during  the  above 
observations  is  rather  high  when  compared  to  the 
most  effective  concentration  for  turbulent-f low 
friction  reduction.  From  Figure  16,  where  the 
friction  factor,  f,  for  flow  through  a  circular 
tube  is  given  as  a  function  of  the  Reynolds  number, 
it  can  be  derived  that  a  Polyox  WSR-301  concentration 
of  about  20  ppm  gives  a  maximum  friction  reduction. 
Additional  holograms  for  the  SST  hemispherical  nose 


FIGURE  14.  ?tre amwise  distance  to  boundary 
layer  transition  over  diameter,  s^/D,  as  a 
function  of  Reynolds  number  for  blunt  nose. 
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ri'JURK  15.  Photograph  showing  boundary  layer  flow  about  SST  hemispherical  nose  when  a  solution  of  500  ppm 

Polyox  WSR-V4  is  iniected.  The  flow  is  from  left  to  right.  V  =4  m/s. 

o 


wore  made*  at  poLymer  concentrations  of  100,  50, 
and  20  ppm.  The  injection  rate  was  such  that  Vi/VQ 
--  0.2.  The  phenomena  observed  at  these  lower 
concentrations  were  the  same  as  those  found  at  500 
ppm.  Recently,  Gates  (1977)  studied  the  influence 
of  polymer  additives  on  laminar  flow  separation  at 
low  injection  rates,  and  was  able  to  find  inter¬ 
mediate  stages  of  separation  suppression. 

The  study  on  the  influence  of  polymer  additives 
on  laminar  flow  separation  has  been  limited  so  far 
to  the  case  where  the  polymer  is  present  only  in 
a  thin  layer  adjacent  to  the  body  (the  "inner  part" 
of  the  boundary  layer) .  To  study  the  influence  of 
;olymer  additives  present  in  the  "outer  part"  of 
the  boundary  layer,  additional  tests  with  the  SST 
hemispherical  nose  were  made  in  which  the  tunnel 
was  filled  with  a  50  ppm  Polvox  WSR-301  solution. 

To  prevent  polymer  degradation,  the  water  speed  in 
the  test  section  was  set  at  a  low  value  of  4  m/s. 
Throe  different  solutions  were-  injected:  a  solution 


r I  K  P-.  Friction  factor  of  Polyox  W:>P-  V>1  ;olu- 
ti  >n-.  in  wat^r  as  a  function  of  Reynolds  number, 
ifwordini  to  Van  dor  JV'ulen  (1974a). 


of  2  percent  NaCl ,  a  solution  of  2  percent  NaCl  + 

50  ppm  Polyox  and  a  solution  of  2  percent  NaCl  + 

500  ppm  Polyox.  The  injection  velocity  Vi  was 
0.8  m/s  (Vj_/V0  =  0.2).  Photographs  showing  the 
boundary  layer  flow  are  presented  in  Figure  17. 

For  comparison  a  photograph  is  included  showing 
the  influence  of  polymer  injection  when  the  tunnel 
is  filled  with  water  (Figure  17a) .  When  a  2  per¬ 
cent  NaCl  solution  is  injected  (Figure  17b) ,  the 
boundary  layer  first  shows  a  tendency  to  become 
unstable  but  further  downstream  the  instabilities 
are  suppressed  and  the  boundary  layer  is  laminar 
again.  When  a  2  percent  NaCl  +  50  ppm  Polyox 
solution  is  injected  (Figure  17c) ,  the  boundary 
layer  first  shows  a  slight  tendency  to  become 
unstable,  but  further  downstream  the  boundary  layer 
is  laminar.  When  a  2  percent  NaCl  +  500  ppm  Polyox 
solution  is  injected  (Figure  17d),  the  boundary 
layer  remains  completely  laminar,  till  the  end  of 
the  hologram.  The  conclusions  to  be  derived  from 
these  observations  are  that  the  presence  of  the 
polymer  in  the  "inner  part"  of  the  boundary  layer 
leads  to  destabilization,  whereas  the  presence  of 
the  polymer  in  the  "outer  part"  of  the  boundary 
layer  leads  to  stabilization,  and  the  latter  effect 
is  predominant.  In  all  cases  considered  (Figure 
17) ,  laminar  flow  separation  is  suppressed. 

An  explanation  of  the  various  phenomena  observed 
can,  as  yet,  not  be  given.  Apparently,  some  of  the 
phenomena  are  in  agreement  with  those  reported 
elsewhere,  others  may  not  have  been  observed  before. 
This  is  mainly  due  to  the  fact  that  numerous  studies 
have  been  made  on  drag  reduction  in  turbulent  flow, 
but  only  a  few  were  made  on  the  influence  of  polymer 
additives  on  laminar  flow.  In  studying  laminar 
flow  around  circular  cylinders,  James  and  Acosta 
(1970)  found  that  the  streamline  patterns  with 
dilute  polymer  solutions  were  significantly  different 
from  those  with  Newtonian  fluids  because  of  visco¬ 
elastic  effects.  These  effects  may  also  play  a 
dominant  role  in  eliminating  flow  separation  in 
those  cases  that  the  boundary  layer  remains  laminar. 
Tn  those  cases  where  the  boundary  layer  becomes 
turbulent  due  to  the  presence  of  the  polymer  in  the 
"inner  part"  of  the  boundary  layer,  it  is  still 
questionable  whether  flow  separation  is  eliminated 
by  early  turbulence  by  viscoelastic  effects,  or  by 
a  combination  of  these.  The  occurrence  of  early 
turbulence  as  found  in  the  present  study  and  reported 
before  (Van  dor  Meulen  (1976a,  1976b),  Gates  (1977)) 
is  consistent  with  the  findings  of  others.  According 
to  Lumley  (1973) ,  polymer  solutions  producing  drag 
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FIGURE  17.  Photoqraphs  showinq  boundary  layer  flow  about  SST  hemispherical  nose.  The  flow  is  from  right  to 
left.  =  4  m/s.  (a)  Injection  of  50  ppm  Polyox  in  water,  (b)  Injection  of  water  in  50  ppm  Polyox.  (c)  Injec¬ 
tion  of  50  ppm  Polyox  in  50  ppm  Polyox.  (d)  Injection  of  500  ppm  Polyox  in  50  ppm  Polyox. 


reduction  display  a  positive  Weissenberg  effect  for 
which  destabilization  is  predicted  analytically. 
Destabilization  is  also  predicted  by  the  numerical 
analysis  of  Kiimmerer  (1976)  on  the  stability  of 
boundary  layers  in  an  idealized  viscoelastic  fluid. 
Experiments  by  Forame  et  al .  (1972)  and  Paterson 
and  Abernathy  (1972)  also  suggest  destabilization. 
On  the  other  hand,  Castro  and  Squire  (1967)  and 
White  and  McKligot  (1970)  found  that  polymer  solu¬ 
tions  iii  water  cause  a  delay  in  transition  to 
turbulence.  According  to  Lumley  (1973),  drag- 
reducing  polymers  tend  to  increase  the  thickness 
of  the  viscous  sublayer.  Experimental  evidence 
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for  this  phenomenon  has  been  provided  by  Rudd  (1972), 
who  measured  velocity  profiles  in  a  polymer  solution 
by  using  a  laser  dopplermeter .  By  examining  the 
expansion  behavior  of  isolated  polymer  molecules 
in  a  flow  field,  Lumley  (1973)  postulated  a  mech¬ 
anism  which  predicted  a  decreased  intensity  of 
small-scale  turbulence  in  the  buffer  layer  and  which 
al.so  predicted  that,  in  the  maximum  drag  reduction 
regime,  the  turbulence  should  consist  primarily  of 
larger  eddies.  The  present  observations  of  waves 
and  streaks  along  the  surfaces  of  the  models  seem 
in  agreement  with  the  above  predictions.  They  also 
agree  with  the  observations  made  by  Hoyt  et  al. 

(1974)  on  the  structure  of  jets  of  polymer  solution 
discharged  in  air. 


4 .  C A V 1 TAT I ON  STUD I ES 
Inception 

Cavitation  inception  data  for  the  SST  hemispherical 
nose  are  plotted  in  Figure  18.  Inception  was 
measured  by  gradually  lowering  the  pressure  until 
the  first  appearance  of  cavitation  was  observed. 
Desinence  was  measured  by  starting  from  developed 
cavitation  and  gradually  raising  the  pressure  until 
cavitation  just  disappeared.  The  type  of  cavitation 
mostly  observed  at  inception  was  sheet  cavitation. 
Also  plotted  in  Figure  18  are  cavitation  inception 
data  when  a  500  ppm  Polyox  WSR-301  solution  was 
injected  from  the  nose  of  the  model.  The  type  of 
cavitation  observed  in  this  case  was  travelling 
btibblc  cavitation.  Cavitation  inception  data  for 
the  Teflon  hemispherical  nose  are  plotted  in  Figure 
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FIGURE  19.  Cavitation  inception  and  desinence  number 
as  a  function  of  Reynolds  number  for  Teflon  hem¬ 
ispherical  nose. 


19.  The  type  of  cavitation  observed  at  inception 
was  spot,  cavitation.  The  spots  were  usually  located 
between  the  pressure  minimum  -  7H°)  and  the 
transition  of  hemisphere  and  cylinder  =  90°). 

The  most  striking  differences  between  the  inception 
data  for  both  models  are:  (a)  the  inception  data 
for  the  Teflon  model  are  much  higher  than  for  the 
SST  model  and  (b)  the  Teflon  model  exhibits  a  strong 
cavitation  hysteresis  ;Holl  and  Trcaster  (196b)  1 
whereas  the  SST  model  exhibits  no  hysteresis.  Such 
observations  have  been  reported  before  by  Reed 
(1969) ,  Gupta  (1969),  and  Van  der  Mculcn  (1971). 

Since  the  viscous  flow  behavior  of  the  Teflon  model 
is  the  same  as  for  the  SST  model  (see  Section  3) , 
the  above  differences  can  only  be  explained  by 
surface  effect;;.  Teflon  is  a  porous  material  and 
has  a  high  contact  angle.  Both  properties  arc 
essential  features  of  the  Harvey  nucleus  f Harvey 
et  al .  (1944)  .  Hence,  the  Teflon  surface  acts  as 

a  host  for  surface  nuclei,  from  which  (gaseous) 
cavitation  is  initiated.  The  mechanism  most  probably 
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involved  with  inception  on  the  SST  hemispherical 
nose  lias  been  described  by  Arakeri  (  1973).  Inception 
takes  place  in  the  transition  and  reat tachmont 
region  of  the  separation  bubbles,  where  high  pressure 
fluctuations  occur  [Arakeri  (1975a)  !.  The  nuclei 
may  either  originate  from  the  surface  (Arakeri) 
or  from  the  stream  where  they  become  trapped  in 
the  stronq  vortices  occurring  in  the  reattachment 
region . 

When  i.  (or  a^)  for  the  SST  hemispherical  nose 
is  to  be  compared  with  the  pressure  coefficient, 
several  problems  arise.  The  most  obvious  pressure 
to  compare  Oj  with  would  be  ti  :*  pressure  coefficient 
at  transition,  CY»_,  since  the  onset  of  cavitation 
takes  place  at  the  location  of  transition.  Accord¬ 
ing  to  Arakeri  (1973),  however,  the  important 
pressure  coefficient  to  compare  Oj.  with  would  be 
the  pressure  coefficient  at  separation,  Cps-  This 
opinion  is  probably  based  on  the  assumption  that 
the  pressure  within  the  separation  bubble  is  con¬ 
stant  (and  thus  Cpg  =  Cp^,)  but,  according  to  Van 
Ingen  (1975) ,  this  is  a  good  approximation  only 
at  low  values  of  Re.  A  mean  curve  of  the  present 
inception  (and  desinence)  data  is  plotted  in  Figure 
20.  Also  plotted  are  Cp^  =  0.76  and  CpT  for 
irrotational  flow,  derived  from  Figures  3  and  10 
(with  na  =  7.5).  The  real  (or  viscous)  values  of 
Cp^  are  unknown  and  should  be  obtained  from  pressure 
measurements.  It  can  be  estimated  that  the  real 
values  of  CpT  are  considerably  larger  than  those 
for  irrotational  flow,  but  still  smaller  than  CPg. 
Thus  it  would  seem  that  (or  can  be  correlated 

with  the  real  value  of  CpT-  In  that  case,  it  can 
be  argued  that  the  peak  pressure  fluctuations, 
measured  by  Arakeri  (1975a),  are  creating  the 
negative  pressures  necessary  to  overcome  the  sta¬ 
bilizing  pressure  in  stream  nuclei,  caused  by  the 
surface  tension. 

Cavitation  inception  data  for  the  blunt  nose  are 
plotted  in  Figure  21.  Also  plotted  are  inception 
data  with  polymer  injection.  At  inception,  a 
region  of  travelling  bubbles  was  observed.  The 
approximate  location  of  this  region  was  x/D  =  0.2 
-  1.0.  In  Section  4,  a  further  analysis  will  be 
given  of  the  type  of  cavitation  occurring.  The 
inception  data  show  that  the  oj-and  o^-values  are 
almost  identical  and  nearly  constant  (oj_  ^  =  0.46, 
in  the  absence  of  polymers).  When  oj.  is  to  be 
compared  with  a  suitable  pressure  coefficient,  the 
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FIGURE  21.  Cavitation  inception  and  desinence  number 
an  a  function  of  Reynolds  number  for  blunt  nose  with 
tnd  without  polymer  injection. 
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Reynolds  Number  *.  10"~* 


FTV.itrk  .'’2.  Comparison  of  cavitation  inception  (nr 
desinence)  number  with  pressure  coefficient  at  tran¬ 
sition,  c^,  for  blunt  nose. 


i "■ ' : i t  choice  would  seem  the  prossurt*  co»*f  f  icirnt  at. 
the  loc\it  ion  of  cavitation  inception.  However, 
this  location  can  not  precisely  be  indicated.  For 
bodies  with  attached  boundary  layers,  Arakeri  ( 3  c>7  3 ) 
suggested  correlating  ^  with  the  pressure  coeffi¬ 
cient  at  transition,  Cp  .  For  a  1.5  cm  liber  ogive 
a  close  correlation  was  found  between  measured 
values  of  Ttj  and  computed  values  of  Cj,^.  The  same 
comparison  can  be  made  for  the  blunt  nose.  In 
Figure  22,  a.  ^  and  Cp  ,  derived  from  Figures  4  and 
14,  are  plotted  against,  the  Reynolds  number.  In 
this  case  it  may  be  assumed  that  the  real  (or  vis.ous) 
values  of  Cpff,  arc  the  same  as  those  for  irrotational 
flow.  It  is  evident  from  Figure  22  that  ej_  (or 
’d>  cannot  be  correlated  with  C'p™.  The  location 
wh**re  Cp^,  =  0.46  ('-•  (j)  is  well  in  the  laminar 

region  of  t li< >  boundary  layer  for  the  Reynolds  numbers 
c<  »ns  i  dered . 

The  influence  of  polymer  additives  on  cavitation 
inrc; t ion  is  a  rather  new  phenomenon.  Darner  (1970) 
investigated  the  addition  of  polymers  to  water  on 
acoustically  induced  cavitation  inception.  Hllis 
t  »jl.  (1970)  reported  on  the  effect  of  polymer 
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solutions  on  f low-gene rated  cavitation  inception. 

The  effect  of  the  polymer  was  to  suppress  cavitation 
inception.  An  explanation  for  the  effect  could, 
as  yet,  not  be  given.  Ting  and  Ellis  (1974)  studied 
the  growth  of  individual  gas  bubbles  in  dilute 
polymer  solutions  but:  concluded  that  the  polymers 
hardly  affected  bubble  growth.  From  Figure  23  it 
is  found  that  the  surface  tension  is  slightly 
reduced  by  small  additions  of  Polyox  WSR-301,  but 
according  to  Hoyt  (1973)  this  effect  should  cause 
earlier  cavitation  instead  of  cavitation  suppression 
From  Figure  18,  a  considerable  effect  on  n  j.  and 
•  is  found  when  a  500  ppm  Polyox  solutuion  is 
injected  from  the  nose  of  the  SST  hemispherical 
model.  For  Re  above  1.2  <  10',  the  reduction 
amounts  to  30  }>crc('ni  .  1  'or  the  mean  value  of  'j 

and  we  have  a-  -  0.445.  The  oj-  and  values 
are  independent  of  Re.  From  Figure  21  it  is  found 
that  and  \\  are  hardly  affected  by  the  injection 
of  a  500  ppm  Polyox  solution  from  the  nose  of  the 
blunt  model  .  ."or  Re  above  1.2  *  10  ',  the  mean 
value  of  Tj  and  in  the  absence  of  polymers  is 
“i  0.45.  Hence,  inception  on  the  SST  hemispher¬ 

ical  nose  with  polymer  injection  takes  place  at  the 
same  cavitation  number  as  inception  on  the  blunt 
nose  in  the  absence  of  polymers. 

As  found  in  Section  3,  the  influence  of  the 
polymer  is  to  suppress  the  laminar  boundary  layer 
separation  on  the  hemispherical  nose.  Hence,  the 
strong  pressure  fluctuations,  occurring  at  the 
position  of  transition  and  reattachment  of  the 
separated  shear  layer  [Arakeri  (1975a)  ;  and  being 
the  principal  mechanism  for  cavitation  inception, 
are  eliminated  and  cavitation  will  start  at  a  much 
lower  cavitation  number.  The  flow  visualization 
studies  described  in  Section  3  do  not  only  explain 
the  suppression  of  cavitation  inception  by  polymer 
injection,  but  also  by  having  a  polymer  ocean 
j Ellis  ot  al.  (1970)  .  Earlier  studies  by  Van  dor 
Meulon  (1973,  1974b)  showed  that  polymer  injection 
had  hardly  any  effect  on  cavitation  inception  on  a 
Teflon  hemispherical  nose.  The*  reason  for  this 
finding  is  clear  now,  since  cavitation  inception  on 
a  Teflon  hemispherical  nose  is  related  to  surface 
effects  and  not  to  viscous  effects. 

Appearance  on  Hemispherical  Models 

The  appearance  of  cavitation  on  the  SST  hemispher¬ 
ical  nose  is  closely  related  to  the  occurrence  of 
laminar  boundary  layer  separation.  Arakeri  (1973) 
showed  that  cavitation  bubbles  are  first  observed 
at  the  location  of  transition  and  roat taehmont  of 
the  separated  shear  layer.  This  type  of  cavitation 
is  usually  called  bubble  cavitation.  An  example* 
is  shown  in  Figure  24a.  The  larger  bubbles  at  the 
location  of  transition  ore  preceded  by  smaller  ones 
which,  according  to  Arakeri  (1973),  are  travelling 
upstream  with  the  reverse  flow  in  the  separated 
region.  With  a  reduction  in  o,  the  larger  bubbles 
create  a  single  cavity  as  shown  in  Figure  24b. 

With  a  further  reduction  in  o,  the  cavity  is  filling 
tlie  separated  region,  and  a  smooth  attached  cavity 
is  observed  (Fiqure  24c).  This  typo  of  cavitation 
is  usually  called  sheet  cavitation.  When  o  is 
further  reduced,  the  length  and  the  height  of  the 
cavity  extend,  but  the  first  part  of  the  cavity 
remains  smooth  (Figure  24d,  e) .  By  analyzing 
double  exposure  holograms  made  of  developed  cavita¬ 
tion,  it  could  bo  established  that  the  first  smooth 
part  of  the  cavity  is  stable. 


The  appearance  of  cavitation  on  tin*  Teflon 
hemispherical  nose  is  closely  related  to  the  presence 
of  weak  spots  on  the  surface.  Discrete  cavities 
originate  from  points  located  on  the  hemisphere. 

The  cavities  develop  cone-shaped  in  tin*  downstream 
direction.  The  first,  part  of  the  cavity  surface 
is  smooth;  the  cavity  leaves  the  wall  at  a  very 
small  angle.  Some  of  these  features  can  be  observed 
on  the  photographs  presented  in  Figure  The 

cavitation  separation  angle  ipy  for  both  hemispher¬ 
ical  models  is  plotted  in  Figure  2f>.  For  the  Teflon 
model  it  is  found  that  the  cavities  start  upstream 
of  the  minimum  pressure  point  (  t(^  •  ),  when 

'  is  sufficient lv  low.  For  the  SST  model  it  is 
found  that  t.h*»  cavities,  always  start  downstream 

of  the  minimum  pressure  point.  (f(-<:  <  i  n  .  ).  »<-g 

•  lmin 

is  both  a  function  ot  '  and  Re.  For  a  given  Re, 
r  v  decreases  witli  decreasing  *  and  for  a  given 
,  I(.^  doer*  ases  with  increasing  Re.  These  tenden¬ 

cies  for  th»-  SST  model  are  in  agreement  with  the 
observation:;  by  Ar.ik»*ri  (M7r»li). 

The  snap**  ot  the  cavity  nose  < •» i  the  SST  model 
has  been  analy/.ed  further.  A  sehem.it  ic  drawing  of 
the  geometry  of  the  •  MV  1 1  y  »io:;e  is  presented  in 
Figure  27.  From  a  1>  tailed  study  of  the  holograms 
it  could  be  i  t  ah  1  i  :;h»  d  that  tin*  cavity  nose  was 
e  i  rei.i  1  a  r  1  y  shaped.  M  was  found  that  t  lie  nose 
angle  varied  between  ’  ,»,d  l.1  ,  but  was 

independent  of  or  Ar i  average  value  of  1,1 

was  obt  a  i  ti« 'd  tr"n  2>t  ‘,,vity  no.  Since  tin-  e.ivity 

nose  is  immersed  in  the  separ.it  ion  bubble  arid  the 
flow  comes  to  a  standstill  near  the  cavity  nose, 


it  is  to  he  expect  oil  that  the  nose  anqle  equals 
the  contact  angle  for  the  present  1 iguid-gas-sol id 
system.  This  is  confirmed  by  the  fact  that,  accord¬ 
ing  to  Adamson  (19(>f>),  the  contact  angle  for  a 
wat er-ai r-steel  system  is  70°~90°.  The  nose  radius 
r  was  independent  of  •  but,  as  shown  in  Figure  28, 
the  radius  decreases  with  increasing  Re.  The  length 
of  tlu'  sheet  cavity  (the  smooth  part  preceding  the 
developed  cavity)  is  more  or  loss  independent  of 
but  decreases  with  increasing  Re.  In  Table  2, 
mean  values  of  Lg^/D  are  compared  with  corresponding 
values  of  I./D,  obtained  from  Figure  10  (with 
a  7. A).  From  this  table  it  can  be  concluded 
that  transition  to  turbulence  on  the  cavity  surface 
is  closely  related  t:o  transition  to  turbulence  on 
the  fully  wetted  separated  shear  layer.  The  shape 
of  the  developed  cavity  is  determined  by  the  total 
length  to  maximum  height  ratio  of  the  cavity, 
rv.  Hc,  (in  most  cases  the  cavity  reached  its  maxi¬ 
mum  height  close  to  the  trailing  edge  of  the  cavity) 
Values*  of  this  ratio  are  given  in  Figure  29.  The 
mean  va  1  ue  of  1  x  •  H(.  i  s  1  0.2.  Si  nee  t  he  mean  va  1  •  le 
of  tin-  length  to  height  ratio  of  the  separation 
bubble  is  lo.rt,  it  may  be  concluded  that  the  shape 
of  the  developed  cavity  appearing  on  the  SST  hemis- 
plierie.il  nose  is  strongly  governed  by  the  shape  of 
the  separation  bubble. 

With  polymer  itiiection,  the  cavities  on  the  SST 
hemispherical  nose  .m  either  attached  or  may  show 
the  appearance  of  t  rav*  .mu  bubbles,  resembling 
the  type  of  cavitation  •  .-served  on  the  blunt  nose. 
Details  are  given  by  Van  Fr  Meulen  (l’7nb). 


Captation  Number 


TABLE  2.  Length  of  Sheet  Cavity  Over  Diameter 
L^'/D,  and  length  of  Separation  Bubble  Over 
Diameter,  L/D,  for  SST  Hemispherical  Nose. 


447 


Rc  v  10~'’ 

Lse/D 

L/D 

0 . 94 

0.156 

0.124 

1.27 

0.124 

0.096 

1.54 

r 

O 

O 

0.084 

2.0  3 

0.074 

0.068 

Appearance  on  Blunt  Model 

The  type  of  cavitation  occurring  on  the  blunt  nose 
is  typically  travelling  bubble  cavitation.  An 
example  is  shown  in  Figure  30a  (o  =  0.33).  When 
1  is  reduced,  a  single  transient  cavity  may  develop, 
as  shown  in  Figure  30b  (o  =  0.28).  The  transient 
character  of  the  cavities  occurring  on  the  blunt 
nose  is  clearly  observed  in  the  photographs  taken 
from  multiple  exposure  holograms.  Figure  31  shows 
a  photograph  taken  from  a  hologram,  where  three 
pulses  were  generated  by  the  ruby  laser  with  pulse 
separations  of  50  Msec  and  100  Msec  respectively. 

The  flow  is  from  right  to  left.  The  picture  shows 
the  growth  of  a  cavity  near  the  nose  of  the  model. 

The  cavity  is  attached  to  the  model  and  its  shape 
is  a  spherical  segment.  The  cavity  grows  (its 
radius  increases)  and,  at  the  same  time,  travels 
along  the  surface  with  a  velocity  slightly  below 
that  of  the  surrounding  fluid.  When  the  cavity 
reaches  a  certain  height,  its  shape  becomes  more 
like  an  attached  bubble,  as  shown  in  Figure  32. 

In  this  figure,  the  flow  is  from  loft  to  right. 

The  attached  bubble  hardly  grows,  travels  along 
the  surface,  and  finally  collapses. 

The  8 t Teamwise  distance  to  cavitation  separation 
on  the  blunt  nose  obtained  from  a  series  of  holograms 
taken  at  various  values  of  -i  and  Re,  is  plotted  in 
Figure  33.  Also  plotted  are  data  points  where  no 
cavitation  was  observed  in  the  holoqram  on  either 
one  or  both  sides  of  the  model.  It  is  found  that 


the  streamwise  distance  to  cavitation  separation 
decreases  with  increasing  Re  (apart  from  the  scatter, 
typical  for  travelling  bubble  cavitation) .  For 
Re  =  2.08  x  10',  cavitation  separation  is  located 
at  a  short  distance  from  the  pressure  minimum 

f(s/?>Pmin  -  °-37i-  _ 

The  observations  of  the  cavity  growth  as 
represented  in  Figure  31,  enables  a  comparison  with 
theory.  Plesset  (1949)  analyzed  experimental 
observations  by  Knapp  and  Hollander  (1948)  and 
compared  the  growth  and  collapse  of  bubbles  on  a 
1.5  caliber  ogive  with  the  equation  of  motion  for 
a  bubble.  The  agreement  was  quite  satisfactory. 
Recently,  Persson  (1975)  introduced  some  refinements 
in  the  comparison.  The  present  analysis  is  based 
on  the  so-called  Rayleigh-Plesset  equation  according 
to  Hsieh  (1965).  For  a  vapor  bubble,  the  motion 
of  the  bubble  wall  is  given  by  the  equation 


••  3  2S 

l>  (RR  +  -R)=P  -  P - 

2  v  R 


where  p  is  the  liquid  density,  R  the  instantaneous 
bubble  radius,  Pv  the  vapor  pressure,  P  the  instan¬ 
taneous  ambient  pressure,  S  the  surface  tension, 
and  m  the  dynamic  viscosity.  The  dots  indicate 
differentiation  with  respect  to  time  t.  The 
multiple  exposure  hologram  (Figure  31)  provided 
data  on  R0(t0),  R\  (to+50us) ,  and  R2  (to+150ws) , 
whereas  P(t)  could  be  derived  from  Figures  31  and 
4.  Equation  (6)  was  solved  numerically  to  obtain 
a  theoretical  value  of  Rp .  The  results  of  the 
computations  are  given  in  Table  3.  To  compare  the 
significance  of  the  right-hand  side  terms  of  Eq. 

(6) ,  numerical  values  of  these  terms  are  presented 
in  Table  4.  The  main  conclusion  to  be  derived  from 
Table  3  is  that  the  experimentally  observed  growth 
of  the  cavity  on  the  blunt  nose  is  fairly  well 
represented  by  the  Rayleigh-Plesset  equation  of 
motion.  This  is  mainly  due  to  the  fact  that  the 
blunt  nose  does  not  exhibit  laminar  flow  separation 
and  viscous  effects  seem  to  be  small. 

The  appearance  of  developed  cavitation  on  the 
blunt  nose  with  polymer  injection  was  essentially 
the  same  as  that  without  polymers.  Details  are 
given  by  Van  der  Meulen  (1976b) . 


449 


1 

e 


f  0  3b 


;<  */0)p 


037 


j* 

▲ 

A 

*  A  • 

A  A 

A  A  AA 
At* 


o  Re*094*105 
•  Re  «  1  22  xlO5  , 
A  Re  «  l  bb  *10^ 

A  Re-2  08x105'  I 

j 

-j 

I 

4 

| 

o  1 


02  04  06  08  10  12  14  16 

Distance  to  Cavitation  Separation 
Over  D  ameter  _  s^/D 


rr  '('Rf  .'f  rvamwi  :;•>  ii;fMr..v>  to  eavi tation  separa¬ 
tion  i.iv*.  r  Uani'fi-r,  a  ;  a  function  of  cavitation 

number  an. I  K«vn<;  Ids  number  for  blunt  no-..?.  Also  plot  tel 
ar>-  ;  >mi-  iar.i  joints  where  no  -avitation  was  observed 
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5.  CONCLUSIONS 

The  application  of  in-line  holography  and  injection 
of  a  2  percent  sodium  chloride  solution  from  the 
nose  of  the  axisymmetric  bodies  are  useful  methods 
to  visualize  the  boundary  layer  and  to  obtain 
detailed  information  on  boundary  layer  phenomena 
and  cavi tat  ion  pat  terns. 

Laminar  boundary  layer  separation  and  transition 
to  turbulence  of  the*  separated  shear  layer  on  the 
hemispherical  nose  can  be  predicted  quite  accurately 
by  existing  approximate  calculation  methods. 

Cavitation  on  nxisymmet ric  bodies  may  be  strongly 
influenced  by  boundary  layer  effects.  For  the  SST 
hemispherical  nose,  inception  and  appearance  of 
cavitation  are  both  related  to  the  location  and 
appearance  of  the  separation  bubble.  For  the 
blunt  nose,  however,  cavitation  is  apparently  more 
related  to  nuclei  effects  than  to  viscous  effects. 
The  type  of  cavitation  occuring  in  this  case  is 
travelling  bubble  cavitation.  The  growth  of  a 
cavity  on  the  blunt,  nose  is  adequate ly  described 
by  the  Kay  It- igh-Plesset  equation  of  motion  for  a 
'-avit.it  ion  bubble. 


TABLE  4.  Influence  of  Vapor  Pressure,  Pv,  Liquid 
Pressure,  P,  Surface  Tension  Pressure,  2  S/R,  and 
Viscosity  Pressure,  4 ;i  R/R,  on  Cavity  Growth  on 
Blunt  Nose  (Figure  31) . 


t 

pv 

N/rrr 

P 

N/nr 

2  S/R 
N/nr 

4p  R/R 
N/m‘ 

t 

o 

1940 

-6  320 

170 

15 

t  +  50  US 

o 

1940 

-  3  590 

150 

12 

t  +  150  us 
o 

1940 

+  330 

120 

8 

Surface  effects  on  the  Teflon  hemispherical  nose 
play  a  dominant  role  in  both  inception  and  appearance 
of  cavitation. 

The  presence  of  polymers  in  the  "inner  part"  of 
the  boundary  layer  on  the  SST  hemispherical  nose 
leads  to  destabilization,  whereas  the  presence  of 
the  polymer  in  the  "outer  part"  of  the  boundary 
layer  leads  to  stabilization,  and  the  latter  effect 
is  predominant.  For  all  cases  considered,  laminar 
boundary  layer  separation  is  suppressed. 

Since  the  influence  of  polymer  additives  is  to 
suppress  laminar  boundary  layer  separation  on  the 
hemispherical  nose,  the  strong  pressure  fluctuations, 
occurring  at  the  position  of  transition  and  reattach¬ 
ment  of  the  separated  shear  layer  and  being  the 
principal  mechanism  for  cavitation  inception,  are 
eliminated  and  cavitation  will  start  at  much  lower 
pressures.  As  a  consequence,  the  cavitation  charac¬ 
teristics  of  the  SST  hemispherical  nose  with  polymer 
injection  are  approximately  the  same  as  those  of 
the-  blunt  nose  without  polymer  injection. 

NOTATION 

P  Constant  in  Equation  (3) 

Op  Pressure  coefficient 

0rmin  Minimum  pressure-  coefficient 

Op-  Pressure  coefficient  at  separation 

Op'p  Pressure  coefficient  at  transition 

P  Model  diameter 

H  Height  of  separation  bubble 

H^  Height  of  cavity 

L  Length  of  separation  bubble 

1*C  Length  of  cavity 

Lsc  Length  of  sheet  cavity 

P  Static  pressure 

«o  Free  stream  static  pressure 

Pjnin  Minimum  static  pressure 

l’v  Vapor  pressure 


TABLE  <.  T:  i*  ■«  >r  t  l  cal  (  K)  and  Expel  im«*nt  a  l  {kt.xp) 

Vil  '/*  BuLLb-  Radius  for  F.ivity  Growth  on 
B  l  unt  N* is*-  (  •  i  ■  j  ii  -  J- 1  )  . 
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Bubble  radius 
Reynolds  number,  V0D/v 
Equat ion  (4) 

Surface  tension 
Turbulence  level 

Velocity  at  edge  of  boundary  layer 

Free  stream  velocity 

Injection  velocity 

Amplitude  of  disturbance 

Amplitude  of  disturbance  at  neutral 

:it  abi  1  ity 

Friction  factor 

Equation  (2) 

Nose  radius  of  cavity 
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s  Surface  coordinate 

s^  Streamwise  distance  to  cavitation 

separation 

s»p  Streamwise  distance  to  boundary  layer 

transition 

x  Axial  coordinate 

u  Air  content 

^  Nose  anqle  of  cavity 

y  Anqular  coordinate 

Yg  Boundary  layer  separation  anqle 

y^c  Cavitation  separation  angle 

6  Angle  at  which  separation  streamline 

leave?  wall 

0  Momentum  thickness 

\,  Dynamic  viscosity 

v  Kinematic  viscosity 

i  Liquid  density 

o  Cavitation  number,  (PQ-PV)  /'ipVo- 

0;  Incipient  cavitation  number 

,'j  Desinent  cavitation  number 

»ia  Amplification  factor 

$  Velocity  potential 
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ABSTRACT 

Recently  cavitation  erosion  has  been  primarily 
treated  experimentally.  However  a  need  exists  for 
both  a  theoretical  cavitation  erosion  model  and 
more  quantitative  erosion  test  methods.  As  a 
contribution  to  the  state  of  the  art,  the  authors 
have  summarized  their  research  at  the  University 
of  Tokyo  using  the  soft  surface  erosion  test  method 
(the  aluminum  erosion  tost) . 

Two  test  series  were  completed,  the  first  using 
the  NACA  16021  foil  section  and  the  second  using 
the  NACA  0015  foil  section.  Two-dimensional  erosion 
tests  were  systematically  made  at  various  velocities 
and  cavitation  numbers  to  obtain  a  correspondence 
between  the  erosion  and  the  hydrodynamic  character¬ 
istics  of  the  cavitation  pattern.  It  was  found  that 
the  estimation  of  the  cavity  length  and  its  fluctua¬ 
tion  are  important  factors  in  the  prediction  of  the 
cavitation  erosion. 

The  results  of  these  tests  are  used  to  illustrate 
the  effectiveness  of  Mean  Depth  of  Do format  ion  Rate, 
MDDR,  as  a  Cavitation  F.rosion  Index.  These  test 
results  also  served  as  a  background  for  extending 
the  cavitation  erosion  scaling  theory,  previously 
proposed  by  Kato,  to  include  differences  in  the 
cavitation  number. 

After  determining  two  empirical  constants,  the 
resulting  predicted  MDDR  Cavitation  Index  was  shown 
to  be  in  good  agreement  with  both  Thi ruvengadam' s 
(1971)  and  the  authors'  test  results. 

In  addition  to  this  basic  research,  two  additional 
studies  are  summarized.  The  first  is  a  comparative 
test  of  the  aluminum  erosion  test  and  the  paint 
test  and  the  second  is  a  study  in  the  influence  of 
air  injection  in  reducing  the  cavitation  erosion 
intensity.  The  test  results  obtained  from  the  paint 
and  aluminum  tests  were  found  to  be  in  good  agreement 
and  for  routine  cavitation  erosion  checks,  the  paint 
test  should  be  adequate.  It  was  found  that  small, 
air  injection  rates  reduced  the  cavitation  erosion 
intensity  dramatically  and  large  injection  rates 


did  not  result  in  substantial  reduction  of  the 
cavitation  erosion  intensity. 


1 .  INTRODUCTION 

Erosion  is  one  of  the  largest  problems  caused  by 
cavitation.  Cavitation  tests  of  model  propellers 
have  been  made  for  the  purpose  of  predicting  cavita¬ 
tion  erosion,  especially  for  low-speed  merchant 
ships.  However,  the  prediction  was  mainly  based 
on  the  observer’s  "feeling"  of  the  cavitation 
pattern  on  the  propeller  blade.  Recently  a  new 
testing  method,  i.e.,  paint  test,  was  developed  at 
several  laboratories  [Sasajima  (1972)  and  Lindgren 
and  Bjarne  (1974)].  In  this  test  the  erosion  inten¬ 
sity  is  judged  by  the  area  of  paint  peeled  off. 

At  the  University  of  Tokyo  in  the  authors' 
laboratory,  erosion  tests  of  soft  aluminum  test 
pieces  have  been  made  for  several  years  [ Sato  et 
al .  (1974)  and  Sato  (1976)].  The  main  purpose  for 
developing  the  soft  aluminum  method  are: 

(1)  Development  of  a  quantitative  prediction 
method  for  cavitation  erosion. 

(2)  Obtain  a  deeper  insight  into  the  mechanism 
of  cavitation  erosion  by  the  observation 
of  eroded  metal  surface. 

(3)  Establishment  of  cavitation  erosion  scaling 
laws. 

The  test  piece  is  usually  made  of  pure  aluminum, 
which  is  easy  to  obtain,  has  stable  quality,  good 
machinability,  and  is  relatively  cheap.  Its 
mechanical  properties  can  be  roughly  established 
by  hardness  and  tensile  tests.  The  erosion  resist¬ 
ance  of  pure  aluminum  is  very  low  and  its  surface 
is  roughed  by  cavitation  attack  within  one  half 
hour  of  test  exposure  which  is  similar  to  the  testing 
time  of  the  paint  test.  The  increase  in  roughness 
is  a  first  indication  of  erosion  [e.g.,  Young  and 
Johnston  (1969) ].  It  can  be  measured  by  a  roughness 
tester  and  the  quantitative  erosion  intensity  can 
be  obtained  with  sufficient  accuracy. 
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Micro-appearances  of  the  eroded  surface  such  as 
the  pit  shape,  can  also  be  qualified  by  examination 
of  roughness  records  and  microscopic  pictures  of 
the  surface. 

The  erosion  intensity  has  been  evaluated  by 
mean  depth  of  penetration  (MDP)  [e.g.,  Hammitt 
(1969)1  or  energy  absorbed  by  the  material  eroded 
| e.g.,  Thiruvengadam  (1966)  ].  In  addition  one  of 
the  authors  recently  proposed  a  new  concept  of 
erosion  intensity,  mean  depth  of  deformation  (MDD) 
which  functions  as  a  bridge  between  surface  rough¬ 
ness,  SR,  and  MDP  [Kato  (1975)].  Thus  MDD  corres¬ 
ponds  to  SR  at  the  initial  stage  and  MDP  at  the 
final  stage  of  erosion. 

This  paper  discusses  the  experimental  results 
of  two-dimensional  aluminum  foil  sections  (pure 
and  aluminum  alloy) ,  various  considerations  of  the 
erosion  mechanism  in  connection  with  the  hydrodynamic 
characteristics  of  the  foil  section  along  with  the 
modeling  and  scaling  of  erosion,  and  summarizes 
experiments  using  an  air  injection  system  which  the 
authors  found  very  effective  in  cavitation  erosion 
prevent  at  ion .  Nomenclature  is  shown  at  the  end  of 
this  paper. 

2.  FOIL  SECTION  EROS  I  Or:  TEST 

High  Speed  Cavitation  Tunnel  at  University  t  Tokyo 

Erosion  tests  of  two-dimensional  foil  sections 
wore  made  using  a  high  speed  cavitation  tunnel  at 
University  of  Tokyo.  The  test  sections  of  this 
tunnel  can  be  changed  according  to  the  experiment. 

For  the  present  test  two  test  sections  were  used. 

One  was  the  rectangular  high  sj>eed  section  with 
cross  section  dimensions  of  100mm  v  10mm.  Test 
Series  I  was  carried  out  using  this  section  in 

1976.  Since  the  side  wall  effect  was  so  large  that 
the  two-dimensionality  of  the  flow  was  almost  lost 
near  the  trailing  edge  of  the  foil  section,  it  was 
concluded  that  the  10mm  width  was  too  narrow.  There¬ 
fore  the  test  section  was  modified  to  a  80mm  x  15mm 
cross  section  prior  to  starting  Test  Series  IT  in 

1977.  The  maximum  velocity  of  the  section  was 
about  50m/s . 

The  second  test  section  was  the  rectangular  low- 
speed  section  used  only  in  Test  Series  II  (1977). 

It  lias  cross  section  dimensions  of  120mm  x  25mm 
and  a  maximum  velocity  of  35m/s. 


Foil  Section 

Two  foil  sections  (NACA  16021  and  NACA  0015)  were 
tested.  The  NACA  16021  foil  section  used  in  Test 
Series  I  (1976),  was  the  same  foil  section  used  in 
Kohl's  experiment  Kohl  (1968)  ' .  Kohl  made  his 
tests  at  an  attack  angle  of  i  =  0°.  .’»•  ^e  this 

foil  section  has  no  camber,  when  it  is  set  at  t  = 

,  the  inception  point  of  cavity  appears  around 
00*  chord.  Thus,  testing  at  a  =  0°  was  not  suitable 
for  cavitation  erosion  tests,  so  the  authors  chose 
a  test  condition  of  i  -  4° .  Since  its  chord  and 
span  are  40mm  and  10mm  respectively ,  the  aspect 
ratio  A  -  0.25,  was  so  small  that  the  spanwise 
pattern  of  the  cavity  was  not  uniform.  The  cavity 
closed  at  midspan  appearing  as  a  kind  of  streak 
cavitation.  Another  disadvantage  of  using  the  NACA 
16021  section  is  its  chordwise  pressure  distribution 
which  is  the  "roof-top"  type.  The  cavity  length 


drastically  changes  with  only  slight  changes  in  the 
cavitation  number.  While  this  characteristic  is 
desirable  in  practical  applications,  it  was  found 
to  be  undesirable  in  the  present  study  since  erosion 
would  occur  only  in  a  narrow  range  of  cavitation 
numbers  which  makes  the  experiment  difficult. 

Therefore  prior  to  starting  Test  Series  II  in 
1977,  two  major  improvements  were  made.  From  wind 
tunnel  tests  the  minimum  aspect  ratio  necessary  to 
maintain  two-dimensional  flow  was  found  to  be  about 
A  =  0.4  and  an  aspect  ratio,  A  =  0.5,  was  chosen 
for  Test  Series  II.  The  smaller  foil  was  designed 
with  a  30mm  chord  and  a  15mm  span  and  the  larger 
foil  section  was  designed  with  a  50mm  chord  and 
a  25mm  span. 

The  second  improvement  was  to  change  the  foil 
section,  from  the  NACA  16021  to  the  older  NACA  0015, 
which  has  a  chordwise  pressure  distribution  of  the 
"triangular"  type.  The  experimental  chordwise 
pressure  distribution  of  this  foil  is  compared  in 
Figure  1  with  the  calculated  pressure  valies.  It 
can  be  seen  that  the  agreement  between  the  experi¬ 
ment  and  calculation  is  satisfactory. 

Tost  Condition 

In  Test  Series  I  (NACA  16021)  the  following  items 
were  tested: 

(1)  Relationships  between  the  mean  depth  of 
deformation  (MDD) ,  mean  depth  of  penetration 
(MDD,  and  surface  roughness  (SR). 

(2)  Effect  of  cavitation  number,  velocity,  and 
the  water's  air  content  on  the  erosion 
intensity . 

(3)  Comparison  between  the  results  obtained  by 
the  soft  aluminum  erosion  test  and  paint 
test . 

(4)  Influence  of  air  injection  on  erosion  pre¬ 
vention  . 


FIGURE  1.  Comparison  of  suction  side  Cp  for  NACA 
0015  foil  section. 


» 
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In  Test  Series  I,  the  size  and  material  of  the  foil 
section  were  not  changed.  The  material  was  pure 
aluminum,  JIS  H2102-2  (AL  >  99.5!"). 

In  Test  Series  II  (NACA  0015)  the  following  items 
were  tested. 

(1)  Effect  of  cavitation  number,  velocity,  and 
chord  length,  and  the  hydrodynamic  character¬ 
istics  of  the  cavity  flow,  on  the  erosion 
intensity. 

(2)  Effect  of  material  properties  on  the  erosion 
intensity . 

(3)  Comparison  of  the  soft  aluminum  and  paint 
test  results. 

The  test  conditions  are  summarized  in  Table  1. 

The  attack  angle  was  u  =  4°  throughout  Test  Series 
I  and  II.  In  Test  Series  I,  the  air  content  was 
•V ‘s  =  0.5,  while  in  Test  Series  II  it  was  initially 
0.2  and  increased  gradually  during  the  experiment 
to  a  value  of  0.4  by  the  end  of  the  experiment. 

In  Test  Series  I-D,  before  the  test  began,  air 
bubbles  were  injected  into  the  cavitation  tunnel 
to  control  air  bubble  content  of  the  water.  Then, 
the  erosion  test  was  completed  to  study  the  effect 
of  air  content  on  erosion. 

Experiments  with  air  injection  from  the  foil 
surface  were  also  carried  out  to  study  the  positive 


utilization  of  erosion  prevention  effect  of  air 
bubbles . 

At  the  start  of  the  tests,  the  water  temperature 
was  about  25°C  which  increased  during  the  high  speed 
tests,  reaching  a  maximum  temperature  of  50°C. 

In  addition  to  the  erosion  tests,  measurements 
of  the  hydrodynamic  characteristics  such  as  cavity 
length,  pressure  distribution  etc.,  were  completed 
using  a  similar  foil  section  made  of  stainless  steel. 

Material  and  Heat  Treatment 

In  Test  Series  I  the  foil  section  material  was  pure 
aluminum  (JIS  H2102,  99.5%),  while  in  Test  Series 
II  pure  aluminum  and  two  kinds  of  aluminum  alloy, 

JIS  H4163-2  (AA  5056)  and  JIS  H4163-5  (AA  6063) 
were  used.  These  materials  were  selected  for  their 
low  erosion  resistance,  good  corrosion  resistance, 
and  good  machinabil ity .  The  foil  sections  tested 
were  machined  by  a  NC-milling  machine  and  the  surface 
was  smoothed  by  a  buffing  machine.  The  foils' 
surface  roughness  was  found  to  be  less  than  1  um 
in  the  virgin  state. 

Since  the  foil  surface  was  work-hardened,  a  thin 
layer  of  the  foil  surface  had  a  large  degree  of 
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Table  P  Chemical  Composition  and  Mecnaru  cal  Propert it*:; 


Pure  Aluminum 

Alim;  in  urn  Alloy 

JIG  IIPIOG-O 

•r IP  iUiH'3-5 
(AA  oi'Cj) 

Ml  5051  ) 

(’non  1  cal 
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'VC.IO 

Si  (?) 

0.10 

O.ltl 

'V/  0 . 30 

(?) 

o .  P9 
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%  O.Uo 

Mn  (?) 

0.00 

0 . 00 

0 . 05  'v  0 . 00 

(?) 

0.01 

0.05 

li . r  %  >; .  0 

=1*  (?) 
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0.01 

5.0.10 

Cr  (?) 

0.00 

0 . 00 
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Ti  (?) 

0.  JO 

0.01 
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Go.  V. 

V  ic’ker.' 

fiardiK-j.-  ) 

72.73 

Younc'  .* 

Moduli  u.'  ( kc/mri  ) 

> 

v, 

( 
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hardness,  requiring  heat  treatment  to  remove  this 
work  hardened  layer.  Following  the  Japanese 
Industrial  Standards,  pure  aluminum  and  aluminum 
alloy  H4163-2  were  annealed  for  1  hour  at  4J0°C 
and  foils  made  of  aluminum  alloy  H4 163-5,  were 
annealed  for  1  hour  at  205°C. 

The  surface  hardness  before  and  after  annealing 
are  shown  in  Figure  2.  This  tost  was  made  using 
a  micro  Vickers  hardness  tester.  The  tensile  test 
results  are  shown  in  Figure  3  and  summarized  with 
the  composition  of  the  materials  in  Table  2. 


in  SR  are  formed  at  the  first  stage  of  erosion. 

At  this  stage  there  is  no  weight  loss.  This  initial 
period  is  called  the  incubation  period  where  after 
an  initial  increase,  the  SR  value  asymptotically 
approaches  a  larger  value. 

It  is  well  known  that  MDP  remains  zero  during 
the  incubation  period.  The  time  rate  of  MDF/(MDPK) 
increases  to  the  maximum  (acceleration  period)  then 
decreases  gradually  (deceleration  period).  As  a 
measure  of  erosion  intensity  the  value  of  MDD,  pro- 


Surface  Roughness  (SR),  Mean  Depth  of  Penetration 
(MDP),  and  Mean  Depth  of  Deformation  (MDD) 

For  this  study  a  NACA  16021  foil  section  was 
tested  for  9  hours  to  find  the  relation  among  SR, 
MDP,  and  MDD.  The  result  is  shown  in  Figure  4. 

When  a  ductile  material  such  as  aluminum  is  exposed 
to  cavitation,  small  pits  detected  by  an  increase 
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FIGURE  2.  Result  of  Vickers  hardness  tost  [pure 
aluminum  (H2102-2)]. 


FIGURE  3. 


Comparison  of  tensile  test  result. 
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FIGURE  4.  Extended  duration  cavitation  test  [NACA 
16021,  Pure  A1  (H2102-2) ,  C  =  40  mm,  n  *  4  deg.]. 


posed  by  one  of  the  authors,  seems  to  be  more 
suitable  than  MDP.  The  advantages  of  using  MDD 
are  that  it  increases  almost  linearly  over  a  wide 
range  of  exposure  time  as  well  as  the  fact  that  MDD 
corresponds  to  SR  in  the  incubation  period  and  to 
MDP  after  long  exposure. 

In  the  present  tests,  SR  was  measured  to  shorten 
the  testing  time.  Usually  the  test  was  completed 
within  1  hour  so  the  SR  value  coincides  with  MDD. 
The  degree  of  erosion  after  a  long  exposure  can  be 
estimated  using  the  measured  SR. 


3.  HYDRODYNAMIC  CHARACTERISTICS  OF  CAVITATION  ON 
NACA  0015  FOIL  SECTION 

Cavity  Length 

Because  erosion  occurs  at  the  collapsing  point  of 
the  cavities  namely  the  end  of  the  cavity,  it  is 
important  to  know  the  cavity  length  for  predicting 
cavitation  erosion.  Therefore,  prior  to  the  erosion 
tescs,  the  cavity  length  and  pressure  distribution 
along  the  back  surface  of  the  NACA  0015  foil  were 


measured.  At  the  test  condition  50  photographs 
were  taken  to  measure  the  cavity  length. 

The  results  are  shown  in  Figure  5.  As  seen  in 
the  figure,  above  a  >  0.8  the  distribution  of  cavity 
length  is  characterized  by  a  peak,  but  below  t  •?  0.8 
the  fluctuation  becomes  so  large  that  there  is  no 
characteristic  peak.  For  the  supercavitation 
condition  (o  =  0.45)  the  fluctuation  is  reduced  and 
a  characteristic  peak  can  again  be  observed.  The 
mean  value  of  cavity  length  and  its  standard  devia¬ 
tion  are  shown  Figures  6  and  7.  The  cavity  length 
increases  linearly  with  smaller  cavitation  number, 
and  the  standard  deviation  begins  to  increase 
rapidly  about  o  =  0.85  as  clearly  seen  in  the  figure. 

It  is  well  known  that  the  cavity  length  of  a 
partially  cavitated  foil  can  not  be  determined 
theoretically  by  linear  cavity  models.  The  cavity 
length  predicted  by  a  closed  type  cavity  model  is 
usually  longer  than  the  observed  length.  If  we 
adopt  a  open  type  cavity  model.,  the  situation 
becomes  reversed  and  the  predicted  cavity  length 
becomes  shorter  than  the  observed  length.  Conse¬ 
quently  a  half-closed  type  model  is  usually  adopted, 
but  this  model  requires  the  opening  of  the  cavity 
end  to  be  determined  experimentally. 

In  this  study  the  cavity  length  was  calculated 
using  the  half-closed  type  model  by  Nishiyama  and 
Ito  (1977).  This  method  is  based  on  linear  theory 
using  singularities  (source  and  vortex)  distributed 
on  the  cavitated  foil.  The  calculated  results  are 
shown  in  Figure  7  where  the  opening  6e  was  system¬ 
atically  changed.  The  contour  of  6e  =  0  coincides 
with  the  closed  cavity  model.  The  circles  in  this 
figure  represent  the  "mean"  value  of  the  observed 
cavity  length.  Using  this  mean  value,  the  opening 
<Se  can  be  calculated  showing  that  6e  increases 
with  smaller  values  of  n  (see  Figure  8) . 


Pressure  Distribution  and  Cavity  Shape 

The  theoretical  pressure  distribution  and  cavity 
shape  for  the  back  side  of  NACA  0015  foil  section 
are  shown  in  Figure  9  along  with  the  corresponding 
experimental  result.  Here  the  Nishiyama-Ito’ s  half- 
closed  model  was  used  with  the  <5e  values  taken 


FIGURE  5.  Fluctuation  of  cavity  lenqth  (NACA 
0015 ,  t  *  4  deg.,  V  =  35.9  m/r,)  . 


457 


FIGURE  6.  Standard  deviation  of  measured  cavity  lenqth 
(NACA  0015,  n  =  4  deq. ) . 


from  Fiqure  8.  The  pressure  distribution  diverges 
to  a  positive  infinite  value  at  the  end  of  cavity 
because  of  singularity  at  this  point.  This  singu¬ 
larity  makes  the  agreement  between  theoretical  and 
experimental  results  very  poor. 

The  cavity  shape  is  also  compared  in  Figure  9. 
The  observed  leading  edge  of  the  cavity  is  about 
10'j  chord  position.  Whereas,  in  the  theory  the 
leading  edge  of  the  cavity  begins  at  the  leading 
edge  of  the  foil.  This  appears  to  be  one  of  the 
reasons  why  the  calculated  cavity  thickness  is 
much  thicker  than  the  experimental  thickness  even 
though  the  cavities  have  similar  profiles. 


4.  EROSION  TEST 

Cavity  Length  and  Position  of  Erosion 

The  roughness  increment  on  the  foil  was  measured 
for  various  exposure  times.  Spanwise  roughness 
measurements  were  made  over  the  entire  chord  at 
intervals  corresponding  to  5'"  the  chord  length. 


Two  examples  of  the  roughness  distribution  are 
shown  in  Figure  10.  Arrow  marks  in  this  figure 
indicate  the  position  of  cavity  end  and  the  standard 
deviation  of  its  fluctuation. 

The  figure  clearly  shows  that  the  peak  of  erosion 
appears  slightly  downstream  of  the  cavity  end,  and 
the  erosion  distribution  agrees  well  with  the  cavity 
fluctuation.  Namely,  there  is  an  obvious  peak  in 
the  region  of  a  >  0.8,  but  in  the  region  of  o  <  0.8 
the  surface  roughness  distribution  spreads  over  a 
wider  range.  This  result  indicates  that  the  esti¬ 
mation  of  cavity  length  and  its  degree  of  fluctuation 
are  important  factors  in  the  prediction  of  erosion 
intensity . 

Effect  of  Hydrodynamic  Factors  on  Erosion 
Cavitation  Number 

The  mean  increment  of  surface  roughness,  SR,  and 
its  time  rate  of  change  can  be  determined  from  the 
roughness  distribtuion  shown  in  Figure  10.  It 
corresponds  to  the  mean  depth  of  deformation  rate 
(MDDR)  because  the  test  was  finished  within  the 
incubation  period.  While  Thiruvengadam  has  proposed 
adopting  the  rate  of  energy  absorbed  by  the  eroded 
material,  which  can  be  calculated  by  multiplying 
MDP  by  the  energy  absorbing  capacity  of  the  material 
per  unit  volume,  the  present  research  uses  MDDR  as 
a  measure  of  erosion  intensity  in  order  to  find 
which  property  is  responsible  for  cavitation  erosion. 

It  is  known  that  the  erosion  intensity,  MDDR, 
has  a  peak  at  the  certain  cavitation  number.  The 
change  of  measured  MDDR  to  cavitation  number  is 
shown  in  Figure  11,  where  plots  (a)  and  (b)  refer 
to  the  NACA  0015  foil  tests  while  plot  (c)  refers 
to  the  NACA  16021  foil  tests.  The  test  result  of 
Kohl  and  Thiruvengadam  are  also  presented  in  plot 
(d)  ■ Kohl  (1968)  and  Thiruvengadam  (1971)].  As 
mentioned  earlier,  while  the  same  foil  section 
(NACA  16021)  was  tested  in  Test  Series  I,  a  different 
attack  angle  was  used. 

There  are  several  differences  in  the  results 
obtained  in  the  NACA  0015  foil  tests  and  the  NACA 
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FIGURE  7.  Comparison  of  calcu¬ 
lated  and  observed  mean  cavity 
length  (NACA  0015,  i  =  4  deq.). 


Cavjtatjon  Number 


FIGURE  rt.  Derived  relationship  between  So  and  cavita¬ 
tion  number  for  NACA  0015  foil#  \  =  4  deq. 
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FIGURE  9.  Comparison  of  NACA  0015  foil  calculated 
cavity  shape  and  Cp  distribution  with  experiments  at 
a  =  4  deq. 
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l,i l  NACA  0015,  H2102  2. 
«  -  4  deg  .  V  :  35  rtvs 


(b)  NACA  0015,  C  -  30  mm 
a  -  4  deg..  V  r  45  m/s 


(c)  NACA  16021.  H2102  2. 
C  =  40  mm,  it  ■  4  cleg 


(dl  NACA  16021.  1  100^  A1 
IThif  uvengadam.  1971) 


FIGURE  11.  Summary  of  MDDR  erosion 
index  and  test  results. 


16)21  foil  tests.  First,  the  width  of  the  peak  of 
NACA  16021  is  narrower  than  the  NACA  0015  peak. 

This  is  caused  by  the  difference  of  pressure  distri¬ 
bution  between  the  two  foil  sections.  The  NACA 
16021' s  distribution  is  flat,  resulting  in  a  larger 
change  of  cavity  length  with  small  changes  in 
cavitation  number.  In  contrast,  the  NACA  0015 
section  has  a  triangular  pressure  distribution  so 
the  difference  between  the  inception  cavitation 
number  and  supercavi tat ion  number  is  large.  Since 
erosion  occurs  only  when  the  cavity  bubbles  collapse 
on  the  foil  surface,  it  seems  quite  reasonable  that 
NACA  0015  has  a  much  wider  peak  than  the  NACA  16021. 
Here  the  authors  would  like  to  point  out  that  due 
to  side  wall  effects  the  measured  pressure  distri¬ 
bution  of  the  NACA  16021  foil  and  the  peak  value 
of  *i  =  0.4  can  not  be  obtained  directly  by  a  two- 
dimensional  calculation. 


Another  difference  between  these  two  results  is 
the  value  of  the  maximum  MDDR.  It  is  much  larger 
for  the  NACA  16021  foil  when  compared  with  the 
NACA  0015  foil  results,  even  though  the  chord  length 
and  test  velocity  are  not  that  much  different.  The 
main  reason  lies  in  the  difference  of  cavity  pattern. 
With  the  NACA  16021  section,  the  cavity  inception 
is  concentrated  at  the  mid-span  position  and  the 
cavity  was  a  streak  type.  Correspondingly,  the 
erosion  pattern  was  a  streak  type,  where  a  narrow 
and  deep  eroded  groove  was  formed  along  the  middle 
of  foil.  A  picture  of  this  groove  taken  by  a 
scanning  electron  microscope  is  reproduced  in  Figure 
12.  Streak  cavitation  can  induce  severe  erosion  in 
comparison  to  sheet  cavitation  erosion  which  occurred 
in  the  NACA  0015  foil  tests.  The  difference  in  the 
cavity  patterns  seems  to  cause  this  large  difference 
in  MDDR. 
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FI'.URE  12.  Scanninq  electron 
microscope  photographs  of  eroded 
surface  (NACA  16021,  H2102-2, 

(*  =  40  mm,  1  =  4  deq.  ,  V  =  41.7 
m/s ,  ’  =  0.460) . 


Referring  to  Figure  11  (b)  in  tho  )  tost  series 
where  only  the  material  of  the  foil  was  changed, 
the  position  of  maximum  MI) PR  changes.  This  seems 
irrational  because  the  flow  condition  is  not  changed 
by  the  material.  The  reason  of  this  shift  is  the 
o  urrence  of  the  foil's  bent  trailing  edge.  On  a 
full  scale  propeller,  cavitation  erosion  is  some¬ 
times  accompanied  by  a  bent  trailing  edge.  The 
same  thing  happened  in  the  present  test.  The  foil 
section  made  of  pure  aluminum  is  much  weaker  than 
those  made  from  an  aluminum  alloy,  and  it  was  bent 
more  at  tho  trailing  edge  causing  the  shift  of 
peak  MDDK  to  th»-  larger  cavitat  ion  number. 

An  example  of  a  bent  trailing  edge  is  shown  by 
the  profile  view  in  Figure  13.  The  amount  of  bend 
is  larqe  at  the  corner  of  the  trailing  edge,  which 
exaggerates  considerably  the  shape  shown  in  this 
fiqure.  The  bent  trailing  edqe  was  observed  on 
every  NACA  0016  foi 1  sect  ions  when  the  erosion 
occurred.  On  the  contrary,  it  hardly  appeared  on 


NACA  16021  foil  section  because  of  its  thicker 
trailing  edge. 

VoLoc  i  tij 

It  is  well  known  that  the  erosion  intensity  is  af¬ 
fected  very  much  by  the  mean  velocity  since  Knapp's 
suggestion  of  6th  power  law  ; Knapp  et  al .  (1970)’. 

The  effect  of  velocity  on  the  peak  value  of  MDDR 
is  shown  in  Figure  14.  Usually  the  exponent  obtained 
experimentally,  has  a  large  spread  falling  somewhat 
between  3  and  9.  In  the  present  tests  with  the 
NACA  16021  foil  the  exponent,  n,  was  9  and  for  the 
NACA  0016  foil  tests  the'  exponent,  n,  was  6. 

Chord  Length 


The  chord  lenqth  of  a  foil  also  has  a  large  ef¬ 
fect  on  tho  erosion  intensity.  This  is  very 
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FIGURE  13.  Impression  of  bent  trail inn  edge. 


important  for  marine  propellers  whore  the  scale 
rat  io  between  a  full  scale*  propeller  and  its  model 
is  large.  Sometimes  this  ratio  exceeds  30.  As 
meat  ioned  above,  while  the  effect,  of  the  velocity 
difference  is  very  large,  we  can  still  make  a  model 
test  with  the  same  tip  speed  as  full  scale  by 
inoreasinq  the  revolution  of  the  model  propeller. 
However  it  is  very  difficult  to  reduce  the  scale 
ratio  of  chord  lenqth. 

Kxpor i mental  verifications  on  this  problem  are 
also  very  poor.  Thi ruvenqadam  (1071)  made  his 
erosion  tests  using  two  chord  lengths,  1.5  and  3  in. 
His  result  shows  that,  the  erosion  intensity  increases 
proportional  to  the  chord  length.  The  result 
obtained  in  the  present  test  is  shown  in  Figure  15. 

Tn  the  present  tests  the  erosion  intensity  increases 
proportional  to  the  square  of  chord  length.  The 
effects  of  hydrodynamic  factors  such  as  cavitation 
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FIGURE  15.  MDDR  vs.  chord  lenqth 
(NACA  0015,  H2 102-2 ,  :t  =  4  deq.  , 

V  ~  35  m/s ) . 


number,  velocity,  and  chord  length  can  be  explained 
universally  by  a  model  of  erosion  mechanism.  The 
details  of  this  model  will  be  given  in  Section  5. 


Air  Content 

The  effect  of  air  content  was  examined  using  the 
NACA  16021  foil  section  results.  The  air  content 
was  controlled  as  follows.  As  a  pre treatment ,  the 
water  was  degassed  to  about  8ppm  in  a  vacuum  chamber 
and  introduced  into  the  cavitation  tunnel.  Then  a 
certain  amount  of  air  was  injected  into  the  tunnel 
through  an  injection  port  before  the  test.  In  this 
case  the  ratio  of  gaseous  air  to  total  air  content 
is  much  greater  than  found  in  ordinary  water  where 
the  amount  of  air  is  an  order  of  parts  per  million 
of  total  air  content  : Ahmed  and  Hammitt  (1969)]. 

With  increase  of  air  content  the  value  of  MDDR 
decreases  as  seen  in  Figure  16.  This  tendency 
agrees  with  the  test  results  of  SSPA  [Linigren  and 
Bja'rne  (1974)  ,  and  those  of  Stinebring  et  al. 
[stinebring  et  al .  (1977)  The  reason  is  attributed 

to  the  damping  effect  of  air  in  a  collapsing  cavity 
bubble,  attenuation  effect  of  tiny  air  bubbles  to 
shock  wave,  or  a  combination  of  both. 
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Tin-  effects  of  material  properties  on  erosion  are 
usually  tested  by  are1  lerat i nq  devices  such  as 
vi  br.it  or:-; ,  rot  at  i  uu  discs,  water  jets  etc.  Summa¬ 
rising  these  results,  Heymann  has  made  tl.e  chart 
shown  sn  Figure  17  where  the  hardness  of  the 
material  was  t aketi  .is  a  factor  governing  the  erosion 
Heymann  (1 '**'’»)  .  As  seen  in  the  figure  the  slope 
ditt'T:-  according  to  the  material  group,  namely 
t  h*  slop,*  of  the  .;},•,•!  group  is  steeper  than  that 
o!  aluminum  and  copj  »*r  and  brass  group.  This  implies 
that  thi-  erosion  resistance  cannot  be  fully  rep  re* 
s**nt<*d  by  hat  dne:;s  alone.  Thus  other  material 
properties  such  as  strain  energy  absorbed  to  material 
(engineering  sfiairt  en<  rqy)  Thi  ruvenqadam  (1966)  \  , 
ultimate  nsilon.e  Hobbs  (1996)  ,  or  their  com- 
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FIGURE  16.  Effect  of  air  content  on  MDDR 
(NACA  16021 ,  H2102-2 ,  C  =  40  mm,  i  =  4  deq. , 
V  *  41.7  m/s,  ?  =  0.44  3) . 


bination  1 e.q.  Hammitt  ot  al .  (1969)  1,  have  also 
been  proposed  by  several  researchers. 

The  present  test  result;?  an-  also  compared  with 
those  material  properties,  i.o.,  hardness,  engi¬ 
neer  inq  strain  energy,  and  ultimate  resilience. 
Hardness  seems  to  give  the  best  representation  as 
seen  in  Figure  18.  This  will  be  discussed  in  Section 
5  dealing  with  modeling  the  erosion  mechanism. 


5.  THEORETICAL  CONSIDERATIONS 
Review  of  Erosion  Scaling  Theory 

Thi ruvongadam  has  made  several  theoretical  consid¬ 
erations  on  scaling  of  erosion.  Tn  1971,  he 
introduced  a  scaling  formula  ; Thi ruvongadam  (1971)]. 
He  assumed  a  statistical  distribution  of  air  nuclei 
and  derived  the  efficiency  of  erosion,  0,  as, 


■S 


!, 

(An)  exp 


-2.67 

W(Ao)  , 


(1) 


where  * ,  a,  Aa ,  and  W  are  nondimens ional  nuclei 
size,  cavitation  number,  degree  of  cavitation,  and 
Weber  number  respectively.  Equation  (1)  is  very 
attractive  because  it  has  no  empirical  constants. 

Howe vo r  the  calculated  values  arc  quite  different 
from  the  experimental  values.  While  0  should  be 
the  order  of  10“  by  the  calculation,  the  0  obtained 
from  model  tests  typically  has  an  order  of  10~^  . 

This  discrepancy  comes  from  the  assumption  that  the 
total  enerqy  of  the  cavity  bubbles  generates  the 
erosion.  The  theory  shows  that  when  tie  cavitation 
number  is  reduced,  the  efficiency,  0,  increases 
from  the  point  of  cavitation  inception  to  a  maximum 
and  then  decreases  to  zero  when  cavitation  number 
reaches  zero.  This  tendency  aqrees  qualitatively 
with  experiments.  It  is  expected,  since  the  actual 
cavity  becomes  a  supercavity  at  a  certain  cavitation 
number  causing  the  erosion  intensity  to  decrease 
greatly  and  in  a  practical  sense  reach  zero. 

One  of  the  authors  has  proposed  a  model  of  erosion 
mechanism  in  which  the  discharged  energy  of  the 
collapsing  bubble  is  assumed  to  be  distributed 
statistically  as: 


K? 

f  U)  =  — t  exp 

V3L3 


(2) 


where  f  is  the  distribution  function  of  energy 
density,  ,  reached  on  the  material  surface.  Then 
a  scaling  law  for  cavitation  erosion  was  derived 
using  an  empirical  formula  for  the  erosion  resis¬ 
tance  of  materials.  A  comparison  with  only  the 
peak  erosion  intensity  taken  from  Thiruvengadam’ s 
tests  showed  good  agreement  [Kato  (1975)]. 


Consideration  on  Effect  of  Cavitation  Number 


As  mentioned  before,  MDDR  has  a  peak  value  of  a 
certain  cavitation  number.  This  is  due  to  a 
combination  of  the  following  two  reasons.  There  is 
an  increase  in  the  collapsing  cavity  volume  as  the 
cavitation  number  decreases  which  causes  increased 
erosion.  On  the  other  hand,  the  decrease  of  cavita¬ 
tion  number  causes  an  increase  in  the  cavity  length 
so  the  eroded  area  shifts  towards  the  trailing  edge 
of  a  foil.  Also  when  the  cavity  length  exceeds  the 
chord  length,  the  cavity  does  not  collapse  on  the 
foil  surface,  causing  no  cavitation  erosion. 

Usually  the  cavity  length  fluctuates  and  the  erosion 
intensity  will  change  continuously  with  the  cavita-  i 

tion  number.  Although  there  seems  to  be  a  consider-  j 


able  decrease  in  the  collapsing  pressure  of  cavity 
decreasing  cavitation  number,  the  control  factor 
of  erosion  intensity  is  the  change  of  cavity  length 
as  mentioned  above. 

The  decrease  of  erosion  intensity  at  the  right 
hand  side  of  the  MDDR  peak  in  Figure  19  is  caused 
by  the  lack  of  cavity  and  by  too  long  a  cavity  on 
left  hand  side.  By  inci casing  the  cavitation  number, 
the  cavity  becomes  intermittent,  and  if  the  cavity 
is  stabilized  by  roughing  the  leading  edge,  the 
MDDR  peak  shifts  to  a  higher  cavitation  number 
where  the  peak  value  is  increased.  This  was  verified 
in  the  authors’  experiments  as  shown  in  Figure  20. 


100  1000  15  100  300 

Hv  (kg/mm2)  Hv  (kg/mm2) 

(«)  Steel  (<=)  Aluminum  Allot 


FIGURE  17.  Vickers  hardness  vs.  erosion 
resistance  (Heymann  (1969)1. 
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Modelling  of  Cavitation  Erosion  and  Scaling  Factors 

As  mentioned  above,  one  of  the  authors  developed 
a  model  of  the  cavitation  erosion  mechanism.  How¬ 
ever  it  is  limited  to  only  constant  cavitation 
numbers  and  the  effects  of  material  properties  were 
derived  empirically  from  accelerated  tests.  In  the 
present  paper,  this  model  is  developed  further  to 
treat  differences  in  the  cavitation  number.  The 
effect  of  the  material's  mechanical  properties  is 
also  studied  and  a  simple  model  is  introduced. 

The  total  energy  of  collapsing  bubbles  per  unit 
is  given  as: 

Et  =  n(p-pv)Q  i  (3) 

where  r»  :  probability  of  bubble  collapses  on  a 
foi 1  surface , 

p-pv  :  pressure  difference  at  the  collapse 
point , 

Q  :  volumetric  flow  rate  of  cavitation 
bubbles . 

Equation  (3)  can  be  modified: 


Governing  Factor 

Cavity  Length  i  Cavity  Volume 


Cavitation  Number 


FP4JRE  1L).  1 1  lustrat ion  of  MDDR  peak  characteristic 

(test  data  given  in  Figure  11). 


Efc  “  n (Pc-pv) 5  BV 


“  nopv3  t^-)  L2  , 


where  6  :  displacement  thickness  of  cavitation 
bubbles , 

B  :  foil  span, 

Se  :  cavity  thickness  at  the  cavity  end, 

V  :  velocity, 

L  :  reference  length. 

Assuming  that  a  cavity  bubble  grows  according  to 
Knapp's  similarity  law,  the  volume, V,  is: 

V  «  K3  -  (  T  .ft*)  3  (5) 


where  T  »  —  ,  where  X  is  the  cavity  length. 
The  pressure  difference,  Ap,  is  assumed  as 


O  Smooth  Surface 
•  Roughed  at  Leading  Edge 


ft \ 


I  1.0 
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Cavitation  Number 

rT-’.UKK  /  Impression  of  effort  of  roughened  loading 
'  dgo  INACA  U'H.M,  tested  by  ozaki  and  Kiuchi  ( 1 c* 7 '-» >  ]  . 
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AP  "  Pv-Pmin 


“  ~  (  0  +  Cpmin)  •  (^) 

Combining  Eqs.  (5)  and  (6),  the  following  equation 
is  derived. 


,  r 

V  «  \3  i-(o  +  Cpmin) ]  (7) 

The  number  of  cavity  bubbles  per  unit  time  is  then 
given  as, 


N  “  Q  *  — 


6e  V 


'  'l  l-t  o  +  Cp, 


dn>^ 


(8) 


where  •  as  the  nondimens ional  cavity  length,  ' 

\/L,  *e  is  the  nondimonsional  cavity  thickness  at 
the  end,  and  <$o  vSe/L. 

Here,  we  make  the  same  assumption  as  in  the 
previous  paper  [  Kato  ( 1  S3 7 5 )  i  on  the  statistical 
energy  distribution  of  cavity  bubbles.  The  distri¬ 
bution  is  given  as, 

n  =  cE  exp  (-aE)  ,  (9) 

whore  n  is  the  number  of  bubbles  per  unit  time 
whose  energy  is  between  E  and  E  +  dE.  Total  number, 
N,  and  total  energy  of  bubbles,  Ej.,  are  given  as 
follows : 

f 

N  =  J  ndE  =  —  (10) 

0 


Et  =  J  EndE  =  , 

0 


Constants  a  and  c  can  be  decided  by  combining  Eqs. 
(4) ,  (8) ,  and  (10) . 


KI 

where  A  -  ~  “ “ 

iipV^l’Pj  (-(u  ^  Cpmin)  i  ’ 


r P^V3L3l”o3  | -(a  +  Cp  .  ) ]2 


In  the  present  case  the  chord  length  is  taken  as  a 
suitable  reference  length,  L. 

Equation  (13)  is  similar  to  Eq.  (2),  but  it  is 
extended  to  include  differences  in  the  cavitation 
numbers . 

The  next  problem  is  the  modelling  of  deformation 
of  a  material  surface  caused  by  the  attack  of 
collapsing  bubbles.  For  the  present  tests,  hardness 
seems  the  best  property  to  express  the  erosion 
resistance  of  a  material.  However  it  was  found  to 
be  insufficient  as  seen  in  Figures  17  and  18. 

The  methods  of  hardness  testing  can  be  divided 
into  two  types.  One  is  the  measurement  of  a  dent 
size  caused  by  the  static  load  of  a  sphere  or  a 
pyramid  on  the  material  surface.  The  other  method 
is  the  measurement  of  absorbed  energy  from  dropping 
a  certain  test  body  on  the  surface.  The  Vickers 
hardness  test  made  in  the  present  study  belongs  to 
the  first  type. 

When  a  pyramidal  dent  whose  depth  is  d,  is 
formed  by  a  static  load  V  (Figure  21) ,  the  energy 
used  to  the  deformation  is 

E  "  Fd  .  (14) 

The  hardness  has  the  following  relation  by  its 
definition. 

Hv  «  -  «  -  •  (15) 

1-  d' 


The  increase  of  surface  roughness  (SR)  by  the  single 
dent  is  given  as 


SR  = 


V 

S 


s 


(16) 
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rH;V'L3A3[-(o  +  Cpmin)  V 


c 


K^Se 

- 1 - - - - - - - —  Q 

tVWaVF-Io  +  Cpmin>  lr 


(11) 


whore  Kj  and  K'  are  constants  independent  of  the 
chord  length,  velocity  and  cavitation  number.  From 
Eq.  («))  ,  the  distribution  function  of  energy  density, 
f,  is  derived  as  a  function  of  energy  density,  e. 

The  detailed  discussion  of  this  point  is  given  in 
the  previous  paper  [Kato  (1975)1- 

Substituting  Eqs.  (9)  and  (11)  into  the  relation 

f(>)  «  r/n  (el/)  ,  (12) 

the  final  expression  for  f  is 


where  V  and  S  are  the  volume  of  the  dent  and  refer¬ 
ence  area,  respectively. 

Combining  equations  (14)  ~  (16), 


f  =  C  e  exp  i-Ae) 


(13) 


FT'-UHE  21.  Model  of  Vickers  hardness  test  method. 
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where  o  is  the  energy  density  absorbed  by  the 
material's  plastic  deformation.  If  e  is  small 
enough,  the  deformation  is  within  the  elastic  limit 
and  no  permanent  dent  will  be  formed.  When  e 
exceeds  a  certain  limit,  ec,  the  plastic  deformation 
of  surface  occurs  and  a  pernament  dent  is  formed. 

Then  the  following  relation  is  derived: 


°P 


0 


for  e  <  e 


o 


P 


for  e  •  ec  ,  (18) 


The  above  mentioned  argument  is  valid  for  the  actual 
case  of  erosion  where  many  cavity  bubbles  collapse 
in  a  certain  period  if  e  is  substituted  to,  r. ,  in 
these  equations. 

Then , 
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for 
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and 
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tntegrat  ing  bq.  (20)  , 

K  .V  K .  r  . 

MDDK  - - —  (J  (  )  (  2  +  — —  ) 

Kl‘  Hv  ;  V  LF  (  • ) 

K  .  i: 

exp  [  -  —  - -  |  (~’l) 

.  v’l.FI  ■  ) 

where 

F(I’>  =:  ''r' 


t;  (  o  s  •i'-'V- 

Here  F  and  G  are  functions  of  cavitation  number, 
where  G  is  proportional  to  the  total  energy  of  the 
cavity  reaching  to  the  surface,  and  F  is  related 
to  the  individual  energy  of  each  cavity  bubble. 

The  probability  of  the  bubble  collapse  on  the 
foil  surface,  g,  is  calculated  using  the  estimated 
mean  position  of  collapse  and  its  fluctuation.  In 
the  case  of  the  NACA  0015  foil  section,  the  position 
was  estimated  as  1.1  X  from  Figure  10  and  the 
fluctuation  is  assumed  to  be  the  same  as  the  cavity's 
fluctuations.  The  thickness  at  the  end  of  cavity 
is  taken  from  Figure  8.  The  value  of  F  and  G  for 
NACA  0015  section  were  calculated  at  i  -  4°.  The 
results  are  shown  in  Figure  22. 

While  the  critical  value  of  energy  density,  cr, 
.should  be  expressed  by  the  mechanical  properties  of 


material  such  as  yield  strength,  Young's  modulus 
etc.,  at  the  present  stage,  for  lack  of  data  we 
assume  the  following  relation, 

*c  ay11  ,  Oy  :  Yield  strength  (22) 

and  determine  the  power,  n,  from  the  erosion  experi¬ 
ments  . 


Comparison  with  Test  Result 

The  results  of  this  theoretical  model  are  compared 
with  the  erosion  test  of  NACA  0015  section  in 
Figure  23  whore  the  two  constants,  Kj  and  K? ,  in 
Kq.  (21)  were  determined  using  two  different  test 
points.  In  this  figure  those  points  are  shown  by 
dashed  marks.  The  value  of  the  power,  n,  was  taken 
as  n  =  1/4  from  the  experimental  results.  The 
agreement  between  this  theory  and  the  test  results 
is  satisfactory. 

The  theory  was  also  compared  with  Thiruvengadam' s 
test  result  [Thiruvengadam  (1971)1.  In  this  case, 
no  data  about  the  cavity  was  measured,  so  only  the 
peak  value  of  erosion  intensity  was  used  in  this 
comparison  with  the  present  theory.  The  agreement 
is  almost  perfect  as  seen  in  Figure  24  where  one 
sot  of  data  was  used  to  determine  two  constants. 
Photos  in  Figure  23  (b)  also  show  the  paint  test 
results  discussed  in  the  next  section. 


Paint  Test  and  Soft  Aluminum  Erosion  Test 

Recently  the  paint  test  has  been  routinely  used  at 
several  research  laboratories  to  predict  erosion 
intensity,  in  contrast  to  the  present  research  using 
the  soft  aluminum  erosion  test  to  predict  erosion. 
Both  of  these  two  test  methods  have  merits  and 
demerits.  The  soft  aluminum  erosion  test  is  some¬ 
what  troublesome  and  the  surface  of  the  material 
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is  destroyed,  as  a  matter  of  course,  after  a  long 
exposure  to  cavitation.  But  as  mentioned  in  Section 
1,  it  lias  the  merits  of  yielding  quantitative  and 
reliable  erosion  data,  a  similar  appearance  of  the 
full  scale  eroded  surface,  etc. 

The  paint  test  has  just  the  opposite  merits.  It 
is  a  cheap  and  handy  method.  And  although  the 
conditions  under  which  the  paint  is  removed  changes 
with  very  small  changes  in  the  paint  composition, 
test,  procedure,  etc.  ,  it  appears  that  by  developing 
standards,  the  paint  test  can  be  used  to  represent 
relative  differences  between  similar  models. 

From  this  discussion  of  the  paint  test  merits 
arid  demerits,  the  paint  test  appears  suitable  for 
daily  routine  tests  of  usual  propellers.  The  soft 
aluminum  test  is  suitable  for  making  standard  com¬ 
parative  tests  at  different  research  laboratories 
as  well  as  for  different  types  of  propellers  and 
for  situations  where  critical  erosion  predicitions 
are  required. 

It  is  valuable  to  make  a  comparison  of  these 
test  methods  using  the  same  foil  section.  After 
testing  several  kinds  of  paint,  a  marking  paint 
"AoTAC"  was  found  to  be  the  best.  Figure  23  (b) 
shows  appearances  of  the  painted  surface  after  5 
min.  test.  They  can  be  compared  with  the  theory 
and  the  soft  aluminum  erosion  test  results  shown 
in  the  same  figure.  The  cavitation  number  of 
maximum  erosion  intensity  is  slightly  different 
between  the  paint  test  and  theory.  But  the  general 
tendency  agrees  well  and  the  paint  test  seems  very 
useful  especially  for  a  comparative  testing. 

The  position  of  maximum  erosion  intensity  esti¬ 
mated  from  the  paint  test  also  agrees  well  with 
the  chordwise  distribution  of  MDD  shown  in  Figure 
10. 


6.  AIR  INJECTION  SYSTEM 

Tiny  air  bubbles  in  the  free  stream  reduce  the 
erosion  intensity  by  the  action  of  their  damping 
effect  as  mentioned  in  Section  A.  To  achieve  a 
positive  damping  effect  an  air  injection  system 


with  air  bubbles  injected  from  holes  on  the  foil 
surface  is  sometimes  adopted.  This  system  has 
been  used  very  effectively  to  prevent  erosion  on 
the  inner  surface  of  a  full-scale  ducted  propeller 
fe.g.,  Okamoto  et  al .  (1975)  and  Narita  et  al. 

(1977)].  However  the  mechanism  of  prevention  is 
not  yet  fully  explained,  and  the  best  injection 
position  and/or  the  necessary  amount  of  air  injection 
have  not  been  clarified. 

The  authors  made  the  air  inject  test  using  NACA 
16021  foil  sections  with  three  air  injection  holes 
of  0.5mm  dia.  drilled  at  10‘1  or  37.5:1  chord  position 
(Figure  25).  The  tests  were  made  at  a  =  4°, 

V  =  41.9m/s,  and  o  =  0.438.  The  previous  test 
showed  that  the  peak  MDDR  value  falls  somewhere 
between  40  -  451  chord.  The  injection  position 
of  10:1  chord  represents  the  injection  near  the 
leading  edge  of  the  section,  and  that  of  31.5%  chord 
represents  the  injection  which  insures  effective 
coverage  of  the  eroded  area.  Air  was  then  injected 
at  2,  5,  and  10  cc (normal ) /min .  The  quantity  of 
air  was  so  small  that  separate  air  bubbles  were 
found  even  at  the  10  cc/ min,  and  consequently  the 
air  jet  column  typical  at  high  flow  rate  was  not 
observed.  As  seen  in  Figure  26,  the  injection 
from  10l  chord  gives  better  performance  and  even  as 
small  a  rate  of  the  injection  as  2  cc/min  results 
in  drastic  decrease  in  the  erosion  intensity.  With 
injection  the  MDDR  value  reduced  to  1/5  of  non¬ 
injection  level.  Increasing  air  volume,  the  value 
of  MDDR  decreases  but  the  effect  seems  to  become 
saturated  with  a  larger  rate  of  air  injection. 


7.  CONCLUSIONS 

(1)  The  pur]>ose  of  the  present  research  was  to 
find  the  mechanism  of  civ itation  erosion  and  its 
scaling  laws  with  special  reference  to  the  relation¬ 
ship  between  the  appearance  of  cavitation  and  the 
erosion  intensity. 

(2)  Detailed  observations  of  the  cavity  pattern 
were  made  on  a  two-dimensional  foil  section  (NACA 
0015).  Then  erosion  tests,  using  the  same  foil 
section  of  pure  aluminum  and  aluminum  alloy,  were 
made  to  measure  the  increase  of  surface  roughness. 
The  erosion  intensity  was  also  compared  wi ‘ h  the 
observed  cavity  pattern  and  other  hydrodynamic 
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factors  such  as  cavitation  number,  water  velocity, 
etc. 

(1)  Modelling  of  cavitation  erosion  has  boon  made 
assuming  a  statistical  distribution  of  cavitation 
bubble.  Using  th*-  model,  a  theory  of  erosion  scaling 
was  established  which  contains  two  constants  given 
by  the  experiment.  The  erosion  scaling  of  cavita¬ 
tion  numbei ,  velocity,  chord  length,  and  material 
can  bo  made  by  the  theory.  The  theory  has  been 
shown  to  give  good  agreement:  with  the  authors'  and 
Thiruvengadam' s  tests. 

(4)  Another  two-dimensional  foil  section  (NACA 
16021)  was  also  tested,  but  in  this  case  the  side 
wall  effect  was  so  large  that  the'  results  were  not 
compared  with  the  theoretical  calculations. 

(5)  The  paint  tost  also  was  made  with  the  same 
foil  section  (NACA0015).  The  results  of  paint 
test  agreed  with  that  of  the  aluminum  erosion  test 
although  it  gives  qualitative  data. 

(6)  The  effect  of  air  content  and  air  injection 
method  was  also  investigated  experimentally.  The 
air  injection  was  found  to  be  very  effective  in 
preventing  erosion. 
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NOMENCLATURE 


constants 
sj  an 

constant ,  chord  length 
constant 

pressure  coefficient 

depth 

energy 

total  energy  of  bubbles 

energy  density 

force 

energy  density  distribution  function 

Vickers  hardness: 

constants 

constants 

reference  length  (chord  length) 
length 

mean  depth  of  deformation 

mean  depth  of  deformation  rate 

mean  depth  of  penetration 

mean  depth  of  penetration  rate 

total  number  of  cavity  bubbles 

distribution  function  of  bubble  number 

pressure 

volumetric  flow  rate 

bubble  radius 

area 

surface  roughness 
t  ime 

velocity 

attack  angle,  air  content 
thickness 

cavity  thickness  at  the  end 

energy  density  rate 

probabi 1 ity 

aspect  ratio 

cavity  length 

density 

cavitation  number 
yield  stress 
vo  1  umc 


SUBSCRIPTS 


plastic  deformation 

saturate 

vapor 

inf in ity 

nondimensional  value 
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Experimental  Investigations 
of  Cavitation  Noise 
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ABSTRACT 

The  requirement  of  low  or  acceptable  noise  levels 
onboard  ships  as  well  as  low  levels  of  radiated 
noise  for  special  purpose  ships  can  cause  largo 
problems  for  the  naval  architect.  Low  noise  levels 
onboard  ships  are  required  in  living  quarters  and 
also  in  some  working  spaces.  The  radiated  noise 
field  is  of  concern  for  instance  for  fishinq  vessels 
and  ships  with  acoustical  dynamic  positioning  systems. 

One  important  source  of  noise  in  ships  is  cavita¬ 
tion  and  especially  cavitating  propel lors.  The 
cavitation  roise  can  have  a  quite  varying  character. 

It  may  for  example  sound  like  a  hiss  or  like  sharp 
hammer  blows.  For  the  naval  architect  it  is  impor¬ 
tant  to  be  able  to  predict  and,  if  possible,  to 
reduce  undesired  cavitation  noise. 

In  this  paper  some  of  the  research  and  develop¬ 
ment  work  on  cavitation  noise  at  the  Swedish  State 
Shipbuilding  Experimental  Tank  (SSPA)  will  be 
described.  This  work  at  SSPA  is  mainly  experimental 
and  two  projects  will  be  described  her'-  in  detail. 

One  concerns  the  relation  between  cavity  dynamics 
and  cavitation  noise.  This  work  was  carried  out 
using  an  oscillating  hydrofoil  in  the  No.  1  SSPA 
•uvi tat  ion  tunnel.  The  other  project  concerns  the 
relation  between  types  of  cavitation  and  cavitation 
■  different  types  of  cavitation  were;  generated 

*.;*  runnel  using  axisymmetric  head  forms  and 
‘uls. 

:?•  i*  deal  of  effort  has  been  made  at  SSPA  to 
i  !•  :uafe  methods  for  measuring  cavitation 
a vi 4  at  ion  tunnels.  A  short  review  of 
.  -  •  :  techniques  now  in  use  is  given  in  an 
i;  ter.  Besides  the  two  projects 
'■  •  -■  rai  other  projects  are,  or 

:  -u*  at  SSPA. 


Th'HNiynF.s  at  sspa 

.  <•  --.is.  started  at  SSPA 

•  !  *  ••  t  eoncerncd  cavita¬ 


ting  axisymmetric  head  forms  and  were  carried  out 
in  the  SSPA  cavitation  tunnel  No.  1.  The  measuring 
equipment  was  a  waterfilled  box  attached  to  one  of 
the  plexiglass  windows  of  the  tunnel.  A  hydrophone 
was  lowered  into  this  box  and  could  thus  pick  up 
the  noise  emanating  from  the  source  (propeller  etc) . 

The  transmission  path  from  the  noise  source  is 
through  water,  plexiglass,  and  water  to  the  hydro¬ 
phone.  The  transmission  loss  due  to  the  presence 
of  the  plexiglass  window  is  low.  The  drawbacks  to 
this  arrangement  are  reflected  acoustic  waves  and 
vibrations  in  the  box.  The  problem  with  the 
reflected  waves  may  partly  be  overcome  by  carefully 
calibrating,  or  rather  comparing,  results  from  the 
hydrophone  in  a  free  field  and  in  too  box  using  the 
saw  known  noise  source.  Vibration  problems  (from 
the  vibrating  tunnel  plating)  may  be  cured  by  using 
a  pair  of  rubber  bellows  between  the  box  and  t. he 
window  (see  Figur*-  I). 

Trie  signal  from  the  no  it;*.-  source  is,  however, 
st  ill  distorted  as  can  be  n  ir,  Figure  j.  This 
figure1  shows  the  noise  from  a  cavit.it  mg  propeller, 
as  measured  by  the  hydrophone  i  r,  t  he  box  and  a 
hydrophone  near  the  propel br.  The  i i  f f *-rer,  •  in 
the  curves  are  striking  and  show  that  the  get.*  ral 
shape  l  seriously  altered  by  t  h«-  box.  It  is  in 
fact  almost  impossible-  to  analyse  the  signal  m 
time- domain  using  the  hydrophone  m  the  t  ox.  >’om- 
purinq  results  from  1/1  octave  band  analysis  also 
shows  differences,  especially  as  regards  t he 

frequency  d«-j  endence .  These  d  i  f  f  •  •  r  err  e- .  an, 

however,  not.  as  striking  as  those  p.g  signal;  in 
t i mc-doma i n . 

The  arrangement;;  for  noise  measurements  at  SSPA 
are  at  present  : 

1.  Flush  mounted  pressure  tranducors  on  the  hull 
(Figure  l) 

2.  Flush  mounted  pressure  transducers  on  the  tunnel 
wall 

3.  Hydrophones  in  the  flow  field  near  the  propeller 
(Figure  3) 

4.  Hydrophone  in  the  water-filled  box  outside  the 
tunnel 
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Arrangement  1  is  intended  to  be  the  standard 
measurement  procedure  at  SSPA  and  results  are  easily 
compared  with  full  scale  measurements  using  the 
same  equipment.  This  arrangement  gives  essentially 
the  near  field  noise  from  the  profiler. 

If  it  is  of  interest  to  know  the  radiated  noise 
into  the  farfield,  arrangement  ?  can  bo  used. 
Arrangement  4  also  gives  the  farfield  noise,  but 
has  its  problems,  as  discussed  above.  Arrangement 
2  has  less  problems  with  reflected  acoustic  waves 
and  vibrations  than  arrangement  4.  The  main  reason 
why  arrangement  4  is  still  used  is  to  compare  results 
directly  with  older  measurements.  Arrangement  3 
(figure  3)  has  been  especially  developed  for  explor¬ 
ing  the  influence  of  variation  in  cavitation  and 
the  effort  on  the  near  field  noise.  Other  ar range- 
merit  s  of  hydrophones  have  also  been  used  for  special 
purposes . 

Since  the  mam  concern  in  the  no 4  so  measurements 
is  cavitation  noise,  the  effort  of  flow  noise  due 
t.»  th»-  turbulent  boundary  is  of  minor  importance. 
Usually  th*1  increase  in  noise  level  due  to  cavita- 
f  ion  is  quit*-  substant  ial,  as  can  be  seen  in  Figure 
4,  which  shows  a  typical  example  for  a  propeller  in 
non-,  av  1 1  at  mg  and  cav  i  t  at  ing  condition. 


FXnf-'IMKNTS  WITH  AN  '.Uk' I  MATIN':  HYPROFoIL 

Background  r<>  Experiments  with  Oscillating  Hydrofoil 

A  typcal  example  of  the  pressure  signal  from  a 
cav  i  fating  propeller  model  is  shown  in  Figure  r>. 

The  pressure  was  measured  by  a  hydrophone  near  the 


•  Non-cavitatmg  propeller 
o  A  Cavitating  propeller 
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propeller.  The  signal  corresponds  to  a  spectrum  of 
the  the  type  shown  in  Figure  4  and  typically  is  a 
rather  slow  variation  of  pressure  interrupted  by 
sharp  and  fairly  infrequent  pulses.  The  pulses 
are  presumed  to  be  generated  during  the  final  cavity 
collapse  and  they  provide  the  main  contribution  to 
pressure  levels  at  high  frequencies.  The  pulses 
are  often  higher  than  the  low  frequency  variations, 
but  because  of  their  low  repetition  frequency  and 
wide  frequency  content  the  spectrum  levels  at  high 
frequencies  are  lower  than  at  low  frequencies. 

To  understand  the  scaling  of  cavitation  noise 
and  how  different  types  of  cavitation  noise  are 
generated,  and  perhaps  can  be  reduced,  it  is 
important  to  study  the  mechanism  generating  different 
types  of  noise.  A  suitable  way  to  obtain  suen 
knowledge  is  to  carry  out  high  speed  filming  and 
synchronous  measurement  of  the  cavitation  noise. 

The  first  idea  was  to  carry  out  such  measurements 
with  a  propeller  model.  Because  of  high  tip  speed, 
small  dimensions,  and  the  complicated  geometry  of 
a  propeller  it  was  decided  to  take  the  first  step 
by  performing  such  experiments  with  oscillating 
hydrofoils.  By  suitable  oscillation  of  a  hydrofoil 
it  is  possible  to  generate  cavitation  with  approxi¬ 
mately  the  same  dynamic  behavior  as  obtained  from 
a  propeller  operating  in  a  wake.  The  experiments 
with  oscillating  hydrofoils  were  supposed  to  shed 
some  light  on  the  following  questions  that  originated 
from  the  search  for  methods  of  prediction  and 
reduction  of  propeller  cavitation  noise: 

1.  Which  are  the  characteristic  properties  of  the 
pressure  pulses  from  some  special  types  of 
cavi tat  ion? 

2.  Are  strong  pulses  generated  by  an  orderly 
collapse  of  the  whole  cavity  (e.g.,  a  sheet 
cavity)  or  do  they  originate  from  large  or 
small  parts  that  separate  from  the  main  cavity? 

What  is  the  geometry  before  and  during  collapse 
of  cavities  generating  strong  pulses? 

U  Mow  is  the  pressure  pulse  related  to  the  size 
of  the  cavity?  Is  there,  for  example,  any 
relation  between  the  maximum  extension  of  a 
sheet,  cavity  and  the  final  pressure  pulse? 

4.  Is  rebound  of  cavities  important  for  generation 
of  sharp  pulses? 

r> .  What  part  of  the*  cavitation  period  is  of  main 
importance  for  the  generation  of  different 
types  of  noise  (slow  pressure  variations,  sharp 
pulses,  etc.)*’ 

6 .  Which  are  the  characteristic  properties  of  the 


-I  FIGURE  5.  Pressure  signal  from  a  cavitating 

10  propeller  model. 

flow  field,  oscillation  frequency,  etc.,  causing 
cavitation  with  violent  collapse? 

7.  To  what  extent  is  collapse  time  determined  by 
the  oscillation  frequency  of  the  hydrofoil? 

8.  To  what  extent  does  the  cavity  behavior  seem 
predictable  by  theoretical  methods?  How 
realistic  is  it  to  think  that  a  sufficiently 
good  scaling  from  model  to  full  scale  is 
obtained  for  the  most  important  cavitation 
events? 

Experimental  Set  Up 
Cavitation  Tunnel 

The  tests  were  carried  out  in  SSPA  cavitation 
tunnel  No.  1  {the  samller  one)  equipped  with  test 
section  No.  1  (500  *  500  mm) . 

Oscillation  Apparatus 

The  hydrofoil  was  located  horizontally  in  the  test 
section  and  attached  to  an  oscillation  apparatus 
fixed  to  the  test  section  wall  (Figure  6) .  The 
hydrofoil  was  supported  only  at  one  end  and  forced 
to  oscillate  (rotate)  around  an  axis  fixed  spanwise 
through  the  midchord  point,  i.e. ,  the  geometric 
angle  of  attack  oscillated  around  an  adjustable 
mean  value,  uq#  (Figure  7).  The  axis  was  driven 
by  a  connecting  rod  and  an  adjustable  crankpin. 

By  setting  the  crankpin  the  oscillation  angle,  a, 
could  be  varied  from  0  to  6°.  With  the  hydrofoil 
used  in  these  tests  the  oscillation  frequency,  fosc, 
was  varied  from  0  to  15  Hz.  The  limits  of  water 
speed,  to,  u,  and  fQSC  were  set  by  the  strength  of 
the  hydrofoil  and  the  background  noise  generated  by 
the  apparatus.  One  part  of  the  background  noise 
from  such  an  apparatus  is  knocking  in  shaft  bearings. 
To  minimize  this  knocking,  adjustable  bearings  were 
used.  The  motor,  which  was  not  dimensioned  for  this 
experiment,  could  deliver  16  kw  at  a  maximum  speed 
of  50  r/s. 

The  dynamic  angle  of  attack,  experienced  by  the 
leading  edge  of  the  hydrofoil,  is  composed  of  the 
geometric  angle  and  of  an  angle  caused  by  the  motion 
of  the  leading  edge.  The  angle  is  also  affected  by 
induced  velocity.  In  the  following  only  the  geomet¬ 
ric  angle  is  considered  (Figure  7) . 

The  system  with  connecting  rod  and  crankpin 
results  in  an  approximately  sinusoidal  oscillation 
of  the  geometric  angle  of  attack.  This  manner  of 
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oscillation  does  not  cause  a  time  variation  of  the 
angle  of  attack  that  is  completely  similar  to  that 
of  a  propeller  blade  in  a  wake.  The  reason  for 
using  this  sytem  was  that,  due  to  its  strength, 
high  oscillation  frequencies  with  large  hydrofoils 
could  be  obtained.  If  similarity  with  propellers 
is  most  important  it  is  probably  better  to  use 
oscillation  systems  of  the  types  constructed  by 
Ito  (1962)  and  Tanibayashi  and  Chiba  (1977). 


Hydrofoil 

In  these  introductory  experiments  an  existing  hydro¬ 
foil,  earlier  used  for  studies  in  two-dimensional 
flow,  was  used.  The  profile  has  NACA  16  thickness- 
distribution  and  is  typical  of  a  relatively  thick 
propeller  blade  at  about  0.7  of  propeller  radius. 

The  hydrofoil  data  are 

Mean  line  a  =  0.8 

Camber  ratio  =  fy/c  -  0.0144 

Thickness  ratio  =  s/c  =  0.0681 

Chord  length  =  c  =  120  nun 

Span  =  200  mm 

Profile  shown  in  Figure  7. 

Noise  Measuring  Equipment 

Two  hydrophones  (Briiel  and  Kjaer  Type  8103  with 
frequency  response  0.1  Hz  -  140  kHz  +  2  dB)  were 
placed  in  notches  in  a  tube  supported  by  two  hydro¬ 
foils  in  such  a  way  that  photographing  of  cavitation 
was  permitted  {Figure  6) .  The  frequency  response 
of  the  hydrophones  mounted  in  this  manner  was 
checked  by  white  noise.  No  significant  change  in 
the  frequency  response  was  detected. 

The  hydrophone  signals  were  recorded  on  FM- 
channcls  on  a  Honeywell  5600-C  tape-recorder  (0-40 
kHz  at  60  ips  tape  speed) .  Recordings  were  also 
made  on  direct  channels  (300  Hz  -  300  kHz  at  60  ips). 
It  was  then  possible  to  write  out  the  complete  signal 
(0-40  kHz)  by  use  of  tape  speed  reduction  and  IJV- 
recorde r . 

Simultaneous  with  the  hydrophone  signals,  a 


signal  showing  the  events  of  maximum  angle  of  attack 
was  also  recorded. 


High-Speed  Film  Equipment 

The  requirements  set  up  for  the  filming  were  that 
the  film  had  to  be  synchronous  with  the  noise 
recordings  and  permit  measurements  of  cavity  size 
as  a  function  of  time.  The  intention  was  not  to 
measure  the  detailed  behavior  of  small  or  very  fast 
events.  The  minimum  duration  of  the  filming  was 
set  to  about  one  second. 

These  requirements  were  met  by  a  Stalex  VS  1C 
camera  capable  of  3,000  frames/s.  This  is  a  16  mm 
rotating  prism  camera  taking  rolls  of  30  m  film. 

Lenses  with  focus  lengths  of  9.8  and  50  mm  were 
used.  For  synchronization  the  camera  could  release 
a  flash  at  a  preset  time.  The  flash  trigging 
signal  was  recorded  on  tape  together  with  hydrophone 
signals  and  the  flash  was  placed  within  the  frame. 

Only  one  flash  was  released  during  each  filming. 

The  camera  was  also  equipped  with  a  crystal-controlled 
time-marker,  making  one  light  marking  every  milli¬ 
second  on  the  edge  of  the  film.  This,  together 
with  the  synchronization  flash,  made  it  possible 
to  identify  and  follow  cavitation  behavior  on  the 
film  together  with  the  corresponding  pressure 


Geometric  angle  of  attack  =  <X~a0*  a  sin  2TI  t  fosc 
FIGURE  7.  Oscillating  hydrofoil. 
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behavior  recorded  on  tape.  An  example  of  the 
recorded  signals  is  shown  in  Figure  8. 

As  light  sources,  two  1,000  Watt  spotlights  were 
used.  To  get  a  proper  background  without  reflections 
the  hydrofoil  was  painted  with  a  red  matte  paint. 

A  test  was  performed  with  black  and  white  film 
(Kodak  2479  RAR  Film) .  The  result  was  not  very 
good,  the  contrast  between  hydrofoil  and  cavitation 
being  too  small.  Color  film  (Kodak  Vide  News  Film) 
was  then  used,  with  very  good  results. 


Evaluation  of  Films  and  Pressure  Signals 

The  pressure  pulse  generated  by  a  cavity  is  related 
to  the  volume  acceleration  of  the  cavity  and  thus 
it  is  desirable  to  measure  the  cavity  volume  as  a 
function  of  time.  With  complex  cavities  this  is 
not  very  simple.  An  estimate  of  the  cavity  volume 
could  be  obtained  if  both  cavity  extent  (area)  and 
thickness  were  filmed  synchronously.  This  is 
possible  by  the  use  of  optical  systems  reflecting 
the  two  pictures  into  the  same  frame  f Lehman  (1966)  j. 
No  such  attempts  were  made.  Most  photographs  were 
taken  in  order  to  measure  the  cavity  area  on  the 
suction  side  of  the  hydrofoil.  To  obtain  information 
about  the  cavity  thickness  some  photographs  were, 
however,  taken  from  the  free  end  of  the  hydrofoil. 

A  method  of  estimating  the  relative  thickness, 
synchronous  with  the  cavity  area,  was  to  measure 
the  length  of  a  cavity  shadow  generated  by  the 
directed  light.  The  method,  which  was  calibrated 
by  use  of  spherical  bubbles,  was  rather  rough,  but 
some  general  information  of  thickness  behavior  was 
obtained. 

The  photographs  were  studied  by  use  of  an  analysis 
projector  permitting  single- frame  projection  on  a 
focusing  screen,  where  the  area  of  the  cavities 
could  be  measured  by  summing  up  elements  in  a 
pattern.  For  identification  of  cavitation  events 
on  the  films  and  noise  recordings  the  synchronization 
flash  was  the  primary  starting  point.  To  increase 
the  accuracy  of  i Jenti f ication  of  events  far  from 
the  flash  easily  identifiable  events,  such  as 
single  bubble  collapses,  were  used  as  reference 
points . 


a  -  oscillation  angle 
f  sc  -  oscillation  frequency 
In  the  figures  the  reduced  frequency  kc  is  used: 

irf  c 
cue  osc 

2U  ~  U 

where 


c  =  chord  length  of  the  hydrofoil 
U  =  water  velocity 

After  some  introductory  tests  the  following  con¬ 
ditions  of  hydrofoil  oscillation  were  selected  from 
high-speed  filming: 
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Results 

Primary  results  are  presented  as  pressure  signals 
from  cavitating  and  non-cavitating  hydrofoils, 
measurements  of  cavity  area,  and  sketches  of  the 
cavitation  pattern  at  various  oscillation  parameters 

Presentation  of  Results 


Experiments 

The  experiments  with  an  oscillating  hydrofoil 
presented  in  this  paper  are  the  first  of  this  kind 
carried  out  at  SSPA  and  they  are  to  be  regarded  as 
introductory  in  several  respects. 

Only  one  hydrofoil  was  used.  The  following 
flow  parameters  were  held  constant  during  the  tests: 
Relative  gas  content  (at  atmospheric  pressure) 
of  the  tunnel  water  was  25,.> 

Water  velocity  in  test  section  =  U  =  5.0  m/s 
Cavitation  number  at  the  center  of  test  section 


whe  re  2 

Pq  *  surrounding  pressure  =  11.850  Pa 

Pv  =  vapor  pressure  of  water  (20°C)  =  2.338  Pa 

P  -  density  of  water  =  998  kg/m^ 

The  following  oscillation  parameters  were  varied 
in  the  experiments  (see  Figure  7) : 

«*!)  -  mean  angle  of  attack  of  the  hydrofoil 


In  Figures  9  -  14  a  survey  of  pressure  signals 
and  cavitation  patterns  at  various  oscillation 
conditions  is  shown.  All  pressure  signals  shown 
in  these  and  other  figures  are  from  the  hydrophone 
(Hi)  near  the  leading  edge  of  the  hydrofoil.  For 
each  condition  some  oscillation  periods  are  shown. 
The  length,  Tosc  =  l/f0sc»  of  an  oscillation  period 
is  identified  by  the  markings  of  maximum  angle  of 
attack,  ottnax-  The  figures  show  primarily  cavitating 
conditions  (cavitation  number  =  0.76)  but  in  some 
cases  signals  from  the  corresponding  non-cavitating 
condition  is  sketched  (without  the  fine  structure, 
which  is  apparatus  noise) .  The  pressure  scale  is 
given  as  a  number  of  Pascal  (Pa)  per  scale  unit 
(su)  defined  at  the  top  of  the  figures.  The  time 
scale  is  6.15  ms/scale  unit  in  all  signal  examples 
in  Figures  9-13.  For  one  of  the  oscillation  periods 
the  number  of  the  oscillation  period  (relative  to 
the  synchronization  flash)  is  shown  in  a  circle, 
and  for  this  period  some  additional  data  is  given 
to  the  right.  In  the  cavitation  sketches  are  shown 
the  maximum  area  extent,  the  maximum  chordwise 
cavity  length,  £max,  and  the  cavitation  extent  at 
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(approximately)  that  moment  when  maximum  pressure 
is  generated.  For  rapidly  collapsing  cavities  the 
cavitation  patterns  shown  existed  1/3-2/3  milli¬ 
seconds  before  the  sharp  pressure  pulse.  A  note 
is  also  made  as  to  whether  or  not  the  maximum 
pressure  increase  coincided  with  the  final  collapse 
(i.e.,  the  complete  disappearance  of  the  cavity). 

The  collapse  velocity  during  the  last  stage  is 
indicated  by  arrows: 

>  =  slow  motion  of  the  cavity  boundary  in 

the  direction  of  the  arrow 
>>  =  fast  motion  of  the  cavity  boundary  in  the 

direction  of  the  arrow 
=  very  fast  motion  of  the  cavity  boundary 
in  the  direction  of  the  arrow 
At  collapses  with  more  or  less  spherical  symmetry, 
arrows  are  placed  opposite  each  other. 

To  the  right  is  shown  the  cavity  growth  time,  Tg, 
and  the  collapse  time,  Tc,  for  the  complete  cavity, 
measured  by  use  of  the  time  markings  on  the  high- 
specd  film.  The  collapse  time  is  measured  from  the 
time  of  maximum  area  extent  to  that  time  when  the 
cavity  generated  the  maximum  positive  pressure.  For 
rapidly  collapsing  cavities  this  event  coincides 
with  complete  disappearance  of  the  cavity.  This 
was  not  the  case  for  slowly  collapsing  cavities; 


for  these  cavities  the  collapse  times  for  complete 
disappearance  are  also  given  (in  parenthesis) . 


General 

The  general  character  of  noise  and  cavitation  be¬ 
havior  when  the  frequency  of  oscillation  is  varied 
is  shown  in  Figures  9-14.  The  pressure  signals 
from  the  cavitating  hydrofoil  are  to  be  compared 
with  signals  from  the  non-cavitating  hydrofoil 
(Figure  15)  and  with  the  curve  in  Figure  16,  showing 
the  schematic  behavior  of  the  pressure  generated  by 
a  growing  and  collapsing  cavity. 

In  comparisons  of  generated  pressure  from  non- 
cavitating  and  cavitating  hydrofoils  the  most 
striking  difference  is  often  the  high  and  sharp 
pulses  generated  at  the  cavity  collapse.  The 
generation  of  such  pulses  is  obtained  especially 
when  fosc  exceeds  a  certain  value.  Also  the  pressure 
increase  corresponding  to  cavity  growth  and  the 
pressure  dip  generated  near  maximum  cavity  extent 
are  detectable. 

The  generated  pressure  pulses  were  classified 
into  three  main  types: 
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•  Slow  pressure  increase  at  cavity  collapse 
(normally  obtained  at  fQsc  =  Hz) 

•  Fast  pressure  increase  (fQsc  =  4-7  Hz) 

•  Very  fast  pressure  increase,  i.e.,  sharp 
pulses  (fOSc  =  7-15  Hz) 

Generation  of  High  Frequency  Noise 

Sharp  pulses  (i.e.,  high  frequency  noise)  were 
generated  in  three  main  ways : 

A.  By  violent  collapse  of  the  main  cavity  (or 
a  large  part  of  it) . 

B.  By  collapse  of  small  spherical  bubbles 
occurring  independently  of  the  main  cavity. 

The  bubbles  generated  rather  strong  pulses. 

C.  By  collapse  of  rather  small  irregular  cavities 
separating  continuously  from  the  main  cavity. 

Of  greatest  interest  is  the  generation  process 
A,  which  was  obtained  at  high  fosc-  The  high  and 
sharp  pulses  were  generated  in  three  somewhat 
different  ways: 

Al.  Separation  of  a  rather  large  part  of  the 
main  cavity  at  an  early  stage  of  the 
collapse.  Thick  cavity  formations  often 
separated  in  this  way,  especially  if  the 
cavity  was  long  (large  dmax)  and  broken  up 
by  disturbances.  At  the  end  the  collapse 
was  often  very  violent  and  often  followed 
by  a  violent  rebound.  Also  the  rebounded 
cavities  (complex  in  form)  come times 


collapsed  violently.  An  example  of  this 
behaviour  is  shown  in  Figure  13  for  fosc  - 
7  Hz  (oscillation  period  5) . 

A2.  Sharp  pulses  were  also  generated  when  a 

sheet  collapsed  towards  the  leading  edge. 

The  upstream  cavity  boundary  was  attached 
to  the  leading  edge  during  the  whole  collapse 
This  process  was  normal  at  the  conditions 
shown  in  Figures  11  and  12  and  especially 
in  cases  where  the  main  cavity  was  rather 
small.  In  these  cases  the  whole  collapse 
was  orderly  and  without  extensive  separa¬ 
tions  of  cavity  parts  from  the  main  sheet. 
After  the  collapse  was  completed  a  rebound 
of  small  cavities  occurred  about  10  mm 
downstream  from  the  leading  edge  and  not  at 
the  center  of  collapse  as  in  the  case  of 
more  symmetrical  collapses.  Also  in  cases 
where  large  cavities  separated  from  the 
main  cavity  the  remaining,  rather  smooth 
sheet  often  collapsed  in  this  way  (Figure 
10,  10  and  14  Hz,  Figure  13,  7  and  10  Hz). 

A3.  In  cases  where  the  smooth  sheet  attached 

to  the  leading  edge  was  long  and  narrow  it 
was  also  cut  off  from  the  leading  edge.  For 
the  downstream  part,  the  collapse  then  be¬ 
came  more  symmetric  and  violent  and  with 
a  violent  rebound  (Figure  11,  10  Hz  and 
Figure  13,  7  Hz).  This  process  often 
occurred  near  the  end  of  collapse. 

Spherical  bubbles  were  very  effective  as  genera- 


FIGURE  11.  oscillatin<»  hydrofoil.  Pressure  siqnals  and  cavitation,  a  -  V*  l  -  1°. 
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tors  of  high  frequency  noise.  This  is  discussed 
later  in  the  text  together  with  cavity  area  measure¬ 
ments  . 

The  generation  of  high  frequency  noise  by  small 
irregular  cavities,  continuously  separating  from 
the  main  cavity  is  the  only  generation  process  when 
fOSc  ~  Also  at  low  f0sc  (about  1-2  Hz)  this 
process  generated  pulses.  The  separation  of  small 
cavities  from  the  main  cavity  decreased  with 
increasing  fosc. 

When  the  high  frequency  noise  was  obtained  it  was 
always  generated  during  the  last  part  of  collapse 
of  the  generating  cavity  (i.e.,  a  bubble  could  col¬ 
lapse  and  generate  high  frequency  noise  during  the 
growth  of  the  main  cavity) .  This  is  not  surprising, 
but  it  should  be  mentioned  that  at  studies  of  pro¬ 
peller  cavitation  it  has  been  noticed  that  the  growth 
of  cavities  in  some  cases  also  generates  rather  fast 
pressure  variations  which  indicates  that  high  volume 
acceleration  can  also  occur  during  growth. 


Generation  of  Low  Frequency  Noise 


The  generation  of  low  frequency  noise  (vibration 
generating  pressure  disturbances  at  multiples  of 
propeller  blade  frequency)  can  be  identified  by 
inspection  of  signals  from  non-cavitating  conditions. 


cavitating  conditions,  and  the  schematic  pressure 
behavior  shown  in  Figure  16.  This  is  especially 
easy  in  cases  where  cavitation  start  is  marked 
(Figure  9,  3  Hz,  Figure  10,  7  Hz,  Figure  11,  3  Hz, 
Figure  12,  7  Hz,  Figure  13,  3  Hz)  or  where  a  non- 
cavitating  period  is  followed  by  a  cavitating  one. 

In  several  cases  it  can  be  seen  that  a  rather  slow 
pressure  increase  is  generated  during  the  growth. 

When  the  volume  acceleration  is  directed  inwards, 
during  a  period  around  the  maximum  cavity  volume, 
negative  pressure  is  generated  (for  example  Figure  9, 

3  Hz) .  This  pressure  variation  is  rather  slow  and  is 
an  essential  part  of  the  low  frequency  disturbance. 
Because  of  inertia  effects  in  the  motion  of  cavity 
walls  this  part  of  the  motion  will  probably  never 
contribute  to  really  high  frequencies. 

In  most  of  the  figures  it  can  be  seen  that  con¬ 
tribution  to  the  low  frequency  pressure  is  also 
obtained  from  the  collapse.  Especially  at  low  fosc 
the  collapse  seems  important.  The  pressure  increase 
during  collapse  is  due  to  the  outward-directed 
volume  acceleration  existing  during  the  final  part 
of  collapse.  This  acceleration  depends  on  the 
cavity  geometry  and  the  velocity  of  the  cavity  walls 
and  it  is  in  principle  possible  to  obtain  a  collapse 
with  constant  volume  velocity  (no  pressure  generation) , 
as  well  as  a  collapse  with  decreasing  volume  velocity, 
in  which  case  a  pressure  increase  is  generated.  It 
is  supposed  that  both  types  of  collapse  can  occur 
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on  propellers,  depending  on  cavity  geometry  and 
time  variation  of  the  surrounding  pressure. 

The  contribution  from  collapse  obviously  exists 
(see  Figure  9,  1  and  2  Hz)  but  the  quantitative 
results  especially  at  fQsc  =  3-7  Hz  must  be  used 
with  much  prudence,  because  of  the  resonant  character 
of  the  signal  in  these  conditions.  This  is  discussed 
in  the  Appendix. 

Area  Measurements  of  Some  Cavities 

For  the  condition  tQ  =  t  =  1°  and  fosc  =  15  Hz 
some  results  from  measurements  of  cavity  area  are 
shown  in  Figures  17-23.  The  main  cavity  includes 
the  sheet  and  some  small  bubbles  at  the  downstream 
edge,  which  follow  the  behavior  of  the  sheet. 

Although  the  cavities  in  this  condition  were  rather 
simple,  with  no  large  separations  from  the  sheet, 
quite  complex  events  often  occurred  during  the 
last  1/2  millisecond  of  the  collapse. 

Some  comments  on  the  figures  will  be  made: 

1.  From  the  shape  of  the  area  curves  it  can  be 
seen  that  the  growth  of  cavities  was  rather 
similar  in  all  cases,  while  there  are 
differences  in  the  collapses.  Compare,  for 
example.  Figures  17  and  20. 

2.  It  is  seen  that  1-2  milliseconds  before 
final  collapse  a  slow  or  moderately  fast 
pressure  increase  was  obtained.  During  this 
time  collapse  is  fast,  but  measurable.  This 
pressure  fluctuation  corresponds  to  low  or 


medium-high  frequencies  from  a  propeller 
(5-20  x  blade  frequency).  The  pressure 
fluctuation  seems  related  to  the  dynamics 
of  the  main  cavity,  which  at  this  stage  was 
quite  orderly. 

3.  During  the  last  part  of  collapse  very  sharp 
pulses  with  durations  less  than  0.1  milli¬ 
second  were  generated.  At  this  scale  of 
time,  measurements  and  detailed  observations 
of  cavity  behavior  were  not  possible.  Some 
observations  indicated,  however,  that  the 
sharp  pulses  sometimes  were  generated  by  a 
rather  well-ordered  collapse.  Figure  17 
shows  an  example  of  this  behavior.  The 
cavity  was  in  this  case  attached  to  the 
leading  edge  during  the  whole  collapse. 

4.  More  complex  cases  are  shown  in  Figures  18, 

21,  22,  and  23.  Several  pulses  were  generated 
during  a  short  time  and  it  is  impossible  to 
separate  the  generating  events  (collapses 

and  rebounds  of  several  small  cavities). 
Typical  of  these  oscillation  periods  is 
that  when  the  downstream  cavity  wall  moves 
towards  the  leading  edge,  the  cavity  separates 
into  two  parts,  both  attached  to  the  leading 
edge.  This  separation  was  caused  by  a  growing 
disturbance  on  the  cavity  surface.  The 
disturbance  grew  from  the  downstream  edge 
towards  the  leading  edge.  (See  also  Figure 
11).  During  the  collapse  some  bubbles  also 
separated  from  the  downstream  cavity  edge 
and  the  disturbed  area.  These  three  cavity 
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FIGURE  14.  Pressure  signals  during  collapse.  Expanded  )31  Pa/su  f05C  .  io  Hz 

signals  from  Figure  10. 


groups  seldom  collapsed  exactly  simultaneously 
or  with  the  same  violence.  For  example,  in 
the  cases  shown  in  Figures  18  and  21  a  part 
of  the  cavities  was  cut  off  from  the  leading 
edge  during  the  last  millisecond  of  the 
collapse.  This  resulted  in  violent  collapse 
of  the  cut-off  parts. 

From  these  examples  it  is  understood  that 
in  a  single  oscillation  period  the  character 
of  the  pressure  signal  is  very  sensitive  to 
such  things  as  simultaneousncss  and  violence 
of  separate  cavitation  events.  Over  many 
periods,  normally  used  in  measurements,  the 
quantities  are  smoothed  out  to  a  mean  value, 
which  often  is  less  sensitive  to  small  dis¬ 
turbances  . 

r*.  In  some  cases  small  bubbles  and  irreuular 
parts  separated  from  the  main  cavity  and 
collapsed  rather  fast.  In  the  case  shown 
in  Figure  22  a  group  of  small  bubbles  behind 
the  main  cavity  (cavity  B)  collapsed  violently, 
simultaneously  with  the  main  cavity,  and  it 
is  impossible  to  determine  which  of  the 
cavities  generated  the  main  pulse.  Examples 
of  cavities  that  seemed  rather  fast,  but 
only  generated  small  pulses  arc  shown  in 
Figure  18  (B)  and  19  (C)  . 

6.  The  most  extensive  rebounds  resulted  from 
cavities  that  wore  cut  off  from  the  leading 
edge  and  then  collapsed  fairly  symmetrically. 
The  cut-off  normally  occurred  during  the 
last  one  or  two  milliseconds  and  it  often 
resulted  in  two  cavities,  one  of  which 
remained  attached  to  the  leading  edge.  The 


265  Pa/su  fosc  =  14  Hz 

FIGURE  15.  Pressure  signals  from  non-cavitating  hydro- 

foil,  a  -  3°  <i  =  4°. 
o 


Cavity  volume 

I 


Radiated  pressure 

I 


FIGURE  lf>.  Schematic  behavior  of  cavity  volume  and 
radiated  pressure. 
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FIGURE  23.  Cavity  area  and  generated  pres¬ 
sure.  Oscillation  period  14. 


rebounded  cavity  (often  a  group  of  small 
cavities)  collapsed  after  three  to  four 
milliseconds.  Compared  with  the  main  cavity 
the  area  of  the  rebounded  cavity  was  small 
(Figure  18  cavity  C,  Figure  22  cavity  C  and 
Figure  23  cavity  B) .  The  rebounded  cavity 
often  generated  pulses  of  nearly  the  same 
height  as  the  main  cavity. 

7.  The  equipment  was  not  designed  to  measure 
small  and  fast  collapsing  cavities  such  as 
small  bubbles,  but  an  example  of  a  diameter 
measurement  of  a  bubble  is  shown  in  Figure 
24.  The  area  (Trd^/4)  of  the  same  cavity  is 
plotted  in  Figure  19  (cavity  A) ,  where  the 
sharp  collapse  pulses  are  also  visible. 

Other  examples  of  bubble  collapses  are  shown 
in  Figure  17  (time  =  t  -  5  ms) ,  18  (t  =  10) , 
20  (t  =  0,  cavity  A),  and  23  (t  -  0).  Bubble 
collapses  are  also  shown  in  Figures  9-13. 


Diometer  (mm) 


FIGURE  24.  Diameter  of  a  spherical  cavity.  (Cavity  A 
in  Figure  19.) 


The  bubbles  studied  appeared  just  before  or 
during  the  growth  of  the  main  cavity  and  the 
pressure  pulses  were  then  easy  to  identify. 

The  bubbles  normally  rebounded  once  or  twice. 
From  the  size  of  the  bubbles  and  the  generated 
pressure  it  is  obvious  that  the  bubbles  are 
very  effective  as  sources  of  high  frequency 
noise.  During  the  first  life  cycle,  the 
bubble  surface  was  smooth,  but  in  the  rebound 
cycles  it  became  rough  as  reported  by  other 
authors. 


Dimensionless  Presentation  of  Some  Results 

The  pressure  generation  at  collapse  is  related 
to  the  violence  of  the  collapse  and  it  is  then 
natural  to  study  the  collapse  time,  Tc,  for  cavities 
generating  different  types  of  pressure  pulses.  Tc, 
given  in  Figures  9-13,  is  measured  for  the  complete 
cavity,  but  in  several  cases  it  is  only  a  separted 
part  of  the  cavity  that  generates  the  main  pressure 
pulse.  Because  of  this  simplification  Tc  is  probably 
not  significant  for  the  generated  pressure  in  all 
cases.  The  intention  was,  however,  to  study  the 
relevance  of  parameters  for  the  complete  cavity. 

In  Figure  25  TC/(TC  +  Tg) ,  (Tg  =  growth  time), 
is  plotted  for  the  cavities  shown  in  Figures  9-13. 

As  seen  the  steepness  of  the  curves  tends  to 
stabilize  at  a  lower  value  for  fosc  resulting  in 
sharp  pulses.  The  growth  and  collapse  are,  however, 
not  generally  related  to  each  other  and  Figure  25 
may  thus  give  a  distorted  picture  of  Tc-behaviour. 

In  an  effort  to  remove  this  drawback  Tc/Tc'  also 
was  plotted,  where  T^  is  a  hypothetical  collapse 
time  given  by  the  formula  for  spherical  cavities 
(Rayleigh  1917)  • 
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FIGURE  25.  Normalized  collapse  time. 


where 

P0  =  surrounding  pressure 
pv  =  vapor  pressure 
U  =  undisturbed  velocity 
p  =  density  of  water 
o  =  cavitation  number 

Of  course  this  formula  at  best  gives  a  time 
proportional  to  the  collapse  time  of  the  sheet  with 
maximum  length,  2.max.  As  *-s  shown  in  Figure  26 
the  tendency  is  simlar  to  that  in  Figure  25.  The 
conclusion  is  that  at  high  fQ  the  collapse  is 
mainly  regulated  by  a  surrounding  pressure  consider¬ 
ably  higher  than  the  pressure  inside  the  cavity, 
which  results  in  Tc/Tc'  =  constant  and  a  violent 
collapse  of  the  type  predicted  by  classical  theory 
[Rayleigh  (1917)].  At  low  fosc  it  can  be  supposed 
that  during  collapse  the  pressures  outside  and 
inside  the  cavity  are  approximately  equal.  Then  a 
violent  collapse  will  not  occur  and  Tc/Tc'  becomes 
considerably  larger  than  for  a  "free"  collapse. 

If  the  cavity  is  considered  as  a  monopole  source 
the  generated  pressure,  p,  in  the  far  field  is 
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4nr 


d‘  V  ( t - ) 


dt 


(1) 


whe  re 

V  =  cavity  volume 

r  =  distance  between  cavity  and  hydrophone 

c  =  velocity  of  sound 

t  -  time 

Applying  this  and  classical  theory  of  cavity 
collapse  it  can  be  shown  [Ross  (1976) 1  that  the 
generated  maximum  pressure,  at  certain  con¬ 

ditions  is  given  by 
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where 

R^x  =  the  maximum  radius  of  a  spherical  cavity 

AP  =  Pq  —  pv 
Pq  =  surrounding  pressure 
pv  =  vapour  pressure 

According  to  this 

p+r/£  AP  (2) 

r  max 

would  be  an  appropriate  coefficient  to  study  for 
different  cavities  in  our  case.  The  parameters  are: 

p+  =  maximum  pressure  increase  at  collapse 

i  =  maximum  chord-wise  extension  of  the  sheet 

cavity  (for  bubbles  ^max  =  diameter) 

The  distance  r  is  measured  individually  for 
every  collapse. 

AP  =  j  P  U2  o  =  9,500  Pa 

Inherent  in  the  coefficient  above  is  an  assumption 
about  the  collapse  dynamics  and,  as  the  dynamics 
are  dependent  on  cavity  type,  there  is  no  universal 
value  for  the  coefficient  (2).  For  our  purpose 
the  coefficient  may  be  seen  as  a  measure  of  the 
pressure  generation  efficiency  of  different  types 
of  cavities.  For  spherical  cavities  this  coefficient 
was  used  by  Harrison  (1952)  and  Blake  et  al.  (1977). 

Another  treatment  which  leads  to  a  dimensionless 
pressure  coefficient  is  to  suppose  that  a  constant 
part  of  the  potential  energy  available  for  collapse 
is  radiated  as  noise  [Levkovskii  (1968)].  The 
dimensionless  parameter  derived  from  this  assumption 
is 
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FIGURE  26.  Normalized  collapse  time. 
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FIGURE  27.  Pressure  p  at  collapse.  Different 
conditions. 
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p  =  density  of  water 
c  =  velocity  of  sound 
Other  symbols  as  above 

Here  it  is  necessary  to  know  a  time  At  propor¬ 
tional  to  the  duration  of  the  pressure  pulse. 

With  the  use  of  At  some  information  about  the 
real  collapse  dynamics  is  introduced  and  therefore 
coefficient  (3)  may  be  somewhat  more  universal  than 

(2) .  Note,  however,  that  for  the  original  use  of 

(3)  similarity  in  cavitation  was  assumed. 

Of  interest  for  future  work  is  to  what  extent 
the  final  pressure  behavior  can  be  described  by 
measured  cavity  data.  In  this  case  it  is  more 
natural  to  think  of  methods  to  estimate  d^V/dt*  in 
(1).  It  is  then  necessary  to  know  V(t)  or  to  assume 
a  relation  between  d'-V/dt'*  and  measured  parameters, 
such  as  collapse  time  and  cavity  size.  In  this 
paper  only  the  cavity  area  A(t)  is  presented.  As 
a  first  approximation  it  will  be  assumed  that  V(t) 
is  proportional  to  aV‘  or  ^max-  From  the  measure¬ 
ments  of  A ( t )  attempts  were  made  to  estimate  d7V/dt7 
by  difference  ratios  in  the  conventional  manners. 
This  failed,  due  to  uncertainty  in  A<t)  during  the 
final  collapse.  Then  as  a  very  rough  assumption 
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was  tested. 

This  is  true  only  at  very  special  circumstances . 
The  assumption  was,  however,  used  and  from  {!)  and 

(4)  the  following  dimensionless  pressure  coefficient 
is  obtained 


FIGURE  28.  Pressure  p  at  collapse.  Different 
conditions . 
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From  the  films  it  was  observed  that  the  cavity 
thickness  seemed  proportional  to  the  length  rather 
than  to  the  square  root  of  the  cavity  area  and  ^he 
following  coefficient  was  obtained  in  cases  where 
the  area  was  measured. 
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FIGURE  20.  Pressure  p*  collapse.  Different 
contli t  ions . 
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FIGURE  .10.  Pressure  p+  from  different  oscillation 

periods  f  -  15  Hz,  to  =  •*  =  1°. 
osc 
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reached  the  low  value  region  (Figure  26) .  There 
is  considerable  scatter  in  generation  efficiency. 

It  must,  however,  be  remembered  that  the  plot  is 
based  on  single  cavitation  events  probably  not 
always  typical,  the  results  must  only  be  seen  as  a 
first  hint  of  tendencies.  The  coefficient  (3)  gave 
results  rather  similar  to  those  from  (2)  but  with 
somewhat  smaller  dispersion.  In  Figure  29  it  can 
be  seen  that  with  coefficient  (5)  the  dispersion 
of  the  points  was  considerably  decreased. 

In  Figures  30-32  results  from  Figures  17-23  are 
plotted.  Only  the  dimensionless  coefficients  (2) 
and  (6)  are  shown  and  it  is  seen  that  both  attain 
approximately  the  same  values  for  similar  pulses, 
but  neither  of  them  brings  the  values  of  oscillation 
periods  6  and  7  into  agreement  with  the  others. 

The  other  coefficients  give  similar  results.  Also 
if  the  coefficients  are  based  on  values  of  area, 
time,  etc.  closer  to  the  final  collapse,  the  scatter 
is  not  decreased  drastically.  The  conclusion  of 
this  is  that,  in  the  prediction  of  noise  by  theory 
or  model  tests,  good  similarity  in  certain  cavitation 
events  is  important ,  and  that  these  important  events 
are  not  generally  described  by  such  simple  parameters 
as  Tc  and  Vmax. 

Because  it  was  not  possible  to  estimate  d2V/dt2 
directly  from  measured  values  of  V(t)  functions  of 
the  type: 


^2  /a  V(t)  =  const[l  -  cos  <Mt)  ]  [ <}> ( t )  is  a  polynomial 

P  r  c  max  p  max  maxp  (6)  with  six  variable  para- 

In  Figures  27,  28,  and  29  results  are  shown  for  meters] 

the  different  conditions  shown  in  Figures  9-13.  were  closely  matched  to  nearly  the  whole  collapse. 

p+r  is  shown  in  Figure  27  only  to  provide  a  reference  The  pressures  then  calculated  by  use  of  these 
for  the  other  parameters.  functions  agreed  fairly  well  with  measured  values 

Figure  28  shows  that  the  generation  efficiency  in  many  cases.  These  simple  computations  also 

increased  strongly  at  a  certain  fOSc  (°r  reduced  demonstrated  how  sensitive  the  generated  pressure 

frequency).  The  increase  normally  coincided  with  often  was  to  the  final  behavior  of  V(t)  and  it  was 

generation  of  very  sharp  pressure  pulses  and  at  easy  to  realize  that  parameters  of  the  types  dis- 

these  fosc  the  relative  collapse  time  had  also  cussed  above  can  only  be  "universal"  if  they  are 

applied  to  fairly  similar  cavitation  events. 


FIGURE  31.  Pressure  p+  from  different  oscillation 
periods  f  =  15  Hz,  *  =  i  =  3°. 

osc  ° 


FIGURE  32.  Pressure  p+  from  different  oscillation 

periods  f  =  15  Hz,  n  =  d  =  3°. 
osc  o 
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3.  SUMMARY  AND  CONCLUSIONS  FROM  EXPERIMENTS  WITH 
AN  OSCILLATING  HYDROFOIL 

1.  The  generation  of  sharp  pulses  was  dependent 
of  the  oscillation  frequency.  At  low 
frequencies  no  high  and  sharp  pulses  were 
generated  and  above  a  certain  frequency  very 
high  pulses  were  generated. 

2.  The  sharpest  and  highest  pulses  were  generated 
by  cavities  which  separated  from  the  main 
cavity  and  underwent  a  rather  symmetrical 

and  orderly  collapse.  Detailed  studies 
showed,  however,  that  a  series  of  pulses  was 
often  generated,  indicating  that  the  collapse 
was  not  always  simple  at  the  very  end. 

3.  Very  high  pulses  could  also  be  generated  by 
cavities  that  were  attached  to  the  leading 
edge  during  the  whole  collapse. 

4.  The  highest  pressure  generation  efficiency 
was  observed  for  spherical  bubbles,  which 
despite  their  smallness  generated  rather 
strong  pulses. 

5.  The  sharp  pulses  were  generated  during  the 
very  last  part  of  the  collapse. 

6.  Rebound  of  cavities  was  an  important  process 
for  generation  of  sharp  pulses.  The  most 
violent  rebounds  were  obtained  for  separated 
cavities . 

7.  Low  frequency  noise  was  generated  during  the 
growth,  near  the  time  of  maximum  cavity 
extent  and  during  the  rather  late  stage  of 
collapse.  Because  of  a  disturbing  resonance 
the  importance  of  collapse  was,  however, 
difficult  to  determine. 

The  basis  of  existing  scaling  laws  for  cavitation 
noise  is  mainly  [see  for  example  Levkovskii  (1968) 
and  Baiter  (1974) J : 

1.  Ideas  from  theory  and  experiment  concerning 
the  dynamics  and  radiation  properties  of  a 
single  cavity. 

2.  Ideas  concerning  statistical  properties  of 
the  pulse-generating  events. 

The  dynamics  and  radiation  depend  on  cavity 
geometry,  cavity  size,  and  the  surrounding  pressure. 
Scaling  laws  based  on  simple  theory  deal  with  model 
scale  and  magnitude  of  surrounding  pressure,  while 
similarity  has  to  be  assumed  in  cavitation  behavior. 

It  has  to  be  accepted  that  complete  similarity 
in  cavitation  behavior  will  not  occur,  but  if  it  is 
known  which  events  in  the  cavitation  process  are 
crucial  for  generation  of  important  pulses  this 
will  provide  an  indication  of  to  what  extent 
similarity  is  necessary  for  proper  application  of 
scaling  laws. 

Of  course  these  introductory  experiments  cannot 
supply  the  final  and  complete  answer,  but  the  results 
indicate  that  one  of  the  most-  important  factors  is 
that  the  separation  of  a  cavity  into  parts  is 
correctly  scaled,  the  reason  being  that  these 
separations  are  often  the  starting  points  for  violent 
collapses.  Especially  when  large  parts  are  separated, 
this  often  begins  at  an  early  stage  of  the  collapse, 
or  is  even  initiated  by  disturbances  during  the 
growth  of  the  main  cavity. 

Parameters  that  determine  tendencies  to  separation 
of  cavities  have  only  been  studied  to  a  limited 
extent,  but  it  is  clear  that  the  combination  of  a 
long  (chord-wise)  cavity  and  high  reduced  frequency 
causes  extensive  separation  of  large  parts  from  the 
main  sheet.  From  the  plots  of  collapse  times  and 
pressure  generation  efficiency,  p+r/APe,^^  as 


functions  of  reduced  frequency  it  can  be  concluded 
that  within  special  regions  it  is  important  that 
the  time  variations  of  the  surrounding  pressure  be 
properly  scaled.  Such  a  scaling  may  be  critical 
for  the  onset  of  separation  of  large  cavity  parts 
from  the  main  cavity. 

4.  NOISE  FROM  DIFFERENT  CAVITATION  SOURCES 
Introduction 

In  order  to  gain  more  information  concerning  the 
noise  emitted  from  a  cavitating  source,  tests  with 
four  axisynunetric  head  forms  and  two  hydrofoils 
have  been  carried  out  in  SSPA  cavitation  tunnel  No. 

1.  The  aim  of  these  tests  was  to  obtain  well-defined 
and  unambiguous  types  of  cavitation,  as  bubble, 
sheet,  and  vortex  cavitation.  Comparisons  of  the 
noise  levels  from  these  different  types  of  cavitation 
were  made,  as  well  as  some  investigations  of  the 
effect  of  free-stream  velocity  and  gas  content. 

The  results  reported  here  will  only  concern  effects 
of  the  type  of  cavitation. 


Test  Set-Up 

The  tests  were  carried  out  in  SSPA  cavitation  tunnel 
No.  1  test  section,  0.5  m  *  0.5  m.  The  noise  was 
measured  using  arrangement  4  (hydrophone  in  water- 
filled  box),  see  also  Figure  1.  In  some  of  the 
later  tests  a  flush-mounted  hydrophone  in  the 
tunnel  wall  (arrangement  2)  was  used  as  well  as  a 
hydrophone  in  the  flow  field.  Signals  from  the 
hydrophone (s)  were  registered  by  a  tape  recorder, 
but  also  directly  analysed  by  a  1/3  octave  band 
analyser  and  a  narrow-band  analyser.  Main  results 
given  here  are  from  the  1/3  octave  band  analysis. 

Tests  were  carried  out  for  a  water  speed  9  m/s, 
but  with  some  additional  tests  at  7.5  m/s  and  11 
m/s.  The  gas  content  of  the  water  at  the  tests 
was  10#  and  40#,  with  some  additional  tests  at 
higher  gas  content. 

Test  Set-Up 

The  first  series  of  tests  was  carried  out  with 
axisymmetric  head  forms.  The  reason  for  this 
choice  was  that  cavitation  patterns  for  these  bodies 
were  well-known  and  well-defined  from  rather  exten¬ 
sive  tests  [Johnsson  (1972)].  The  head  forms  used 
are  given  below,  see  also  Figure  33. 


Head  form 
SSPA  iden¬ 
tification 

Shape 
of  nose 

contour 

Cavitation 
number  for 
cav  inception 

Type  of 
cavita¬ 
tion 

U1A 

hemispherical 

0.67 

sheet 

N39 

flat+elliptic 

3:1 

0.4 

bubble 

N3 

flat+elliptic 

6:1 

0.42 

sheet 

N10 

flat+elliptic 

4:1 

0.43 

sheet 

The  head  forms  were  attached  to  a  cylinder  and 
a  faired  afterbody,  which  were  suspended  from  the 
tunnel  roof  via  a  thin  wing.  The  main  difficulty 
at  the  tests  was  the  low  cavitation  numbers  needed. 
At  cavitation  numbers  below  0.4  fairly  extensive 
cavitation  occurred  at  the  wing-tunnel  roof  junction 
and  at  other  imperfections  along  the  tunnel  walls. 
This  cavitation  caused  rather  excessive  background 
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[  S 


Hemispherical 


N  39  I  fiat  nose  ) 


N  3  (flat  nose) 


N  10  ( flat  nose  ) 


FTi'iURE  33.  Axi symmetric  head  forms. 


noise  and  made  noise  measurements  almost  impossible 
at  low  cavitation  numbers.  There  is  also  some 
question  whether  such  background  noise  from  undesired 
cavitation  was  obtained  at  higher  cavitation  numbers 
than  o  =  0.4,  when  cavitation  numbers  are  increased. 
With  regard  to  these  findings  the  results  given 
here  are  limited  to  cavitation  numbers  •;/  >0.6  and 
only  for  decreasing  pressure. 

In  Figure  No.  34  1/3  octave  band  noise  spectra 
for  cavitation  numbers  o  =  1  and  a  =  0.6  are  given. 

At  a  =  1.0  no  visual  cavitation  was  obtained  and 
the  noise  levels  are  almost  the  same  as  for  the 
empty  tunnel  (at  the  same  velocity  and  cavitation 
number).  At  o  =  0.6  the  cavitation  is  well  developed 
for  the  hemispherical  nose,  for  the  other  head  forms 
no  cavitation  can  be  visually  observed.  There  are, 
however,  rather  large  differences  in  noise  spectra 
for  the  three  "non-cavitating"  head  forms.  Thus 
head  forms  N3  and  N10  have  noise  levels  10  to  20 
dB  above  N39,  for  which  the  noise  level  is  equal 
to  non-cavitating  or  empty  t  innel  conditions.  These 
differences  cannot  be  attributed  to  unwanted  cavita¬ 
tion  on  the  wing  or  tunnel  walls.  In  that  case  the 
noise  levels  for  head  form  N39  should  also  have 
increased.  The  conclusion  is  thus  that  head  forms 
N3  and  N10  have  audible  but  not  visible  cavitation. 

From  the  tests  with  axisymmetric  head  forms  it 
can  be  concluded  that  the  cavitation  numbers  will 
be  low,  which  implies  that  effects  of  unwanted 
cavitation  will  increase  background  noise  levels 
and  violate  results  for  the  cavitating  head  forms. 


Tests  with  Hydrofoils 

In  order  to  obtain  cavitation  at  higher  cavitation 
numbers  tests  with  two  wings  have  boon  carried  out. 
Using  wings,  vortex  cavitation  can  also  be  obtained. 
The  problem  is  here  rather  to  obtain  other  types  of 
cavitation  without  getting  vortex  cavitation. 


One  of  the  wings  tested  has  cambered  sections 
and  elliptical  planform,  and  the  other  has  symmetric 
sections  and  trapezoidal  planform,  see  Figure  35. 


Wing  Angle  Cavitation 

(SSPA  ident-  of  number  for 

if ication) _ attack,  a  cav  inception 

Elliptic,  -2°  -2 

cambered 

(16-12.12)  +2°  2.5 


Type  of 
cavitation 


vortex 

vortex 


Trapezoidal , 

symm  rounded  0  0.5  bubble 

tip  (K7  Vbl*)  5°  =1.5  vortex 

Trapezoidal 
symm  with 

end  plate  5°  =1.2  sheet 

(K7  Vp3*) 

(*The  wing  K7  was  tested  with  rounded  tip,  Vbl, 
and  a  small  end  plate,  Vp3,  see  also  Figure  35). 


For  the  comparison  of  noise  emitted  from  different 
types  of  cavitation  it  is  important  that  these 
comparisons  be  made  at  the  same  cavitation  number. 

One  inherent  difficulty  is  that  pure  bubble  cavita¬ 
tion  seems  to  be  possible  to  obtain  only  at  rather 
low  cavitation  numbers  compared  with  the  other 
cavitation  types. 


dB  re  10'6Pa 
»50  r 

Cav  number  (7=  t 


No  cavitation 


dB  re  10  0  Pa 
150  r 


Cav  number  O';  0  6 


Sheet  cav  (U1A) 


No  visible  cav 


No  cav  ( N  39 ) 


FTdUKK  *4.  Axisymmetr  i  r  head  forms,  cavitation  noise 
(1/*  octavo  band).  (Free  stream  velocity  o  m/s, 
iias  content  101.) 
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Wing  16-12  12 
Elliptic  ,  compared 


FIGURE  35.  Wings. 


Results  from  the  tests  are  given  here  for  five 
cavitation  numbers,  o  =  3,  2.5,  2,  1.5,  and  1. 

The  free  stream  velocity  was  9  m/s  and  the  gas 
content  ratio  was  10?$.  Results  are  given  as  faired 
curves  for  the  noise  levels  from  1/3  octave  band 
analysis . 

For  cavitation  number  a  =  3  (Figure  36)  only 
the  cambered  wing  16-12.12  at  a  =  172°  cavitates 
with  vortex  cavitation.  Noise  levels  for  the  wings 
with  no  cavitation  are  of  the  same  order  as  for  the 
empty  tunnel.  The  vortex  cavitation  at  a  =  172° 
gives  an  increase  in  noise  levels  of  15  to  20  dB 
compared  with  non-cavi tating  conditions. 

At  a  =  2.5  the  wing  16-12.12  has  vortex  cavita¬ 
tion  at  a  =  2°  and  a  =  172°,  Figure  36.  It  is  of 
interest  to  note  that  the  vortex  cavitation  at 
a  =  2°  is  not  attached  to  the  wing  tip  but  starts 
behind  the  wing.  This  vortex  can  only  be  obtained 
when  the  pressure  in  the  tunnel  is  increased 
(increasing  cavitation  number).  The  increase  in 
noise  level  due  to  vortex  cavitation  here  is  also 
15  to  20  dB. 

For  the  cavitation  number  o  =  2  the  wing  16-12. 

12  has  vortex  cavitation  at  a  =  172°,  intermittent 
vortex  cavitation  at  a  =  2°  and  sheet  cavitation 
at  a  =  -2°.  The  vortex  cavitation  gives  an  increase 
in  noise  level  of  the  order  of  15  dB.  The  sheet 
cavitation  at  a  =  -2°  increases  the  noise  levels 
at  higher  frequencies  (f  >  5  kHz),  10  to  15  dB 
above  the  level  for  vortex  cavitation,  see  Figure 
37. 

At  o  =  1.5  it  can  be  noted  that  in  some  cases 
no  pure  types  of  cavitation  can  be  obtained.  Thus, 
wing  16-12.12  gives  sheet  cavitation  at  a  =  -2°, 
vortex  cavitation  at  ci  =  2°  and  vortex  and  bubble 
cavitation  at  a  =  172°.  Results  in  Figure  37  show 
the  largest  increase  of  noise  levels  for  sheet 
cavitation.  Note  also  the  differences  between 


dB  re  10' 6  Fo 


dB  re  10  6  Pa 


FIGURE  36.  Wings,  cavitation  noise  (1/3  octave  band) 
(Free  stream  velocity  9  m/s,  gas  content  10%. ) 


dB  re  10'6  Pa 


Cav  number  0=15 

Sheet  cav  (16-12  12  ,a  =  -  2*) 


Vortex  and  bubble  - 
cav  O’  decreasing 
(16-12  12  ,  a=172*) 


Vortex  cov  (16-12  12  ,  a*  172  , 
0  increasing  ,01=  2* ) 


40  f  (kHz ) 


FIGURE  37.  Wings,  cavitation  noise  (1/3  octave  band) 
(Free  stream  velocity  9  m/s,  gas  content  10%. ) 
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decreasing  and  increasing  cavitation  number  for 
a  =  172°.  For  decreasing  o  small  cavitation  bubbles 
are  obtained,  which  increase  the  noise  level  about 
15  dB  compared  with  increasing  o. 

From  the  results  at  cavitation  number  o  =  1.0 
(see  Figure  38)  it  is  obvious  that  bubble  cavitation 
gives  the  largest  increase  in  noise  levels  from 
25  dB  at  low  frequency  (500  Hz)  to  55  dB  at  high 
frequency  (40  kHz) .  Sheet  cavitation  gives  less 
increase  but  depends  on  the  intensity  of  the  cavita¬ 
tion.  Thus  for  wing  16-12.12,  a  =  -2°,  the  sheet 
cavitation  is  extensive  and  gives  an  increase  from 
20  dB  at  low  frequencies  to  50  dB  at  high  frequencies 
compared  with  non-cavitating  condition.  For  wing 
K7  Vp3  the  sheet  cavitation  is  concentrated  at  the 
leading  edge  and  an  increase  in  noise  level  is  only 
obtained  for  higher  frequencies  (>  2  kHz)  and  the 
increase  at  40  kHz  is  of  the  order  of  25  dB.  The 
differences  in  noise  level  for  wing  K7  Vbl  for 
increasing  and  decreasing  cavitation  numbers  can  be 
attributed  to  differences  in  cavitation  patterns. 

No  pure  vortex  cavitation  could  be  obtained  at 
cavitation  number  a  =  1.0. 


Conclusions  from  Tests  with  Head  Forms  and  Hydrofoils 

Tests  with  head  forms  are  less  suited  as  rather  low 
cavitation  numbers  are  needed.  This  may  cause 
problems  with  high  background  levels  due  to  undesired 
cavitation  on  tunnel  walls  etc.  Tests  with  hydrofoils 
can  be  used  to  obtain  effects  on  noise  levels  from 
different  types  of  cavitation.  There  may,  however, 
be  some  problems  in  obtaining  pure  cavitation  types. 

Vortex  cavitation  gives  an  increase  in  noise 
level  of  about  20  dB.  It  should  be  noted  that 
differences  in  vortex  cavitation  can  be  obtained 
for  increasing  and  decreasing  pressure,  which  also 
show  as  differences  in  noise  level.  Also  a  vortex 
not  attached  to  the  wing  causes  increases  in  noise 
level .  The  increase  in  noise  level  due  to  vortex 
cavitation  seems  to  be  less  for  lower  cavitation 
numbers . 

Sheet  cavitation  gives  substantially  higher 
levels  than  vortex  cavitation.  The  extent  of  the 
sheet  has  some  influence  on  the  noise  level.  For 
a  fairly  large  sheet  increases  in  noise  level  of 
20  dB  at  500  Hz  to  50  dB  at  40  kHz  are  obtained. 

For  a  small,  leading  edge  sheet  the  increases  in 


dB  r*  10  8  Pa  Cav  number  d*  ! 


FIGURE  Wings,  cavitation  nois*-  (1/1  octave  band). 

(Free  stream  velocity  9  m/s,  gas  content  in'.) 


noise  level  are  obtained  for  higher  frequencies 
(f  >  2  kHz)  and  for  40  kHz  the  increase  is  25  dB. 

Bubble  cavitation  gives  the  largest  increases 
in  noise  level.  Levels  are  for  this  case  5  to  10 
dB  above  the  levels  for  sheet  cavitation. 
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APPENDIX 


HIGH  OSCILLATION  FREQUENCIES  MAINLY  GENERATING 
SHARP  PRESSURE  PULSES 


LOW  OSCILLATION  FREQUENCIES  MAINLY  GENERATING 
RATHER  SLOW  PRESSURE  PULSES 

The  following  observations  were  typical  for  fosc  = 

1-3  Hz  and  «q  =  3°,  a  =  4°  (Figure  9)  but  most  of 
the  results  are  also  valid  for  other  angle  conditions: 

1.  The  maximum  pressure  increase  is  generated 
before  the  sheet  cavity  has  disappeared 
completely.  At  the  moment  of  maximum  pressure 
increase  the  collapse  slowed  significantly 
and  the  rest  of  the  collapse  was  very  slow. 

Due  to  hysteresis  the  total  collapse  time 

was  sometimes  longer  than  the  growth  time# 

Tg*  Typical  for  the  collapse  from  maximum 
extent  to  maximum  pressure  was  Tc/ (Tc  +  Tg) 

0.4.  The  sheet  cavities  were  attached  to 
the  leading  edge  during  the  whole  collapse 
and  only  small  parts  were  separated  from  the 
downstream  cavity  edge. 

2.  Already  during  growth  a  large  part  of  the 
cavity  is  disturbed  and  consists  of  one  part 
with  a  smooth  surface  and  one  with  thick 
irreqular  cavity  formations.  From  this  total 
connected  cavity,  small  parts  were  separated 
both  during  growth  and  collapse.  Only  a  few 
of  these  parts  collapsed  violently,  which  is 
also  confirmed  by  the  pressure  signals  which 
do  not  contain  many  sharp  pulses  during 
growth  and  first  part  of  collapse. 

At  very  low  fQsc  (1-2  Hz)  these  contin¬ 
uously  occurring  collapses  of  small  cavities 
were,  however,  the  only  source  of  high- 
frequency  noise.  At  these  conditions  also 
most  sharp  pulses  were  obtained  in  the 
hydrophone  (H2)  near  the  trailing  edge. 

3.  At  fosc  =  3  and  4  Hz  the  pressure  increase 
often  ends  with  a  sharp  pulse.  The  pulse 
was,  however,  not  caused  by  an  orderly  and 
violent  collapse  of  the  main  cavity,  but 
instead  by  small  cavities  that  separated 
from  the  main  cavity  and  then  collapsed 
separately.  It  was  also  observed  that  these 
rather  violent  collapses  of  small  cavities 
mainly  occurred  during  the  time  when  the 
pressure  was  high  owing  to  main  cavity  col¬ 
lapse  . 

On  a  more  expanded  time  scale  it  can  also 
bo  seen  that  the  sharp  pulse  is  superimposed 
on  a  slower  pressure  increase.  If  not  very 
clear,  this  tendency  is  still  detectable  in 
the  7  Hz-condition  in  Figure  14.  This  figure 
shows  the  pulse  (oscillation  period  6)  in 
the  7  Hz-condition  shown  in  Figure  10,  but 
with  the  time  axis  expanded  40  times. 

4.  The  cavitation  sketches  in  Figures  9-13  show 

that  for  fQ  •  4  Hz  the  cavitation  extent 

was  approximately  independent  of  fOSc'  but 
that  at  higher  fosc  the  cavity  did  not  develop 
to  the  full  size.  One  reason  for  this  may 

be  that  the  time  variation  of  the  dynamic 
angle  of  attack  is  altered  with  fosc. 

r> .  Characteristic  of  low  fosc  is  also  the  fact 
that  collapsing  cavities  show  little  tendency 
to  rebound.  Rebound  is  only  obtained  in 
small  bubbles. 


Below  some  observations  are  reported  regarding  the 
conditions  oj  =  3°,  a  =  4“  and  fosc  =  10  and  14 
Hz  (Figure  10).  Many  of  the  results  are  also  valid 
for  other  similar  conditions.  Typical  observations 
are : 

1.  The  sharp  pulses  are  often  much  higher  than 
slow  pressure  variations. 

2.  The  duration  of  the  final  part  of  the  sharp 
pulses  seems  (as  long  as  can  be  determined 

in  the  recording)  independent  of  f0sc  (Figure 
14) .  For  the  earlier  parts  of  the  cavitation 
period  the  dependency  on  fosc  is  more  complex 
due  to  different  cavity  sizes  etc. 

3.  For  this  condition  (uq  =  1°'  ®  ~  4°) 
complete  change  of  cavity  dynamics  and 
pressure  generation  occurred  between  £osc  = 

7  and  10  Hz  (Figure  14).  At  7  Hz  the  cavity 
mainly  collapsed  towards  the  leading  edge. 

At  10  Hz  a  large  part  consisting  of  thick 
formations  separated  and  performed  a  violent 
collapse  at  the  middle  of  the  hydrofoil  (B 
in  Figure  14).  This  collapse  occurred  about 

1.4  milliseconds  later  than  the  collapse  of 
those  two  parts  (A)  of  the  sheet  that  were 
attached  to  the  leading  edge  during  the 
whole  collapse.  Also  these  two  parts  col¬ 
lapsed  rather  violently,  but  a  small  pulse 
was  generated.  The  thick  separated  cavity 

(B)  consisted  of  several  parts  that  did  not 
collapse  exactly  simultaneously  and,  thus, 
a  series  of  collapse  and  rebound  pulses  was 
generated.  A  significant  rebound  was  only 
obtained  from  the  separated  cavity.  The 
group  of  rebounded  cavities  collapsed  rather 
slowly,  resulting  in  a  small  pulse  about 

3.5  milliseconds  after  the  collapse  of  the 
separated  cavity  (B' ) .  In  some  oscillation 
periods  the  separated  cavities  and  those 
attached  to  the  leading  edge  collapsed  almost 
simultaneously  and  it  also  happened  that 
high  pulses  were  generated  at  the  collapse 

of  rebounded  cavities. 

4.  The  cavitation  behaviour  at  fosc  =  14  Hz  is 
approximately  similar  to  that  at  10  Hz 
(Figures  10  and  14).  The  thick  formation 

(C)  separated  and  collapsed  at  a  later  stage. 
The  first  pulse  (Figure  14)  was  generated 

by  the  outer  cavity  (A)  attached  to  the 
leading  edge.  About  1.4  milliseconds  later 
the  other  cavity  (B)  attached  to  the  leading 
edge  collapsed.  This  cavity  was  complex 
and  generated  a  series  of  pulses.  First 
about  3.5  milliseconds  after  the  first  pulse 
the  thick  formation  (C)  collapsed,  generating 
a  sharp  pulse.  No  violent  collapses  were 
experienced  by  rebounded  cavities  in  this 
case.  The  overall  impression  from  these 
two  conditions  with  fosc  =  10  and  14  Hz  is 
that  normally  the  separated  thick  cavities 
generated  the  highest  pulses,  but  that  in 
some  cases  pulses  of  almost  equal  height 
were  generated  by  cavities  attached  to  the 
leading  edge. 

Another  behavior  of  the  signal  from  the  cavitating 
hydrofoil  is  a  low  frequency  variation  (about  23  Hz) 
that  seems  rather  independent  of  fosc-  Sequences 
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containing  cavitating  as  well  as  non-cavitating 
periods  indicate  that  the  fluctuations  were  generated 
by  cavitation  (Figure  10,  7  Hz,  Figure  11  and  12). 
Inspection  of  the  films  shows,  however,  that  no 
cavitation  is  visible  on  the  hydrofoil  or  about 
0.5  chord-lengths  downstream  it  (Figure  9,  11,  3  Hz). 


Here  the  most  probable  cause  is  that  the  cavitation 
started  resonance  vibrations  in  some  structure. 
These  vibrations  probably  cause  disturbing  errors 
in  the  pressure  signal  at  some  fosc,  mainly  in  the 
region  3-7  Hz,  and  quantitative  results  from  such 
conditions  must  be  used  with  care. 
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ABSTRACT 

Theoretical  and  experimental  correlation  of  visual 
and  accoustical  effects  of  cavitation  are  considered. 
The  Froude  similarity  is  treated  critically  because 
of  the  pressure  effects  on  the  coefficient  of  cavity 
energy  transformation  into  cavitation  noise  as  well 
as  because  of  the  increase  of  noise  absorption  or 
cavitation  resistance  of  water.  Though  in  large 
cavitation  tunnels  which  have  no  free  surface  the 
nonstationary  boundary  conditions  can  be  reproduced 
less  perfectly,  their  capability  of  simulation 
at  full-scale  pressure  is  regarded  as  the  leading 
factor.  It  is  suggested  that  extrapolation  formulae 
should  take  into  account  the  effect  of  the  rate  of 
pressure  increase  (or  pressure  gradient)  in  the 
cavity  collapse  area.  This  corresponds  to  an 
increase  in  the  square  of  acoustic  pressure  on  the 
model,  compared  to  the  prototype,  inversely  pro¬ 
portional  to  the  linear  scale  of  modelling. 


1.  COMPARISON  OF  VISUAL  AND  ACOUSTIC  EFFECTS  OF 
CAVITATION 

The  occurrence  of  strong  visual  and  noise  effects 
of  cavitation  are  usually  considered  to  be  coinci¬ 
dent.  When  this  coincidence  is  actually  the  case, 
it  provides  certain  conveniences.  The  measurement 
of  noisiness  makes  it  possible  to  detect  cavitation 
on  structural  elements  not  easily  accessible  for 
inspection.  Visual  observation  of  cavitation  on 
models  is  used  for  the  prediction  of  noisiness  of 
various  prototypes.  However,  the  experiments 
involving  visual  and  acoustical  recording  of 
cavitation  indicate  that  there  may  be  a  considerable 
discrepancy  between  these  two  manifestations  of 
cavitation.  It  is  interesting  to  discover  the 
nature  and  the  cause  of  the  discrepancy  by  means 
of  a  mathematical  model  of  an  elementary  cavitation 
process  which  is  described  by  the  well-known 
differential  equation  of  a  single  spherical  cavity 
growth 


Here  R  and  RQ  are  the  cavity  radius  and  its  initial 
value,  respectively;  p  and  p0  are  the  variable 
component  and  the  initial  value  of  ambient  pressure; 
pd,  p,  y ,  and  v  are  vapor  pressure,  density,  and 
the  surface  tension  and  kinematic  tension  coefficient 
respectively . 

Computations  were  made  by  equation  (1)  for  the 
negative  pressure  pulse 

P(T>  =  PmTe1_T;  T  =  |  (2) 

which  is  characterized  by  the  time  scale,  T,  and 
the  amplitude,  pm.  Such  a  pulse  represents  the 
region  of  negative  pressure  having  the  length,  L, 
on  the  profile  with  the  maximum  negative  pressure 
coefficient,  Cpm,  in  the  flow  with  velocity,  U: 


Linearization  of  Eq.  (1)  with  respect  to  6  =  z-z 
for  the  small-amplitude  oscillation  frequency  gives 


i  = 


1 


3<Po-pd> 


(3) 


According  to  (3),  oscillatory  properties  of  the 
cavity  disappear  at  p0  =  1  ata  when  R0  <  10“^  m. 
Bearing  in  mind  that  the  natural  period  is  limited 
by  the  pulse  duration,  T,  computations  were  made 
for 


p0  =  10U  kg/m2;  Rq 


10‘6  +  1CT3  m; 


V  =  10+20  m/s ; 


C 


pm 


1.5. 


L  =  1CT3  +  10-Im; 
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The  following  value  is  taken  as  a  measure  of  the 
accoustical  effect  of  an  elementary  cavitation 
process  to  an  accuracy  of  the  potential  energy 
transformation  coefficient  for  the  maximally  expanded 


cavity: 


G 

ct 


10  dog 


(4) 


Here,  Rn  is  the  threshold  value  of  the  cavity  radius 
which,  for  the  sake  of  convenience  and  without 
limiting  the  generality  of  conclusions,  is  taken  as 
10“6  m.  For  large  values  this  measure  differs 

only  slightly  from  a  simpler  measure  used  in  Figure  1 


G' 

ot 


o 


(5) 


The  threshold  of  the  visual  observation  of  cavita¬ 
tion  is  taken  as  R$  -  10“3  m,  which  coincides  with 
the  upper  limit  to  the  size  of  the  cavitation  nuclei 
under  study.  For  the  chosen  measure  of  acoustic 
effect  this  threshold  corresponds  to  90  dB.  Since 
the  resolution  of  vision  is  limited  by  angular 
dimension,  the  measure  of  the  visual  effect  where 
the  distance  to  the  object  of  observation  remains 
constant  is  the  first  order,  linear  dimension  of 
the  cavity.  Hence,  when  the  origins  coincide 


and  the  processes  below  the  level  of  Ga  =  90  dB  are 
out  of  visual  observation. 

Thus,  leaving  out  of  account  the  actual  signal- 
noise  ratios,  the  acoustical  recording  makes  it 
possible  to  penetrate  much  deeper  (by  2-3  orders) 
into  the  "microcavitation"  region. 

Worthy  of  notice  is  the  qualitative  similarity 
of  the  curves  shown  in  Figure  1  to  the  experimental 
curves  of  cavitation  noise  increase  against  velocity 
which  are  given  below,  as  well  as  by  Sturman's  data 
(1974).  It  is  evident  that  at  an  early  cavitation 


!  r  UiRK  1.  rnlculutO'l  comp. i r i son  nf  visual  and  acous¬ 
tical  efforts  of  olepiontarv  cavitation  process  in  a 
limited  roaion  of  negative  pressure. 


stage  the  predicted  levels  drop  by  20  dB  with  the 
velocity  decreasing  10-fold.  This  stage  is  usually 
regarded  as  free  of  cavitation. 

With  the  increase  of  velocity  there  comes  a  stage 
which  is  sometimes  referred  to  as  "true"  cavitation 
and  in  which  the  most  intensive  growth  of  cavities 
and  cavitation  noise  is  observed.  This  stage  corre¬ 
sponds  to  a  decrease  and  loss  of  static  equilibrium 
of  the  cavity. 

At  the  third  stage  the  intensive  cavity  growth 
ceases  and  asymptotic  saturation  of  the  acoustic 
effect  occurs  due  to  the  fact  that  the  size  of  the 
cavity  is  nearing  that  of  the  zone  of  negative 
pressure.  The  asymptotic  values  of  saturation  shown 
in  Figure  1  correspond  to  the  rough  estimation 

G  =15+15  iqC  +  30£g  £  (6) 

as  pm  R 

n 

As  to  the  relationship  between  visual  and  noise 
manifestations  of  cavitation.  Figure  1  allows  one 
to  assert  that: 

-  at  sufficiently  high  levels  of  ambient  noise 
the  acoustic  detection  of  cavitation  may  coincide 
with  the  visual  detection  or  takes  place  even  later; 

-  potentially,  at  a  fairly  low  level  of  the 
ambient  noise,  the  acoustic  manifestation  of  cavita¬ 
tion  must  be  detected  much  earlier  than  the  visual 
one. 

In  particular,  the  acoustic  effect  of  cavitation 
can  be  rather  strong  (e.g.,  an  increase  of  noisiness 
by  several  dozens  of  decibels)  in  the  case  of  "micro¬ 
scopic"  cavitation  invisible  to  the  eye. 

The  indicated  values  are  largely  conditional  as 
the  threshold  of  visual  detection  may  differ  under 
different  conditions.  Nevertheless  they  are  close 
to  those  obtained  under  laboratory  conditions. 

It  is  of  interest  that  Figure  1  reveals  such  a 
contradictory  phenomenon  as  vagueness  in  respect 
to  cavitation  inception.  At  high  levels  the  curves 
for  various  nuclei  coincide,  so  for  a  more  correct 
determination  of  cavitation  inception  one  should  try 
to  reduce  rather  than  to  increase  the  accuracy  of 
recording  methods.  The  increase  of  accuracy,  as  is 
shown  in  Figure  1,  brings  about  increasing  ambiguity 
of  cavitation  inception  and  expansion  of  the  vague¬ 
ness  region  to  cover  an  increasing  range  of  veloci¬ 
ties.  However,  as  the  accuracy  decreases,  more  and 
more  small  zones  of  cavitation  inception  are  left 
out  of  control. 

The  above  analysis  simplifies  the  actual  processes 
and  can  be  at  variance  with  them  mainly  due  to  the 
fact  that  the  coefficient  of  cavity  potential  energy 
transformation  into  acoustic  energy  is  not  constant 
being  a  complex  function  of  many  parameters  (Benia¬ 
minovich  et  al.  (1975)1.  Specifically  it  may  have 
a  much  greater  value  for  small  cavities  as  compared 
to  larger  cavities. 


2.  EXPERIMENTAL  STUDY  ON  MODELS 

There  is  an  urgent  need  for  an  effective  and  well- 
founded  classification  of  a  great  variety  of  forms 
and  types  of  cavitation  which  substantially  differ 
in  the  mechanism  of  nonstat ionarity  giving  rise 
to  noise  and  having  other  practical  consequences 
of  cavitation. 

The  following  brief  list  of  the  forms  and  types 
of  cavitation  represents  a  more  or  less  established 
practice  with  respect  to  marine  propellers  (Goncharov 
et  al.  (1977) ] . 
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-  -  bubble  cavity 

-  sheet  cavity 

Uniform  flow 


I’T'U’kE  Development  of  noise  and  visual  man i  testa¬ 

tion  of  invitation  at  ,’onst.mt  jressuie  vs.  velocity, 
in  reference  to  the  conditions  of  cavitation  noise 
iotoot i on. 


Accord inq  to  the  location  of  cavitation  zones: 

-  vortex  cavitation  (in  the  cores  of  tip  and 
axial  vortices) , 

-  leading  edge  cavitation  (on  the  suction  side 
and  pressure  side  at  the  leading  edge) , 

-  blade-profile  cavitation  (in  the  region  of 
large  blade  thicknesses) . 


v 

-  -  bubble  cavity 

-  -  shaet  cavity 


Honuniform  flow 

f' I  CURE  T.  Development  of  nor:*’  and  visual  mani  ra¬ 
tion  of  cavitation  at.  const  ant  pressure  vs.  vein-  ■  1  r  v  , 
in  reference  to  the  condition:;  of  ,  Mvitat  ion  n«»iso 
do tort  ion . 


-  root  cavitation  (at  the  blade  roots). 

According  to  cavity  pattern: 

-  bubble  cavitation  (with  cavities  moving  with 
the  flow  through  negative  or  increased  pressure 
zones) , 

-  sheet  cavitation  (with  cavities  which  on  the 
average  are  motionless  in  relation  to  the  propeller) 

By  steadiness  (uniformity)  of  the  incoming  flow: 

-  steady  cavitation  (noise  and  other  effects 
result  from  the  inner  unsteadiness  of  the  cavity 
which  is  steady  on  the  average) , 

-  unsteady  cavitation  (noise  and  other  effects 
result  from  the  cavity  pulsations  at  an  almost 
regular  frequency,  the  phenomenon  of  cavitation 
buffeting ) , 

-  cavitation  in  an  unsteady  flow  (noise  and  other 
effects  here  again  result  from  the  pulsations  as 
well  as  from  the  probable  disappearance  of  cavities 
with  the  frequency  of  flow  condition  change). 

It  seems  extremely  difficult  to  provide  a  com¬ 
parative  description  of  noisiness  for  about  three 
dozen  cavitation  types  character ized  only  by  the 
above-merit ioned  features.  Some  guidance  is  given 
by  the  experimental  data  presented  in  Figures  2  to 
5. 

In  steady-state  conditions  the  bubble  cavitation 
types  are  tiie  most  noisy  (Figure  2)  .  Among  cavita¬ 
tion  zones  of  different  locations,  vortex  cavitation 
types  are  the  least  noisy  (Figure  3) ,  whereas 
pressure-side,  leading-edge  cavitation  types  are 
the  most  noisy  (Figure  4) . 

In  an  unsteady  (non-uniform)  flow  the  relation 
between  the  noisiness  of  sheet  cavitation  and  that 
of  the  bubble  type  is  different  (Figure  S) . 

The  higher  noisiness  of  the  pressure-side  leading 
edge  cavitation  is  accounted  for  by  the  rapid 
increase  of  pressure  behind  the  suction  zone  (high 
gradient) ,  which  is  typical  of  these  conditions.  In 
case  of  the  bubble  structure  of  a  cavity  this  rapid 
pressure  increase  is  accompanied  by  the  increase 
of  acceleration  during  the  collapse.  In  case  of 
the  sheet  structure  it  is  accompanied  by  the 
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-o-  -  vortex  cavitation  7 

— •—  -  leading-edge 
cavitation 


FT '"in  RE  4.  Development  of  noise  and  visual  manifesta¬ 
tion  of  vortex  and  lead i no-edae  cavitation  appearing 
in  succession  in  a  uniform  flow  at  constant  pressure. 
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o*Yity  on  the 
presaure-eide  of 
the  leading  edge 

caTity  on  the 
suctlcm-eide  of 
the  leading  edge 


KI'iU1  K  t:>.  Development  ot  n-u  and  visual  muni  test  a¬ 
tion  of  ..-avi  tar  ion  <>n  h  >th  t  ressui  e-  an  1  suction-side 
in  a  uniform  flow  at  constant  ire-  :utv. 


unsteadiness  of  even  small  size  cavities  due  to 
closure  behind  the  maximum  suction  zone. 

The  change  in  the  relative  noise  intensity  of 
sheet  and  bubble  cavities  depends  upon  the  fact 
that  in  the  case  of  the  bubble  cavity  structure  the 
unsteadiness  varies  but  slightly,  whereas  the  volume 
of  sheet  cavities;  begins  to  sever Iv  pulsate.  Passing 
ov<r  to  the  unsteady  flow,  we  may  even  observe  the 
reduction  of  bubble  cavitation  noise.  This  occurs 
when  one  portion  of  the  propeller  gets  free  from 
the  cavity  whereas,  on  the  other  portion  thereof, 
the  intensive  development,  of  cavitation  is  not 
accompanied  by  an  increase  of  noise  due  to  a  satura¬ 
tion  effect. 

Individual  points  on  the  graphs  shown  in  Fiqures 
2  to  5  indicate  moments  of  the  first  visual  detection 
of  avi tat  ion.  As  is  seen,  in  a  largo  cavitation 
tunnel  where  the  measurements  were  made,  the  above 
conclusion  that  the  noise  comes  ahead  of  the  visual 
detection  of  cavitation  is  to  a  variable  deqreo 
valid  for  any  type  of  cavitation. 


MODEL- PROTOTYPE  CORRELATION  AND  COMPARISON  OF 
MODEL-TEST  RESULTS  WITH  FULL-SCALE  DATA 

It  is  usually  assumed  iLovkovsky  (1968)  and 
Sturman  (1974) ]  that  the  fraction  of  the  cavity 
potential  energy  converted  into  cavitation  noise 
(coefficient,  of  transformation)  is  the  same  for 
the  model  and  the  full  scale  ship.  Experience  con¬ 
firms  the  validity  of  the  conflictinq  conclusions 
[Beniaminovich  et  a l .  (1975)1  that  are  indirectly 
confirmed  in  some  works.  The  coefficient  of  cavity 
enerqy  trans format  ion  into  noise  proves  to  be 
stronqly  dependent  on  the  absolute  pressure,  pQ. 

It  n;  this  fact,  that  was  used  by  Beniaminovich 
f*t  al.  (1975)  for  explain inq  the  reduction  of  the 
transformation  coefficient  by  several  orders  with 


a  decrease  of  pressure,  p0,  from  1  to  0.4  at a.  It 
is  also  emphasized  that  at  sufficiently  low  p  the 
collapse  of  cavities  is  not  necessarily  accompanied 
by  shock  wave  generation. 

Vacuum  noise  measurements,  when  performed  in 
ship  hydrodynamics  laboratories  engaged  in  cavitation 
research,  show  inadmissible  noise  absorption  in 
the  facility  water  unless  measures  are  taken  to 
insure  additional  removal  of  gaseous  nuclei  of  cavi¬ 
tation  from  the  water.  By  intensified  water  degassing 
the  absorption  may  be  reduced  to  an  acceptable  level, 
but  the  resulting  growth  of  cavitation  resistance 
of  water  leads  to  a  drastic  change  of  conditions 
for  inception  and  development  of  cavitation  [Gorsh- 
koff  and  Lodkin  (1966)].  In  view  of  the  complicated 
character  of  absolute  pressure  effects  on  the 
coefficient  of  cavity  energy  transformation  into 
noice  it  appears  to  be  good  practice  to  perform 
cavitation  noise  measurements  at  a  full-scale  value 
of  pressure. 

That  the  Froude  similarity  will  not  bo  fulfilled 
under  these  conditions,  can  be  accepted  provided 
that  adequate  means  are  available  for  the  description 
and  reproduction  of  the  conditions  of  flow  non¬ 
uniformity  behind  the  hull.  This  approach,  used 
in  a  large  cavitation  tunnel  in  combination  with 
correlation  methods  recommended  by  Levkovsky  (1968), 
Sturman  (1974),  has  shown  that  overestimated  cavita¬ 
tion  noise  levels  are  predicted  in  this  case.  This 
was  found  to  arise  from  the  fact  that  the  coefficient 
of  cavity  energy  transformat  ion  into  noise  is 
approximately  proportional  to  the  rate  of  pressure 
growth  leading  to  the  cavity  collapse.  In  modelling 
by  the  Froude  method  this  pressure  growth  rate 
decreases  as  ►  I. . 

In  cast'  of  large-scale  model  1  inq  the  comparison 
of  model-test  and  full-scale  data  may  not  have 
revealed  this  discrepancy  among  other  more  pro¬ 
nounced  ones.  One  can  use  pressure  gradient  instead 
of  the  rate  of  pressure  variation  with  time.  Then, 
for  Froude  similarity,  the  noise  level  model-to-full- 
scale  oxtrapolator  coincides  with  that  used  by  Sturman 
(1974).  Not  so  with  modelling  at  full-scale  absolute 
pressure.  Here  the  proportionality  of  the  transform¬ 
ation  coefficient  both  to  the  velocity  of  pressure 
variation  with  time  and  to  the  pressure  gradient  in¬ 
volve  the  same  oxtrapolator .  Giving  up  the  construc¬ 
tion  of  dimensionless  parameters  of  which,  with  a 
great  number  of  constants  involved,  there  is  ample 
freedom  of  choice,  the  oxtrapolator  suggested  by 
Sturman  (1974) 


can  be  substituted  by  the  following: 


rVu  n 

o  o  o  o 
I  ■  L 


(») 


Here  <p‘  N  is  the  square  of  the  acoustic  pressure, 
i  is  the  distance  to  the  point  of  noise 
measurement , 

N0  is  the  number  of  cavities  collapsing  in 
unit  time. 

If  we  assume  in  the  regular  way  that  the  similar¬ 
ity  of  cavity  patterns  is  observed  and  the  noise  is 
measured  at  similar  points  of  the  flow,  then 

U 

Rn  *  L  '  N'>  •  Z  ' 
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-  -  aod«l-t«at  data 

o  o  -  full-aeal*  tut  4ata 

FI i SURE  Comparison  of  noise  levels  extrapolated 
from  model  with  measured  full-scale  data  in  a  wide 
band  of  fre juencies. 


and  t  *  L.  The  table  below  shows  extrapolators  for 
scaling  the  square  of  the  acoustic  pressure  during 
cavitation  from  model  to  full-size  with  reference 
to  the  assumptions  of  constant  and  variable  coeffi¬ 
cients  of  cavity  energy  transformation  into  noise, 
n,  and  to  fit  the  cases  of  constant  Froude  number 
and  constant  absolute  pressure. 

That  the  frequencies  vary  inversely  in  proportion 
to  linear  dimensions  in  modelling  at  a  constant 
pressure  may  turn  out  to  be  a  significant  advantage, 
so  the  acoustic  wave  lengths  chanqe  in  proportion 
to  linear  dimensions  of  the  model  and  wave  inter¬ 
ference  patterns  remain  unchanged.  In  modelling  by 
the  Froude  method  wave  lengths  on  the  model  are 
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TABLE  1.  Cavitation  Noise  Levels  Scaling 
Extrapolator 


n  -  const 

P 

n  *  — 

L 

n  5 

o,°l  e* 

F  = 
t 

const 

l3/? 

L3/?. 

L2 

P  = 
o 

const 

1 

1/L 

l/L 

known 

to  be 

Sh  times  larger 

than  the 

model 

linear 

dimensions. 

Figure  6  shows  the  comparison  between  the  model- 
test  data  (solid  line)  scaled  the  comparison  between 
the  model-test  scale  data  (dotted  line)  for  the 
noise  level  in  a  wide  band  of  frequencies.  Figure 
7  gives  a  similar  comparison  with  another  prototype. 
Curves  of  cavitation  noise  increase  are  also  compared 
in  a  1/3-octact  band  for  the  model  at  the  frequency 
of  80  kHz.  In  Fiqure  7  the  moment  of  visual  detec¬ 
tion  of  cavitation  is  marked  on  the  general  level 
curve  with  an  asterisk.  Full-scale  data  are  given 
here  for  individual  rates  of  speed. 

The  scaling  extrapolator  (8)  needs  to  be  verified 
under  full-scale  conditions  and  is  likely  to  be 
refined.  However,  the  need  for  stability  of  the 
coefficient  of  cavity  energy  transformation  into 
cavitation  noise  appears  to  be  an  indisputable 
argument  for  cavitation  noisiness  scaling  with  the 
full-scale  pressure  retained. 


CONCLUSION 

The  two  major  conclusions  can  be  formulated  as 
fol lows : 

-  Scaling  for  cavitation  noise  measurements  with 
the  full-scale  pressure  retained  gives  a  high  value 
coefficient  of  cavity  energy  transformation  into 
noise  and  substantial  advantages  in  respect  to: 

a)  obtaining  hiqh  levels  of  cavitation  noise; 

b)  similarity  of  sound  waves  to  the  model. 

-  Large-scale  modelling  with  the  full-scale 
pressure  retained  confirmed  the  possibility  brought 
out  by  the  analysis  of  an  elementary  cavitation 
process  of  acoustic  detection  of  cavitation  long 
before  the  cavity  reaches  the  size  that  can  be 
detected  visually. 
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ABSTRACT 

Tin*  object  of  this  paper  is  to  present  an  account 
of  recent  developments  in  the  direct  formulation  of 
the  theories  of  fluid  jets  and  fluid  sheets  based 
on  one  and  two-dimensional  continuum  models  origi¬ 
nating  in  the  works  of  Duhem  and  E.  and  F.  Cossorat. 
Following  some  preliminaries  and  descriptions  of 
(three-dimensional)  jet-like  and  shoot-like  bodies, 
the  rest  of  the  paper  is  arranged  in  two  parts, 
namely  Part  A  (for  fluid  jets)  and  Part  B  (for  fluid 
sheets) ,  and  can  be  read  independently  of  each  other. 
In  each  part,  after  providing  the  main  ingredients 
of  the  direct  model  and  a  statement  of  the  conserva¬ 
tion  laws,  appropriate  nonlinear  differential  equa¬ 
tions  are  derived  which  include  the  effects  of 
qravity  and  surface  tension.  Application  of  these 
theories  to  various  one  and  two-dimensional  fluid 
flow  problems,  including  water  waves,  are  discussed. 


1.  INTRODUCTION 

Jets  and  sheets  are  a  class  of  three-dimensional 
bodies  whose  boundary  surfaces  have  special  charac¬ 
teristic  features.  To  this  extent  they  are,  respec¬ 
tively,  similar  to  another  class,  namely  that  of 
rods  and  shells  (or  plates) ,  although  the  nature  of 
the  specified  surface  (or  boundary)  conditions  in 
the  two  classes  may  be  different.  Moreover,  the 
kinematics  of  jets  and  rods  are  identical,  as  are 
the  kinematics  of  sheets  and  shells.  Indeed,  it  is 
only  through  their  constitutive  equations  that  a 
distinction  appears  between  rods  and  jets  on  the 
one  hand,  and  shells  and  sheets  on  the  other.  It 
is  natural  to  inquire  as  to  the  possible  utility  of 
methods  of  approach  in  the  construction  of  theories 
in  the  class  of  rods  and  shells  for  that  of  jets 
and  sheets  and  vice  versa.  The  main  purpose  of  this 
paper  is  to  call  attention  to  the  possible  utility 
of  a  direct  approach  for  jets  and  sheets,  an  approach 


which  has  mot  with  considerable  success  in  the  case 
of  rods  and  shells.  The  direct  approach  for  fluid 
jets  is  based  on  a  one-dimensional  model,  called  a 
('osscrat  (or  a  directed)  curve  which  is  defined  in 
Section  3;  and  the  direct  approach  for  fluid  sheets 
is  based  on  a  two-dimensional  model ,  called  a  Cos - 
sera t  (or  a  directed)  surface  which  is  defined  in 
Section  5.  It  should  be  emphasized  that  a  Cosserat 
curve  and  a  Cosserat  surface  are  not,  respectively, 
just  a  one-dimensional  curve  and  a  two-dimensional 
surface;  but  are,  in  fact,  endowed  with  some  struc¬ 
ture  in  the  form  of  additional  primitive  kinematical 
vector  fields. 

The  concept  of  'directed'  or  'oriented'  media 
originated  in  the  work  of  Duhem  (1893)  and  a  first 
systematic  development  of  theories  of  oriented  media 
in  one,  two,  and  three  dimensions  was  carried  out  by 
E.  and  F.  Cosserat  (1909).  In  their  work,  the  Cos- 
serats  represented  the  orientation  of  each  point  of 
their  continuum  by  a  set  of  mutually  perpendicular 
rigid  vectors.  The  purely  kinematical  aspects  of 
oriented  bodies  character ized  by  ordinary  displace¬ 
ment  and  the  independent  deformation  of  N  deformable 
vectors  in  N-dimensional  space  has  l  een  discusssed 
by  Erickson  and  Truesdell  (1958) ,  who  also  intro¬ 
duced  the  terminology  of  directors . 

A  complete  general  theory  of  a  Cosserat  surface 
with  a  single  deformable  director  given  by  Green 
et  al .  (1965)  was  developed  within  the  framework  of 
thermomechanics;  and  their  derivation  (Green  et  al . 
1965)  is  carried  out  mainly  from  an  appropriate 
energy  equation,  together  with  invariance  require¬ 
ments  under  superposed  rigid  body  motions.  A  re¬ 
lated  development  utilizing  three  directors  at  each 
point  of  the  surface,  in  the  context  of  a  purely 
mechanical  theory  and  with  the  use  of  a  virtual  work 
principle,  is  given  by  Cohen  and  DeSilva  (1966).  A 
further  development  of  the  basic  theory  of  a  Cosserat 
surface  along  with  certain  general  considerations  re¬ 
garding  the  construction  of  nonlinear  constitutive 
equations  for  elastic  shells  is  given  by  Naghdi 
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(1972) ,  which  also  contains  additional  historical 
remarks  relevant  to  oriented  continua  and  to  the 
theory  of  thin  elastic  shells.  A  parallel  develop¬ 
ment  in  the  theory  of  a  Cosserat  curve  with  two 
deformable  directors  begins  with  a  paper  of  Green 
and  Laws  (1966)  whose  derivation  is  carried  out 
mainly  from  an  appropriate  energy  equation,  together 
with  invariance  requirements  under  superposed  rigid 
body  motions.  A  related  theory  of  a  directed  curve 
with  three  deformable  directors  at  each  point  of  the 
curve,  in  the  context  of  a  purely  mechanical  theory 
and  with  the  use  of  a  virtual  work  principle,  is 
given  by  Cohen  (1966).  A  further  development  of 
the  basic  theory  of  a  Cosserat  curve  along  with 
certain  general  developments  regarding  the  construc¬ 
tion  of  nonlinear  constitutive  equations  for  elastic 
rods  is  given  by  Green  et  al.  (1974a, b) . 

In  general,  two  entirely  different  approaches  may 
be  adopted  for  the  construction  of  one-dimensional 
and  two-dimensional  theories  of  mechanics  pertain¬ 
ing  to  certain  motions  and  (three-dimensional)  media 
responses  which  are  effectively  confined,  respec¬ 
tively,  to  one-dimensional  and  two-dimensional  re¬ 
gions.  For  example,  the  theory  of  slender  rods  and 
that  of  fluid  jets  are  both  one-dimensional  theories; 
and,  similarly,  the  theory  of  thin  shells  and  that 
of  fluid  sheets  are  both  two-dimensional  theories 
in  the  context  of  the  particular  classes  of  three- 
dimensional  bodies  mentioned  earlier. 

Of  the  two  approaches  just  mentioned,  one  starts 
with  the  three-dimensional  equations  of  the  classi¬ 
cal  continuum  mechanics  and  by  applying  approxima¬ 
tion  procedures  strives  to  obtain  one-dimensional 
(in  the  case  of  jets  and  rods)  and  two-dimensional 
(in  the  case  of  sheets  and  shells)  field  equations 
and  constitutive  equations  for  the  medium  under 
consideration.  In  the  other  approach,  the  particu¬ 
lar  medium  response  mentioned  above  is  modelled  as 
a  one-dimensional  and  a  two-dimensional  directed 
continuum,  namely  a  Cosserat  curve  and  a  Cosserat 
surface  introduced  earlier;  and  one  then  proceeds 
to  the  development  of  the  field  equations  and  the 
appropriate  constitutive  equations.  If  full  inform¬ 
ation  is  desired  regarding  the  motion  and  deforma¬ 
tion  of  the  continuum  under  study  in  the  context  of 
the  classical  three-dimensional  theory,  then  th^re 
would  be  no  need  to  develop  a  particular  one¬ 
dimensional  and  a  two-dimensional  theory.  In  fact, 
the  aim  of  one-dimensional  and  two-dimensional  theo¬ 
ries  of  the  type  mentioned  above  is  to  provide  only 
practical  information  in  some  sense:  for  example, 
in  the  case  of  fluid  sheets  information  concerning 
quantities  which  can  be  regarded  as  representing 
the  medium  response  confined  to  a  surface  or  its 
neighborhood  as  a  consequence  of  the  (three- 
dimensional)  motion  of  the  body,  or  the  determina¬ 
tion  of  certain  weighted  averages  of  quantities 
resulting  from  the  (three-dimensional)  motion  of 
the  body.  A  parallel  remark  may  be  made,  of  course, 
in  the  case  of  fluid  jets.  The  desire  for  obtain¬ 
ing  limited  or  partial  information  if  tiie  basic 
motivation  for  the  construction  of  such  one¬ 
dimensional  and  two-dimensional  theories  as  those 
for  slender  rods  and  thin  shells  and  for  fluid  flow 
problems  of  jets  and  sheets. 

The  nature  of  difficulties  associated  with  the 
development  of  both  the  shell  theory  and  the  theory 
of  water  waves  on  the  one  hand,  and  that  of  rods  and 
jets  on  the  other,  from  the  full  three-dimensional 
equations  is  well  known  and  has  been  elaborated  upon 


on  various  occasions.*  In  view  of  these,  it  is  rea¬ 
sonable  to  attempt  to  formulate  one-dimensional  and 
two-dimensional  theories  of  the  types  described  above 
by  replacing  the  continuum  characterizing  the  (three- 
dimensional)  medium  in  question  with  an  alternative 
model  which  would  reflect  the  main  features  of  the 
response  of  the  three-dimensional  medium  and  which 
would  then  permit  the  formulation  of  appropriate 
one-dimensional  and  two-dimensional  theories  by  a 
direct  approach  and  without  the  appeal  to  special 
assumptions  or  approximations  generally  employed  in 
the  derivation  from  the  three-dimensional  equations. 

Of  course,  the  introduction  of  an  alternative 
model  and  formulation  of  one-dimensional  and  two- 
dimensional  theories  by  the  direct  approach  do  not 
mean  that  one  ignores  the  nature  of  the  field  equa¬ 
tions  in  the  three-dimensional  theory.  In  fact, 
some  of  the  developments  of  the  field  equations  by 
direct  procedures  are  materially  aided  or  influenced 
by  available  information  which  can  be  obtained  from 
the  three-dimensional  theory.  For  example,  the  inte¬ 
grated  equations  of  motion  from  the  three-dimensional 
equations  provide  guidelines  for  a  statement  of  one 
and  two-dimensional  conservation  laws  in  conjunction 
with  the  one  and  two-dimensional  models,  and  also 
provide  some  insight  into  the  nature  of  inertia  terms 
and  the  kinetic  energy  in  the  direct  formulation  of 
the  one-dimensional  and  two-dimensional  theories.^ 

Inasmuch  as  most  of  the  difficulties  associated 
with  the  derivation  of  the  one-dimensional  and  two- 
dimensional  theories  from  the  three-dimensional  equa¬ 
tions  occur  in  the  construction  of  the  constitutive 
equations,  it  is  in  fact  here  that  the  direct  ap¬ 
proach  offers  a  great  deal  of  appeal.  This  construc¬ 
tion,  as  well  as  the  entire  development  by  the 
direct  approach,  is  exact  in  the  sense  that  they 
rest  on  (one-dimensional  and  two-dimensional)  pos¬ 
tulates  valid  for  nonlinear  behavior  of  materials 
but  clearly  they  cannot  be  expected  to  represent  all 
the  features  that  could  only  be  predicted  by  the 
relevant  full  three-dimensional  equations.  Theories 
constructed  via  a  direct  approach  necessarily  sat¬ 
isfy  the  requirements  of  invariance  under  superposed 
rigid  body  motions  that  arise  from  physical  consider- 
tions  and,  of  course,  they  are  also  consistent  and 
fully  invariant  in  the  mathematical  sense.  More¬ 
over  ,  the  development  by  the  direct  approach  is  con¬ 
ceptually  simple  and  does  not  have  the  difficulties 
involving  approximations  usually  made  in  the  devel¬ 
opment  of  the  theory  of  thin  shells  and  the  theory 
of  water  waves  (or  the  theories  of  slender  rods  and 
jets)  from  their  corresponding  three-dimensional 
c.  ]uations . 

Following  some  general  background  information 
and  definitions  of  jet-like  and  sheet-like  bodies 
in  Section  2,  the  remainder  of  the  paper  is  arranged 
in  two  parts  which  can  be  read  independently  of  each 
other:  one  part  (Part  A)  is  concerned  with  the 
theory  of  fluid  jets  and  the  other  (Part  B)  is  de¬ 
voted  to  the  theory  of  fluid  sheets  and  its  applica¬ 
tion  to  water  waves.  In  our  discussion  of  the 
direct  formulation  of  these  two  topics,  considerably 

'I  he  nat  in  •  i*f  these  difficulties  with  particular  reference 
t.>  .hills  IS  discussed  by  Nagluli  (1972,  Secs.  1,4,19,20,21). 
Some  ot  tlif  difficulties  dissociated  with  both  noniineai  aid 
1 in«M»  theoiies  of  water  waves  are  noted  by  Naqhdi  (1974)  and 
ar*  al.-«<  discussed  in  the  fust  and  final  sections  of  the 
|-.i|  «*r  »f  "teen  et  al  .  (  1974c). 

*S«*c  tae  nmaiks  following  Kgs.  (.’*»)  and  (So). 
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more  space  is  devoted  to  fluid  sheets  and  water 
waves.  This  is  partly  due  to  the  fact  that,  in  the 
context  of  the  direct  formulation,  the  theory  of 
fluid  sheets  has  to  date  received  more  attention 
than  that  of  fluid  jets.  Thus,  in  Part  A  (Sections 
3-4) ,  we  summarize  the  basic  theory  of  a  Cosserat 
curve  and  briefly  discuss  a  restricted  form  of  the 
theory  for  straight  jets  which  are  not  necessarily 
circular.  The  resulting  system  of  nonlinear  ordi¬ 
nary  differential  equations  includes  the  effects  of 
surface  tension  and  gravity  and  has  been  derived  for 
both  inviscid  and  viscous  jets.  We  do  not  record 
these  here;  but  we  call  attention  in  Section  4  to  a 
number  of  existing  solutions,  which  serve  as  evidence 
of  the  relevance  and  applicability  of  the  direct 
formulation  of  the  theory  of  fluid  jets. 

In  Part  B  (Sections  5-8) ,  after  briefly  describ¬ 
ing  the  basic  theory  of  a  Cosserat  surface  in  Sec¬ 
tion  5,  we  present  in  outline  a  derivation  of  a 
restricted  theory  in  Section  6,  and  then  obtain  a 
system  of  nonlinear  partial  differential  equations 
for  the  propagation  of  fairly  long  waves  in  a  homo¬ 
geneous  stream  of  variable  depth  (Section  7) .  This 
system  of  differential  equations,  which  includes 
the  effects  of  surface  tension  and  gravity,  is  de¬ 
rived  for  incompressible  inviscid  fluids.  Some  ex¬ 
tensions  of  these  results  to  nonhomogeneous  and 
viscous  fluids  are  available  but  these  are  not  dis¬ 
cussed  here.  In  the  final  section  of  the  paper  we 
make  a  comparison  between  the  differential  equations 
derived  in  Section  7  and  the  systems  of  equations 
for  water  waves  that  are  often  used  in  the  litera¬ 
ture;  and,  on  the  basis  of  compelling  physical  con¬ 
siderations,  argue  as  to  why  the  system  of  equations 
of  the  direct  formulation  should  in  general  be  pre¬ 
ferred  to  others.  In  Section  8,  we  also  call  at¬ 
tention  to  a  number  of  existing  solutions,  which 
serve  as  further  evidence  of  the  relevance  and  ap¬ 
plicability  of  the  direct  formulation  of  the  theory 
of  fluid  sheets. 

In  the  course  of  our  development,  sometimes  the 
same  symbol  is  utilized  in  Parts  A  and  B  to  denote 
different  quantities;  but  this  should  not  give  rise 
to  confusion,  as  the  two  parts  can  be  read  indepen¬ 
dently  of  each  other.  Throughout  the  paper,  Latin 
indices  (subscripts  or  superscripts)  take  the  values 
1,  2,  3,  Greek  indices  take  the  values  1,  2  only, 
and  the  usual  convention  f  ir  summation  over  a  re¬ 
peated  index  is  employed. 


2 .  GENERAL  BACKGROUND 

In  this  section,  we  provide  appropriate  definitions 
for  jet-like  and  sheet-like  bodies.  To  this  end, 
consider  a  finite  three-dimensional  body,  8,  in  a 
Euclidean  3-spacc,  and  let  convected  coordinates, 

01  (i  =  1,  2,  3),  be  assigned  to  each  particle  (or 
material  point)  of  8.  Further,  let^r*  be  the  posi¬ 
tion  vector,  from  a  fixed  origin,  of  a  typical  parti¬ 
cle  of  8  in  the  present  configuration  at  time,  t. 
Then,  a  motion  of  the  (three-dimensional)  body  is 
defined  by  a  vector-valued  function,  f * ,  which  as- 


The  use  of  an  asterisk  attached  to  various  symbols  is  for 
later  convenience.  The  corresponding  symbols  without  the 
asterisks  are  reserved  for  different  definitions  or  designa¬ 
tions  to  be  introduced  later. 


signs  position,  r*,  to  each  particle  of  8  at  each 
instant  of  time,  i.e.,^ 

r*  =  oce’.e2^3,!)  .  a) 

We  assume  that  the  vector  function,  £* , — a  1- 
parameter  family  of  configurations  with  t  as  the 
real  parameter — is  sufficiently  smooth  in  the  sense 
that  it  is  differentiable  with  respect  to  01  and  t 
as  many  times  as  required.  In  some  developments, 
it  may  be  more  convenient  to  set  6 3  «  £  and  adopt 
the  notation 

e*  =  <ea,c>  ,  e3  -  e  .  (2) 

We  recall  the  formulas 


T  '  gij  =  '  gj  •  g  =  det  ) 


•  9j  =  5j  r  gi  =  gi39j  i  gi 


dv  =  g^ae^e^e3 


and  further  assume  that1 


88  (9  9  g  l  >  0 

-1-2-3 


In  (4) ,  g^  and  g1  are  the  covariant  and  the  contra- 
variant  base  vectors  at  time ,  t,  respectively,  g^j 
is  the  metric  tensor,  g1^  is  its  conjugate,  61  is 
the  Kronecker  symbol  in  3-space  and  dv  the  volume 
element  in  the  present  configuration. 

The  velocity  vector,  v*,  of  a  particle  of  the 
three-dimensional  body  in  the  present  configuration 
is  defined  by 


where  a  superposed  dot  denotes  material  time  dif¬ 
ferentiation  with  respect  to  t  holding  01  fixed. 

The  stress  vector  t  across  a  surface  in  the  present 
configuration  with  outward  unit  normal  v*  is  given 
by 


*  .  *  lk 

t  =  V .  -p  =  V . T  9, 
lb  i  .k 
9 


Recall  that  when  the  particles  of  a  continuum  are  referred 
to  a  convected  coordinate  system,  the  numerical  values  of 
the  coordinates  associated  with  each  particle  remain  the 
same  for  all  time.  Although  the  use  of  a  convected  coordi¬ 
nate  system  is  by  no  means  essential,  it  is  particularly 
suited  to  studies  of  special  bodies  (such  as  sheets,  jets, 
shells,  and  rods)  and  often  results  in  simplification  of 
intermediate  steps  in  the  development  of  the  subject. 

^  The  choice  of  positive  sign  in  (5)  is  for  definiteness. 
Alternatively,  for  physically  possible  motions  we  only  need 
to  assume  that  gb  o  with  the  understanding  that  in  any 
given  motion  lgig?g3)  is  either  >  0  or  <  0.  The  condition 
(5)  also  requires  that  6*  be  a  right-handed  coordinate 
system. 
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H  ij  li  i  j 
9  t  J<3j  =  g  Tj9 


and  where  are  the  contravariant  components  of 
the  symmetric  stress  tensor.  In  terms  of  quantities 
defined  in  (5)-(8),  the  local  field  equations  which 
follow  from  the  integral  forms  of  the  three- 
dimensional  conservation  laws  for  mass,  linear 
momentum  and  moment  of  momentum,  respectively,  are 


P  g  =  0  , 


*  *  U 

+  P  f  g^ 


g^  x  t  =0 


where  p*  is  the  three-dimensional  mass  density,  f* 
is  the  body  force  field  per  unit  mass,  and  a  comma 
denotes  partial  differentiation  with  respect  to  01. 

A  material  line  (not  necessarily  a  straight  line) 
in  8  can  be  defined  by  the  equations,  0a  =  Ga(£); 
the  equation  resulting  from  (1)  with  Qa  =  0a(£)  rep¬ 
resents  the  parametric  form  of  this  material  line  in 
the  current  configuration  and  defines  a  1-parameter 
family  of  curves  in  space,  each  of  which  we  assume 
to  be  smooth  and  nonintersecting.  We  refer  to  the 
space  curve,  0tX  =  0,  in  the  current  configuration 
by  c.  Any  point  of  this  curve  is  specified  by  the 
position  vector,  r,  relative  to  the  same  fixed  ori¬ 
gin  to  which  r*  is  referred,  where 

r  =  rU,t)  =  r*  (0,0,f,,t)  .  (10) 


Let  a3  denote  the  tangent  vector  along  the  f, -curve. 
By  (10)  and  <3)j. 


*3  =  a3(£,t)  =  “  =  g3  (0,0,£; , t) 


where  <  and  x  denote,  respectively,  the  curvature 
and  the  torsion  of  c.  In  the  special  case  that  c 
is  a  plane  curve,  we  may  choose  aj  as  the  unit 
normal  to  the  curve  and  then  a2  will  be  perpendicu¬ 
lar  to  the  plane  of  and  a3I  If  c  is  a  straight 
curve,  then  there  is  no  unique  Serret-Frer.et  triad 
and  a.  may  be  chosen  as  any  orthogonal  triad  with 
aj,a2  as  unit  vectors.  Equations  (13)  are  not 
identical  to  the  formulas  of  Frenet  because  the  pa¬ 
rameter,  £,  is  not  necessarily  the  arc  length  of  c. 
It  may  be  noted  here  that  the  convected  coordinate, 
£,  may  be  chosen  to  coincide  with  the  arc  length  in 
any  one  configuration  of  the  material  curve,  e.g., 
in  the  present  configuration.  However,  in  a  general 
motion  (involving  different  configurations)  the  arc 
length  between  any  pair  of  particles  changes  while 
the  convected  coordinates  of  each  particle  must  re¬ 
main  the  same.  Therefore,  arc  length  would  not 
qualify  as  a  convected  coordinate. 

A  material  surface  in  8  can  be  defined  by  the 
equation,  £  =  £(0U);  the  equation  resulting  from 
(1)  with  £  =  f,  (0a)  represents  the  parametric  form 
of  this  material  surface  in  the  current  configura¬ 
tion  and  defines  a  1-parameter  family  of  surfaces 
in  space,  each  of  which  we  assume  to  be  smooth  and 
nonintersecting.  We  refer  to  the  surface,  £  =*  0. 
in  the  current  configuration  by  s.  Any  point  of 
the  surface,  s,  is  specified  by  the  position  vector, 
r,  relative  to  the  same  fixed  origin  to  which  r*  is 
referred,  where 

r  =  r (0n, t)  =  r*(0u,O,t)  .  (14) 

Let  an  denote  the  base  vectors  along  the  0a-curves 
on  the  surface,  s.  By  (14)  and  (3)j, 


a  =  a  (0Y,t)  =  —  =  g  (0Y,O,t)  ,  (15) 

-a  -a  8en  .« 


and  the  unit  principal  normal,  a],  and  tho  unit  bi¬ 
normal  vector,  a-,  to  c  may  be  introduced  as 


and  the  unit  normal,  aj  =  aj(8  .t).  to  s  may  be 
defined  by** 


a  j  =  f! (S,t)  = 


an  =  aj(h,t)  = 


3a  ,/3f;  |  ' 


lal!  =  <a33>^  > 


a  •  a,  =  0  ,  a,  •  a,  =  1  , 

-a  -3  -3  -3 


a 3  “  a3  Uja?a3]  >  0  . 


In  the  next  four  paragraphs  we  provide  appropri¬ 
ate  definitions  for  jet-like  and  sheet-like  bodies 
in  fairly  precise  terms. 


a33  “  a3  ’  a3  » 
[aja;>a3 )  >  0  , 


Definition  of  a  Jet-like  Body.  A  Representation 
for  the  Motion  of  a  Slender  Jet. 


where  the  notation  |a3|  stands  for  the  magnitude  of 
a 3 .  The  system  of  base  vectors,  a\ ,  are  oriented 
along  the  Serret-Frenet  triad  and  satisfy  the  dif¬ 
ferential  equations 


T  (a33)  a?  -  *a3 


Consider  a  space  curve  c  defined  by  the  parametric 
equations,  0a  =  0,  over  a  finite  interval, 

Let  r  be  the  position  vector  of  any  point  of  c  and 
let  ai,ap  and  a3  denote  its  unit  principal  normal, 
unit  binormal ,  and  the  tangent  vector,  respectively. 
At  each  point  of  c,  imagine  material  filaments  ly¬ 
ing  in  the  normal  plane,  i.e.,  the  plane  perpendicu- 


u 

-rr  =  "  T (*33>  *1 


Tho  use  of  the  same  symbols  for  base  vectors  of  a  surface 
in  (15) -(16)  and  for  the  triad  of  a  space  curve  in  (11) -(12) 
should  not  give  rise  to  confusion.  The  main  developments 
for  jets  and  sheets  are  dealt  with  separately  in  the  rest 
of  the  paper;  this  permits  the  use  of  the  same  symbol  for 
different  quantities  in  the  case  of  jets  and  sheets  without 
confusion. 


(13) 


lar  to  a3,  and  forming  the  normal  cross-section^ , 
an.  The  surface  swept  out  by  the  closed  boundary 
curve,  3an,  of  un  is  called  the  lateral  surface. 

Such  a  three-dimensional  body  is  called  jet-like  if 
the  dimensions  in  the  plane  of  the  normal  cross- 
section  are  small  compared  to  some  characteristic 
dimension,  L(c) ,  of  c  (see  Figure  1) ,  e.g.,  its 
local  radius  of  curvature  1/k,  or  the  length  of  c 
in  the  case  of  a  straight  curve.  A  jet-like  body 
is  said  to  be  slender  if  the  largest  dimension  of 
an  is  much  smaller  than  L(c) .  If  un  is  independent 
of  t, ,  the  body  is  said  to  be  of  uniform  cross- 
section,  otherwise  of  variable  cross-section.  Since 
a  material  curve  in  the  three-dimensional  body,  0, 
can  be  defined  by  the  equations,  0a  =  0a(O#  it 
follows  that  the  equation  resulting  from  (1)  with 
0a  =  0'* (£)  represents  the  parametric  form  of  the 
material  curve  in  the  present  configuration  and  de¬ 
fines  a  curve,  c,  in  space  at  time,  t,  which  we  as¬ 
sume  to  be  sufficiently  smooth  and  nonintersecting. 
Every  point  of  this  curve  has  a  position  vector 
specified  by  (10) .  Let  the  (three-dimensional)  jet¬ 
like  body  in  some  neighborhood  of  c  be  bounded  by 
material  surfaces,  £  =  Ci>  £  =  £2*  (indicated  in 
Figure  1)  and  a  material  surface  of  the  form 

Fote2,;;)  =  o  ,  <17) 

which  is  chosen  such  that  f,  =  constant  are  curved 
sections  of  the  body  bounded  by  closed  curves  on 
this  surface  with  c  lying  on  or  within  (17) .  in 
the  development  of  a  general  theory,  it  is  preferable 
to  leave  unspecified  the  choice  of  the  relation  of 
the  curve,  c,  to  one  on  the  boundary  surface  (17). 

In  special  cases  or  in  specific  applications,  how¬ 
ever,  it  is  necessary  to  fix  the  relation  of  c  to 
the  surface  (17). 

Suppose  now  that  r*  in  (1)  is  a  continuous  func¬ 
tion  of  fli,t  and  has  continuous  space  derivatives 
of  order  1  and  continuous  time  derivatives  of  order 
2  in  the  bounded  region  lying  inside  the  surface  (17) 
and  between  f,  =  Cl#  £  =  C2 •  Hence,  to  any  required 
degree  of  approximation  r*  may  be  represented  as  a 
polynomial  in  O1,  02  with  coefficients  which  are  con¬ 
tinuously  differentiable  functions  of  C ,  t.  Instead 
of  considering  a  general  representation  of  this  kind, 
we  restrict  attention  here  to  the  approximation . 

r*  =  r  +  9ada  ,  (18) 

where  r  is  defined  by  (10)  and  d  =  d  (C,t). 

~a  -at 

Definition  of  a  Sheet-like  Body.  A  Representation 
for  the  Motion  of  a  Thin  Sheet. 

Consider  a  two-dimensional  surface,  s,  defined  by 
the  parametric  equation,  £  =  0,  over  a  finite  co¬ 
ordinate  patch,  a'  =0*  =  a" ,  0'  =  02  =0".  Let  r 
and  a 3  denote,  respectively,  the  position  vector  and 
the  unit  normal  to  s.  At  each  point  of  s,  imagine 
material  filaments  projecting  normally  above  and 
below  the  surface,  s.  The  surface  formed  by  the 
material  filaments  constructed  at  the  points  of  the 
closed  boundary  curve  of  s  is  called  the  lateral 
surface .  Such  a  three-dimensional  body  is  called 


The  normal  cross-section  of  a  jet  is  a  portion  of  the 
normal  plane  to  the  curve,  c,  i.e.,  the  intersection  of  the 
body  and  the  normal  plane. 


£1 


FIGURE  1.  A  jet-like  body  in  the  present  configuration 
showing  the  line  of  centroids  with  position  vector  r 
and  the  end  normal  cross-sections  i  r  -  1 " .  Also 

shown  are  the  unit  principal  normal  a],  the  unit  binor¬ 
mal  ay  and  the  tangent  vector  a^  to  the  curve  with  po¬ 
sition  vector  r. 


a  sheet  if  the  dimension  of  the  body  along  the  nor¬ 
mals,  called  the  height  and  denoted  by  h,  is  small. 

A  sheet  is  said  to  be  thin  if  its  thickness  is  much 
smaller  than  a  certain  characteristic  length,  L(s) , 
of  the  surface,  s,  for  example,  the  local  minimum 
radius  of  curvature  of  the  surface,  or  the  smallest 
dimension  of  s  in  the  case  of  a  plane  sheet.  If  h 
is  constant,  the  sheet  is  said  to  be  of  uniform 
thickness,  otherwise  of  variable  thickness.  Since 
a  material  surface  in  the  three-dimensional  body  can 
be  defined  by  the  equation,  £  =  £(0“),  it  follows 
that  the  equations  resulting  from  (1)  and  (2)  with 
£  =  £(0a)  represent  the  parametric  forms  of  the 
material  surface  in  the  present  and  the  reference 
configurations,  respectively.  In  particular,  the 
equation,  £  =  0,  defines  a  surface  in  space  at  time. 


z 


FIGURE  2.  Sketch  of  the  cross-section  (y  =  const.)  of 
a  sheet  of  vertical  thickness  t  showinq  a  wave  motion 
propaqatinq  over  a  bottom  of  variable  depth.  Also  shown 
is  the  surface  =  o  (with  position  vector  r  and  height 
t)  chosen  such  that  the  center  mass  of  the  (three- 
dimensional)  fluid  reqion  lies  on  this  surface.  The  top 
and  bottom  surfaces  of  heiqht  P  and  a  are  specified  by 
d*  =  1/2  and  * 1  =  -1/2,  respectively. 
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t,  which  we  assume  to  be  smooth  and  nonintersecting. 
Every  point  of  this  surface  has  a  position  vector, 
r,  specified  by  (14)  .  Let  the  boundary  of  the  three- 
dimensional  continuum  be  specified  by  the  material 
surfaces 

f,  =  Cl  (01 ,02)  ,  i  =  (01  ,e2)  ,  c,  <  c2  ,  <19) 

with  the  surface,  C  -  0#  lying  either  on  one  of  the 
two  surfaces  (19)i#2  or  between  them  (see,  for  ex¬ 
ample,  Figure  2) ,  and  a  material  surface 

f (01 ,02)  =  0  ,  (20) 

which  is  chosen  such  that  £  =  const,  forms  closed 
smooth  curves  on  the  surface  (20) .  As  pointed  out 
previously  iNaghdi  (1975) 1 ,  in  the  development  of 
a  general  theory,  it  is  preferable  to  leave  unspeci¬ 
fied  the  choice  of  the  relation  of  the  surface,  s, 

(£  =  0)  to  the  major  surfaces,  s+  and  s“.  In  spe¬ 
cial  cases  of  the  general  theory  or  in  specific  ap¬ 
plications,  however,  it  is  necessary  to  fix  the 

relation  of  s  to  the  surfaces  (19)  i  -> . 

*  *  a  *  • 

Suppose  now  that  r  in  (1)  is  a  continuous  func¬ 
tion  of  0x,t,  and  has  continuous  space  derivatives 
of  order  1  and  continuous  time  derivatives  of  order 
2  in  the  bounded  region,  f, \ if,  ^*2 *  Hence,  to  any 
required  degree  of  approximation,  r  may  be  repre¬ 
sented  as  a  polynomial  in  f.  with  coefficients  which 
are  continuously  differentiable  functions  of  0rt,t. 
However,  instead  of  considering  a  general  represent¬ 
ation  of  this  kind,  we  restrict  attention  here  to 
the  approximation 

r*  =  r  +  ,'.d  ,  (21) 

where  r  is  defined  by  (14)  and  d  =  d(Oa,t). 


PART  A 


In  Part  A  (Sections  3-4)  ,  we  summarize  the  basic 
theory  of  a  Cosserat  (or  a  directed)  curve  and  then 
briefly  discuss  a  restricted  form  of  the  theory  ap¬ 
propriate  for  straight  fluid  jets.  Although  we  are 
concerned  here  mainly  with  the  purely  mechanical 
theory  involving  appropriate  forms  of  the  conserva¬ 
tion  laws  for  mass,  linear  momentum,  and  moment  of 
momentum,  we  also  include  the  conservation  of  energy 
The  latter  is  useful  in  some  applications  and  sup¬ 
plies  motivation  for  some  requirements  in  the  de¬ 
velopment  of  certain  solutions. 


3.  THE  BASIC  THEORY  OF  A  COSSERAT  CURVE 

Having  defined  a  (three-dimensional)  jet-like  body 
in  Section  2,  we  now  formally  introduce  a  direct 
model  for  such  a  body.  Thus,  a  Cosserat  (or  a 
directed)  curve,  R,  comprises  a  material  curve,  L, 
(embedded  in  a  Euclidean  3-space)  and  two  deformable 
directors  attached  to  every  point  of  the  curve,  L. 
The  directors  which  are  not  necessarily  along  the 
unit  principal  normals  and  the  unit  binormals  of 
the  curve  have,  in  particular,  the  property  that 
they  remain  unaltered  under  superposed  rigid  body 
motions.  Let  the  particles  of  L  be  identified  by 
means  of  the  convected  coordinate,  K ,  and  let  the 


curve  occupied  by  t  in  the  present  configuration  of 
R  at  time,  t,  be  referred  to  as  £.  Let  r  and  da 
(a  =  1,2)  denote  the  position  vector  of  a  typical 
point  of  £  and  the  directors  at  the  same  point, 
respectively,  and  also  designate  the  tangent  vector 
to  the  curve,  £,  by  a3.  Then,  a  motion  of  the  Cos¬ 
serat  curve  is  defined  by  vector-valued  functions 
which  assign  a  position,  r,  and  a  pair  of  directors, 
d  ,  to  each  particle  of  R  at  each  instant  of  time, 
i?e.§§ 

r  =  r {£ , t)  ,  da  =  d  (£,t)  ,  [djd^l  >  0  (22) 

and  the  condition  (22)3  ensures  that  the  directors, 
da,  are  nowhere  tangent  to  £  and  that  dj,d2  never 
change  their  relative  orientation  with  respect  to 
each  other  and  §3.  The  velocity  and  the  director 
velocities  are  defined  by 

v  =  r  ,  w  =  d  (23) 

-  ~a 

and  from  (23) \  and  (11)  we  have 
.  3v 


where  a  superposed  dot  denotes  material  time  dif¬ 
ferentiation  with  respect  to  t  holding  £  fixed. 

Consider  an  arbitrary  part  of  the  material  curve, 
L,  in  the  present  configuration,  bounded  by  £  =  Cl 
and  f,  =  1,2  (Cl  <  t?_)  r  and  let 

ds  =  (a33)^dC  ,  a33  =  a3  •  a3  (25) 

be  the  element  of  the  arc  length  along  the  curve, 

C.  It  is  convenient  at  this  point  to  define  the 
following  additional  quantities:  The  mass  density, 
p  =  P(£,t),  of  the  space  curve,  £;  the  contact 
force,  n  =  n(f, ,t),  and  the  contact  director  couples 
pa  =  pl*(f, ,t)  ,  each  a  three-dimensional  vector  field 
in  the  present  configuration;  the  assigned  force, 
f  =  f(C,t),  and  the  assigned  director  couples, 

£a  =  £a(f,,t),  each  a  three-dimensional  vector  field 
and  each  per  unit  mass  of  the  curve,  £;  the  intrin¬ 
sic  (curve)  director  couples,  tt01  =  iia(£,t),  per  unit 
length  of  £  which  make  no  contribution  to  the  supply 
of  momentum;  the  inertia  coefficients,  ya  -  ya{£) 
and  ya^  =  ya^(£),  with  ya6  being  components  of  a 
symmetric  tensor,  which  are  indenpendent  of  time; 
the  specific  internal  energy,  e  «=  e(£,t);  the  spe¬ 
cific  heat  supply,  r  =  r(£,t),  per  unit  time;  and 
the  heat  flux,  h  =  h(C,t),  along  £,  in  the  direction 
of  increasing  f.,  per  unit  time.  The  assigned  field, 
f,  represents  the  combined  effect  of  (i)  the  stress 
vector  on  the  lateral  surface  (17)  of  the  jet-like 
body  denoted  by  fc,  and  (ii)  an  integrated  contri¬ 
bution  arising  from  the  three-dimensional  body  force 
denoted  by  f^,  e.g.,  that  due  to  gravity.  A  parallel 
statement  holds  for  the  assigned  fields,  £a.  Sim¬ 
ilarly,  the  assigned  heat  supply,  r,  represents  the 
combined  effect  of  (i)  heat  supply  entering  the 

^  Vor  convenience,  we  adopt  the  notation  for  r  in  (10)  and 
(1R)  also  for  the  surface  (22) j .  This  permits  an  easy  iden¬ 
tification  of  the  two  curves,  if  desired.  The  choice  of 
positive  sign  in  (22)  *  is  for  definiteness.  Alternatively, 
it  will  suffice  to  assume  that  {d]dpa<)  /  0  with  the  under¬ 
standing  that  in  any  given  motion  the  scalar  triple  product 
fdidpa^]  is  either  >  0  or  <  0. 


c_-  A\. 
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lateral  surface  (17)  of  the  jet-like  body  from  the 
surrounding  environment,  denoted  by  rc,  and  (ii)  an 
integrated  contribution  arising  from  the  three- 
dimensional  heat  supply  denoted  by  r^.  Thus,  we  may 
write 


fu  +  f 

~b  ~c 


a  ,a 
e,  +  Jl 
~b  ~c 


r  =  r,  +  r 
b  c 


(26) 


The  various  quantities  in  (26)  are  free  to  be  spec¬ 
ified  in  a  manner  which  depends  on  the  particular 
application  in  mind  and,  in  the  context  of  the  the¬ 
ory  of  a  Cosserat  curve,  the  intertia  coefficients, 
ya ,  ya^,  and  the  mass  density,  p,  require  constitu¬ 
tive  equations.  Indeed,  fc,  1%  and  rc,  as  well  as 
fb,  ££  and  rh,  can  be  identified  with  the  corre- 


£2 

[f(C,t)]^  =  fu?,t)  =  f(Clrt)  .  (28) 


The  first  of  (27)  is  a  statement  of  the  conservation 
of  mass,  the  second  is  the  conservation  of  linear 
momentum,  the  third  that  of  the  director  momentum, 
the  fourth  is  the  conservation  of  moment  of  momentum, 
and  the  fifth  represents  the  conservation  of  energy. 

Under  suitable  continuity  assumptions,  the  first 
four  equations  in  (27)  are  equivalent  to 

A  =  A  (T)  =  p(a33)!s  or  pa33  +  pa3  •  ~r  =  0  ,  (29) 

d  t 

3n 


sponding  expressions  in  a  derivation  from  the  three- 
dimensional  equations  [see,  for  example.  Green  et 

aT"  +  Af  =  X  (v  +  yaw  )  , 

C*r,  -  -a 

(30) 

al.  (1974a) J.  Likewise,  the  inertia  coefficients, 
y(X ,  yat*,  and  the  mass  density,  p,  mav  be  identified 
with  easily  accessible  results  from  the  three- 
dimensional  theory. 

a  a 

,  ,»a  a  .  .  u*  a(3 

+  Aft  =ti  +  A  (y  v  +  y  w^)  , 

(31) 

With  the  above  definitions  of  the  various  field 

3  m 

a^xn+— ^-+Ag  =  o  , 

quantities  and  with  reference  to  the  present  con¬ 
figuration,  the  conservation  laws  for  a  Cosserat 

(32) 

curve  are: 

Ar  -  yF  -  Ae  +  P  =  0  , 

,4 

(33) 

TT  I  i>  ds  =  0 


dt 


'  -1 


where 


d  *'  '2  f'2 

[  p(v  +  y  lw^)ds  -  f  pfds  +  [n] 

•  1  ^  i  l 


m  =  d  xp  ,  q  =  d  xq 

-a  ~  2  -a  ~ 

a  cx*  a  3 

q  =e  -  y  V  =  y  w^  , 


(34) 


d  f*'2  nt  aP 
—  J  p(y  v  +  y  wp)ds 


r?,  ■<*  , 

-  I  (pv  -  (a-jT 


L 

—  D 


J  '-1 
d  r" 


P  [r  *  v  +  y  (r  *  w  f-  d  *  v) 
-u  -  < 


dT  i  "lr  v  Y 


and 


aY  m  a  dwrJC 

AP  =  „  •  -  +  ,  *  Wo  +  p  •  — 


(35) 


is  the  mechanical  power.  With  the  help  of  (34),  the 
local  form  of  the  moment  of  momentum  equation  (31) 
can  be  reduced  to 


3d 

,  a  -a  a 

a3  x  n  +  d  x  tj  +  — —  x  p  =  o  . 
~  -  -a  ~ 


(36) 


+  d 

-a 


X  yaBwt,]ds 


J  Ci 


■  (r 


f  +  d 


f.1)  ds 


+  [r  x  n  +  d 


_d 

dt 


r’pf- 


2y  v 


r*B 


w„)ds 


j,  i»(r  +  f  •  v  +  ?a  *  w  )ds 

1  -  -  -  -ft 


+  [n 


,  (x 
v  +  p 


w 


hi 

■f.l 


(27) 


where  we  have  used  the  notation 


It  may  be  noted  that  the  local  field  equations 
in  the  mechanical  theory  of  a  Cosserat  curve  have 
the  same  forms  as  those  that  can  be  derived  from  the 
three-dimensional  equations;  the  latter  can  be  de¬ 
rived  by  suitable  integration  of  (9) 1,2*3  with  re¬ 
spect  to  01  and  02  and  in  terms  of  certain  definitions 
for  integrated  mass  density  and  resultants  of  stress 
[for  details,  see  Green  et  al.  (1974a)].  Moreover, 
given  the  approximation  (18)  ,  there  is  a  1-1  corre¬ 
spondence  between  the  one-dimensional  field  equations 
that  follow  from  the  conservation  laws  of  a  Cosserat 
curve  and  those  that  can  be  derived  from  the  three- 
dimensional  equations  provided  we  identify  the 
director  da  in  (18)  with  (22)2  and  adopt  the  defini¬ 
tions  of  the  resultants  mentioned  above.  A  similar 
1-1  correspondence  can  be  shown  to  hold  between  (33) 
and  an  integrated  energy  equation  derived  from  the 
three-dimensional  energy  equation. 

The  above  results  include  the  local  form  of  con¬ 
servation  of  energy  derived  from  (27)5.  For  the 
purely  mechanical  theory  in  which  the  law  of  con¬ 
servation  of  energy  is  excluded,  the  appropriate 
conservation  laws  are  the  first  four  of  (27)  .  In 
the  context  of  the  purely  mechanical  theory,  it  is 
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worth  recalling  that  the  rate  of  work  by  all  contact 
and  assigned  forces  acting  on  the  curve,  and  its 
end  points  minus  the  rate  of  increase  of  the  kinetic 
energy  can  be  reduced  to: 


v  + 


v. 


ot 

w  )ds  +  [n  ♦  v  +  p  •  w  ] , 

-a  -  -  -  -u  t. 


where  is  an  arbitrary  scalar  function  of  £, t. 

For  an  incompressible  viscous  jet,  the  constraint 
response, n, ,pa,  are  determined  similarly  with  the 
use  of  the  constraint  condition  (39),  but  constitu¬ 
tive  equations  are  required  for  n,fta,pa  in  (40) .  We 
do  not  record  here  the  results  for  a  viscous  jet  and 
refer  the  reader  to  Green  (1976)  and  Caulk  and 
Naghdi  (1978b) . 


d  f  ,  ,  „  a  afc> 

tt  2p  (v  *  v  +  2y  v  •  w  +  y  w  •  w  jds 
at  1 .  -  -a  -n  -p 


pPds  ,  (37) 


where  P  is  defined  by  (35) . 

Before  closing  this  section,  wo  note  that  the 
restriction  imposed  on  the  motion  of  the  medium  by 
the  condition  of  incompressibility  reduces  to  !||j 
[see  Green  (1976)1 

~  [did^aj]  =  0  (38) 

and  can  alternatively  be  expressed  in  the  form 

i 'lUd ,  x  a 3  ■  w  +  dj  x  d,  •  ^-Y-  =  0  ,  (39) 

where  c'lfa  is  the  permutation  symbol  in  2-spaces.  To 
complete  the  theory  of  a  Cosserat  curve  under  the 
constraint  condition  (39) ,  we  assume  that  each  of 
the  functions,  n,7Ta,  and  pl\  is  determined  to  within 
an  additive  constraint  response  so  that 

n  -  n  +  n  ,  ti  =  tt  +  tt  ,  p  =  p  +  p  ,  (40) 

where  n,  tt1 ,  and  are  determined  by  constitutive 
equations  and  the  functions  n(.r,,t),  n“(f.  ,t)  ,  and 
p‘*(\,t)  are  the  response  due  to  the  constraint;  the 
latter  quantities  are  arbitrary  functions  of  \,t  and 
do  no  work.  For  an  incompressible  inviscid  fluid 
jet,  which  models  the  properties  of  the  three- 
dimensional  inviscid  fluid  at  constant  temperature, 
we  introduce  the  constitutive  assumption  that  n,?*, 
p*  do  not  depend  explicitly  on  the  kinematic  quan¬ 
tities,  dv/df. ,w(t, 3w,x/3f. ,  and  are  furthermore  work¬ 
less,  i  .e.  , 

3v  3w 

n  •  rv  +  11  1  *  w  +  p*  •  r-r^"  =  ^  #  (41) 

d?,  -  -;t  -  of. 

provided  w  ,  3v/)f,  satisfy  the  constraint  condition 
(19).  It  can  then  be  shown  that  [Green  and  Laws 
(1968)  and  Green  (1976)) 

n  =  -p()dl  x  d2  ,  3  =  -  I>(),  dp  x  a,  , 

[>’  =  0  ,  (42) 


iill  In  general,  there  are  three  conditions  of  incompressibility 
in  the  theory  of  incompressible  directed  fluid  lets;  for  a 
discussion  of  these,  see  Caulk  and  Naghdi  (1978a,  Appendix). 
In  restricted  forms  of  the  theory  discussed  in  the  next  sec¬ 
tion,  two  of  the  three  conditions  are  satisfied  identically. 
The  specification  (3fi)  is  motivated  from  an  examination  of 
the  incompressibility  condition  in  the  three-dimensional 
theory  when  the  position  vector  is  approximated  by  (18) . 


4.  STRAIGHT  FLUID  JETS.  ADDITIONAL  REMARKS 

We  now  specialize  the  results  of  the  previous  sec¬ 
tion  to  straight  jets  of  elliptical  cross-section. 

In  order  to  display  some  details  of  the  kinematics 
of  a  straight  jet,  including  the  rotation  of  the 
directors  in  a  plane  normal  to  the  jet  axis,  it  is 
convenient  to  introduce  a  fixed  system  of  rectangular 
Cartesian  coordinates  (x,y,z)  with  the  z-axis  paral¬ 
lel  to  the  jet.  Further,  let  the  unit  base  vectors 
of  the  rectangular  Cartesian  axes  be  denoted  by 
(i,j,k)  and  introduce,  for  later  convenience,  the 
additional  base  vectors 

ei  =  i  cos  0  +  j  sin  0  , 

e2  =  “i  sin  0  +  j  cos  0  ,  £3  =  k  ,  (43) 

where  0  is  a  smooth  function  of  z  and  t.  We  assume 

that  the  directors  are  so  restricted  that  they  de¬ 
scribe  an  elliptical  cross-section  of  smoothly  vary¬ 
ing  orientation  along  the  length  of  the  jet  and  that 
at  each  z  =  const.,  the  base  vectors,  ei  and  e2, 

lie  along  the  major  and  minor  axes  of  the  ellipse, 

respectively.  Then,  the  angle,  0,  called  the 
sectional  orientation ,  specifies  the  orientation  of 
the  cross-scction  as  a  function  of  position.  With 
this  background,  henceforth  we  restrict  motions  of 
the  directed  curve,  R,  such  that  in  the  present  con¬ 
figuration  at  time,  t, 

r  =  z  ( ;*. ,  t )  e 3  ,  dj  =  <h£l  r  d2  -  <t>2%2  (44) 

where  4>l  and  $p  measure  the  semiaxes  of  the  ellipti¬ 
cal  cross-section.  In  the  case  of  a  circular  jet, 

$1  =  $?• 

The  complete  theory  also  requires  the  specifica¬ 
tion  of  explicit  values  for  A,ya,ya^,f  and  £a.  In 
particular,  the  values  for  \ryarya&  may  be  obtained 
by  an  appeal  to  certain  results  from  the  three- 
dimensional  description  of  the  jet.  Thus,  recall¬ 
ing  (18)  and  the  remark  made  following  (17),  here 
we  choose  the  curve,  001  =  0,  as  the  line  of  centroids 
of  the  jet-like  body  and  identify  this  curve  with 
the  curve,  C. ,  in  the  theory  of  a  Cosserat  curve. 

This  leads  to  the  identification 

\  =  p  (a 3 3 ) 85  =  J  pV^dG'dfl2  . 

J  a 

Xyn  =  J"|)V5flade1d‘T  =  0  , 

a 

Ay'*8  =  J  p VV'fl^dfl'dfl"  ,  (45) 

a 

where  p*  is  the  three-dimensional  mass  density  in 
(9)  and  the  determinant  g  defined  by  (3)3  is  cal¬ 
culated  from  the  approximation  (18).  Again,  with 


i  •  •  ■  i  ll'O  •  4ii«  i  t  h»  equations  of  motion  (9)  p  <, 
*'.•  •  x;  i  ■  i.  ms  fm  i  and  •  ’  can  be  identified  in 
>’t  t  !u-  i ntfi] rated  body  force,  f*,  over  the 
i  ■  -•«cti.»nal  ait  -a,  i,  and  specified  pressure  and 
a  : .»  •  ti  ii.-.i.iti  ov'.  t  the  boundary,  <K»  of  i  (for 
i* -t  .n  1  ,  s»-o,  for  example,  Caulk  and  Naqhdi  (1978a) (. 
•v  b  'iv  that  siiu.'i  y  1  ~  o  by  (45)  ,  the  equations 
■  ■  f  rv-tioji  (  J.  i)  and  (31)  assume  a  sliqhtiy  simpler 
form.  We  do  not  reeord  here  the  details  of  tile 
system  of  >»iiiuir\  differential  equations  which  can 
le  iffairu-d  from  (29)-(3J)  for  both  inviscid  and 
linear  vi •mis  fluids.  They  are  readily  available 
in  the  ;ajeis  v'ited:  see  Green  and  Laws  (19i>8), 

•  r«  eii  (1  >75,  l>7e,  l'J77),  and  Caulk  and  Naqhdi 
<  i  ‘Vrta,  b)  . 

In  the  rest  of  this,  section,  we  briefly  call 
attention  to  Mime  available  evidence  of  the  relevance 
and  applicability  of  tfie  direct  formulation  of  the 
fluid  lets.  Available  solutions  obtained  to  date 
are  limited  to  those  for  straight  jets  and  among 
these  most  of  them  deal  with  jots  of  circular  cross- 
section.  Some  general  aspects  of  compressible 
inviscid  jets,  including  a  discussion  of  ideal  gas 
jots  in  the  context  of  a  tiiermodynamica  1  theory, 
have  boon  studied  by  C.roon  (1975)  .  Applications  to 
incompressible  circular  jots  for  both  inviscid  and 
viscous  fluids  are  contained  in  the  papers  of  Green 
and  Laws  (1968)  and  of  Green  (1976).  Green  (1977) 
lias  also  studied  a  steady  motion  of  an  incompressible 
inviscid  fluid  jet  which  does  not  twist  along  its 
axis.  A  more  detailed  analysis  of  the  motion  of  a 
straight  elliptical  jet  of  an  incompressible  inviscid 
fluid  in  which  the  jot  is  allowed  to  twist  along  its 
axis  is  contained  in  a  recent  paper  by  Caulk  and 
Naqhdi  (1978a).  This  study,  which  includes  the  ef¬ 
fects  of  gravity'  and  surface  tension/  utilizes  the 
nonlinear  differential  equations  of  Section  3  with 
r  and  d,,  at  time,  t,  specified  in  the  form  (44).  A 
number  of  theorems  are  proved  in  the  paper  of  Caulk 
and  Naqhdi  (1978a)  which  pertain  to  the  motion  of  a 
twisted  elliptical  jet  and  some  special  solutions 
are  obtained  which  illustrate  the  influence  of  twist. 
Further,  a  system  of  linear  equations,  derived  for 
small  motions  superposed  on  uniform  flow  of  an  in¬ 
compressible  circular  jet,  is  employed  by  Caulk  and 
Naqhdi  (1978b)  to  study  the  instability  of  some 
simple  jot  motions  in  the  presence  of  surface  ten¬ 
sion,  i.e.,  the  so-called  cap-illary  instability  that 
loads  to  disintegration  of  the  jet.  In  particular, 
they  (Caulk  and  Naghdi  (1978b) 1  consider  the  breakup 
of  both  inviscid  and  viscous  jets:  in  the  case  of 
an  inviscid  jot  excellent  agreement  is  obtained  with 
the  three-dimensional  results  of  Rayleigh  (1879a, b) ; 
and  for  a  viscous  jet,  through  a  comparison  with 
available  three-dimensional  numerical  results 
(Chandrasekhar  (1961)),  the  solution  obtained  is 
shown  to  be  an  improvement  over  an  existing  approxi¬ 
mate  solution  of  the  problem  by  Weber  (1931).  A 
related  study'  by  Bogy  (1978),  concerning  the  insta¬ 
bility  of  an  incompressible  viscous  liquid  jet  of 
circular  section,  partly  overlaps  with  the  work  of 
Caulk  and  Naghdi  (1978b)  on  the  temporal  instability 
of  a  viscous  jet,  and  considers  the  spatial  insta¬ 
bility  of  a  semi-infinite  jet  formulated  as  a 
boundary-value  problem. 


PART  B 


face,  we  summarize  a  special  case  of  the  theory 
which  is  particularly  suited  for  applications  to 
problems  of  fluid  sheets  and  to  the  propagation  of 
fairly  long  water  waves.  For  the  sake  of  simplicity, 
we  confine  attention  here  to  homogeneous  fluids;  but 
note  that,  as  in  Green  and  Naqhdi  (1977),  the  deriva¬ 
tion  can  bo  modified  to  allow  for  variation  of  mass 
density  with  depth.  Although  we  are  concerned  mainly 
with  the  purely  mechanical  theory  involving  appropri¬ 
ate  forms  of  the  conservation  laws  for  mass,  linear 
momentum,  and  moment  of  momentum,  we  also  include 
the  conservation  of  energy.  The  latter  easily  sup¬ 
plies  motivation  for  some  requirements  in  the  devel¬ 
opment  of  certain  solutions. 


5.  THE  BASIC  THEORY  OF  A  COSSERAT  SURFACE 

Having  introduced  the  notion  of  a  (three-dimensional) 
sheet-like  body  in  Section  2,  we  now  formally  define 
a  direct  model  for  such  a  body.  Thus,  a  Cosserat 
(or  directed)  surface,  C,  comprises  a  material  sur¬ 
face,  .S,  (embedded  in  a  Euclidean  3-space)  and  a 
single  deformable  vector,  called  a  director,  attached 
to  every  point  of  the  surface,  S>.  The  directors 
which  are  not  necessarily  along  the  unit  normals  to 
the  surface  have,  in  particular,  the  property  that 
they  remain  unaltered  under  superposed  rigid  body 
motions.  Let  the  particles  of  the  material  surface 
of  C  be  identified  by  means  of  a  system  of  convected 
coordinates,  (a  =  1,2),  and  let  the  surface  oc¬ 
cupied  by  ,S  in  the  present  configuration  of  C  at 
time,  t,  be  referred  to  as  J.  Let  r  and  d  denote 
tiie  position  vector  of  a  typical  point  of  J  and  the 
director  at  the  same  point,  respectively,  and  also 
designate  the  bast,  vectors  along  the  OvX-curves  on 
J  by  atJ.  Then,  a  motion  of  the  Cosserat  surface  is 
defined  by  vector-valued  functions  which  assign  posi¬ 
tion,  r,  and  director,  d,  to  each  particle  of  C  at 
each  instant  of  time,  i.e., 

r  =  r(8'\t)  ,  d  =  d(Ol\t)  ,  laqaod)  >  0  (46) 

and  the  condition  (46) ^  ensures  that  the  director, 
d,  is  nowhere  tangent  to  J .  The  base  vectors,  at, 
and  their  reciprocals,  a'x,  the  unit  normal,  a 3,  and 
the  components  of  the  metric  tensors,  a,,p  and  a-*1', 
at  each  point  of  £  are  defined  by 

3r 

a  „ ,  -  — — 

30<X 

m  8  a 
a  -a 

a  =  det  a  ,  a^  -  [aia^aU  >  0  ,  (47) 

ar>  ~  1 '  ‘  ' 

where  tS**  is  the  Kronecker  delta  in  2-space.  The 
velocity  and  the  director  velocity  vectors  are  de¬ 
fined  by 


a  •  a.  =  <5  ,  a  =  a  •  a,  , 

~b  6  ap 


a  a }  —  a  1  *  a? 


v 


w  =  d 


(48) 


*F or  convenience,  we  adopt  the  notation  for  r  in  (14)  and 
(21)  also  for  the  surface  (46) j.  This  permits  an  easy 
identification  of  the  two  surfaces,  if  desired.  The  choice 
of  positive  sign  in  (46)  1  is  for  definiteness.  Alterna¬ 
tively,  it  will  suffice  to  assume  that  (aja^d)  ¥  0  with  the 
understanding  that  in  any  given  motion  the  scalar  triple 
product  laja^d)  is  either  N  0  or  0. 


In  Part  B  (Sections  5-8) ,  after  briefly  describing 
the  basic  theory  of  a  Cosserat  (or  a  directed)  sur¬ 
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where  a  superposed  dot  denotes  differentiation  with 
respect  to  t  holding  O'1  fixed. 

Let  l\  bounded  by  a  closed  curve,  DP,  be  a  part 
of  J  occupied  by  an  arbitrary  material  region  of 
in  the  present  configuration  at  time,  t,  and  let 

v  =  v‘*a  -  v  aa  (49) 

'■t 

be  the  outward  unit  normal  to  D  P.  It  is  convenient 
at  this  point  to  define  certain  additional  quantities 
as  follows:  The  mass  density,  p  =  p(0^/t),  of  the 
surface, J,  in  the  present  configuration;  the  con¬ 
tact  force,  N  =  N(9^,t;v),  and  the  contact  director 
force  ,  M  ~  M(0^,t;y),  each  per  unit  length  of  a 
curve  in  the  present  configuration;  the  assigned 
force,  f  =  f(0^,tj,  and  the  assigned  director  force, 
j-  =  C(tO,t),  each  per  unit  mass  of  the  surface, J  ; 
the  intrinsic  director  force,  m,  per  unit  area  of 
J;  the  inertia  coefficients,  k  =  k(tO)  and  k  =  k(O^), 
which  are  independent  of  time;  the  specific  internal 
energy,  *  =  e  ( 0"V ,  t)  ;  the  heat  flux,  h  =  h(0',t;v) 
per  unit  time  and  per  unit  length  of  a  curve,  DP; 
the  specific  heat  supply,  r  =  r(h\t),  per  unit  time; 
and  the  element  of  area,  da,  and  the  line  element, 
ds,  of  the  surface,  J.  The  assigned  field,  f,  may 
be  regarded  as  representing  the  combined  effect  of 
(i)  the  stress  vector  on  the  major  surfaces  of  the 
sheet-like  body  denoted  by  fc,  o.g.,  that  due  to  the 
ambient  pressure  of  the  surrounding  medium,  and  (ii) 
an  integrated  contribution  arising  from  the  three- 
dimensional  body  force  denoted  by  f^,  o.g.,  that  due 
to  qravity.  A  parallel  statement  holds  for  the  as¬ 
signed  field,  «.  Similarly,  the  assigned  heat  sup¬ 
ply,  r,  may  bo  regarded  as  representing  the  combined 
effect  of  (i)  heat  supply  entering  the  major  surfaces 
of  the  sheet-like  body  from  the  surrounding  environ¬ 
ment,  denoted  by  rc,  and  (ii)  a  contribution  arising 
from  the  three-dimensional  heat  supply,  denoted  by 
r k .  Thus,  we  ma y  writ e 

f  -  f.  +  f  ,  •  ,  r  =  r  +  r  .(50) 

b  •  c  -  b  e  b  c 

The  various  quantities  in  (SO)  are  free  to  be  speci¬ 
fied  in  a  manner  which  depends  on  the  particular  ap¬ 
plication  in  mirul  and,  in  the  context  of  the  theory 
of  a  Cos so rat  surface,  the  inertia  coefficients,  k, 
k  and  the  mass  density,  *  ,  require  constitutive  equa¬ 
tions.  Indeed,  fc,*c  and  rc,  as  well  as  f^,.^  and 
rp,  can  be  identified  with  corresponding  expressions 
in  a  derivation  from  the  three-dimensional  equations 
l  for  details,  see  Naghdi  (1972,1974)).  Likewise,  , 
and  the  coof f icient s, k , k,  may  be  identified  with 
easily  accessible  results  from  the  three-dimensional 
t  heory . 

In  term?;  of  the  above  definitions,  the  conserva- 
t ion  laws  for  a  Cossorat  surface  can  be  stated  in 
fairly  genera L  forms.  Wo  do  not  record  those  here 
since  they  are  available  elsewhere  (Naghdi  (1972), 
p.  4B2)  or  Naghdi  (1974)).  Instead,  we  turn  our 
attention  to  the  relatively  simple  theory  of  the 
next,  set: t  ion. 

It  may  be  noted  that  the  local  field  equations 
in  the  mechanical  theory  of  a  Cossorat  surface  have 

Tin  t •  •  rtn i ti*  Lm\‘  i'i  etnij  is  aim*  ir  *  *1  fr»r  M  4*  j  « •  n*  1— 

in*j  nr.  ft,**  j}iy.ii*,il  ten  <i:.  .umed  for  tl.*  *1 1 1  eetor ,  i. 

M*t*‘  w»-  .■hoc*-.**  1  t*.'  have  th«*  (hy steal  dimension  Prujtf, 
that  M  has  the  |hy;.i*al  dimension  as  N.  For  fiat  he? 

lis.us  'ion  ••*»*  N.kjhdi  (IT'.',  i'll.  *’>  and  St«***n  .md  N.mh«ii 
(  L  OTt, )  . 


the  same  forms  as  those  that  can  be  derived  from  the 
three-dimensional  field  equations  (9) j  ?  ^  by  suit¬ 
able  integration  between  the  limits,  F,  \  and  £.?,  and 
in  terms  of  certain  definitions  for  integrated  mass 
density  and  resultants  of  stress  (for  details,  see 
Naghdi  (1972,  Sections  11-12)  or  Naghdi  (1974)). 
Moreover,  given  the  approximation  (21),  there  is  a 
1-1  correspondence  between  the  two-dimensional  field 
equations  that  follow  from  the  conservation  laws  of 
a  Cossorat  surface  and  those  that  can  be  derived  from 
( 9 )  j  ,  #  \  provided  we  identify  the  director,  d,  in 
(21)  with  (46)?  and  adopt  the  definitions  of  the  re¬ 
sultants  mentioned  above.  As  similar  1-1  correspon¬ 
dence  can  be  shown  to  hold  between  the  two-dimensional 
energy  equation  in  the  theory  of  a  Cosserat  surface 
and  an  integrated  energy  equation  derived  from  the 
three-dimensional  energy  equation. 


6.  A  RESTRICTED  THEORY  OF  A  COSSERAT  SURFACE 

Special  cases  of  the  general  theory  can  be  obtained 
by  the  introduction  of  suitable  constraints,  thereby 
resulting  in  constrained  theories.  Alternatively, 
corresponding  special  cases  can  be  developed  in  which 
the  kinematic  and  the  kinetic  variables  arc  suitably 
restricted  a  priori  and  then  restricted  theories  arc 
constructed  by  direct  approach.  Such  special  cases 
of  the  general  theory  have  been  discussed  previously 
by  Naghdi  (1972,  Sections  10  and  15)  and  by  Green 
and  Naghdi  (1974)  and  are  of  particular  interest  in 
the  context  of  elastic  shell  theory.  We  provide  here 
an  outline  of  a  restricted  theory  developed  by  Green 
and  Naghdi  (1977)  mainly  for  application  to  problems 
of  fluid  sheets.  The  resulting  equations  can  also 
he  obtained  as  a  constrained  case  of  those  given  for 
directed  fluid  sheets  (Green  and  Naghdi  (1976)),  but 
it  is  more  convenient  to  restrict  the  kinematic  and 
the  kinetic  variables  at  the  outset  and  construct  a 
corresponding  restricted  theory  from  an  appropriate 
sot  of  conservation  laws  in  integral  form. 

Lot  the  director,  d,  while  deforming  along  its 
length,  always  remain  parallel  to  a  fixed  direction 
specified  by  a  constant  unit  vector,  b.  It  should 
bo  kept  in  mind  that  b  is  fixed  relative  to  the  body 
and  not  relative  to  the  space.  Thus,  recalling  (46)? 
and  (48)?,  we  wr i t e 

d  =  I  (O'1 ,  t)b  ,  w  =■  wU'  ^Ob  ,  w  -  .  (51) 

Further,  in  view  of  the  assumed  form  of  (51) \  for 
the  director,  it  is  convenient  to  decompose  M,m  and 
£  into  their  components  along  and  perpendicular  to 
the  unit  vector,  b,  i.e., 

M  =  M  (•-»■»  ,t;y)b  +  b  *  S("'l,t;v)  ,  S  •  b  =  0  , 

m-m(,'1,t)b  +  b'*s(0,,t)  ,  s  •  b  =  0  , 

>  =  -  ("hub  +  b  x  cP'.t)  ,  c  •  b  -  0  ,  (52) 

where  M,m  and  *  are  scalar  functions  and  S,s,c  are 
vector  functions  of  their  arguments.  According  to 
the  decomposition  (r'2)  \  the  vector,  M,  is  resolved 
into  two  parts.  One  pa  t  is  along  b  and  the  other 
part  is  the  perpend  icu  I projection  of  M  onto  the 
plane  defined  by  S  •  b  =  0  which  is  perpendicular  to 
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b.  Parallel  statements  hold  for  vectors,  m  and  9, 
in  (52) 

Also,  it  is  convenient  to  decompose  the  assigned 
fields,  f  and  l,  into  two  parts,  one  of  which  repre¬ 
sents  the  three-dimensional  body  force  acting  on  the 
continuum  which  is  assumed  to  be  derivable  from  a 
potential  function,  rt(r,<J>),  and  the  other  which 
represents  the  effect  of  applied  surface  loads  on 
the  major  surfaces  of  the  fluid  sheet.  Thus,  we 
write 


f  =  - 


3$ l 

3r 


+  f 

-c 


(- 


3rt 

3<J) 


+  z  ) 


(53) 


With  the  foregoing  definitions  of  the  various 
field  quantities  and  with  reference  to  the  present 
configuration,  the  conservation  laws  for  a  restricted 
theory  of  a  Cosserat  surface  (different  from  the  re¬ 
stricted  and  constrained  theories  discussed  previ¬ 
ously  by  Naghdi  (1972)  and  by  Green  and  Naghdi  (1974)1 
are: 


-a  r 

dt  J  F 


pda  =  0  , 


P (v  +  kwb)dc  =  f  p fdo  + 
at  J  p  -  J  p  ~ 


r  n 

J  ap  - 


ds 


f 

dt 


r 


p(kv  +  kwblwdo  -  b  [  (pi>m)da  +  Mds) 
Jp  ‘  p  J  oP 

r 

+  b  •  [I  (pc-s)d.' 

J  P  -  - 

+  , ,  Sds  I  , 


d  r 


dt  J  f'lj  x  Y  +  k(r  x  Wb  +  d  *  v))do 


=  r 


P [r  »  f  +  d  x  (b  <  c) Ida 


.  u  a  a  ,  c, . 

h  =  qv  ,  q  =  q  •  a  ,  (55) 

a  - 


where  q  is  the  heat  flux  vector  and  the  fields,  Nu, 
Sa,Mu,qa,  are  functions  of  0^,t.  The  five  conserva¬ 
tion  equations  in  (54)  then  yield  the  local  equa¬ 
tion  st 


pa1*  =  y(0Y>  , 


(a  N  )  +  yf  =  7 (v  +  kwb) 


(aV) 


+  =  ma  +  y (kv  •  b  +  kw)  , 


(a^S1)  +  yc  =  a^s  -  b  x  ykv  , 


a  x  N  +  d  x  (b  v  s)  +  d  x  (b  x  s  )  =  0 

-  ~  ~  -a  -  - 


f> r  -  div  q  -  pc  +  N  •  v  +  mw  +  M  w  =  0 

s  ..  - ,  u  ,  u 


(56) 

(57) 


(58) 

t  (59) 

,  (60) 


where  "divs"  is  the  surface  divergence  operator  de¬ 
fined  by  divs  q  =  q>(1  •  aa  and  a  comma  denotes  par¬ 
tial  differentiation  with  respect  to  the  surface 
coordinates,*’^.  It  should  be  noted  that  the  vector 
fields,  S  ‘  and  s,  are  workless  and  do  not  contribute 
to  the  reduced  energy  equation  (60) . 

The  above  results  include  (60) ,  which  is  derived 
from  (54)’,.  For  the  purely  mechanical  theory  in 
which  tiie  law  of  conservation  of  energy  is  excluded, 
the  appropriate  conservation  laws  are  the  first  four 
of  (54).  In  the  context  of  the  purely  mechanical 
theory,  it  is  worth  recalling  that  the  rate  of  work 
by  all  contact  and  assigned  forces  acting  on  P  and 
on  its  boundary,  9P ,  minus  the  rate  of  increase  of 
the  kinetic  energy  in  P  can  be  reduced  to  (see 
Naghdi  (1972,1974)]: 


N  +  d  x  (b  x  s) ]ds 


•  v  +  •  w)do  +  J'.jp  (N  •  v  +  M  •  w)ds 


_d 

dt 


=  r 

J  p 

♦  r 


n  (r  + 


AP 


(N 


+  +  h  (v  •  v  +  2kv 

f  •  v  +  ;.  w)dn 
~c  -  c 

■ v  +  Mw  -  h)ds 


wb  +  kw’ )  [dc 


(54) 


In  the  above  equations  (54) \  is  a  statement  of  con¬ 
servation  of  mass,  (54)  ;>  the  conservation  of  linear 
momentum,  (54) that  of  the  conservation  of  the 
director  momentum,  (54) 4  the  conservation  of  moment 
of  momentum  and  (54) r  represents  the  conservation 
of  energy.  It  should  be  noted  that  the  quantities, 

M  and  *  ..c  no  contributions  to  the  moment  of  momen¬ 

tum  equation,  and  the  quantities,  c  and  S,  make  no 
contribution  to  the  equation  for  conservation  of 
energy  in  the  present  restricted  theory. 

Under  suitable  continuity  assumptions,  the  curve 
force,  N,  the  director  force,  M,  and  the  heat  flux, 

!.,  can  be  expressed  as 

N  =  N  '  v 

t 

M  =  M*v  ,  S'  s‘v  ,  S  *  •  b  -  0  , 

'i  u 


-  '  h(v  •  v  +  2kv  •  w  +  kw?)do  =  f  Pdo  ,  (61) 

p  -  Jp 

where 

a  -.x 

P  =  N  •  v  +  mw  +  M  w 

'  ,  x  , :  i 

is  the  mechanical  power. 

Before  closing  this  section,  we  also  note  that 
the  restriction  imposed  on  the  motion  of  the  medium 
by  the  condition  of  incompressibility,  in  the  context 
of  the  restricted  theory  under  discussion,  reduces 
to-1 


In  line  with  a  remark  made  at  the  end  of  the  previous 
section,  we  note  that  equations  (56)-(60)  can  also  be 
derived  by  suitable  integration  across  the  thickness  of 
the  sheet,  respectively,  from  the  three-dimensional  equa¬ 
tions  (9)]  i  ^  and  the  three-dimensional  energy  equation. 

In  •  j*  •:»«  •  t  .1 1  ,  then-  .!(•■  two  ot  »nd  l t  i  on:,  ol  i  iK-omj  t  ess  i  b  j  |  1 1  y 
in  t  he  t heot y  of  i  tn  >  »m|  t ess  l  i  >  1  <  i  1  i  •  -c  t  <  -d  Sluid  sheets;  lot 
,i  •  1  i  smiss  i  i  >ti  of  these,  set*  Nnqhd I  (l Sett  ion  U.  In 
out  ]  ?  en.ent  <1 1  sein.s  ion ,  since  .1  t.  assumed  to  |j,»vi  tin  fotm 
t '  l  >  j  ,  t  h<  second  condition  is  s.itislied  identically  and 
t  he  cot  t  esj  •(  >nd  i  mi  |  te.,:;ure  (at  i  lii-i  t  t  •  >m  the  lonstrajut 

te:-.j  Iitliie)  Is  U  ]  ait  Ot  the  t  es]  utile  Inti-  t  ion  fo»  s'  and  s. 
The  sj  ec  i  f  i  cat  n  >n  (‘.’1  is  motivated  1  t  om  at.  examination  o* 
the  ni<  « imj  t  ♦'  -  s  1 1- 1  1  1 1  y  eond  1 1  ion  in  t  tie  t !.  1 1  e-d  unens  iona  1 
theoty  when  t  he  position  Vest  >r  Is  a|  |  l  iuxim.lt  ed  by  (.'1). 


[aiaod]  =  0  (02) 

and  can  alternatively  be  expressed  in  the  form 

( (d  •  a3)al*  -  (d  •  art)a3]  •v  +a3*w»0  .(63) 

For  an  incompressible  inviscid  fluid  sheet,  which 
models  the  properties  of  the  three-dimensional  in¬ 
viscid  fluid  at  constant  temperature,  we  introduce 
the  constitutive  assumption  that  Na,m,Mlt  do  not  de¬ 
pend  explicitly  on  the  kinematical  quantities,  v  a, 
w,w  ,  and  are  furthermore  workless,  i.e., 

N  1  •  v  +  mw  +  M^w  =  0  ,  (64) 

-  ~  ,U  ,it 

provided  v  .x  and  w  satisfy  the  constraint  condition 
(63) .  With  the  use  of  (51) ,  it  can  then  be  shown 
that  Isoe  Green  and  Naghdi  (1976,  1977)] 

N 1  =  -  p^{  (d  •  a^) a*  =  (d  •  a'^a^l 


m  =  -  p'a,  •  b  ,  M  *  -  0  ,  (65) 

o*3 

where  is  an  arbitrary  scalar  function  of  l)Y,t 
and  is  the  alternating  tensor  in  2 -space.  With 

the  help  of  the  energy  equation  (60)  and  the  fact 
that  the  mechanical  power  vanishes  identically  for 
an  incompressible  inviscid  fluid  at  constant  tempera¬ 
ture,  it  can  be  shown  that  I  see  the  appendix  of  Green 
and  Naqhdi  (1976)] 

q*  ^  0  ,  t  —  0  ,  r  =  0 


7.  WATER  WAVES  OF  VARIABLE  DEPTH 

Within  the  scope  of  the  restricted  theory  of  the 
previous  section,  wc  include  here  an  outline  of  a 
derivation  of  a  system  of  nonlinear  differential 
equations  governing  the  two-dimensional  motion  of 
incompressible  fluids  for  propagation  of  fairly  long 
waves  in  a  stream  of  water  of  variable  initial  depth. 
Our  developments  include  the  effects  of  gravity  and 
surface  tension  but  we  assume  that  the  mass  density 
of  the  fluid  does  not  vary  with  depth.  However,  a 
more  general  derivation  for  a  nonhomogencous  inviscid 
fluid  in  which  the  mass  density  is  allowed  to  vary 
with  depth  is  given  by  Green  and  Naqhdi  (1977).  Let 
ei,c;,oi  be  a  set  of  right-handed -constant  orthonormal 
base  vectors  associated  with  rectangular  Cartesian 
axes  and  choose  the  unit  vector,  b,  to  coincide  with 
C).  Then,  the  position  vector,  r,  in  (46) j  and  the 
director,  d,  in  (51) j  can  be  represented  as 

r  -  xcj  +  yc?  +  <]*e  3  ,  d  =  tfc?}  ,  (66) 

where  x,y,ij‘,‘t'  are  functions  of  0l,0'\t.  The  velocity, 

v,  and  the  director  velocity  now  take  the  forms 

v  -  ue|  +  vep  +  Aej  ,  w  =  we*  ,  (67) 
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A  =  ip 


(68) 


and  we  note  that  the  velocity  comj>onents,  u,v,X,w, 
may  be  regarded  as  functions  of  either  0l,U‘  ,t  or 
of  x,y,t.  From  (67)  follow  the  expressions 

v  =  uoi  +  vci  +  Xe3  ,  w  =  we  3  (69) 


and 


u  =  u  +  uu  +  vu 
t  x  y 


v  =  v  +  uv  vv 
t  x  y 


\  =  \  +uA  +vA  ,  w-w  +uw  +  vw  ,(70) 
t  x  y  t  x  y 


where  the  subscripts,  x,y,t,  designate  partial  dif¬ 
ferentiation  with  respect  to  x,y,t,  when  u,v,A,w  are 
regarded  as  functions  of  x,y,t.  With  the  use  of  (67) 
and  (70),  the  incompressibility  condition  (64)  as¬ 
sumes  the  simpler  form 


<Mu  +  v  )  +  w  =  0 
x  y 


'  (71) 


In  order  to  complete  our  development,  we  need  to 
specify  values  for  the  assigned  force,  f,  and  the 
assigned  director  force,  *’ ,  and  to  identify  the  co¬ 
efficients^  ,k  and  k,  which,  in  general,-  require 
constitutive  equations.  For  this  purpose  we  consider 
the  corresponding  fluid  sheet  in  the  three-dimensional 
theory  in  which  an  incompressible  homogeneous  fluid 
under  gravity  ||  , -g*C3,  flows  over  a  bed  specified  by 
the  position  vector 


r*  =  xej  +  ye-  +  a(x,y)ej  (72) 


and  we  specify  the  surface  of  the  fluid  by 

r*  =  xei  +  ye-  +  h(x,y,t)e^  .  (73) 


In  (72),  ,t  is  a  given  function  of  x,y  but  fl  in  (73) 
depends  on  x,y,t.  At  the  surface  (73)  of  the  stream 
there  is  constant  pressure,  pQ,  a  constant  normal 
surface  tension,  T.  At  the  bed  the  (unknown)  pres¬ 
sure,  p,  depends  on  x,y  and  t.  Thus,  the  normal 
pressure,  p* ,  at  the  top  surface  (73)  is 


P* 


q  » 


T{ (1  +  B2)8  -  28  8  8  +  (1  +  B?)8  } 

_ y  xx  x  y  xy _ x  yy 


(l  +  fC  +  uv/.- 

X  y 


(74) 


At  the  bed  (72)  the  normal  velocity  of  the  fluid  is 
zero  and  the  pressure,  p*  takes  the  value 

p*  =  f>  ( x ,  y ,  t )  ,  (75) 

where  p  is  to  be  determined. 

To  proceed  further,  we  recall  the  notation  in  (3), 
let  the  surface,  t,  =  0,  defined  by  (15)  coincide  with 
thq  surface,  J ,  and  consider  the  three-dimensional 
region  of  space  between  the  surfaces  (72)  and  (73) 
occupied  by  the  fluid.  Any  point  in  this  three- 
dimensional  region  is  then  specified  by 


We  ii: i* •  u*  (instead  >'t  o)  for  iir.ivitv,  Si  nee  the  letter,  a, 
i  ■;  used  for  ,i  different  quantity  i  it  (O,  (M  ami  elsewhere  in 
t  fie  | >,r|ier  . 


whore 
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r*  r  +  -  xjojf  ye>  +  ( ij*  i  0'<*')e<  ,  (76)** 

whore  the  surfaces,  t  and  h ,  in  (2(0  or  (72)  and  (73) 
correspond  to  8*  -  j  ,  a*  =-  v» ,  respect  i  vely .  Also, 
x»y,>'  and  .?  in  (76)  are  functions  of  ()l,0*  and  t  and 

a  =  i,  +  jv,*'  ,  {•'  -  y  +  .  (77) 

Next,  in  order  to  obtain  explicit  values  of  >,k,k,f 
and  i  in  relation  to  the  top  and  bottom  surfaces  of 
the  fluid#  we  choose  the  surface,  0*  =  0,  so  that  the 
center  of  mass  of  the  three-dimensional  fluid  region 
under  consideration  always  lies  on  this  surface  and 
wo  then  identify  this  surface  with  the  surface, J  , 
in  the  theory  of  Cossorat  surface.  Without  loss  in 
generality#  we  may  choose  j  =  -S,  -  +*„•  (set.’ 

Figure  2).  This  leads  to  the  identification: 


The  questions  of  continuous  dependence  upon  the 
initial  data  and  uniqueness  for  solutions  of  initial 
boundary-value  problems  for  a  class  of  symmetric 
f 1 ows  characterized  by  a  special  case  of  the  system 
of  nonlinear  partial  differential  equations  given 
by  Green  et  al.  (1974c)  has  been  discussed  by  Green 
and  Naghdi  (1975).  A  similar  procedure  may  be  used 
to  establish  uniqueness  for  the  more  general  system 
of  equations  (80) . 

For  later  reference,  we  consider  here  the  reduc¬ 
tion  of  the  system  of  nonlinear  differential  equa¬ 
tions  (71)  and  (80)  for  unidirectional  flow  in  the 
absence  of  surface  tension,  T.  Without  loss  in 
generality#  we  set  the  ambient  pressure#  pQ  =  0, 
and  consider  flows  in  the  x-direction  only.  Then# 
with  q  -  0,  from  (71)  and  (80)  we  obtain 

+  («|»u)  =  0  , 


>  ri'  pa 


i 

r J 
j  , 


*  \ , 

e  g  ~d'j  ' 


V  >Mx#y) 

iM'i1,1/) 


i 

r 


*  i,  , 

>>  9*(H  ')•  i!0- 


■1  ( x ,  y ) 

>»  ( 0  1  ,  0  '  ) 


(78) 


where  p*  is  the  three-dimensional  mass  density  in 
(9)  and  the  determinant  g  defined  by  (  3)  <  is  cal¬ 
culated  from  the  approximation  (21)  so  that 


*  •  -  *  * , 

,■  4>\  =  p  -  e  q  | 

TT  0  4‘W  =  -  p  +  *- 
iz  4 


(83) 


We  may  solve  (83) 
p cessions 


for  p  and  p  and  obtain  the  ex- 

P  4*  (g  +  A)  t 


P 


4>  (9 


A  +  t*  w) 
6 


(84) 


_  >)_(_x  #_y )  _ 

m1,-  > 


(79) 


Substitution  of  (78)  and  the  appropriate  expressions 
for  f  anti  i  into  (57)  to  (59)  results  in  the  dif- 
erential  equations  of  motion 


j-u  -  -p  +  (p  -  q) }’  =  pit 

X  O  X  ‘  X 


e  +  (p  -  q)r  -  pt 
y  o  y  y 


.  -  *  * 

q  -  l>  f  v  -  e  g  4 


fr  »•  -  i0)  -  'a  p  +  ^ 


(80) 


whert 


P 


(81) 


Moreover,  since  the  bed  of  the  stream  is  stationary# 
from  (77)  and  (70)  *  /,  we  have 


'1  =  u  ix  +  v»v  =  v  -  J  }  M  -  w  .  (82) 

The  above  system  of  equations*  is  independent  of  the 
remaining  equations  (58)  which  involve  S'* , s .  Tin.1 
fields,  S'*,s,  correspond  to  appropriate  constraint 
responses  for  the  restricted  motion  (51). 


In 


*  •  f  -ii  r.-  t  *  ■  i  •  . 
I  tr  I  /' 


I  .•  *  I  It  |  •  -M 


Introduction  of  (84)  \  ;>  into  (8  3)  \  ;>  yields  a  system 
of  two  partial  differential  equations  in  u  and  w  but 
we  do  not  record  those  here.  A  further  simplifica¬ 
tion  of  those  equations  results  for  a  horizontal  bed. 
For  a  horizontal  bottom  a  may  be  taken  to  be  zero  and 
(77)  |  ^  and  (68 )  3  # <♦  reduce  to 

u  -  0  ,  8  -  4’  ,  y  =  -a  4  ,  \  =  '.>  w  .  (85) 


8.  FURTHER  REMARKS 

The  system  of  nonlinear  differential  equations  (71) 
and  (80)jrpf^i,,  which  include  the  effects  of  gravity 
and  surface  tension,  govern  the  two-dimensional  mo¬ 
tion  of  incompressible  inviscid  fluids  for  the  propa¬ 
gation  of  fairly  long  waves  in  a  stream  of  variable 
initial  depth.  They  are  derived  here  by  a  direct 
approach  as  consequences  of  the  conservation  laws 
(54)  subject  to  the  incompre  sibil ity  condition  (64). 
Upon  specialization  to  unidirectional  flow,  the  non¬ 
linear  differential  equations  (71)  and  (80)  reduce 
to  those  for  inviscid  fluids  over  a  bottom  of  vari¬ 
able  initial  depth  given  by  Green  and  Naghdi  (1976a, 
Sections  5-6),  while  the  equations  for  two- 
dimensional  flow  over  a  horizontal  bottom  were  de¬ 
rived  earlier  (Green  et  al .  (1974c)]. 

The  differential  equations  governing  the  motion 
of  a  viscous  fluid  sheet  are  discussed  briefly  by 
Green  and  Naghdi  (1976a,  Section  11)  and  a  similar 
development  can  be  given  within  the  framework  of  the 
restricted  theory  of  Section  6,  but  we  do  not  con¬ 
sider  this  aspect  of  the  subject  here.  The  system 
of  differential  equations  obtained  in  Section  6  is 
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valid  for  incompressible,  inviscid,  and  homogeneous 
fluids.  A  more  general  derivation  for  propagation 
of  fairly  long  waves  in  a  nonhomogeneous  stream  of 
variable  initial  depth  in  which  the  mass  density  is 
allowed  to  vary  with  depth  is  contained  in  a  recent 
paper  of  Green  and  Naghdi  (1977) . 

In  the  case  of  incompressible  inviscid  fluid 
sheets,  the  nonlinear  equations  for  wave  propagation 
in  water  of  variable  depth  can  also  be  derived  from 
the  three-dimensional  theory:  the  procedure  involves 
the  use  of  the  (three-dimensional)  equation  for  con¬ 
servation  of  enerqy,  the  incompressibility  condition, 
invariance  requirements  under  superposed  rigid  body 
motions,  along  with  a  single  approximation  (21)  for 
the  position  vector.  Then,  by  (6)  and  (21),  the  ap¬ 
proximation  for  the  (three-dimensional)  velocity 
field  is  given  by 

v*  =  v  +  0*vw  ,  (86) 


where  v  and  w  in  (86)  have  the  same  forms  as  those 
in  (67).  A  derivation  of  this  kind  has  been  carried 
out  by  Green  and  Naghdi  (1976b).  It  is  important, 
however,  to  note  that  this  derivation  is  limited  to 
incompressible  inviscid  fluids  which  do  not  require 
constitutive  equations.  1 

It  is  natural  to  ask  what  are  the  relationship  and 
advantages  (if  any)  between  the  above  system  of  equa¬ 
tions  and  those  which  are  currently  employed  by  other 
investigators.  To  provide  a  ready  comparison,  we 
list  below  from  Whitham  (1974)  alternative  forms  of 
equations  for  water  waves  moving  in  the  direction  of 
a  fixed  x-axis  for  a  stream  of  initial  constant  depth, 
h.  Let  the  elevation  of  the  stream  be  h  +  q.  Then# 
for  unidirectional  'low  and  in  terms  of  n  and  the 
horizontal  velocity,  u,  we  recall  from  Whitham 
(1974,  pp.  460-463)  the  system  of  equations 


rjt  +  \  u (h  4  n)  f 


uu  +  g  n 


+  *r  C'  hr) 

3  xxx 


and  the  pair  of  equations  attributed  to  Boussinosq, 
namely 

n  +  (h  +  n)u  =0  , 


u  +  g  ri  +  -r  hn  =  0 
x  3  xtt 


where  the  notations  in  (87)  and  (88)  are  the  same  as 
those  in  (70),  g*  is  the  acceleration  due  to  gravity 
introduced  in  Section  7  and  c  -  g*h.  Both  systems 
of  equations  (87)  and  (88)  allow  for  wave  propagation 
in  either  direction  along  the  x-axis.  For  waves  mov¬ 
ing  along  the  positive  x-direction  only  there  is  the 
Kor teweq-deVr ies  (1895)  equation — hereafter  teferred 
to  as  the  K.dv.  equation— i  .e . , 


n  +  c(l  +  7  .-)  M 

t  2  h  X 


—  efr  u  -  o 
6  xxx 


i  tv  t  •••  ■ 


or  an  equation  due  to  Benjamin  et  al .  (1972)  given 
by 


n  +  c(l  +  —  -  —  ch?n  .  =  o 

t  2  h  x  6  xxt 


As  already  remarked  by  Green  and  Naghdi  (1977), 
it  may  immediately  be  verified  that  the  set  of  equa¬ 
tions  (88)  and  (90)  only  have  steady  state  solutions 
if  n  and  u  are  both  constants.  Also,  although  the 
K.dV.  Eq.  (89)  admits  a  solitary  wave  in  which  the 
velocity  at  infinity  is  zero  and  the  stream  there  is 
at  its  undisturbed  height,  h,  it  does  not  admit  a 
steady  state  solution  with  u  constant  and  n  =  0  at 
infinity.  This  fact  is  related  to  another  property 
of  (89)  which  is  also  shared  by  (88)  and  (90) :  the 
three  sets  of  equations  (88)  to  (90)  are  not  invari¬ 
ant  in  form  under  a  constant  superposed  rigid  body 
motion  of  the  whole  fluid.  To  see  this,  suppose 
that  a  constant  superposed  riqid  body  translational 
velocity  is  imposed  on  the  whole  fluid  so  that  the 
particles  at  the  place,  x,  arc?  displaced  to  x+  at 
t ime ,  t  ,  spec i f i ed  by 

x  =x+at  ,  t+  =  t  +  a  ,  (91) 

where'  a  and  a  are  constants.  The  variables  that  oc¬ 
cur  in  the  differential  equations  (87) -(90)  are  n  = 

M  ( x,  t )  and  u  =  u(x,t).  Let  u+  *  n+(x+,t+)  and  u+  = 
u+(x+,t+)  be  the  corresponding  scalar  quantities  de¬ 
fined  over  the  region  of  space  occupied  by  the  fluid 
after  the  imposition  of  the  superposed  rigid  body 
motion  (91)].  Then,  from  (68) j  and  (8.6)  we  obtain 

u(x, t )  =  u+ (x+, t+)  -  a 

-  u+(x  +  at,  t  4  a)  -  a  .  (92) 

We  expect  the  elevation,  h  4-  n,  of  the  fluid  to  re¬ 
main  unaltered  by  superposed  rigid  body  motions;  and, 
since  h  remains  unaltered  also ,  this  leads  us  to  re¬ 
quire  that 


n(x,t)  -  r,+  (x+,t+)  =  n+(x  4-  at,  t  4-  a)  .  (93) 

From  (92)  and  (9%),  we  calculate  expressions  of  the 
type 
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with  similar  results  for  ut,ux  and  u  in  terms  of  u+ 
and  their  derivatives.  It  was.  noted  by  Green  and 
Naghdi  (1977)  that  if  tin-  independent  variables,  x, 
t,  in  (88)  to  (90)  are  changed  to  (91),  the'  equations 
for  u ,  >i  in  terms  of  x4 ,  t +  are  different  from  those  i' 
term;;  of  x,t  and  this  was  illustrated  explicitly  with 
reference  to  the  K.dV.  equation  (89).  Here,  we  con¬ 
sider"  the  pair  of  equations  (88) |  •.  After  substi¬ 

tuting  (92) - (94) ,  they  become 
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(95) 


The  first  of  (95)  is  of  the  same  form  as  (88)  j  and 
hence  invariant  but  clearly  the  second  of  (95)  dif¬ 
fers  from  (88)2*  This  means  that  the  character  of 
the  solutions  of  (88) ,  (89)  and  (90)  is  substantially 
altered  by  superposing  a  constant  rigid  body  trans¬ 
lational  velocity  on  the  fluid,  which  is  contrary 
to  what  happens  if  we  use  the  full  three-dimensional 
equations  of  motion  for  an  inviscid  fluid.  On  the 
other  hand,  the  set  of  equations  (87)  is  not  subject 
to  this  drawback,  and  the  equations  do  have  useful 
steady  state  solutions.  It  may  be  argued  that  be¬ 
cause  of  the  nature  of  the  approximation  in  obtain¬ 
ing  (88)  to  (90)  from  the  three-dimensional  theory 
we  should  not  expect  these  equations  to  be  invariant 
under  a  superposed  constant  translational  velocity, 
but  this  then  leaves  in  doubt  which  version  of  any 
of  the  sets  (88)  to  (90)  are  to  be  chosen  as  basic. 
The  difficulty  disappears  if  we  linearize  any  of 
the  above  sets  since  the  resulting  equations  are 
then  invariant  under  a  small  superposed  constant 
translat ional  velocity,  as  wc  would  expect. 

From  the  above  discussion,  it  might  appear  that 
the  equations  (87)  may  be  preferable  to  any  of  (88) 
to  (90) ,  but  arguments  are  put  forward  by  Whitham 
(1974,  p.462)  to  suggest  that  the  system  (88)  is  to 
be  preferred  to  (87)  .  Although  considerable  use  lias 
been  made  of  some  of  the  equations  (87)  to  (90)  ,  it 
would  seem  that  they  all  rest  on  a  somewhat  shaky 
physical  foundation.  By  contrast,  the  system  of 
equations  (71)  and  (80)  do  not  possess  the  undesir¬ 
able  features  of  the  type  noted  above:  they  are 
properly  invariant  under  superposed  rigid  body  mo¬ 
tions,  admit  general  steady  state  solutions,  and  are 
free  from  anomalies  mentioned  earlier. 

For  the  purpose  of  providing  a  more  explicit  com¬ 
parison  with  the  system  of  equations  (87)  to  (90) , 
we  specialize  the  system  of  equations  (83)  to  that 
for  a  horizontal  bottom  for  which  (85);  >  3 # s*  hoLd. 

Then,  denoting  again  the  elevation  of  the  stream  by 
h  +  n ,  the  differential  equations  (83);  p  can  bo  re¬ 
corded  in  the  form 


H  +  (h  +n)u  =  0 
x 


u  +  g  n  +  7  hi)  -  R 
x  3  xtt 


(96) 


that  the  nonlinear  equations  (96) ]  2  are  invariant 
under  a  constant  superposed  rigid  body  translation 
while  (88) 1  2  are  not.tt  Within  the  scope  of  the 
nonlinear  theory,  it  does  not  seem  reasonable  to 
neglect  the  quantity,  R,  in  (96)  o  on  the  basis  of 
either  physical  considerations  or  mathematical  argu¬ 
ments.  It  may  be,  however,  that  in  some  special 
circumstances  the  solution  of  (88)  is  a  good  approxi¬ 
mation  to  the  solution  of  (96) ,  but  this  is  a  dif¬ 
ferent  question  than  that  discussed  above.  In  this 
connection,  it  is  worth  noting  that  a  solution  to  a 
system  of  differential  equations,  which  results  from 
neglecting  certain  terms  in  a  more  general  system  of 
equations,  in  general,  will  not  be  the  same  as  a 
solution  obtained  by  approximation  from  a  correspond¬ 
ing  solution  of  the  more  general  system  of  equations. 

We  close  this  section  by  calling  attention  to  some 
available  evidence  of  the  relevance  and  applicability 
of  the  direct  formulation  for  fluid  sheets.  The  sys¬ 
tem  of  equations  (71)  and  (81) ,  or  a  special  case  of 
it,  has  already  been  employed  in  some  detailed  stud¬ 
ies  of  a  number  of  two-dimensional  problems  of  in¬ 
viscid  fluid  sheets,  as  well  as  in  some  comparisons 
with  known  previous  solutions  on  the  subject.  We 
mention  here  some  of  these  studies  and  refer  the 
reader  to  the  papers  cited  for  additional  informa¬ 
tion:  (a)  the  nonlinear  differential  equations  admit 

a  solitary  wave  solution  (see  Green  et  al.  (1974c)] 
which  is  the  same  as  that  attributed  by  Lamb  (1932, 
Section  252)  to  Boussinesq  and  Rayleigh;  (b)  this 
solitary  wave  solution,  as  well  as  appropriate  jump 
conditions  and  certain  results  derived  from  the 
energy  balance  for  an  inviscid  fluid  sheet  at  con¬ 
stant  temperature  [Green  and  Naghdi  (1976a,  Appen¬ 
dix)  ) ,  has  been  used  by  Caulk  (1976)  to  discuss  the 
flow  of  an  inviscid  incompressible  fluid  under  a 
sluice  gate;  (c)  the  steady  motion  of  a  class  of 
two-dimensional  flows  in  a  stream  of  finite  depth 
in  which  the  bed  of  the  stream  may  change  from  one 
constant  level  to  another,  and  the  related  problem 
of  hydraulic  jumps,  both  for  homogeneous  and  non- 
homogeneous  incompressible  fluids  [Green  and  Naghdi 
(1976a,  Section  7)  and  Green  and  Naghdi  (1977)]; 
and  (d)  a  class  of  exact  solutions  [Green  and  Naghdi 
(1976a,  Section  9)1  which  characterize  the  main  fea¬ 
tures  of  the  time-dependent  free  surface  flows  in 
the  three-dimensional  theory  of  incompressible  in¬ 
viscid  fluids  [Longuet-Higgins  (1972)]. 
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Discussion 


G.  L.  CHAHINE 


I  would  like  to  congratulate  the  author  on  his 
very  fine  work  and  to  comment  on  his  conclusion 
that  the  Rayleigh-Plesset  equation  represents  fairly 
well  the  growth  of  bubbles  attached  to  a  wall.  As 
is  well-known,  the  Rayleigh-Plesset  equation  relates 
the  growth  and  collapse  of  a  spherical  bubble,  with¬ 
out  relative  motion  with  respect  to  the  unbounded 
surrounding  fluid,  for  a  given  variation  of  pressure 
far  from  it.  It  then  seems  really  surprising  that 
such  an  equation  could  describe  so  well  the  growth 
of  the  bubble  on  a  blunt  nose  as  shown  in  Figure  31. 
None  of  the  requirements  for  the  validity  of  the 
Rayleigh-Plesset  equation  are  fulfilled: 

a.  the  bubble  is  non-spherical ,  even  if  we 
agree  that  the  shape  in  the  figure  plan 
is  a  portion  of  a  circle, 

b.  presence  of  a  wall, 

c.  shear  flow  around  the  bubble, 

d.  relative  motion  between  the  bubble  and  the 
fluid  (as  pointed  out  by  the  author) . 

Moreover,  the  presence  of  gas  inside  the 
bubble  is  not  taken  into  account,  while  the  gas 
behavior  has  been  shown  to  be  very  important 
[Chahine  (1974,  1976) ] .  We  believe  that  the  good 
agreement  between  experimental  results  and  analyt¬ 
ical  computations  shown  in  this  paper  is  mainly 
due  to: 

a.  the  time  of  observation  is  too  small  com¬ 
pared  to  the  hypothetical  lifetime  of  the 
bubble.  (For  a  bubble  radius  of  1.3  mm 
and  an  external  pressure  of  5,000  N/m2, 


the  Rayleigh  time  is  about  0.7  ms  and  the 
lifetime  is  greater  than  1.5  ms;  say  10 
times  the  observation  time.) 
b.  in  order  to  integrate  numerically  the 
Rayleigh-Plesset  equation  one  needs  two 
initial  conditions:  an  initial  radius 
and  an  initial  growth  rate.  If  R.  and  Rj 
replace  these  initial  conditions  it  is 
not  surprising  that  the  result  deduced 
for  R2  differs  only  4%  from  the  experi¬ 
mental  result. 

Concerning  Table  4,  the  calculated  relatively 
small  effect  of  surface  tension  and  viscosity  is 
in  good  agreement  with  previous  asymptotic  studies 
(Chahine  (1976)  and  Poritsky  (1952)]. 
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J.  H.  J.  van  der  MEULEN 


The  author  appreciates  Dr.  Chahine's  comments 
and  would  like  to  point  out  that  the  principal  aim 
of  comparing  the  cavity  growth  on  the  blunt  nose 
with  theory  was  to  show  that  the  travelling  bubble 
type  of  cavitation  is  more  related  to  bubble  dynam¬ 
ics  than  to  boundary  layer  phenomena. 

The  surprising  observation  (Figure  31)  that 
the  shape  of  the  attached,  growing  cavity  is  a 
spherical  segment  is,  to  a  certain  extent,  consis¬ 
tent  with  the  observation  by  Dr.  Chahine  (1977) 
that  the  growth  of  the  lower  part  of  a  bubble  below 
a  free  surface  is  not  influenced  by  the  presence 
of  the  free  surface. 

It  seems  most  unlikely  that  the  presence  of 
gas  originating  from  a  small  stream  nucleus  or  from 


diffusion  may  have  affected  the  growth  of  the  cav¬ 
ity  during  the  observation  period.  Oldenziel  (1976) 
has  shown  that  such  effects  can  be  neglected  for 
explosive  bubble  growth. 
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Discussion 

R.  LATORRE 


Our  lack  of  understanding  of  cavitation  noise 
and  its  measurement  technique  is  an  area  of  recent 
concern  and  the  authors'  experiments  and  discussion 
will  hopefully  aid  other  researchers  with  these 
problems . 


The  correlation  of  cavitation  noise  and  the 
observed  cavitation  is  a  complicated  research  topic. 
In  my  dissertation  I  am  studying  tip  vortex  cav¬ 
itation  noise  and  as  a  contribution  to  the  authors' 
paper,  I  would  like  to  present  some  illustrative 


FIGURE  1.  Tip  vortex  cavitation  noise  measure¬ 
ment  . 
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Fir,URE  2.  Tip  vortex  cavitation  noise  measure¬ 
ments  of  propeller  and  foil  tests  comparison  of 
intermittent  and  steady  tip  vortex  cavitation 
noise . 
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noise  measurements  made  at  the  University  of  Tokyo's 
and  the  Ship  Research  Institute's  (SRI)  cavitation 
tunnel . 

Figure  1  shows  the  measurement  apparatus.  The 
hydrophone  was  set  in  a  50  mm  acrylic  cup  mounted 
on  the  tunnel's  observation  window  and  filled  wit)i 
water.  The  measurements  were  made  in  uniform  flow 
at  constant  speed  with  the  section  pressure  lowered, 
using  propellers  and  foils.  The  propeller  was  SRI 
No.  121  (D  =  250  mm,  z  =  6,  area  ratio  =  0.8, 
constant  P/D  =  0.75).  The  foil  (1/4  SRI  Foil)  was 
a  scaled  version  of  Dr.  Ukon's  (SRI)  design  using 
NACA  4412  wing  section  and  a  planform  of  c(n)  = 
c.  (l-n2)'t-  The  1/4  SRI  Foil  had  an  aspect  ratio 
of  3,  semi-span  =  50  mm,  and  base  chord,  Cg  =  40  mm. 

The  measurements  are  briefly  illustrated  in 
Figures  2,  3,  and  4.  In  Figure  2  the  noise  spec¬ 
trum  and  envelope  of  tip  vortex  cavitation  noise 
is  shown  for  SRI  and  Tokyo  University  tests.  The 
intermittant  tip  vortex  noise  appears  as  spikes  in 
the  spectrum  between  2  and  6.3  kHz,  as  denoted  by 
"2"  in  this  figure.  Using  the  complete  test 
record  it  is  possible  to  construct  the  envelope 
shown  in  Figure  2D.  The  shifts  in  the  frequency 


appear  to  be  a  function  of  both  the  low  pressure 
vortex  core  and  the  condition  of  the  water. 

In  an  attempt  to  gain  an  understanding  of  the  noise 
mechanism,  additional  experiments  were  performed. 

In  Figure  3,  the  intermittant  tip  vortex  noise 
signal  at  6.3  kHz  was  used  to  trigger  the  camera 
shutter  to  photograph  the  intermittant  tip  vortex 
cavitation.  It  appeared  that  the  noise  mechanism 
is  due  to  the  pressure  wave  caused  by  the  filling 
of  the  low  pressure  vortex  core  by  dissolved  gases. 

To  test  this  hypothesis  of  the  tip  vortex  cav¬ 
itation  noise  mechanism,  air  was  injected  from  the 
1/4  SRI  Foil  tip  and  the  noise  spectrum  measured. 
Figure  4  shows  the  results  of  the  initial  tests 
illustrating  a  qualitative  agreement  in  the  actual 
tip  vortex  cavitation  noise  spectrum  and  the  sim¬ 
ulated  tip  vortex  using  air  injection.  At  the  time 
of  writing,  it  has  been  possible  to  improve  this 
technique  and  duplicate  the  intermittant  "spikes" 
in  the  noise  spectrum. 

Thus  by  the  experimental  results  a  basis  for 
understanding  the  low  frequency  aspects  of  tip  vor¬ 
tex  cavitation  noise  has  become  possible. 
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FIGURE  3.  Intermittent  tip  vortex  cavitation 
noise  siqnal  and  photo. 
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FIUURE  4.  Comparison  of  tip  vortex  cavitation  noise 
spectrum  trace  and  simulated  tip  vortex  using  air 
i n  iect ion. 


520 


Authors’  Reply 


GORAN  BARK  and  WILLEM  B.  van  BERLEKOM 


It  is  very  interesting  to  hear  of  this  hypoth¬ 
esis  concerning  generation  of  noise  by  tip  vortex 
cavitation.  We  have  performed  experiments  with  tip 
vortex  cavitation  at  propellers  and  hydrofoils  and 
found  that  intermittant  tip  vortex  cavities  were 
noisiest.  However,  we  have  not  performed  high  speed 
filming  or  other  more  advanced  attempts  to  study 
the  real  mechanisms  involved  in  the  volume  fluctu¬ 
ations  of  the  tip  vortex  cavity.  In  the  case  of 


bubble  cavitation  and  unsteady  sheet  cavitation, 
which  we  have  studied  in  more  detail,  we  are  of 
the  opinion  that  the  highest  pulses  are  generated 
during  the  final  part  of  a  collapse,  which  often 
is  rather  symmetrical,  and  that  filling  the  cavities 
with  gas  is  of  minor  importance  as  a  primary  gen¬ 
eration  mechanism.  However,  some  results  indicate 
that  this  gas  decreases  the  violence  of  the  collapse. 
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ABSTRACT 

The  Boussinesq  equations  for  gravity  waves  of  ampli¬ 
tude  a(x)  and  characteristic  length  ■ (x)  in  a 
gradually  varying  channel  of  breath  b(x)  and  depth 
d(x)  are  derived  from  Hamilton's  principle  on  the 
assumptions  that  a/d  i  <<  1,  (d/?)*  =  0(t),  b"(x) 

=  0  (  i  ’  /■  b/d)  and  d'(x)  =  0(.3-)  ('  =  d/dx)  .  The 
furtiier  assumption  of  unidirectional  propagation 
then  leads  to  the  Kortoweg-deVr ies  equation  for  a 
gradually  varying  channel.  It  is  shown  that  the 
latter  equation  admits  two  integral  invariants. 

The  second-order  (in  amplitude)  invariant  measures 
energy #  as  expected,  but  the  first-order  invariant 
measures  mass  divided  by  b’id1^  ;  accordingly,  mass 
is  conserved  only  if  either  the  first-order  invariant 
vanishes  identically  or  bd 2  is  constant,  and  only 
the  former  possibility  appears  to  be  consistent 
with  conservation  of  energy.  An  approximate  solution 
for  a  enoidal  wave,  which  conserves  both  energy  and 
mass,  is  developed.  The  corresponding  approximation 
for  a  solitary  wave  (which  may  be  regarded  as  a 
limit  of  a  enoidal  wave)  does  not  conserve  mass  but 
nevertheless  provides  an  approximation  to  the  evolu¬ 
tion  of  the  amplitude,  a  «  that  is  in 

agreement  with  experiments  for  gradual  decrease  of 
depth  or  increase  of  breadth  but  not  for  decrease 
of  breadth. 


1.  INTRODUCTION 

The  Boussinesq  regime  for  gravity  waves  of  amplitude 
a  and  characteristic  length  «.  in  water  of  depth  d 
is  characterized  by 

i  -  a/d  <•  1,  .*  =  (d/  i.)  ■■  1,  =  0(0,  ( la  ,b,c) 

where  i  and  l-  are  measures  of  nonlinearity  and 
dispersion,  respectively,  and  (lc)  refers  to  the 
asymptotic  limit  t  *  U.  The  assumptions  of  one¬ 
dimensional  wave  motion  and  uniform  depth  and  the 
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neglect  of  compressibility  and  viscosity  then  imply 
Boussinesq' s  equations  for  the  free-sur face  displace¬ 
ment  and  the  depth-averaged  velocity,  n(x,t)  and 
u ( x , t ) .  The  further  assumption  of  undirectional 
propagation  permits  the  elimination  of  u  to  obtain 
the  Korteweg-deVr ies  (KdV)  equation  for  n.  The 
classical  derivations  are  qiven  by  Whitham  (1974, 
513.11).  An  alternative  derivation,  starting  from 
the  Luke-Whitham  variational  principle  and  using  £, 
the  velocity  potential  at  the  free  surface,  and  n 
as  dependent  variables  also  has  been  given  by  Whit¬ 
ham  ( 1967) . 

I  consider  here  the  generalization  of  the 
Boussinesq  and  KdV  equations  for  a  channel  of  grad¬ 
ually  varying  breadth  and  depth  b(x)  and  d(x)  and 
their  approximate  solution  for  slowly  varying 
enoidal  and  solitary  waves.  I  begin  (in  Section  2) 
by  deriving  (what  may  be  called)  the  Boussinesq  chan¬ 
nel  equations  directly  from  Hamilton's  principle  (to 
which  the  Luke-Whitham  variational  principle  is 
equivalent  in  the  present  context)  on  the  basis  of 
(1)  and  the  further  assumptions  (which  imply 
gradual ly  varying) 

b'(x)  -  0 ( a V ' b/d )  ,  d'(x)  =  0(a3/?)  (2a, b) 

I  then  (in  Section  3)  invoke  the  hypothesis  of  uni¬ 
directional  propagation  to  obtain  the  KdV  channel 
equation,  which  was  developed  originally  by  Shuto 
(1974)  through  a  rather  more  involved  procedure. 

I  then  qo  on  to  consider  enoidal  waves  in  Section 
4  and  the  solitary  wave  in  Section  5  on  the  basis 
of  the  stronger  assumptions 

]  b '  |  <<  a  V'  (b/d)  ,  |d'|  <<  n  3/j  (3a, b) 

A  prominent  feature  of  the  KdV  equation  for  a 
uniform  channel  is  the  existence  of  an  infinite 
number  of  integral  invariants  (Whitham,  1974,  §17.6). 
The  KdV  equation  for  a  slowly  varying  channel  admits 
only  two  such  invariants,  of  first  and  second  order 
in  the  amplitude;  the  latter  measures  energy,  as 
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expected,  but  the  former  measures  mass  only  if  Ld^ 

=  constant.  This  deficiency  is  presumbly  a  conse¬ 
quence  of  the  implicit  neqloct  of  the  weak  reflection 
that  accompanies  the  qradual  variation  of  the  channel: 
the  reflection  coefficient  for  enerqy  is  second 
order  in  some  appropriate  measure  of  tiie  channel 
variation  and  therefore  has  no  cumulative  effect, 
whereas  that  for  mass  is  first  order  and  does  have 
a  cumulative  effect.  The  resultinq  difficulty  may 
be  avoided  for  a  wave  that  is  either  periodic  or  of 
compact  support  simply  by  choosinq  a  horizontal 
reference  plane  such  that  the  mean  value  of  the 
free-surface  displacement  vanishes  identically  (see 
Section  4) ,  but  the  problem  is  more  subtle  for  an 
aperiodic  disturbance  of  unlimited  extent  such  as 
a  solitary  wave  (see  Section  5)  and  remains  unre¬ 
solved. 

The  primary  goal,  at  least  for  practical  applica¬ 
tions,  of  the  analysis  of  waves  in  a  gradually 
varying  channel  is  the  prediction  of  a  as  a  function 
of  b  and  d.  Green's  law,  which  neglects  both  non¬ 
linearity  and  dispersion,  predicts  [Lamb  (1932, 

§185)] 

-V 

a  *  b  d  .  (4) 

It  is  often  used  for  practical  shoaling  calculations, 
and  Shuto  (1973)  finds  that  a  «  d~*4  holds  for 
solitary  waves  on  relatively  steep  slopes  for  a/d  as 
large  as  2.  On  the  other  hand,  the  joint  assumptions 
of  Boussinesq  similarity  (a/d  «  d* /V )  and  conser¬ 
vation  of  energy  (which  is  proportional  to  a*M) 
imply  [Mile.s  (1977a)] 

a  «  1  .  (5) 


Comparison  with  experiment  (see  Section  5)  suggests 
that  (5)  should  be  valid  for  a  shoaling  or  laterally 
diverging  channel  if  |i|  <  0.1,  where 


* 


(3a) 


-3/2 


[2d(b7b)  +  9d'|  , 


(6) 


but  perhaps  not  for  a  laterally  converging  channel. 

The  present  results  also  have  implications  for 
the  approximate  treatment  of  nonlinear  wave  propa¬ 
gation  alonq  the  lines  initiated  by  Whitham  (1974, 
Ch.  8)  in  his  treatment  of  shock-wave  propagation 
and  since  applied  to  solitary  waves  [Miles  (1977a)] 


2.  BOUSSINESQ  CHANNEL  EQUATIONS 

The  boundary-value  problem  for  gravity  waves  in  an 
ideal,  homogeneous  liquid  may  be  deduced  from 
Hamilton's  principle  in  the  form  [Brocr  (1974), 

Miles  (1977b) | 

• 1  ^ L\ *i  Mxdt  =  0,  L  =  f,r\  -  -~f  (V>p)4  dy  -  ^gri2  ,  ( 7a  ,  b) 

-  t  2  a  2 

a 

where  x  and  y  are  horizontal  and  vertical  coordinates; 
s(x,t)  and  n(x,t)  are  the  velocity  potential  at,  and 
the  displacement  of,  the  free  surface;  dx  is  an 
clement  of  area  in  the  x  space;  d(x)  is  the  quiescent 
depth;  and  the  velocity  potential  4>(x,y,t)  is 
determined  by 

V-  £  =  0  (-d  •  y  •  n)  ,  (8) 

+  7 d •  V'{>  =  0  (y  =  -d)  ,  =  f,  (y  =  n)  .  (9a,b) 

The  solution  of  (8)  and  (9)  is  given  by 


4>  =  C  -  vV-(dVC)  -  |y -V-r  +  0(r?C)  UO) 

where  r  is  defined  by  (lb)  with  d  and  i  as  scales 
of  y  and  x.  The  corresponding  approximation  to 
the  kinetic  energy  integral,  alter  invoking  n  =  0(ud), 
dV;r,  =  0(8^4)/  h  -  0(u)/  (2),  and  V*  (AVB)  =  VA«VB  + 

AV?B,  is 

f|  12- 
I  (Wdy  =  (d+i|>  (VC)  -  Ttl  U'J- +  fV*tdJ(V:’C)Vf.] 

-  d  j  } 

+  o(u3d~V)  .  UD 


Substituting  (11)  into  (7),  invoking  the  further 
approximation  that  is  independent  of  the  transverse 
coordinate  in  a  channel  of  slowly  varying  breadth 
b(x)  and  depth  d(x),  and  integrating  across  the 
channel,  we  obtain 


‘JOr 


-  ^-(d+-i) 

2  > 


ip 

6 


bdxdt  =  0. 


(12) 


The  corresponding  Euler- Lagrange  equations, 


f(bdJ£  )  +  [b(d  +  nK  ] 

3  xx  xx  x  > 


(13a) 


and 


-tx  +  gn  =  0, 


(13b) 


are  counterparts  of  the  Boussinesq  equations  [cf. 


Whitham  ( 1967 ) ]  . 

It  is  worth  noting  that  the  approximations  to 
this  point  are  consistent  with  conservation  of  both 
mass  and  energy: 


'<  [ vibdx  =  0,  D  f 

t  J  t  , 


2(d+r')f.x 


Li 3  f, 2 

6  xx 


-q  r 
2* 


bdx  =  0, 
(14a, b) 


where  the  integrals  are  over  either  (-•*', °°)  or  a 
periodic  interval.  The  integral  (14a)  follows 
directly  from  the  integration  of  (13a)  with  respect 
to  x,  subject  to  appropriate  null  or  periodicity 
conditions  at  the  end  points.  The  integral  (14b) 
may  be  similarly  established  or  may  be  inferred 
(through  Noether's  theorem)  from  the  invariance  of 
the  Lagrangian  density  in  (12)  under  a  translation 
of  t;  it  is  an  exact  invariant  of  (13),  but  it 
would  be  consistent  with  the  antecedent  approxima¬ 
tions  to  approximate  the  specific  energy  in  (14b) 
by  S (d£^  +  qn2 ) . 


3.  KORTEWEG-DEVRIES  CHANNEL  EQUATION 

The  Korteweg-deVries  (KdV)  equation  for  uni¬ 
directional  wave  propagation  in  a  uniform  channel 
may  be  deduced  from  the  Boussinesq  equations  by 
assuming  that  £  and  n  are  slowly  varying  functions 
of  t  in  a  reference  frame  moving  with  the  wave  speed, 
c.  It  is  expedient  in  the  present  context  to  choose 
x,  rather  than  t,  as  the  slow  variable  (since  b  and 
d  are  prescribed  as  slowly  varying  functions  of  x) 
and  to  introduce 

s  ‘J  fBt  - 1  (c2  gd)  (15) 

as  a  characteristic  variable.  The  direction  of 
propagation  may  be  reversed  by  reversing  the  sign 
of  t  in  ( 15) . 


The  reduction  of  (in  on  the  hypnth<  si s  that  qx 
-  0(ai)s)  yields 

~(d*  /c '^ )  r|  +  3  (cd)  1  MM  2-,  +  (  Mk  )t|  --  o,  (16) 

*  sss  :>  x 

where 


A  (  ) 


(d./dx)  log  (  ) 


(17) 


(note  that  Ac  -  5Ad)  .  Equation  (16),  which  appears 
to  have  been  derived  originally  by  Shu to  (1974), 
reduces  to  the  KdV  equation  if  b  and  d  are  constant. 

The  vertically  averuqod,  horizontal  velocity  is 
q ivon  by 


(qn/c) (1+0 (a) I , 


(18) 


whilst  the  vertical  velocity  is  0(a^u).  The  mass, 
momentum,  and  enerqy  of  the  wave  therefore  are  qivon 
by 

M  =  nbc  gds,  M  =  » b  cd  J  uds  =  Me,  £  -  i>qbc  J~iy°ds , 


within  l+0(a).  The  limits  of  integration  may  be 
replaced  by  _»ST  for  a  wave  of  period  T. 

Multiplying  (16)  through  by  S(bc)l2  and  beg, 
respectively,  and  integrating  over  -»•  *  s  w  on 
the  assumption  that  n,  ns,  and  gss  vanish  in  the 
limits,  we  obtain  the  integral  invariants 


I  (be) 


nds,  J  =  be 


/ 


{ 20a , b) 


It  follows  that  £  =  i>gJ  is  conserved.  On  the  other 
hand , 


M 


,1  (be)  ‘  anil  M  =  ,1 (be  ’) 


b) 


so  that,  except  for  special  combinations  of  b  and 
d,  M  and  M  are  conserved  only  if  /‘lvnds  =  0.  Non- 
conservation  of  momentum  is  acceptable  in  consequence 
of  the  horizontal  thrust  exerted  on  the  fluid  by 
the  bottom  and  walls  of  the  channel,  but  non¬ 
conservation  of  mass  is  generally  unacceptable . 

We  remark  that  the  neglect  of  both  dispersion 
and  nonlinearity,  as  represented  by  the  first  and 
second  terms,  respectively,  in  (16),  yields  Green's 
law,  (bc)*2n  =  f  (s)  ,  where  f  .is  an  arbitrary  function 
of  the  character istic  coordinate,  s. 


4.  H LOWLY  VARYING  CNOIDAI.  WAVE 
Theory 

Kinemut ica l  and  scaling  considerations  suggest  that 
an  approximate  solution  of  (16)  for  a  wave  of  pre¬ 
scribed  period 


(L/q) 


s 


b**  posited  in  t lie  form 

n(s,x)  a  ( x  )  N  (•> ,  x  )  ,  t)  -  <oi- i  -  x(*). 


(22) 


( 2  3a ,  b) 


where  0  and  x  arc  fast  and  slow  variables,  a(x)  is 
a  slowly  varying  amplitude,  anti  \{x)  is  a  slowly 
varying  phase  shift.  It  also  is  expedient  to 
l  nt,  rollin' 


r (x)  -  2 (cd/au) x  * (x) , 
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(24a) 


such  that  the  phase  speed  of  the  wave  is  given  by 
C  =  -0/0  '  c  /  [  1  -  S Y  (a/dl  =  lq  (d+ya)  1  **.  (24b) 

Conservation  of  mass  and  enerqy  imply  the  constraints 
(see  Section  3) 


■  =  0,  a*  bcT<N' 


-  J, 


(25a, b) 


where  *•  >  implies  an  average  over  a  2?f  interval  of 
0  and  J  is  the  integral  invariant  obtained  throuqh 
the  substitution  of  (23)  into  (20b). 

A  formal,  asymptotic  development  of  the  descrip¬ 
tion  (23)  may  be  obtained  by  expanding  N(0,x)  and 
y(x)  in  {towers  of  an  appropriate  measure  of  the 
slow  variation  of  b  and  d  and  invoking  (25a)  and 
the  requirement  that  the  period  of  0  be  2n .  The 
first  upproximat ion ,  which  is  obtained  by  substit- 
inq  (23)  into  (16)  and  then  neglecting  all 
derivatives  with  respect  to  the  slow  variable  x, 
corresponds  to  that  for  a  cnoidal  wave  (Lamb  (1932, 
§253) ] .  it  may  be  placed  in  the  form 


( 19a , b,e) 


N  ~  civ  (  ( K/n  )  0  |  m J  -  <civ 


<cn“ >  =  (m-l+ (E/K) ) /m, 
(26a ,b) 


>  *  [2-m-3(E/K)]/m,  aL/d-  =  (16/3)mK*  U(m),(26c,d) 

where  en(u|m)  is  an  elliptic  cosine  of  modulus  v/nT~ 
and  K  and  E  are  complete  elliptic  integrals  in  the 
notation  of  Abramowitz  and  Stegun  (1955),  and  U(m) 
is  the  local  Ursell  parameter.  Substituting  (26) 
into  (25b),  wo  obtain 


V.' 


)  = 


F  (m)  , 


(27a) 


when 


=  | 2 (2-m)  (E/K)  -  3 (E/K)  ‘ 


and 


-  (1-m) ]/(3m*  ) 


_  U  3 

F  =  (4/3  )K‘  [2(2-m)EK  -  3E‘  -  (l-m)K-J  . 


(27b) 


(27c) 


It  follows  from  (27),  which  determines  m(x) ,  that 


m  is  constant  if  and  only  if  bd 


9/?  = 


constant,  in 


which  special  case  (23) ,  (26) ,  and  (27)  constitute 
an  exact  similarity  solution  of  (16). 

The  results  (26a)  and  (27a)  provide  a  parametric 
relation  between  aL/d-  and  JL3/* /bd^/"  that  may  be 
graphically  represented  as  a  plot  of  log  F  vs  log  (J 
[see  Miles  (1978b)].  The  case  of  constant  depth  is 
especially  simple  in  that  the  plot  of  log  F  vs  log 
U  is  equivalent  to  -log  b  vs  log  a.  The  limiting 
relations 


f  >  iir 


(8J)‘ib'l>(Ld)"’> 


((/  4  0) 


(28a, b) 


and 

F 


4  V.’ 

<>  - 


a  -  V/VVY1  (U  f  ->  (29a'b) 

4 


intersect  at  II  -  150  and  provide  rough  approximations 
for  Li'  150. 

The  preceding  calculation  is  a  generalization  of 
that  of  Evendsen  and  Brink-Kjaer  (1972),  who  consider 
the  one-dimensional  (b  =  constant)  shoal inq  problem; 
however,  they  replace  0  +  tot  in  (2  3b)  by  the 
equivalent  of  [1  -  Sy (a/d] (x/c) ,  which  is  clearly 
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in  error  unless  both  1>  and  d  are  constant. 

The  problem  also  is  attacked  by  Shuto  (1974), 
who  allows  for  the  variation  of  both  b  and  d  but 
•'rives  at  a  result  (which  he  inteqrates  numerically) 
tht.  appears  to  be  inconsistent  with  conservation 
of  energy .  However,  his  result  is  consistent  with 
(28)  in  the  limit  U  1  0  and  with  (29)  in  the  limit 
11  f  M  or,  more  precisely,  with  the  result  obtained 
by  neqlectinq  only  terms  of  exponential ly  small 
order  in  (27) , 

F  -  (|(()V  il  -  2(^1)'^)  (U  t  »•)  ,  (20) 

which  is  in  error  by  less  than  1  for  ti  %  70.  It 
therefore  appears  that  Shuto' s  numerical  results 
are  not  siqnif icantly  in  error  (on  the  scale  of  his 
plots)  over  the  entire  ranqe  of  (/. 


Exper iment 

Shuto  (1974)  compares  his  results  with  his  own 
experimental  observations  and  with  those  of  Iwaqaqi 
and  Sakai  (1969)  for  shoal inq  waves  periods  from 
1.2  to  6  seconds  on  uniform  slopes  of  1/20  and  1/70. 
He  concludes  that  linear  surface-wave  theory  (which 
presumably  accounts  exactly  for  dispersion)  is 
superior  to  his  cnoidal-wave  results  for  U  -  30  and 

conversely  for  (1  '*  10  and  that  the  latter  are  good 
for  a/d  as  large  as  0.8. 


5.  SLOWLY  VARYING  SOLITARY  WAVE 


Theory 


however,  he  does  not  obtain  an  explicit  description 
of  the  oscillatory  tail,  nor  does  he  allow  for  the 
possibility  of  expanding  the  slowly  varying  phase 
X(x)  as  well  as  N(0,x)  [see  (23)]. 

Ko  and  Kuehl  (1978)  have  criticized  Johnson  for 
this  latter  omission  and  develop  a  joint  expansion 
of  (the  equivalents  of)  N  and  x*  They  conclude 
that  the  solitary  wave  ("soliton")  experiences  an 
irreversible  energy  loss  in  the  sense  that  it  does 
not  re-establish  itself  if  the  channel  gradually 
reverts  to  its  initial,  uniform  breadth  and  depth. 
This  may  be,  but  the  proper  form  of  the  inner 
expansion  is  to  some  extent  a  matter  of  expediency, 
and  the  ultimate  validity  of  any  particular  expansion 
can  be  established  (albeit  heur istically)  only 
through  matching  to  a  proper  outer  expansion.  Ko 
and  Kuehl  appear  to  overlook  the  crucial  role  of 
matching,  and,  at  least  in  this  important  respect, 
their  results  must  be  reqarded  as  incomplete. 

Johnson's  results  are  readily  generalized  to 
allow  for  the  variation  of  both  b  and  d  and  reveal 
that 

&  =  2  ( 3a/d)  ~  Vr.dA  (bd'V*1 )  =  < 3«) " 3/;’ (2dAb  +  9d") 

(32) 

is  an  appropriate  measure  of  the  slow  variation  of 
the  channel  (this  same  measure  also  is  appropriate 
for  a  enoidal  wave  for  (/  >  100)  .  The  Boussinesq 
equations  (13)  and  KdV  equation  (16)  are  based  on 
the  restriction  5  =  0(1)  as  a  i  0  [cf.  (2)],  whereas 
(26)  and  (31)  are  bdsed  on  the  stronger  assumption 
|^|  <•.  1  [cf.  (3)]  .  Moreover,  a  consideration  of 
the  special  case  of  linearly  increasing  breadth  and 
constant  depth  [Miles  (1978a)]  suggests  that  the 
wave  ultimately  ceases  to  bo  solitary  and  evolv*  - 


The  slowly  varying  so  1  itat  y  wuvt 


a  seen  | 


(  3.1.1)  '  ,  .ix  P 


til,  2  [.)  (.(  +  ->)  |  \ 


(  1 1  a  ,  b) 


is  obtained  bv  lotting  U  t  •  with  K-*  -  0(1)  in  (26) 
and  (27).*  There  is,  however,  a  nuw  di  f  f  iculty : 
none  of  the  integrals  I,  M,  and  M  [see  (20a)  and 
(21a,  b)  | ,  which  now  are  proportional  to 
1)  '  \i,  and  b  d  ,  respectively,  is  conserved  ex¬ 
cept  tor  special  variations  of  b  and  d.  (The  failure 
of  the  condition  -N-  -  0  in  the  limit  (i  t  -  is  a  con¬ 
sequence  of  t  lie  loss  of  the  displacement  -a*  cn-  • 
u/K,  which  cancels  the  mean  of  aerr  (2Kv)  when  inte¬ 
grated  over  -K  ■  2K<‘  •  K.  1  It  follows  that,  except 

m  the  special  cast'  bd°^J  =  constant  for  which  (U) 
is  an  exact,  solution  of  (lo)  and  M  and  M  vary  like 
d'  and  d  *'  •  ,  respectively,  (31)  cannot  h«-  a  uni¬ 
formly  valid  approximation  to  the  solution  of  the 
KdV  hannel  equation  (16);  instead,  it.  is  the  first 
term  m  an  inner  expansion,  which  must  be  matched 
to  an  approj  r  lat.e  outer  expansion. 

Johnson  (19/M)  obtains  the  next  term  in  an  inner 
expansion  tor  b  -  constant  and  finds  that  it  can 
b*.  mat-  hed  to  an  appt<*pr  iate  outer  expansion  if  d 
is  i  ni  *r  i»as  i  j».  j  in  tli*-  direction  of  propagation  ( t.  h«  ■ 
solitary  wav**  m.iy  und**r |o  fission  if  d  is  de«*r  ear.  i  nq )  ; 


%  *"> 
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FMURF.  1.  Decay  of  a  solitary  wave  in  a  linearly  ex- 
pandin«T  channel.  The  wave  is  propaqatinq  in  the  posi- 
tive-x  direction,  where  x  is  measured  from  the  virtual 
oriqin  at  which  b  =  0,  and  enters  the  diverqinq  chan¬ 
nel  (from  an  entry  section  of  uniform  width)  at 
x/d  :  in.  The  amplitudes  at  the  transition  station  are 
a/d  =  0.05  {*) ,  0. 1 (+) ,  0 . 2 (o) ,  and  0.4(*).  The  dashed 
lines  have  slopes  of  -2/3. 
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FIGURE  2.  Growth  of  a  solitary  wave  in  a  linearly  con¬ 
tract  inq  channel.  The  wave  is  propaqatinq  in  the  nega- 
tive-x  direction  (riqht  to  left) ,  where  x  is  measured 
from  the  virtual  oriqin  at  which  b  =  0,  and  enters  the 
converning  channel  (from  an  entry  section  of  uniform 
width)  at  x/d  :  94.  The  amplitudes  at  the  transition 
station  are  a/d  =  0.0S(*),  0.1(+),  0.2(o),  and  0 . 4  ( ■ ) ; 
the  correspondinq  slopes  of  the  dashed  lines  are 
-0.39,  -0.^4,  -0.41,  and  -0.42. 

into  a  dispersive  wave  train  for  which  the  first 
peak  closely  approximates  a  solitary  wave  in  shape 
but  is  followed  by  successive  peaks  of  only  Gradually 
diminishinq  amplitude.  There  remains,  however,  the 
difficulty  of  nonconservation  of  mass,  and  the 
qeneral  problem  of  an  aperiodic  wave  (in  particular, 
an  initially  solitary  wave)  in  a  gradually  varying 
channel  is  unresolved  at  this  time. 


Kxper  intent 

Shuto  (197  3)  compares.  Green's  law,  a  *  d  ^ ,  and  the 
present  prediction  a  *  d“ I ,  with  the  experimental 
observations  of  Cum: iel  i  and  Street.  (1969)  and  Ippen 
and  Kulin  (1954)  for  shoal inq  of  solitary  waves  on  a 
uniform  slept*.  He  concludes  that  the  rnnqe  of  valid¬ 
ity  of  the  "-1  power"  law  decreases  with  inereasinq 
slope  and  that  the  power"  law  holds  for  slopes  in 
excess  of  0.045  and  a/d  as  large  as  2.0.  A  more 
precise  comparison  can  be  made  cm  the  basis  of  (32), 
which  reduces  to 

;  =  '» (  3a/d)  “  ' '  d  '  (b  •  cons?  ant  )  (  .3  3) 

for  a  channel  of  constant  breadth.  The  estimated 
critical  values  of  ’,  such  that  a  ■*  d“  •  <>r  d"  ■»  pro¬ 
vide  b*  •  1 1  *■  r  fits  to  the  data  for  “■  *  *  or  **, 

respect i vely ,  are  *  =  0.10,  0.10,  and  0.00  for 
slopes  of  .01,  .02,  arid  .0?,  and  a  d“  ‘  is  typically 
within  the  experimental  scatter  for  •  •  o.oi. 

i*hanq  and  Melville  (unpublished)  have  nv.-ont  ly 
n-M:  nel  a  ( x )  in  linearly  diverqinq  and  converging 
nuni"!:..  The  1 1  results  for  a  diverging  ehannel 
(Ft  in*-  l)  tend  to  confirm  the  prediction  a  1  l>~ 

\  g  initial  valm-s  (at  the  transition  from  a  uniform 
•harm*!)  <0  o.gr,  _  ,,/d  _  0.2  (tlu*  cor  respond  inq 
val  i>  s  ot  *  .!{{,)"  V.  (db'/b)  are  in  the  ranqe 

: ■  i . 1 1 1  ,  although  tin*  decay  ultimately  exceeds 

t. h i i-i  lnvis-'i  l  j*red i ct ion — presumably  in  consequence 
of  vis  <>iis  or  other  dissipation  --  aril  exceeds  it 
if Nr  only  a  rather  brief  section  for  an  initial 


value  of  a/d  =  0.4.  Their  results  for  a  converging 
channel  (Figure  2)  predict  a  qrowth  that  is  roughly 
approximated  by  a  a  b~° ■  '* .  Dissipation  in  the 
converging  channel  would  tend  to  decrease  the  magni¬ 
tude  of  the  exponent,  but  why  this  decrease  should 
be  so  much  larger  than  the  corresponding  increase 
for  the  diverqinq  channel  is  not  clear  at  this  time 
(intuition  suggests  that  reflection  could  be  mere 
significant  in  a  converging  than  in  a  diverging 
channel,  but  neither  analytical  nor  experimental 
evidence  is  available  to  support  this  conjecture). 
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ABSTRACT 

Recent.  studies  on  wind  waves  in  our  laboratory, 
from  a  view  point  of  stronq  nonlinearity  of  the 
wind  waves,  are  reviewed.  The  main  items  are  as 
follows.  (1)  It  has  been  shown  by  experiments  and 
t.heorot  ieu l  analyses  that  the  mechanism  of  initial 
generation  of  waves  by  the  wind  is  the  instability 
of  shear  flows  of  two-layer  viscous  fluids,  air  and 
water.  It.  is  a  selective  amplification  of  distur¬ 
bances  at  the  frequency  of  maximum  growth  rate. 
However,  the  transition  of  the  initial  wavelets  to 
irregular  wind  waves  including  turbulence  follows 
within  several  seconds  [Kawai  (1977)).  (2)  Flow 

visualization  studies  of  the  internal  flow  pattern 
of  wind  waves  show  that  the  shearing  stress  of  the 
wind  is  concentrated  at  the  crest  and  windward  face 
of  individual  waves,  and  a  special  area  is  formed 
where  the  surface  wind  drift,  and  consequently  the 
vorticity  is  concentrated,  causing  the  forced  con¬ 
vection  or  the  turbulent  mode,  which  is  the  origin 
of  the  irregularity  of  wind  waves  [e.g.,  Toba  et  al . 
(1975);  Okuda  et  al.  (1977)1.  (3)  Statistical 

investigation  of  instantaneous  individual  waves  in 
a  wind-wave  tunnel  shows  clearly  the  existence  of 
similarity  in  the  individual  waves  (Tokuda  and  Toba 
(1978)).  Namely,  the  energy  spectrum,  which  is 
newly  defined  for  the  individual  waves,  is  virtually 
equivalent  to  the  traditional  energy  spectrum  at 
the  frequency  range  from  0.7-  to  1.5-times  the 
frequency  of  the  energy  maximum.  However,  the  energy 
peaks  which  usually  appear  in  the  traditional  spec¬ 
trum  at  the  higher  harmonics  of  these  dominant  waves 
completely  disappear.  The  apparent  phase  speed  of 
individual  waves,  for  each  wind  and  fetch  condition, 
is  inversely  proportional  to  the  square  root  of 
their  frequency,  and  is  much  larger  than  the  phase 
speed  of  linear  water  waves.  For  the  individual 
waves  for  each  wind  and  fetch  condition,  there 
exists  statistically  a  conspicuous  relationship  of 
the  3/? -power  law  [ef.,  Toba  (1972,  1978a) 1  between 
the  normalized  wave  height  and  period.  Consistently 


with  this  and  the  phase  speed  relationships,  the 
steepness  of  the  individual  waves  is  statistically 
constant.  (4)  Discussion  is  presented  as  to  the 
possibility  of  approaching  the  above-mentioned 
characteristics  of  the  individual  waves  from  the 
similarity  hypothesis  and  dimensional  considerations 
Self-adjustment  of  the  individual  waves  to  the 
local  wind  drift  distribution  is  postulated  to 
explain  the  3/2-power  relationships,  which  may  bo 
the  basis  of  the  possibility  that  the  pure  wind-wave 
field  is  represented  by  a  single  dimensionless 
parameter  [Toba  (1978a)).  (5)  A  new  formulation 

is  presented  for  the  roughness  parameter  or  the 
drag  coefficient  over  the  wind  waves,  incorporating 
the  single  dimensionless  parameter  of  the  wind-wave 
field.  A  physical  interpretation  of  the  form  is 
given  from  the  internal  flow  pattern  of  individual 
waves  [Toba  (1978b) J. 


1.  INTRODUCTION 

In  a  traditional  model,  the  wind  waves  are  treated 
as  phenomena,  expansible  to  component  free  water 
waves  having  weakly  nonlinear  interactions  among 
waves  of  different  wave  numbers.  However,  detailed 
experimental  studies  on  the  actual  conditions  of 
wind  waves  produced  in  wind-wave  tunnels,  have 
shown  that  wind  waves  are  much  more  strongly  non¬ 
linear  phenomena,  especially  in  their  younger  stages 
This  report  presents  a  review  of  recent  studies 
made  in  our  laboratory,  givinq  much  emphasis  to 
the  strong  nonlinearities  which  are  inherent  in 
wind  waves. 


2.  INITIAL  GENERATION  OF  WIND  WAVES 

The  first  topic  starts  with  an  approach  from  the 
process  of  the  initial  generation.  The  wind  waves 
have  long  been  assumed  to  be  generated  from  a  still 
water  surface  by  the  effect  of  pressure  fluctuations 
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FIGURE  I.  Flow  visualization 
of  the  initial  stage  of  the 
generation  of  wind  waves  by 
use  of  hydrogen  bubble  lines 
produced  by  the  electrolysis 
of  water.  The  photographs  were 
taken  from  a  viewpoint  slightly 
below  the  air-water  interface, 
so  images  reflected  at  the  in¬ 
terface  are  seen  in  the  upper 
1/4  of  each  picture.  The  hydro¬ 
gen  bubble  lines  are  produced 
near  the  left  end  as  pulses  of 
0.002-s  width  at  0.04-s  inter¬ 
vals  in  a  very  slow,  uniform 
flow  of  water  which  was  pro¬ 
duced  before  the  start  of 
wind.  The  wind  was  6.2  m/s 
blowing  from  left  to  right  of 
each  picture.  The  filmed  time 
of  each  picture  from  the  start 
of  the  wind  is  shown  in  sec¬ 
onds.  The  out-of- focus  areas 
were  caused  by  some  fluctuation 
of  the  mean  flow,  for  very  shal¬ 
low  depth  of  the  focus.  In  (e) 
are  seen  the  initial  wavelets, 
and  in  (f)  is  seen  the  onset  of 
turbulent  mode.  [Cited  from 
Okuda  et  al.  (1976).] 


(d)  329  (•>  3  78  <f>  420 


A  resonance  mechanism  for  the  initial  generation 
proposed  by  Phillips  (1957)  and  an  instability 
mechanism  for  further  growth  proposed  first  by  Miles 
(1957)  have  been  referred  to  on  every  occasion. 
Valenzuela  (1976)  showed  that  the  growth  rate  of 
waves  in  the  gravity-capillary  range,  observed  by 
Larson  and  Wright  (1957)  at  the  initial  stage  of 
the  generation,  agrees  with  the  expected  qrowth 
ru'-o  by  the  instability  theory  applied  to  a  coupled 
shear  flow  of  the  air  and  the  water. 

Kawax  <1977  and  1978)  of  our  laboratory  has 
arrived  at  the  conclusion,  by  systematic  experiments 
together  with  theoretical  analyses,  tha*  the  mech¬ 
anism  of  generation  of  the  initial  wavelets  is  the 
instability  in  a  two-layer  shear  flow  of  viscous 
fluid  of  air  and  the  water,  vis  a  selective  amplifi¬ 
cation  of  disturbances  of  the  frequency  at  the 
maximum  growth  rate. 

The  experiments  were  carried  out  mainly  by  use 
of  a  wind-wave  tunnel  of  20  m  length,  60  cm  x  120  cm 
cross-sect  ion ,  containing  water  of  70  cm  depth. 

Aft*'r  the  sudden  starting  of  wind  on  the  still 
surface  of  water,  a  shear:  flow  first  develops  in 
the  uppermost  thin  layer  of  water,  and  several 
seconds  later,  regular,  long-crested  initial  wavelets 
appears  [Figure  1(e)].  Mis  theoretical  analysis  of 
the  shear  flow  instability  of  the  two- layer  viscous 
fluids,  using  the  actual  profile  of  the  shear  flow 
in  wat-’r,  shows  that  the  system  is  unstable  and 
there  exists  a  frequency  at  which  the  growth  rate, 
kCj ,  is  maximum  (Figure  2).  The  frequency  of  kC|- 
max imum  does  not  necessarily  coincide  with  that  of 
Cr-minimum,  or  the  minimum  phase  speed  for  the 
gravi ty-capi 1 lary  wave.  Three  properties  of  the 
initial  wavelets  determined  by  the  experiment,  i.o., 
the  frequency,  the  growth  rate,  and  the  phase  speed 
are  all  virtually  coincident  with  those  of  tire 
theoretically  |  redicted  waves  of  the  maximum  growth 
rate  as  shown  in  the  following. 

Figure  1  shows  an  ('volution  of  the  spectrum 
calculated  by  the  maximum  entropy  method,  which  may 
be  applicable  to  nonstationary  processes.  Eacu 
spectrum  represents  an  ensemble  average  of  8  runs. 


Wavelets  of  a  constant  frequency  of  about  15  Hz  in 
this  case  grow  as  shown  in  the  figure  with  a  smooth 
spectrum.  The  peak  then  moves  to  a  lower  frequency 
side  showing  the  evolution  to  irregular  wind  waves 
having  the  usual  spectral  form.  In  the  stage  of 
constant  frequency,  Figure  4  shows  the  agreement  of 
the  observed  frequency  of  the  initial  wavelets  with 
the  theoretical  frequency  for  the  kCj-maximum,  as 
a  function  of  the  friction  velocity  of  the  air,  u«, 
but  independent  of  the  fetch.  The  frequency  for  the 
Cr-minimum  is  around  14  to  13  Hz,  and  does  not 
coincide  with  the  observed  initial  wavelets.  Figure 

5  shows  the  agreement  in  the  phase  speed,  and  Figure 

6  the  growth  rate  between  the  observed  initial 
wavelets  and  the  theoretical  initial  wavelets  for 
kCj, -max  imum. 

Thus,  Kawai's  conclusion  is  that  the  generation 
of  wind  waves,  whose  initial  stage  is  called  initial 
wavelets,  is  caused  by  the  selective  amplification 
of  small  perturbations  which  inevitably  occur  in 
the  flow  by  the  instability  of  the  two-layer  viscous 
shear  flow. 

However,  the  duration  of  the  exponential  growth 
of  the  initial  wavelets  was  limited  to  from  1  to  8 
seconds  in  the  experiments.  The  transition  from 
the  regular,  long-crested  initial  wavelets  to  short- 
crestcd,  irregular  wind  waves  takes  place  in  a  very 
short  time.  The  spectral  peak,  which  has  grown  up 
with  an  approximately  constant  frequency,  starts 
wandering  at  the  transition,  and  then  moves  toward 
the  lower  frequency  side  with  the  energy  increased 
in  a  general  trend  as  seen  in  Figure  3,  and  also 
in  Figure  7.  The  transition  coincides  with  the 
onset  of  turbulence  at  the  water  surface  as  revealed 
in  the  next  section. 


3.  INTERNAL  FLOW  PATTERN  OF  WIND  WAVES  —  AN 
EXPERIMENTAL  SUPSTANTIATI ON  OF  THE  STRONGLY 
NONLINEAR  PROCESSES 

Irregularity  is  a  character  inherent  in  the  wind 
waves.  This  has  been  demonstrated  by  detailed 
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FIGURE  2.  Theoretically  obtained  correlation 
of  the  amplification  factor  kC^,  the  phase 
speed,  Cr,  and  the  frequency,  f,  to  the  wave 
number,  k,  in  the  instability  of  coupled  shear 
flow  of  the  air  and  the  water,  for  four  values 
of  the  friction  velocity  of  the  air  u*  of  (a) 
13.6,  (b)  17.0,  (c)  21.4,  (d)  24.8  cm/s. 

[Cited  from  Kawai  (1977).] 


studies  of  the  internal  flow  pattern  of  wind  waves 
by  use  of  flow  visualization  techniques  [Toba 
et  al.  (1975),  Okuda  et  al .  (1976,  1977)  and 

Okuda  (1977)]. 

Along  the  surface  of  individual  undulations, 
hereafter  called  individual  waves,  there  is  a  stronq 
variation  of  the  tangential  stress  exerted  by  the 
wind.  The  stress  value  determined  locally  f rum  the 
distortion  of  hydroqen  bubble  lines,  is  several 
times  qreater  than  the  averaqe  wind  stress  value  at 
the  windward  face'  of  the  crest,  and  it.  is  noqliqiblc 
at  the  lee  side  of  the  crest  as  shown  in  Fiqure  H 
as  an  example.  The  concentration  of  the  shear inq 
stress  results  in  the  development  of  the  local 
surface  wind  drift  forminq  a  special  reqion  under 
the  crest  where  the  stronq  vorticity  is  concentrated. 
The  vorticity  concentration  causes  the  forced  con¬ 
vection  or  turbulence,  irrespective  of  whether  or 
not  the  air  entrainment,  or  the  break inq  in  a  usual 
sense  occurs.  As  s**en  in  Fiqure  9,  small  }*olystyrene 
['articles  of  0.99  specific  qravity  placed  pist 
beneath  the  water  surface  prior  to  the  start  of 
the  wind,  beqin  to  disperse  into  the  interior  by 
the  forced  convection,  coincidentally  with  the 


transition  of  the  initial  wavelets  to  the  irregular 
wind  waves.  The  main  stage  of  the  growth  of  wind 
waves  thus  seems  to  proceed  as  a  strongly  nonlinear 
processes . 

4.  COMPONENT  WAVES  AND  INDIVIDUAL  WAVES  AS  PHYSICAL 
MODEL  OF  WIND  WAVES 

Despite  the  fact  that  the  wind  waves  are  thus  a 
strongly  nonlinear  phenomenon,  they  have  been 
assumed  as  expansible  to  component  waves,  having 
phase  speeds  obeying  the  dispersion  relation  of 
free  water  waves,  and  weak  wave-wave  interactions 
have  been  considered. 

Recently  there  have  been  some  articles  reporting 
that  the  [base  speeds  of  component  waves  do  not 
necessarily  satisfy  the  dispersion  relation,  notably 
by  Ramamonj iar isoa  (1974)  for  the  one  dimensional 
case  and  Rikiishi  (1978)  for  two-dimensional  com¬ 
ponent  waves.  Rikiishi  developed  an  experimental 
technique  for  the  determination  of  the  directional 
structure  of  the  phase  speed  of  component  waves 
without  pro-assuming  the  dispersion  relation,  and 
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FIGURE  4.  Observed  theoretically  predicted  frequency 
of  the  initial  wavelets,  f . ,  as  a  function  of  the 
friction  velocity  of  air,  u#.  Theoretical  values  are 
for  the  condition  of  the  maximum  growth  rate,  where 
U}/u#  represents  the  dimensionless  thickness  of  the 
viscous  boundary  layer  of  the  air.  (Cited  from  Kawai 
(1977).] 
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FIGURE  3.  A  sequence  of  spectra  for  the  initial  stage 
of  the  generation  of  wind  waves,  showing  the  growth  of 
initial  wavelets  at  a  constant  frequency  of  about  15 
Hz,  and  the  transition  to  irregular  wind  waves.  The 
spectra  were  calculated  by  the  Maximum  Entropy  Method, 
and  each  line  represents  an  ensemble  average  of  eight 
cases.  The  fetch  was  8  m  and  the  nominal  wind  speed 
was  5.1  m/s.  (Cited  from  Kawai  (1977).] 


u,  (cm  s’1) 


FIGURE  5.  The  growth  rate  of  the  initial  wavelets, 

8,  as  a  function  of  u#.  Theoretical  values  correspond 
to  those  for  waves  of  the  maximum  growth  rate.  [Cited 
from  Kawai  (1977).] 
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FIGURE  6.  The  phase  speed  of  the  initial  wavelets  C 
as  a  function  of  u*.  Theoretical  values  correspond  to 
those  for  waves  of  the  maximum  growth  rate.  The  theo¬ 
retical  values  were  calculated  by  use  of  the  observed 
velocitv  profiles  in  the  water  at  the  critical  time  of 
the  first  appearance  of  the  initial  wavelets.  The  ob¬ 
served  values  for  higher  three  wind  speeds  were  deter¬ 
mined  at  the  critical  time,  whereas  that  for  the  lowest 
wind  speed  was  determined  about  3.5  s  after  the  critical 
time  because  of  the  experimental  difficulty,  and  this 
delay  may  presumably  explain  the  observed  higher  value 
than  the  theoretical  ones.  [Cited  from  Kawai  (1977).] 
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FIGURE  7.  An  example  of  minute  inspection  of  the  ob¬ 
served  time  series  of  the  spectral  peak  for  the  initial 
stage  of  the  generation  of  wind  waves.  The  lapse  of 
time  is  indicated  in  alphabetical  order,  the  interval 
between  successive  points  being  0,32  s.  After  the  growth 
of  regular  initial  wavelets  at  a  constant  frequency  of 
about  15  Hz,  the  spectral  peak  shows  an  irregular  mo¬ 
tion  corresponding  to  the  transition  to  irregular  wind 
waves.  [Cited  from  Kawai  (1977).] 


FIGURE  8.  Observed  values  of  the 
local  shearing  stress  along  the 
surface  of  representative  wind 
waves.  The  abscissa  is  the  phase 
relative  to  the  peak  point  of  the 
crest  and  the  ordinate  is  ex¬ 
pressed  as  the  square  of  the  fric¬ 
tion  velocity  of  the  water.  The 
wind  speed  was  6.2  m/s  and  the 
fetch  wa'T  2.85  m.  [Cited  from 
Okuda  et  al.  (1977) . ] 
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FIGURE  9.  Flow  visualization  of  the 
initial  staqe  of  the  generation  of  wind 
waves  by  use  of  polystyrene  particles 
which  had  a  2-mm  diameter  and  the  specific 
qravitv  of  about  0.99,  and  which  were 
placed  iust  beneath  the  water  surface 
prior  to  the  start  of  the  wind.  The  wind 
blows  from  the  left  to  the  riqht.  The 
wind  speed  in  the  tunnel  section  was 
rt.6  m/s,  and  the  fetch  was  2.95  m.  The 
time  measured  from  the  start  of  the  wind 
is  shown  in  seconds.  In  2.58  s,  initial 
wavelets  may  be  recoqnized  by  streaks  of 
liqht  in  the  water,  and  some  particles 
have  already  beaun  to  disperse  into  the 
water.  In  4.78  s,  waves  are  already  ir- 
reqular  wind  waves  and  more  particle*;  are 
dispersed.  In  1.1.6  s,  particles  are  dis¬ 
persed  down  to  more  than  10  cm,  corre¬ 
sponding  approximately  to  a  half  of  the 
representative  wave  lenqth.  (C'ited  from 
Toba  et  al.  (197^).] 


found  that  the  phase  speed  was  virtually  independent 
of  the  frequency,  and  had  the  same  value  as  that 
of  the  waves  of  the  spectral  maximum,  at  respective 
fetches.  Those  experimental  results  are  interpreted 
as  indicating  that  the  assumption  of  wind  waves  as 
expansible  to  component  free  waves  with  weak  non¬ 
linearity  is  not  necessarily  appropriate  for  young 
growing  wind  waves. 

on  the  other  hand,  since  individual  waves  as 
instantaneous  surface  undulations  have  a  specific 
shearing  stress  distribution,  and  a  specific  interval 
flow  pattern,  they  may  carry  some  factors  as  a  phys¬ 
ical  element.  We  have  examined,  in  a  wind-wave 
tunnel  of  15-cm  width,  onerqy  density  distributions 
for  individual  waves,  as  well  as  their  phase  speeds, 
and  compared  them  with  those  obtained  by  usual  com¬ 
ponent  wave  model  for  the  same  experimental  data 
(Tokuda  and  Toba  (1978)].* 

First,  a  normalized  onerqy  spectrum  for  individual 
waves  has  been  newly  defined  and  calculated  from  the 
statistical  distribution  of  two  kinds  of  the  individ¬ 
ual  waves:  zero-crossing,  trough-to-trough  and  all 
tropjh- to- trough  on  our  wave  records,  as  illustrated 
in  Figure  10.  The  definition  of  the  normalized 
individual-wave  spectral,  density,  0N,  is 


'>N(fN)  =  ojAf/fuf/f  )E 


(1) 


where 


,  m.T.  H. 

=  .  ‘‘(/i  ,  i  1,2, 

1  2  <  mT  2 


,  n  +  l 


and  where  is  the  number  of  individual  waves  of 
the  period  class,  T^ ,  (frequency  from  f  to  f  f  Af), 
Af  =  l/(2nAt),  where  we  used  At  0.02  s,  n  -  100, 
and  Af  -  0.25  Hz,  and  also 
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and  where  fp  is  the  frequency  of  the  energy  maximum. 

Figure  10  shows  the  comparison.  The  A- spectrum 
is  the  normalized  spectra  by  the  traditional  com¬ 
ponent  wave  model  in  which  the  secondary  peak  is 
seen  at  the  normalized  frequency  of  2.  The  B-spectrum 
is  for  individual  waves  of  zero-crossing,  trough-to- 
trough,  and  the  C-spectrum  for  all  trough-to-trough 
on  our  wave  records.  In  the  main  frequency  range 
from  0.7  to  1.9,  which  is  the  value  normalized  by 
the  peak  frequency,  the  spectra  are  virtually 
equivalent  with  one  another.  The  second  peak  at 
frequency  of  2  in  the  A-spectrum  completely  dis¬ 
appears  in  the  individual-wave  spectra.  The  slope 
of  these  straight  lines  is  f~q  for  the  high  frequency 
side,  and  f°  for  the  low  frequency  side.  The  C- 
spectrum  is  considered  to  give  a  better  represen¬ 
tation  of  the  high  frequency  side  which  is  exactly 
on  the  f"  1  line,  and  the  B-spectrum  represents  the 
low  frequency  side  better,  which  is  more  similar  to 
the  traditional  A-spectrum.  We  may  infer  that  much 
onerqy  of  the  higher  frequency  part  of  traditional 
component  waves,  which  is  clearly  shown  as  the 
energy  at  higher  harmonics  of  the  spectra,  is  a 
manifestation  of  the  distorted  shape  of  individual 
waves  of  the  main  frequency  range,  as  was  already 
suggested  by  Toba  (1971). 

Figure  11  shows  the  normalized  phase  speed  of 
individual  waves  determined  by  two  adjacent  wave 
gauges.  It  is  inversely  proportional  to  the  square 
root  of  the  frequency,  in  contrast  to  the  phase 
speed  of  linear  waves  which  is  inversely  proportional 
to  the  frequency.  In  addition,  the  phase  speed  of 
the  individual  waves  is  much  larger  than  that  of 
linear  waves  as  shown  later.  In  the  case  of  the 
phase  speed  of  component  waves  of  onc-dimcnsiona 2 
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F r  JURE  10.  Comparison  of  three  kinds  of  normalized  energy  spectra  from  the  same  wind-wave  records  in  the  wind 
wave  tunnel.  A:  Traditional  energy  spectra  by  the  component-wave  model.  B:  Energy  spectra  for  individual  waves 
of  zero-crossing  trouqh- to- trough .  C:  Energy  spectra  for  individual  waves  of  all  trough-to-trough.  (Cited  from 
Tokuda  and  Toba  (197R).] 


spectra,  which  was  obtained  from  the  cross-spectra 
of  the  records  of  two  adjacent  wave  gauges  (Figure 
12) ,  approximately  the  same  phase  speed  is  obtained 
in  the  before-mentioned  main  frequency  range,  where 
the  coherence  is  close  to  unity.  However,  in  the 
higher  frequency  range,  it  is  virtually  constant 
in  agreement  with  Ramamon j iarisoa ' s  1974  measurement. 
The  original  values  are  shown  in  Figure  13,  in 
which  locations  of  the  spectral  peak  are  shown  by 
arrows  for  the  shortest  and  the  longest  fetches, 
respectively,  and  as  the  peak  frequency  moves  to 
the  left,  the  phase  speed  of  the  component  waves 
becomes  larger.  In  the  figure,  the  full  line  shows 


the  phase  speed  of  linear  waves.  Figure  12  is  the 
normalization  of  Figure  13,  and  Figure  14  shows  an 
example  of  the  comparison  of  phase  speeds  of  com¬ 
ponent  waves  and  individual  waves.  It  should  be 
noted  that,  as  the  distance  of  two  wave  gauges 
becomes  wider,  the  range  of  high  coherence  becomes 
narrower,  and  the  phase  speed  of  component  waves 
tends  to  be  more  uniform  and  obscure.  However,  it 
is  at  least  evident  that  phase  speeds  for  both  com¬ 
ponent  waves  and  individual  waves  have  the  same 
value  near  the  peak  frequency,  and  are  inversely 
proportional  to  the  square  root  of  frequency,  and 
much  higher  than  the  values  of  linear  waves.  It 
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FIGURE  11.  Phase  speed  distribution  of  individual 
waves  (zero-crossinq  trouqh- to- trough) ,  determined 
by  a  photographic  method,  and  normalized  by  values 
for  waves  of  maximum  energy  density.  Dispersion  re¬ 
lation  for  water  waves  are  also  entered  by  the  dotted 
line.  [Cited  from  Tokuda  and  Toba  (1978).] 


is  caused  by  the  effect  of  the  wind  drift,  which  is 
concentrated  near  the  crests. 

Thus,  by  using  appropriate  normalization,  we 
may  express  the  energy  distribution  of  physically 
substantial  waves  by  the  energy  spectra  of  individual 
waves  for  some  local  frequency  ranges,  excluding 
false  energy  density.  The  above  mentioned  B-spectrum 
and  C-spectrum  are  two  examples  of  these.  Further, 
we  may  reinterprete  the  traditional  energy  spectrum 
for  the  main  frequency  range  as  representing  the 
energy  distribution  of  individual  waves,  rather 
than  the  usual  interpretation  of  a  linear  combination 
of  small  amplitudes  of  freely  travelling  component 
wave„  In  other  words,  the  elementary  physical 
substance  of  wind  waves  is  rather  in  the  individual 
waves,  which  have  a  specific  distribution  of  local 
wind  stress  and  flow  pattern,  and  an  apparent  phase 
speed  inversely  proportional  to  the  square  root  of 
the  frequency. 

Further,  Figure  15  shows  that,  for  the  individual 
waves  in  the  main  frequency  range  for  each  wind  and 
fetch  condition,  there  exists  a  conspicuous  statis¬ 
tical  relation  between  normalized  wave  height  and 
period,  for  significant  waves  which  Toba  (1972) 
proposed  as  the  3/2  power  law: 


gH/u  ‘  and  T*  gT/u*  represents  the 
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FIGURE  13.  Original  values  of  the  phase  speed  distri¬ 
bution,  for  eight  fetches,  before  the  normalization 
shown  in  Figure  12.  Peak  frequencies  for  the  shortest 
and  the  longest  fetches  are  indicated  by  arrows,  other 
cases  being  in  between  of  these.  The  phase  speed  of 
linear  water  waves  is  indicated  by  the  full  line. 
[Cited  from  Tokuda  and  Toba  (197R).] 


dimensionless  height  and  period,  respectively, 
normalized  by  use  of  the  acceleration  of  gravity 
g  and  the  friction  velocity  of  the  air  u*.  The 
figure  shows  the  data  for  individual  waves  for 
various  fetches.  Except  for  very  short  fetches  up 
to  about  4  m,  the  factor  of  proportionality  B  is 
constant  of  about  0.045. 

It  should  be  noted  that  although  the  spectral 
form  of  wind  waves  in  wind-wave  tunnels  is  different 
from  that  in  the  sea  as  discussed,  e.g.,  by  Kawai 
et  al.  (1977),  nevertheless  the  above  power  law 
holds  for  both  cases,  although  the  constant,  B,  is 
slightly  different  [cf,  also  Toba  (1978a)].  Figure 
16  shows  another  representation  of  the  same  relation: 
between  the  wave  height  and  the  frequency,  normalized 
for  those  waves  of  maximum  energy.  The  slope  of 
the  line  is  -3/2. 

Consistently  with  this  relation  and  the  above- 
mentioned  apparent  phase  speed,  the  steepness  of  the 
individual  waves  determined  by  a  photographic  method 
is  approximately  constant,  statistically.  It  is 
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FIGURE  12.  Phase  speed  distri¬ 
bution  of  one- dimensional  compo¬ 
nent  waves,  obtained  from  the 
cross-spectra  of  records  of  adja¬ 
cent  two  wave  gauges ,  and  nor¬ 
malized  by  values  for  waves  of 
maximum  energy  density.  The 
coherence  of  the  cross-spectra 
is  shown  in  the  upper  part. 

[Cited  from  Tokuda  and  Toba 
(1978) . ] 
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FIGURE  14.  An  example  of  the  comparison  of  one- 
dimensional  phase  speeds  of  wind  waves,  determined 
from  cross-spectra  of  records  of  two  wave  qauges,  and 
determined  for  individual  waves  (zero-cross ing  trouqh- 
to-trouqh)  together  with  the  standard  deviation,  and 
the  dispersion  relation  for  water  waves.  At  the  bottom 
is  shown  the  coherence  of  the  cross-spectra.  The  fm 
represents  the  frequency  at  the  energy  maximum,  [cited 
from  Tokuda  and  Toba 


inferred  that  these  facts  stronqly  indicate  the 
existence  of  similarity  in  the  individual  waves  or 
in  the  field  of  wind  waves,  presumably  as  a  result 
of  the  strong  nonlinearity. 


In  cases  of  stronqly  nonlinear  processes,  such  as 
turbulence,  it  is  hard  to  approach  problems  from 
the  riqorous  way  of  solvinq  a  closed  system  of 
equations.  In  these?  cases,  some  assumptions  based 
on  physical  considerations  are  sometimes  introduced 
to  supplement  the  system  of  equations,  to  arrive  at 
useful  results.  In  the  case  of  wind  waves,  it 
seems  that  an  approach  by  the  traditional  model  of 
component  irrotational  free  waves  with  their  weak 
interactions  is  not  necessarily  realistic  as  has 
been  shown.  There  is  another  approach,  in  which 
a  kind  of  similarity  structure  in  the  field  of  wind 
waves  is  assumed,  and  a  reqularity  in  gross  structure 
is  souqht  by  invoking  dimensional  considerations. 

An  example  of  this  line  of  approach  has  been 
attempted  as  partly  described  in  a  paper  by  me 
[Toba  (1978a) ] . 

Since  the  local  wind  stress  distribution  alonq 
the  surface  of  individual  waves  is  as  shown  in 
Figure  7,  the  local  wind  drift  is  forced  to  bo 
stronger  near  the  crest  and  weaker  near  the  trough. 
Water  particles  near  the  surface  travel  a  longer 
distance  when  they  art'  near  the  crest  than  when 
near  the  trough.  On  the  other  hand,  water  waves  of 
finite  amplitude  cause  the  wave  current,  resulting 
from  the  difference  between  the  foreward  and  the 
backward  movements  of  the  water  particles.  Some 
self-adjustment  should  occur  for  individual  waves 
in  such  a  manner  than  the  forward  and  the  backward 
movements  by  the  waves  are  coincident  with  the 
difference  in  the  local  wind  drift  as  to  the  phase. 
The  wave  current  of  the  individual  waves  of 
amplitude,  a,  and  angular  frequency,  o,  is  now 
approximated  by  that  of  the  second  order  Stokes 
wave : 

uq  =  a  oVq 
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FIGURE  15.  Examples  showing  that  the  main  part  of  individual  waves  in  the  wind-wave  tunnel  (zero-crossing 
trough -to- trough)  satisfies  the  1/2  power  law  between  the  normalized  wave  height  H*  and  the  period  T*.  The 
u#  was  cm/s.  (Cited  from  Tokuda  and  Toba  (1978). 1 
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FIGURE  16.  Another  representation  of  the  3/2  power  law 
for  individual  waves  (all  trough- to- trough) .  and  f 

represent  the  wave  height  and  the  frequency,  respectively, 
normalized  by  values  for  waves  of  the  maximum  energy 
density.  (Cited  from  Tokuda  and  Toba  (1978).! 

Since  the  difference  in  the  local  wind  drift  is 
caused  by  the  mean  wind  stress,  the  self-adjustment 
is  expressed  by  the  condition  that  the  wave  current 
is  proportional  to  u*,  namely, 

a*"03/gu*  =  constant  (3) 

This  is  transformed  immediately  to 

H*  =  B'  (4) 

which  is  equivalent  to  (2),  where  a*  :  u*u/g. 

The  condition  of  constant  steepness  may  arise 
from  the  similarity  requirement.  The  combination 
of  the  3/2-power  law  relationship  and  the  constant 
steepness  condition  leads  to  the  apparent  phase 
speed  proportional  to  the  square  root  of  the 
frequency.  These  three  relationships,  which  have 
been  shown  by  the  experiments  to  be  satisfied  by 
the  individu»l  waves,  are  self-consistent  with  one 
another,  and  may  thus  result  from  the  strongly 
nonlinear  effects. 

The  3/2-power  law  makes  it  possible  that  the 
wind-wave  field  is  represented  by  a  single  dimension¬ 
less  parameter  of  the  frequency  at  the  energy 
maximum  as  discussed  by  Toba  (1978a).  One  of  the 
consequences  of  the  above  paper  is  that  the  growth 
of  the  wind  wave  field  is  expressed  by  the  evolution 
of  the  dimensionless  single  parameter  in  a  form  of 
error  function  of  the  parameter  itself,  in  which 
the  value  of  the  parameter  approaches  a  final  value 
as  a  simple  stochastic  process,  irrespective  of  its 
initial  conditons,  through  a  rapid  self-ad justment 
of  the  state. 


6.  WIND  STRESS  OVER  WIND  WAVES 

The  final  topic  of  this  paper  concerns  the  expression 
of  wind  stress  over  wind  waves.  It  has  been  pointed 
out  on  many  occasions  that  the  roughness  length,  or 
equivalently  the  drag  coefficient  of  the  water  sur¬ 


face,  depends  not  only  on  the  wind  speed  but  also 
on  the  state  of  the  water  surface.  Various  attempts 
have  been  made  to  obtain  a  functional  form  of  the 
roughness  length  incorporating  the  state  of  wind 
waves  or  the  wave  breaking.  However,  in  view  of 
the  complexity  of  the  expressions,  together  with 
the  wide  scattering  of  data  points,  a  simple 
dimensional  formula  by  Charnock  (1955)  has  been 
cited  most  frequently,  but  with  various  values  of 
a  constant  of  proportionality,  although  the  formula 
contains  only  a  parameter  representing  the  wind 
field. 

A  dimensional  consideration  leads  to  an  expression 

z0*  =  z0*(u.*,  om*)  (5) 

where  zp*  =  zq/v  is  dimensionless  roughness 
parameter,  u**  -  u*3/gv  the  dimensionless  friction 
velocity  representing  the  overall  wind  effect,  and 
Om*  -  u*om/g  the  single  parameter  representing  the 
wind-wave  field  as  stated  in  the  previous  section, 
where  om  is  the  frequency  at  the  energy  maximum. 
Charnock’ s  formula 

zo  =  Bu.2/g  (6) 

is  equivalent  to 

zo*  =  Bu**  (7) 

which  is  a  form  of  (5)  in  which  am*  is  disregarded. 

It  is  shown  that  another  simple  form  for  zq*,  using 
symbols,  o  and  o* ,  instead  of  om  and  om*  hereafter: 


FIGURE  17.  Data  plots  for  the  relationship  (6)  in 
a  dimensionless  form.  Data  by  Toba  (1972)  and 
Kunishi  (1963)  are  from  wind-wave  tunnel  experiments, 
and  data  by  Kawai  et  al.  (1977)  and  Mitsuyasu  et  al. 
(1971)  are  from  tower-station  observations.  (Cited 
from  Toba  (1978b).] 


FK'.URE  IB .  Data  plots  for  the  relationship  (H)  in  a 
dimensionless  form.  The  same  data  with  Fiquro  17  is 
used.  [Cited  from  Toba  (I97ftb).] 


Zr*  lU**/''*  "  -ui**/vu,  i  ;  0.025  (M) 

is  a  better  representation  [Toba  ( 197Mb) )*.  In 
Figures  17  and  l 8  art'  shown  plots  of  some  available 
data  in  the  forms  of  ((•>)  and  (8)  including  wind-wave 
tunnel  expel imoiit s  and  field  observations.  It 
should  be  said  that  the  now  formula  is  better  .it. 
least.  It  is  soon  from  Fiquro  19  that  the  breakinq 
of  wind  waves  i s  also  expressed  as  a  function  of 
til*-  parameter,  u*-  /v  : ,  f or  data  from  the  wind-wave 
tunnel  and  Mu'  sea.  The  ordinate  is  the  pet eontaqo 
of  the  breakinq  crests  amonq  individual  waves 
t ravel linq  throuqh  a  fixed  point,  and  it  was  deter¬ 
mined  by  the  same  procedure  for  both  cases.  The 
breakinq  of  wind  waves  occurs  for  the  condition 

U*  VM  ?  ll»\ 

Equation  (8)  corresponds  to  iin  elimination  of  q 
from  t  h«-  form  of  (5).  In  view  of  the*  recent. 
ivomu  i  t  ion  since  Munk  ( 1  * > '■» '* )  that  the  waves  of 
ill  alt  MejU'iioy  component:;  play  a  major  role  in  tin- 
transfer  of  momentum  from  the  wind  to  the  sea,  it 
set-ms  rather  um«\isc stable  that  Fq.  (7)  contains 
information  only  ot  enerqy  eont.a  ini  nq  waves  a:;  e 
m  the  denominator.  However,  since  u*  '  i/u 
•a  ..*,  represents  the  maqnitude  of  the  nveraqe  win<l 
stress.,  and  “  r  T  is  a  measure  of  tile  inteqration 
t  ime  as.so,  late  1  with  individual  waves,  /vs  is 
interpreted  as  a  measure  of  trie  aeeumulut ion  of 
the  siie.it  inq  stress  nr  the  concent  r  at  ion  of  the 
voitieity  at  e.ieii  crest,  of  tile  individual  waves, 

■  •onyeyitij  the  horizontal  momentum  traristeiied  from 
trie  air  into  the  interior  .if  the  water  throuqh 
force!  ■  olive  -r  ion,  whether  or  not.  the  wave:,  are 
br**akinq,  a s  stated  in  avf  ion  t.  A s  this  effect 

*  f  a  l,  .  .  I  I  *  'll  .  A  '  ,  ■>  Wl  !,  :  *  !•  •  O  • 

witn  w,-,  .  t-  I  It  i  !  cl. 
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increases,  the  total  momentum  transfer,  as  well  as 
the  probability  of  the  occurrence  of  the  breakinq 
i net  eases . 

The  form  of  ( H )  may  be  transformed  to 

2 n  -  P 1  u#  '■■?,  i<*  =  a  c/uA  CO 

which  may  be  interpreted  is  an  extension  of  Char  nock's 
formula  (f*)  to  include  information  of  wind  waves 
in  the  form  of  the  wave  aqe,  <-/u4,  where  c  is  the 
pit  isc  speed  of  the  dominant  waves.  Also,  the  draq 
coefficient,  Cp,  may  be  expressed  from  (8)  as 

CD  =  ln  {zl  0°/  eiA)  ]  (10) 

where  >  is  the  von  Karman  constant  and  the 

reference  heiqht  of  If*  m.  Accordinq  to  (10), 
is  more  sensitive  to  tin*  wind  wav*  :;  than  to  the 
wind  speed. 

/.  SHOUT  SUMMARY 

We  may  summarize  t  lie  review  paper  as  follows.  First, 
tlu*  initial  wavelets  are  qenerated  by  an  instability 
of  two- layer  viscous  shear  flow  of  a  type  of  insta¬ 
bility  that  immediately  transfers  to  three 
dimensional  turbulence.  Second,  the  main  phase  of 
the  qrowth  of  wind  waves  is  reqardod  as  the  conse¬ 
quent,  stronqly  nonlinear  processes.  Third,  trie 
traditional  component  wave  model  is  not  necessarily 
realistic,  and  the  elementary  physical  substance 
miqiit  better  be  treated  by  imlividu.il  waves, 
especially  *'er  younqer  staqos  as  observed  in  wind- 
wave  tunnels.  Fourth,  the  individual  waves 
represent  a  conspicuous  and  characteristic  similarity 
of  structure,  presumably  as  a  result  of  the  stronq 
non 1 i near i t ies ,  and  this  may  be  the  basis  for  the 
pure  wind-wave  field  beinq  represented  by  a  sinqlo 
dimensionless  parameter.  Finally,  a  new  stress 
formula  over  the  wind-wave  field  is  presented. 


FIGURE  19.  Percentaqe  of  breakinq  crests  amonq  indi¬ 
vidual  waves  travelinq  throuqh  a  fixed  point,  may  be 
expressed  as  a  function  of  the  same  parameter  with 
Fiqure  18.  Toba  et  al.  (1971)  data  are  from  tower  sta¬ 
tion  observations,  which  are  common  with  data  of  Kawai 
et  al.  (1977)  used  in  Figure  IB.  [Cited  from  Toba 
( 197ftb) . ] 
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ABSTRACT 

By  aid  of  a  non-linear  two-scale  analysis  it  is 
shown  that  large-scale  water  wavt’s  van  experience 
growth  vino  to  spatial  non-tin  i  form  i  t  i  os  in  the 
growth  rate  ot  the  sma  1 1  -sea  1  «•  waves  in  tho  non- 
uniform  wind  t'  i  •  ■  1 .  i  associated  with  tho  large-scale 
waves.  Th«*  growth  rate  is  shown  to  bo  pi opor  t  iona I 
to  tiu*  moan-s*  juat  o  slop.-  of  tho  small-scale  waves 
an.l  thoir  growth  rates,  but  iuvers.-ly  proport iona 1 
to  tho  difference  between  tho  phase  velocity  of  the 
large-scale  wave  and  the  group  velocity  of  the  small- 
scale  waves.  It  is  suggested  that  this  mechanism 
can  transfer  wind  energy  to  short,  gravity  waves  at 
a  higher  ratt*  than  the  direct  linear  transfer 
mechanism  of  Miles  (Ido.!).  The  analy.sis  also 
predicts  that  a  large-sea  1  e  wave  moving  against  the 
wind  will  be  damped  by  tin-  action  of  tho  small-scale 
waves . 


1.  INTRODUCTION 

The  mechanism  whereby  wind  generates  water  waves 
has  long  proven  a  difficult  and  challenging  problem 
in  theoretical  fluid  mechanics  which  has  not  yet 
been  sat i sf actor i ly  resolved.  The  simple  linear 
mechanism  of  forcing  by  pressure  fluctuations 
[Phillips  (1957)1  and  by  instability  induced  by 
the  mean  wind  field  [Miles  (1957),  1962)  J  have 
been  found  inadequate  to  account  for  the  high  values 
of  energy  transfer  from  wind  to  waves  observed  tor 
longer  wave.*;,  both  in  t  lit*  laboratory  and  in  the 
open  sea.  For  short  wives  in  tho  capillary  regime, 
laboratory  exper  iments  (Larson  an.l  Wr  ight  ( 1  * > V ; » )  ) 
have  given  good  agreement  between  observed  growth 
rates  and  Miles'  instabi  ity  theory,  •  •*  •  alarly 

when  the  surface  drift  v<  1  -  »*••  -  ui<-  wat«  t  i. 
taken  into  account  [Valenzuela  (  1971.)  |  .  Km  waves 
in  tin*  short  gravity  iang»-,  lmw»*vm  ,  remit  •■xperi- 
ments  by  Plant  and  Wright  (19/7)  give  irowttj  i.it.-s 
much  in  excess  of  that  f -red  i-  t .  d  bv  tie-  instability 
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theory  witli  the  discrepancy  beginning  at  a  wave 
length  of  about  10  cm  and  increasing  with  wave 
length.  Open -sea  measurements  have  also  produced 
energy  transfer  rates  for  gravity  waves  which  are 
much  in  excess  of  the  values  according  to  Miles. 
[See,  for  example,  the  recent  review  of  Barnett 
and  Kenyon  (1975) J. 

In  view  of  the  failure  of  linear  theory  one  is 
forced  to  look  for  nonlinear  mechanisms  for  energy 
transfer.  Nonlinear  interaction  between  waves  in 
the  gravity  range  [Phillips  (1906)]  is  a  compara¬ 
tively  weak  process  (of  third  order  in  amplitude) 
which  causes  redistribution  of  the  energy  from 
waves  of  intermediate  wave  numbers  to  waves  of  lower 
and  higher  wave  numbers.  This  could  bo  effective 
for  the  eventual  saturation  of  the  spectrum  but  is 
unlikely  to  be*  strong  enough  to  make  a  large  change 
in  tiu-  initial  growth.  A  more  tenable  proposition 
is  that  the  modification  of  the  turbulence  in  the 
air  by  the  wave  induced  velocity  field  could  change 
the  phase  shift  between  surface  elevation  and  the 
pressure  so  a.s  to  alter  the  energy  transfer  rate. 
This  effect  has  been  investigated  by  many  authors 
(Manton  (1972),  Davies  (1972),  and  Townsend  (1972), 
among  others)  employing  different  turbulence  models. 
These  investigations  point  to  the  possibility  that 
thc>  mtidul.it ion  of  the  turbulence  by  the  wind  could 
have  an  important  effect,  but  it  is  difficult  to 
assess  tin*  adequacy  of  the  postulated  turbulence 
models  employed. 

An  interesting  possibility  for  transfer  of  energy 
to  gravity  waves  is  through  nonlinear  interaction 
with  capillary  waves  which  can  draw  energy  from 
wind  at  a  much  higher  rate  than  the  longer  waves. 

The  interaction  between  short  and  long  surface 
waves  lias  been  subject  to  a  great  deal  of  discussion 
in  the  literature.  A  train  of  short  waves  riding 
.*n  a  long  wave  becomes  modulated  by  the  orbital 
velocity  field  of  the  long  wave  so  as  to  make  their 
wave  length  smaller  -  and  hence  their  amplitude 
greater  -  in  the  region  near  the  crest  of  the  long 
wave.  Umgiet-Higgins  (1969)  argued  that  the 
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radiation  stress  then  set  up  by  the  short-wave  train 
would  act  to  transfer  momentum  to  the  lonq  wave. 

In  particular,  if  the  short  wave  were  to  reach  an 
amplitude  at  the  crest  of  the  long  wave  high  enough 
for  breaking,  it  would  give  up  all  its  momentum  to 
the  long  wave.  This  maser- like  mechanism  was 
examined  critically  by  Hasselman  (1971)  who  showed 
that  the  change  in  potential  energy  in  the  surface 
layer  due  to  Stokes'  transport  by  the  short  waves 
would  give  a  contribution  to  the  energy  transfer 
to  the  large  waves  which  would  exactly  cancel  that 
arising  from  Longuet-Higg ins  *  momentum  transfer 
term.  Hasselman' s  analysis  did  not  take  into 
account  any  transfer  due  to  modulation  of  surface 
wind  stress  or  short  wave  growth  rate,  however. 

[This  effect  has  been  analysed  by  Valenzuela  and 
Wright  (1970)1.  Also,  his  analysis  concerned 
primarily  gravity  waves,  for  which  resonant  inter¬ 
action  between  wave  number  triads  only  occurs  to 
third  order.  For  capillary-gravity  waves,  however, 
the  dispersion  relation  allows  resonant  interaction 
at  second  order.  Valenzuela  and  Laing  (1972)  have 
developed  a  theory  for  this,  and  Plant  and  Wright 
(1977)  suggest  that  part  of  the  measured  excess 
growth  rate  in  the  low  gravity  wave  range  could  be 
attributed  to  capillary-gravity  resonant  interaction. 
Penny  (1976)  has  also  shown  that  under  certain 
conditions,  a  long  gravity  wave  may  grow  in  the 
presence  of  small  scale  capillary  waves;  the  wind 
field  was  not  included  in  his  analysis. 

The  present  paper  reveals  vet  another  possible 
mechanism  for  the  transfer  of  energy  from  capillary 
to  short  gravity  waves.  The  theory  presented  takes 
into  account  the  effect  of  shear  flow  modulation 
on  the  local  growth  rate  of  the  capillaries.  it 
is  found  that  this  variation  qives  rise  to  a  modu¬ 
lation  of  the  Stokes’  drift  which  is  in  phase  with 
the  long-wave  surface  slope  and  therefore  makes 
possible  an  energy  interchange  with  the  long  wave. 

It  is  found  that  the  energy  transfer  rate  duo  to 
this  mechanism  is  positive  for  capillaries  with  a 
group  velocity  higher  than  the  phase  velocity  ot 
the  lonq  wave  so  that  it  can  provide  an  increase 
in  the  long-wave  growth  for  waves  in  the  short 
gravity  wave  regime.  For  waves  running  against  the 
wind  the  transfer  rate  is  found  to  be  negative,  so 
that  the  presence  of  the  capillaries  would  always 
increase  the  decay  rate  of  the  long  waves. 


2.  INTERACTION  BETWEEN  U)NC.  AND  SHORT  WAVES 

We  shall  consider  the  situation  depicted  in  Figure 
l  with  two-dimensional  surface  wave  <.  f  small  wave 
.'.ength,  riding  on  a  large-scale  wave  of  wave 

length,  An  asymptotic  ana1 /sis  will  be  carried 

out  under  the  ussumpt ion  that 

l  (1) 

(Prime  refers  to  the  short  and  tilde  to  the  long 
waves).  The  waves  are  exi*  d  by  a  wind  field 
blowing  over  the  water  surface.  Only  the  normal 
str* induced  by  tin*  wind  on  the  wavy  surface  is 
considered  in  this  process,  the  effect  of  shear 
■  •  t  r » "  -  ;  >  ■  ;  being  rieqlo.-tod.  >r  particular  interest 
i  .  whet  he*  the  p i  •  *  ..  ■  m *«  •  of  the  small-scale  waves 
•  mil  -harige  the  giowth  trite*  of  sma  1 1-ampl  itude 
Jonu  wave c. 

T  »  at  tive  at  the  amplest  possible  analysis, 
terms  that  ur-  >f  !n  ih<g  order  than  linear  in  the 


long-wave  slope  are  neglected.  For  the  short  waves, 
only  quadratic  and  lower-order  terms  in  the  wave 
slope  are  retained.  Further,  it  will  be  assumed 
that  the  flow  in  the  water  is  irrotational ,  i.e., 
the  effects  of  surface  drift  currents  are  neglected. 
This  allows  the  use  of  potential-flow  theory  leading 
to  the  following  boundary-value  problem  for  the 
velocity  potential  $  in  deep  water: 

<t>  +  4>  =  0  (2) 

XX  zz 

with  boundary  conditions 


at  z  =  : 


(4) 

.it  z  =  -••:  $  =■  0  (5) 

Hero,  ",  =  \  (x,t)  is  the  surface  deflection,  Pw  the 
surface  pressure  due  to  the  wind,  and  T  the  surface 
tension.  Since  cubic  terms  are  neglected  through¬ 
out,  the  denominator  in  the  last  term  of  (4)  will 
bo  set  equal  to  unity  henceforth.  We  now  separate 
large  ami  small  scales  by  introducing  into  the 
equations  of  motion 

\  =  ;  +  r,  *  (6) 

=  i  +  **  (7) 


For  the  boundary  conditions  it  is  useful  first  to 
transfer  them  to  the  surface  of  the  large-scale 
motion,  z  =  r, ,  by  a  Taylor  series  expansion.  Thus, 


Sz(x,  )  =  t'z(x,\l  +  .-.CZZU,\>  +  ... 

Vx,.-)  +  <x,.\>  +  (fzz(x,.\) 

+  <x,->)  +  ...  19) 

zz 

etc.  Ry  neglecting  terms  involving  triple  and 
higher  products  one  finds  from  (4)  and  (5)  the 
following  boundary  conditions  to  be  applied  at 


FIGURE  1.  Lonq-wave  short-wave  interactions  in  a 
shear  flow. 
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In  (ID#  Pw  is  the  surface  pressure  in  the  absence  of 
the  short  waves  and  p ^  the  additional  surface  pres¬ 
sure  added  due  to  the  presence  of  the  short  waves. 

In  deriving  (10)#  partial  use  has  been  made  of  (2), 
which  holds  for  t  and  ! 1  separately.  To  arrive 
at  equations  for  the  long  wave,  (10)  and  (ID  are 
averaged  over  the  large  scales.  This  is  most 
conveniently  done  by  taking  the  ensemble  average 
of  a  large  number  of  realizations  differing  only 
as  to  the  phase  of  the  short  waves#  which  is  assumed 
to  be  randomly  distributed  among  the  members  of 
the  ensemble.  This  procedure  yields 


*  +  g 1 

vx  X 


(12) 


P 

w 


hi- 


+  *l»*  ) 


T  r. 


(C,r> 


(13) 


■it  z  =  C,  where  the  tilde  denotes  the  average  over 
the  large  scales  and 


S'  =  I'  (14) 

x 

is  the  Stokes'  drift  due  to  the  small-scale  motion. 

In  deriving  (13),  use  has  been  made  of  the  linearized 
boundary  conditions  tor  the  small  scales#  for 
example , 


The  long  waves  are  to  be  determined  as  a  soLution 
of  Laplace's  equation 

V-’t>  =  0  (16) 

subject  to  the  boundary  conditions  (12)  and  (11) 
and  the  condition  that  disturbances  vanish  at  large 
depths ,  i . e . , 


for  7. 


(17) 


The  corresponding  boundary  conditions  for  the  short 
waves  are  obtained  by  subtracting  those  for  the 
long  waver;  from  the  full  equations. 
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both  to  be  applied  at  z  =  (, .  The  last  bracketed 
term  of  (18)  and  the  Last  two  of  (19)  will  give 
rise  to  higher  harmonics.  Their  contribution  to 
the  large-scale  motion  will  be  of  higher  order# 
and  they  can  hence  be  neglected.  In  deriving  (19), 
use  was  made  of  the  linearized  boundary  conditions 
for  the  long  waves.  Thus,  for  example,  the  term 
'  in  (19)  arises  from  replacing  4>tz  in  (11)  by 
-,tt#  which  will  give  a  negligible  error  to  within 
the  approx imat ion  employed. 

Since  the  major  aim  of  the  analysis  is  to  deter¬ 
mine  the  lowest-order  effect  of  the  short  waves  on 
the  growth  rate  of  the  long  waves#  it  is  sufficient 
to  retain  only  linear  terms.  However#  all  terms 
linear  in  the  large-scale  motion  which  modulate 
the  small-scale  wave  train  must  be  retained.  The 
long  wave  will  be  taken  as  a  uniform#  infinite 
wave  train  of  wave  number  k  =  2n/A.  Its  phase 
velocity  differs  from  the  linearized  value. 


c  =  /g/k  +  kT  (20) 

by  terms  proportional  to  the  square  of  the  small- 
scale  wave  slope,  and  by  terms  due  to  the  wind, 
which  are  proportional  to  the  density  ratio  between 
air  and  water  both  of  which  may  be  expected  to  be 
small.  The  short  waves  driven  by  the  wind  may  also 
give  rise  to  slow  growth,  or  decay,  of  the  large- 
scale  waves.  For  the  subsequent  analysis,  it  is 
convenient  to  introduce  the  following  nondimensional 
"slow"  variables: 


C  =  k(x  -  ct)  (21) 

[  =  k  c  t  (22) 

The  solution  for  the  long  wave  is  sought  in  the 
form  (real  part  always  implied) 

'  --  .'(lie11,  (23) 

*  =  !(i)o1;+kZ  (24) 


The  variation  of  the  surface  deflection  and  potential 
with  the  "slow"  time,  t,  allows  for  the  effects  of 
wind,  and  the  presence  of  the  short  waves,  to  have 
a  weak  influence  on  the  growth  rate,  and  the  phase 
(and  consequently  also  the  phase  velocity)  of  the 
long  waves.  Without  the  wind  and  the  short  waves 
both  ly  and  I  would  be  constants. 

For  the  short -waves,  on  the  other  hand,  both 
the  phase  velocity  and  wave  number  will  vary  slowly 
along  the  long  wave  because  of  the  modulation  by 
the  latter.  We  therefore  set 


s'  =  4  *  ( f,  #  r )  e 
$>»  =  (C»z'  )e 


10(x,t)  (25) 
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i  h  ( x  #  t ) 


(26) 
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where 


where  0  is  the  phase, 

k'  =  0V 


(27) 


=  R.P.ty  ("(!♦'  +  L  if)  ) 


(37) 


is  the  wave  number. 


w*  =  -  0^ 


(28) 


is  the  frequency  (measured  in  a  fixed  coordinate 
system) ,  and 


k'  (z 


C>  . 


(29) 


and  the  star  denotes  complex  conjugate.  The  velocity 
potential  must  satisfy  Laplace's  equation.  Substi¬ 
tution  of  (26)— (29)  into  (2)  gives 


k'z  (4 


4>')  +  irk'(  k^'  + 

+  2(z'k£  -  Crk'2)*^,) 
+  0  ( c 2  4>"'  )  =  0 


(38) 


The  assumption  of  a  slowly  varying  wave  train  allows 
one  to  regard  k'  and  u>*  as  functions  of  the  "slow" 
variables,  t  and  £. 

An  approximate  asymptotic  solution  for  the  short 
waves  if  sound  by  expansion  in  the  small  quantity 


k/k' 


(30) 


(That  c  thus  defined  is  a  slowly  varying  quantity 
causes  no  special  difficulty).  Substitution  of 
(25)  -  (29)  into  (18)  and  (19)  and  omission  of  all 
terms  of  order  |^'|2,  Jc2C'|,  and  higher,  as  well 
as  of  terms  of  order  cz  and  higher,  gives  the 
following  boundary  conditions  for  the  small-scale 
motion  to  be  satisfied  at  z'  =0: 


t;c(?i 


)  +  itkCf 


This  equation  may  be  solved  approximately  by  series 
expansion  in  c.  One  finds  in  a  straight-forward 
manner  that 


'  =  e 


,  %2  K 

z  1  11  -  it:  —  -  k'z't .)  JA  -  iezAr  +  0(e2A)  ) 

(39) 


where  A  =  A(£,t)  is  to  be  determined  by  dd  of  the 
kinematic  boundary  condition  (31) .  By  substitution 
of  (39)  into  (31)  and  expanding  in  powers  of  c  one 
finds 


A  =  -ilc'-uK*’  +  t{(c'C')5  +  c(4|  -  ;£)  } 
+  0  UZC  ) 

Combination  of  (40)  and  (32)  yields 


(40) 


(31) 


Y  =  -  (g  +  k,2TK*  +  ik'  (c '  -u) 

p  .  -  .  *  * 

+  iik'liu<f'  +  ic(4>’  -  $}■)  +  2k'Tt’  +  k'Tt'] 


k'4^-  [w  -  kcUj  -  Cf )  ] 


where 


c '  =  u> 1  /k ' 


(32) 


(33) 


u  and  w  are  the  perturbation  velocities,  4>x  and 
iz  respectively,  of  the  large-scale-flow  evaluated 
at  z  =  t  and  Pv,  is  defined  by 


—  =  -Ig  +  k'*T  -  k’(c'-u)2K'  +  iek' { [c (c1  -  u)T 
+  (c'-u)ur  +  (c’-c)(c'  -  u)^  +  k£T)t' 


2c (c ' -u) 

[  (c'-u)  (o' -2c  +  u)  +  2k'TK£  } 


(41) 


The  induced  surface  pressure  due  to  the  wind  may  be 
assumed  to  be  related  to  the  small-scale  surface 
deflection  in  a  quasilinear  manner  that  takes  into 
account  the  modulation  of  the  wind  field  by  the 
long  waves.  The  following  expression  is  chosen: 


1  i9 

—  P,,e 

0  1  w 


(34) 


The  terms  neglected  as  being  of  higher  order  in  i: 
include  the  term  C^C'  in  (39),  which  expressed  in 
the  slow  coordinates  becomes 
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3x 


— )2  r 
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and  is  hence  negligible  compared  to  the  term  k'^Tt'. 
For  the  long  waves  one  finds  similarly 


(35) 
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(42) 


where  a'  and  8*  are  aerodynamic  coefficients  (having 
the  dimension  of  velocity)  giving  the  in-phase  ana 
out-of-phase  components,  respectively,  of  the  induced 
pressure.  The  modulation  of  the  wind  field  due  to 
the  presence  of  the  long  waves  is  accounted  for  by 
the  factor  (1  -  akr,)  .  For  long  waves  running  with 
the  wind  and  having  a  phase  velocity  less  than  the 
wind-speed,  the  air  flow  at  the  crest  will  slow 
down  in  the  region  below  the  matched  layer  where 
U  =  c,  and  the  small-scale  growth  rate  will  thus 
be  reduced  in  this  region.  Conversely,  the  air 
speed  will  increase  over  the  troughs  leading  to  an 
increased  growth  rate  there.  Hence,  the  coefficient, 
a,  will  be  positive  for  such  waves.  For  waves  run¬ 
ning  against  the  wind,  however,  or  for  waves  with 
c  greater  than  the  wind  speed,  a  will  be  negative. 

To  determine  the  numerical  value  of  a,  one  must 
carry  out  calculations  based  on  the  Orr-Sommerfeld 
equation.  First  the  wind  field  modulation  due 
to  a  long  wave  of  small  amplitude  is  calculated. 

Then,  the  pressure  on  the  short  waves  is  computed 


(36) 
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on  the  basis  of  quasilinear  theory,  whereafter  the 
effect  of  wind  field  modulations  may  be  extracted 
from  the  results.  In  Section  3,  we  derive  the 
governing  equations  for  the  local  growth  rate  for 
short  waves  in  the  modulated  flow  of  the  long  waves. 
Numerical  results  for  a  are  presented  in  Section  4. 

Consistency  of  the  two-scale  expansion  requires 
that  the  wind-induced  growth  rate  is  small,  which 
is  indeed  the  case,  since  it  is  proportional  to 
the  air-to-water  density  ratio.  Accordingly,  we 
shall  set,  formally, 

•*'  +  ir- '  =  >  (a+  itf)  (43) 

Substituting  (42)  and  (43)  into  (41)  and  remembering 
that  all  the  quantities  involved  are  real,  we  find 
the  following  pair  of  relations: 

g  +  k'^T  -  k'(c'-u)*  +  skMfc'-u)  (1  -ak.'J  =0  (44) 

tclc’-u)^  +  (c*-c)  (c'-uj.  +  (c*-u)u- 


Since  only  the  terms  which  are  linear  in  the  large- 
scale  perturbation  are  to  be  retained,  one  may 
ignore  the  variation  of  k'  with  £  when  carrying 
out  this  integration. 


r}  ■  C  exp  1  ~ 
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g 

where  C  is  a  constant  to  be  determined  from  the 
initial  value  of  £.  By  inserting  this  expression 
into  (37)  one  finds 
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Froi;.  (44)  it  thus  follows  that 


is  the  mean-square  slope  of  the  short  waves.  (In 
Appendix  A  an  alternative  derivation,  based  on 
kinematic  wave  theory,  is  given.)  In  the  second 
bracketed  term  u  may  be  expressed  in  terms  of  l 
by  the  use  of  the  linearized  expression 


c '  =  u  t  /g/k '  +  k ' T  +  0 ( i ) 


v(k')  -  0(0 


Inspection  of  (35)  and  (36)  reveals  that  the  long 
waves  receive  their  growth  both  directly  from  wind 
pressure  and  indirectly  from  interaction  with  the 
short  waves,  the  lat-  >r  effect  being  proportional 
to  the  moan-square  slope  of  the  short  waves.  Thus, 
since  the  variation  of  long-wavo  parameters  with 
time  is  small,  little  error  is  incurred  by  taking 
u  in  (46)  to  be  a  function  of  r  alone.  Furthermore, 
the  frequency  of  the  short  waves  must  then  bo 
constant  in  a  coordinate  system  travelling  with  the 
long  wav  s  so  that 


Thus,  S'  may  be  written 


S!  =  A'c  +  B'-r 


where  (ignoring  terms  which  are  nonlinear  in  C) 


{ -c '  -  c1  +  2u 

g 


which,  together  with  (46)  determines  how  the  wave 
number  for  the  short  waves  varies  along  the  wave 
train.  Differentiation  of  (47)  gives 


[  (c'-e)vk'  +  T] )  (58) 


The  boundary  conditions  for  the  long  waves  may  now 
be  written.  Substitution  of  the  solution  for  the 
short  waves,  and  (24),  into  (35)  and  (36),  gives 


where  c ^  is  the  group  velocity. 


4  =  S(r  -  is)  +  A'C  +  iB't 


Cq  =  k’vk,  +  v  +  u 


—  =  -  (g  +  k'TR  -  kc(4  -  it)  +  0(t‘) 


and  where  v(k')  is  defined  by  (46).  With  the  aid 
of  (46)- (49),  (45)  may  thus  be  written 

2(c’-u)IcC|  +  (Cg  -  cK!]  -  l(c'-u)5(l  -  akC) 

-  (c'-u)ur  +  [(c'-c)v.  '  +  T) 


For  the  wave-induced  pressure  an  expression  similar 
to  (42)  is  used,  namely 


=  kc(a  +  i B ) " 


k  'Ur/  (Cg  -  c)  K  (50) 

This  equation  may  be  readily  solved  by  integration 
along  the  characteristic  line 


Substitution  of  this  and  (59)  into  (60)  and  separa¬ 
tion  into  real  and  imaginary  parts  yields 

0  =  [g  +  k’  T  -  kc7  -  kc(B  +  <«)  k  -  kc?£  +  kc£ 


=  (Cg  -  c)/c 


dC/dt ( 


(51) 


(62) 


-  .  n 
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(B  -  A'K  =  (2c  -  B* )  H  (63) 

From  (63)  we  find 

x 

*  -  W  J  (64) 

I 

By  use  of  this,  CT  and  CX1  may  be  expressed  in 
terms  of  £  and  an  eigenvalue  relation  obtained  by 
substitution  into  (62) .  This  then  gives 


c  =  */g/R  +  RT 


(65) 


with  correction  terms  proportional  to  the  mean 
square  slope  of  the  short  waves  and  to  the  air-to- 
water  density  ratio,  both  of  which  are  likely  to 
be  small  corrections  of  little  importance.  The 
major  result  of  the  analysis  is  that  given  by  (63) , 
(64)  namely  that 


d 

di 


(fnU 


B-A*  B  t  aB*c*  ~  2 

2c-B 1  2c  2c (c ’ -c) 

g 


(66) 


i.e.,  the  growth  of  the  long-wave  amplitude  is 
given  by  the  sum  of  the  growth  due  to  direct  action 
of  pressures  in  the  manner  of  Miles  (1957,  1962) 
and  the  indirect  growth  due  to  the  Stokes'  transport 
by  the  growing  short  waves.  The  second  term  may  be 
large  compared  to  the  first  term,  if  Cg  is  close 
to  c.  However,  the  analysis  presented  does  not 
hold  in  the  immediate  neighborhood  of  Cg  =  c  but  a 
separate  (and  nonlinear)  analysis  is  then  required. 
For  waves  running  against  the  wind,  c',  c^,  and  a 
will  be  negative,  so  that  the  presence  of  the  short 
waves  will  always  increase  the  decay  rate  of  the 
long  wave. 


3.  THE  WIND-INDUCED  GROWTH  OF  SHORT  WAVES  IN  THE 
PRESENCE  OF  LONG  WAVES 


The  perturbation  equation  governing  the  modification 
of  short  waves  on  the  wind-water  interface  by  the 
long-wave  field  is  derived  from  the  momentum  equation 
by  the  procedure  used  to  derive  the  Orr-Sommerfeld 
equation.  Additional  effects  arise  because  the 
short  waves  see  not  only  the  mean  wind  field,  U(z), 
but  long-wave  fluctuations,  u  and  w.  The  large- 
scale  field  is  governed  by  a  linear  equation, 
the  small-scale  field  by  an  equation  linear  in  u' , 
w'  which  also  contains  terms  linear  in  u  and  w. 

As  in  2,  we  take  the  water  to  be  inviscid  and 
the  flow  potential  but  we  consider  the  air  to  be 
viscous:  with  no  surface  current,  and  continuous 
tangential  velocity  between  air  and  water,  this 
corresponds  to  the  limit  pw  *  00 ,  vw  -*■  0  with  ua 
and  va  finite,  justified  by  the  large  density  ratio 
between  water  and  air.  Both  fluids  are  taken  to 
be  incompressible. 

We  begin  with  the  Navier-Stokes  equations  for 
two-dimensional  flow  in  the  air 
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(68) 


where  velocities  are  scaled  to  free  stream  velocity 
outside  the  boundary  layer  over  the  water,  and 
lengths  scaled  to  boundary- layer  thickness  6  ;  R 
is  the  Reynolds  number  based  on  6.  (In  Section  2, 
lengths  were  scaled  to  k' ,  the  short-scale  wave 
number) . 

To  derive  the  Orr-Sommerfeld  equation,  these 
equations  are  cross-differentiated  and  subtracted 
to  eliminate  the  pressure.  Some  use  is  made  of 
the  continuity  equation  and  the  result  is 


a2u 

3z3t 


32w 

3x3t 
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(69) 


The  flow  in  the  air  is  taken  to  be  a  horizontal 
shear  flow  plus  two  wave  perturbations  of  disparate 
scales:  the  fast  scale,  x  and  t;  and  the  slow 

scale,  x  =  ex,  and  t  =  ct  where  e  =  k/k'.  The 
variation  with  z  is  set  by  the  shear  profile  and 
viscous  effects  and  will  be  taken  to  be  the  same 
order  for  both  wave  fields.  The  long  wave  field 
is  a  function  of  x,z,  and  t  only;  the  short  wave 
field  is  a  function  of  x,z,  and  t  and  in  addition 
will  be  influenced  by  the  long  scale  waves  so  that 

u  =  U  (z)  +  u(x,z,t)  +  u'  (x,z,t;x,t) 

w  =  w(x,z,t)  +  w' (x,z,t;x,t)  (70) 

The  surface  deflection  is  taken  as 

C  =  i  (x,t)  +  r/  (x, t;x, t) 


The  major  effect  of  long  waves  in  a  parallel 
shear  flow  on  the  behavior  of  the  short  waves  will 
come  from  changes  in  the  local  growth  rate  and 
convection  velocities  as  well  as  an  unsteady  lifting 
of  the  small  scale  as  the  large  waves  pass.  There¬ 
fore  the  small  scales  will  be  assumed  to  be  of  the 
form 

w' (x,z,t;x,t)  =  w[z-C (x, t) ] eik Ct^  =  w(z')e^ 
u’ (x,z,t;x,t)  =  u[z-C  (x, t)  le^k  Ct^  =  u(z')e^{71) 


where  z'  =  z-z;  and  c  -  c(x,t).  Changes  in  the  wave 
number,  k,  are  0{c3u/3x);  such  terms  will  be  ignored 
in  this  local  analysis.  For  this  assumed  form  of 
w'  and  u',  the  continuity  equation  becomes 


3w* 

3  z 


iku ' 


3u'  3c_ 
3z  3x 


0 


(72) 


which  to  lowest  order  becomes 

*  i_  dw  t  r  £  d2w  i_  dw  w  1  d2w 
U  k  dz  k2  x  ~  k  dz  c  k2  dz2 

since  =  -w/c.  The  presence  of  £  in  the  assumed 
form  for  w'  and  u*  introduces  several  terms  into 
the  equation  for  the  small  scale.  In  addition, 
the  velocity  perturbations,  u  and  w,  also  appear. 

The  equation  for  the  large  scale  is  obtained  by 
a  phase  average  of  (69)  written  with  the  assumed 
form  (70)  and  (71) .  The  non-linear  coupling  of  the 
small-scale  motions  will  not  be  included  although 
the  corresponding  effects  in  the  water  are  the 
main  subject  of  this  paper  and  are  worked  out  in 
Section  2.  We  anticipate  further  work  to  complete 
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the  study  of  non-linear  coupling  in  both  the  air 
and  the  water. 

The  large-scale  motions  are  taken  as 


u 


C  jfc(x-ct)  ~  s  jk(x-ct) 
u  e  ;  w  -  w  e 


with  £ 


~  ejk(x-ct) 


(74) 


To  ease  the  process  of  working  with  products  of 
wave  perturbations,  two  distinct  complex  variables 
i  and  j  are  introduced. 

Under  these  assumptions,  the  large-scale  mo¬ 
tions  are  governed  by  the  linear  homogeneous  Orr- 
Sommerfeld  equation 

w"“  -  2k2w"  +  k4w  -  jkR(  (U-c)  (w'*  -  k2w)  -  wU")  =  0 

(75a) 

and  u  is  related  to  w  through  the  continuity 
equation 

d  -  jw'/k  (75b) 

where  from  now  on  primes  will  denote  derivatives 
with  respect  to  z. 

In  the  equation  for  the  small  scale,  we  will 
keep  all  terms  linear  in  the  small-scale  perturba¬ 
tions  including  products  of  the  small-scale  and 
large-scale  perturbations. 

When  the  assumed  form  for  the  perturbations  (71) 
is  used  in  (69)  together  with  the  continuity  equa¬ 
tion  (73)  we  obtain  the  following  equation  for  the 
small  scale 

wM"  -  2k2w"  +  kl*w  -  ikR[  (U-c)  (w"-k2w) -  wU") 

=  R[wa-t^]  (w'"  -  k7w' )  +  ikR((U‘i  +  u)  (w’’-k7w) 

-  ikK(^— ^ -  +  u'"r,)w  +  cR^-J  (2k7  (U-c)  +  u"]w' 

-  Ufw"1  -  k2w')  +  U"’w  -  U' (w"  -  k2w*)} 

r-(w,w,z)  (76) 

where  we  have  introduced  the  symbol  r2(w,w,z)  for 
the  right-hand  side  of  (76) .  The  various  terms  in 
(69)  are  worked  out  in  Appendix  C. 

In  deriving  (76),  terms  of  0(k2O  have  been  ig¬ 
nored,  however  terms  such  as  3'u/3z‘  in  air  have  been 
kept  since  these  can  be  large  in  a  viscous  flow.  in 
terms  of  0(*.3^/dx)  a  viscous  correction  has  also  been 
neglected  since  all  other  terms  are  proportional  to  R. 

We  are  interested  in  the  local  equilibrium  and 
more  specifically  the  local  growth  rate  of  short 
waves  in  the  modified  wind-water  field.  Thus  in 
the  assumed  form  of  solution  for  the  short  waves, 
for  a  qiven  k  the  eigenvalue,  c,  will  be  a  slowly 
varying  function  of  space 

c  -  c0  *•  c ,  (x)  (77) 


terms  come  from  the  unsteady  lifting  and  distortion 
of  the  small  scale  flow  by  the  long  waves. 

The  boundary  conditions  that  are  satisfied  at 
the  free  water  surface,  z  =  C  +  C,  will  now  be 
derived  for  both  the  large  and  small  scale  motions. 
The  first  boundary  condition  is  that  the  tangential 
velocity  is  continuous  at  the  interface,  z'  =  • 

„  H  3C 

UT  ua  _  wa  3x  “w  -  ww  3x 

Expanding  the  velocities  from  (70  and  71)  in  a 
Taylor  series  about  z'  =0,  and  keeping  terms  linear 
in  the  large  scale  and  small  scales  we  obtain  for 
the  large  scale 

U’C  +  ua  =  Uw  at  z  =  0  (78) 

for  the  small  scale  (to  0  (k£) ] 

U'  c  +  u’  -  =  -  |s.  5'  at  z  =  0  (79) 


The  term  3uw/3z  =  ku^  has  been  ignored  in  deriving 
(79)  since  it  is  0  (k20  and  d2U/dz2(o)  has  been 
taken  to  be  zero. 

Conditions  (78  and  79)  can  be  expressed  in  the 
vertical  velocity,  w*  (and  w) ,  through  use  of  the 
kinematic  boundary  condition;  that  the  substantial 
derivative  of  the  surface  displacement  function, 
S(x,z,t),  is  zero  for  both  the  air  and  water  flow 
at  the  interface,  S  =  0.  That  is,  if  S(x,z,t)  = 
z-C,  then  DS/Dt  =  0  at  S  =  0  (z'  =  t,') 


where 


D_ 
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w(0 
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3x 


Expanding  the  velocity  field  for  both  air  and 
water  about  z'  =0,  and  again  keeping  terms  linear 
in  the  large  and  small  scales,  we  obtain  in  the 
long-wave  limit  for  the  largo  scale 


for  the  air  -  w  =  0 
d  t 

3  r 

for  the  water  t—  -  w  =  0 
d  t 


at  z 


0 


and  for  the  small  scale 


for  the  air 

ikef,  [U'r,  +  u]ikt  -  t[U'r,'  +  u'l  |r-  +  w  =  0 

dx 

at  z'  =  0  (80) 


and  for  the  water 

iker;  -  i^ikr,  -  luw  +  ww  =  0  at  z'  =  0 
From  (78)  to  (80)  we  see  that 
w  =  ww 

at  z'  =0 

and  w  =  ww 


where  cQ  is  the  eigenvalue?  of  the  short  wave  field 
in  the  presence  of  the  wind  shear  field  only;  c, (x) 
will  be  at  most  n  ( *. )  ,  the  amplitude  of  the  long 
wave . 

Thus  the  governing  equation  for  w  is  the  Orr- 
Sommerfeld  equation  with  additional  terms  arising 
from  the  long-wave  perturbat ions.  Some  of  these 
terms  could  be  obtained  directly  by  replacing  U  by 
(J  +  u  in  the  Orr-Sommerfe Id  equation;  additional 


From  (39)  and  (40),  the  velocities  in  the  water  at 
z’  =0  are  related  to  the  displacement  C  by  the 
expressions 

Ww  =  -ik  (c  -  u)  (1  +  ic|^)c‘ 

uw  =  k(c  -  Ciy)  (1  +  ic|^)C  (81) 
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and 


1W 

_ w 

kc 


(1  + 


where 


<j  _  w 
JX  c 


thus  uy/  =  iw  ,  as  in  fixed  coordinates. 
For  the  large  scale  motions. 


=  jw/kc 


and  =  jw  (82) 

With  (75b)  and  (82),  condition  (78)  for  the  large 
scale  motion  becomes 


U'w 


w  k  c 


(83) 


and  with  (73)  and  (81)  condition  (79)  for  the  small 
scale  motion  (to  0(k‘)J  becomes 


pw  -  k??l  =  Pw[k(c  -  u);'  -  (g  +  k-  T)  ]  r.  ■  (88) 


Using  (81)  to  rewrite  (88)  in  terms  of  w,  introduc¬ 
ing  s  =  Pa/Pw  an<^  using  (84)  to  rewrite  the  group, 
cw'  -  U'w,  we  obtain  the  final  form  of  the  pressure 
boundary  condition  (85)  to  be  satisfied  at  z*  =  0. 


w[-k(l-s)c;’  +  (g+k'T)  ]  +  skw1  - 
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+  iw/c)  -  w  2cu^ 
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We  will  introduce  the  variables  p,Q,b,  and  y  and 
rewrite  (89)  as  Pw  +  gw  +  bw"  ’  =  y  (w)  where 

P  =  (-k(l-s)c2  +  (g+k2T) ] 
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-isc/Rk 


(w)  at  z 


(84) 


where  we  have  introduced  the  symbol  y  (w)  for  the 
right  hand  side  of  (84) . 

The  remaining  boundary  condition  to  be  satisfied 
at  z  =  and  then  transferred  to  z'  =0,  is  the 
balance  of  pressure  or  more  precisely  of  normal 
stress  with  surface  tension 


+  T 


(85) 


The  viscous  normal  stress  at  z 
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is  given  by 


where 


d _ d _ H  3_ 

dn  dz  3x  dx 


Because  uwU'w(o)  =  uaU^  (o)  in  the  limit  pw  •*  <u 
there  is  some  cancellation  in  the  stress  condition 
and  the  final  result  for  the  large  scale  is  <inn  = 

2  w'/R. 

For  the  small  scale,  all  terms  involving  the 
largo  scale  perturbations  are  negligible  for  k<k' 
so  that  onn  =  2  w’/R. 

Thu  pressure  in  the  air  at  the  surface,  z  =  C, , 
is  obtained  by  expanding  the  pressure  about  z'  =  0. 


p  ( ’ )  =  p(o)  +  rt  ^  (o) 

f»Z 


(86) 


where  p(o)  and  dp/dz{o)  are  available  from  the 
momentum  equation  (67) . 

After  considerable  manipulation  we  obtain  the 
following  formula  for  pa  -  ann 


ik(Pa  '  "nn I  =  Pa1'  c  u'  “  wU'  +  Sk  (W' 
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We  obtain  p  -  k‘T", 
w 

at 

z  *  =  »’  * 

(to  0(kU] 

i  directly 

f  rom  (41) 


and  y.,Q  (w)  is  the  right  hand  side  of  (89). 

The  corresponding  boundary  condition  for  the 
large  scale  is  homogeneous  and  of  the  form 

Pw  +  Qw*  +  bw'"  =  0  (90) 

where 

P  =  (-k(l-s)c2  +  (g+k  T) ] 

Q  =  jc3sk/R;  b  =  -jsc/Rk 

To  summarize,  the  long  waves  satisfy  the  ordinary 
Orr-Sommerfeld  equation  (75)  with  the  appropriate 
linear  boundary  conditions  for  a  free  water  (83) 
and  (90)  plus  w («)  =  w'  (°°)  =  «>.  The  resulting 
homogeneous  eigenvalue  problem  is  solved  numerically 
to  determine  u,  w,  and  c  for  a  given  long  wave 
amplitude,  wave  number,  k,  and  R. 

The  short  waves  satisfy  a  modified  Orr-Sommerfeld 
equation,  (75)  with  the  effects  of  the  long-wave 
perturbations  appearing  also  in  the  boundary  con¬ 
ditions  (84)  and  (89). 

To  solve  this  short-wave  local-equilibrium 
problem  we  resort  to  techniques  that  by  now  have 
become  standard  in  stability  theory  for  perturbed 
eigenvalue  problems. 

We  assume  that  the  short-wave  solutions  can  be 
expanded  about  the  perturbed  solution  (no  long  waves 
present)  in  the  form 

u  =  Ug  +  C  u, 

w  =  wQ  +  f,  w, 

i  =  +  i  i,  (9i) 

where  £  is  the  large  wave  amplitude.  The  eigenvalue, 
c,  is  also  expanded 

c  =  cn  +  C,  c,  (91b) 


For  r,  =  o  the  problem  of  short-wave  dynamics 
reduces  to  the  ordinary  Orr-Sommerfeld  equation 
with  free-surface  boundary  conditions. 
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*0  -  2kw"  +  k**w  -  ikR[  (U-c)  (wJJ  -k*  wQ) -wqU"  ]  =  0 


co*o  +  ^  ’  kco)  "o  =  0 


at  z'  -  0 


Pw  +  Q  Wq  +  b  w" '  =0 


and 


(92) 


I 


vrdz 


0 


(97) 


where  v  is  the  solution  to  the  adjoint  problem 

Z(v)  =  0 

with  v(0)  -  v'  (0)  =  v  (cri)  =  v 1  (°°)  =  0  (98) 


The  eigenvalue,  c(),  which  determines  the  growth 
rate  of  the  short  waves  in  the  parallel  shear  flow, 
is  determined  by  a  numerical  solution  of  these 
equations  for  a  given  k  and  R. 

The  equations  governing  the  modification  to  the 
flow  due  to  the  long-wave  perturbations  are  derived 
by  using  (91)  in  (76)  and  equating  terms  of  0(C). 

In  this  operation  the  as-yet -unknown  correction 
to  the  eigenvalue,  Cj ,  will  appear  multiplying  the 
lowest  order  solution,  Wq.  The  resulting  problem 

for  w,  is  written 

l 

w""  -  2k*  w"  +  k4Wj  -  ikR(  (U-Cq)  (w”  -k^w^ )  -w  U'*) 

=  c,r,  (w,z)  +  r,((w,w,z)  (93) 

where  r^  (w,z)  and  r->(w,w,z)  are  known  functions  of 
the  long-wave  perturbation,  w(z),  and  the  lowest- 
order  short-wave  perturbation,  w^  (z) .  From  (84) 
and  (91) 


r, (w,z)  =  -  ikR(w"  -  kwQ) 


(94) 


and  r (w,w,z)  is  defined  by  (76)  with  the  long 
wave  perturbations  normalized  by  c. 

The  boundary  conditions  for  w^  have  homogeneous 
operations  that  are  identical  to  those  for  w^  but 
the  equations  are  non-homogencous  with  terms  that 
depend  on  w^,  the  long-wave  perturbations,  w,  and 
the  unknown  correction  to  eigenvalue,  c. . 
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and  w^ 

,<■'>=  w;  ("■) 

=  0 

where 

I|„  (w)  and  f . 

y j  (w)  are  defined 

in  equations 

(86)  and  (90)  with  the  long  wave  perturbations 
normalized  by  C 


and  y j j  =  -  w^  +  kw . 


y  .  j  -  2cnk(l-s)w0  -  ik3s/Rw^  +  is/kRw”’ 

This  problem  is  similar  to  that  considered  by 
Stuart  (1960)  and  many  others  in  later  studies. 
In  Stuart  (I960)  we  have  the  problem 

MWj)  =  r  (z ) 


with  Wj  (0)  =  wj  (0)  =  w]  ('")  =  wj  M  =  0  (96) 

where  L  is  the  Or r- Sommer f eld  operator. 

The  solvability  condition  [Ince  (1926)  pg.  214] 
for  this  problem  is 


Condition  (97)  is  then  used  to  determine  the  modifi¬ 
cations  of  the  flow  due  to  non-linearities. 

The  present  problem  differs  from  that  in  (96)  - 
(98)  in  that,  the  boundary  conditions  of  (95)  involve 
linear  combinations  of  the  derivatives  of  Wj  at  z 
=  0  and  are  non-homogeneous . 

In  Appendix  B,  we  show  that  the  adjoint  boundary 
conditions  that  replace  (98)  in  the  determination 
of  v  are 


V  (0)  =  v'  (-)  =  v  (oo) 


(99) 


and  [I'-ikRcU’  +  o(u'-kc)]v  +  [J'-k^lv"  +  cv'"  «  o 


where 


o  =  -  [2k-  +  ikR(u-c) ] ;  H  =  P  -  2(U'-kc) 

b  b 

and  the  extended  solvability  condition  for  non- 
homogeneous  boundary  conditions  is 


rvdz  =  f 


[Cj  r,  (z j  )  +  r-,  (z)  ] vdz 


=  ( i  c 
1  1  1 


)  [—  (0) 

10  c0 


<—  -  r2~)v(o> ; 

co  ben 


+  (V  C 

:  i  : 


>  )  lr  (0) 1 

.'0  b 


(100) 


The  solvability  condition  (100)  is  then  used  to 
determine  Cj  and  thus  the  correction  to  the  local 
growth  rate  due  to  the  presence  of  the  long  wave 
perturbations . 


Y  [-«»  +  <- - r^~)v(0)]+Y  X(0)  -  fr  (z) 

10  c0  Co  bCQ  20b  j  2 


vdz 


Y  t^-(0)  +  (- - 7-2_)v(0)]+y  £(0)-  fr ,  (z)  vdz 

n  c  n  c  n  be  n  r  i  b  1 


(101) 


After  c  has  been  determined  from  (101),  the 
normal  stress  on  the  small-scale  waves  in  the  water 
due  to  the  air  flow  may  be  determined.  The  sim¬ 
plest  approach  is  to  use  (88)  and  infer  pa  -  onn 
directly  from  pw  using  the  momentum  equation  in  the 
water  (or  Bernoulli's  equation). 

Retaining  the  terms  linear  in  the  large-scale 
quantities,  we  have 

Pa  -  cnn  =  rw[+  kUc  -uw)?  -  (g  +  Tk?R]  (102) 

where  c  is  given  by  (91b)  with  c^  from  (101).  The 
correction  to  the  growth  rate,  Cj ,  is  doubly  complex 
in  that  it  has  both  real  and  imaginary  parts  (cr 
and  c^)  that  are  in  phase  and  out  of  phase  with  C. 
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To  complete  the  calculation  of  Section  2  for 
long-wave  growth  rate  due  to  the  non-uniformity  of 
short-wave  growth  rate,  we  require  the  part  of  c^ 
that  is  in  phase  with  For  the  analysis  of  short 
waves.  Section  2  uses  an  expression  equivalent  to 

P'  *  °nn  »  P  k'(c'  -  u)  (a*  +  iB'Ml  -  ak i)i'  (42) 
nn  w 

where  all  quantities  are  real.  This  assumes  that 
the  real  and  imaginary  part  of  c  are  modulated  by 
the  large  scale  in  exactly  the  same  proportions. 
Thus  by  this  assumption, 

(Cci  -  u  ) 

aky  =  -2  - rr — (103) 

ot  +  ip 

since 

C0  ~  *  g/k+kT  +  —  and  c’  -  cQ  +  u 

Should  these  assumptions  not  be  exactly  correct,  a 
would  have  a  small  imaginary  part,  which  will  be 
ignored . 


k  ~  cm" 

FIGURE  2.  Linear  temporal  growth  rate  @  u  =30  cm/sec 
- t - present  calculations ; - present  calcu¬ 
lations  with  miles  profile  Uj  =  5U*. 


4 .  NUMERICAL  RESULTS 

Wo  have  carried  out  the  calculations  described  in 
3  using  the  Orr-Sommerfeld  solver  developed  by 
Gustavsson  (1977).  This  is  an  implicit  method 
which  uses  an  Adam's  integration  technique.  One 
particularly  attractive  feature  of  the  program  is 
its  variable  step  size.  Thus  it  is  possible  with 
a  reasonable  number  of  points  to  have  a  fine  mesh 
in  the  "wall"  layer  and  other  regions  of  high  gra¬ 
dients  and  to  coarsen  the  mesh  as  one  moves  out 
into  the  boundary  layer.  The  programs  and  results 
will  bo  more  fully  described  in  a  subsequent  publi¬ 
cation.  Only  one  set  of  calculations  will  bo 
reported  here. 

The  shear  flow  profile  and  its  derivatives  are 
modelled  with  continuous  functions  that  approximate 
the  mean  profile  of  a  turbulent  boundary  layer. 
Calculations  were  done  at  a  friction  velocity,  ut, 
of  30  cm/sec;  conditions  were  chosen  so  that  the 
ratio,  ui/Uco,  was  .05,  a  typical  value  for  wind- 
tunnel  experiments.  Interaction  between  long  waves 
of  100,  75,  50,  36,  20,  and  16.5  cm  with  short 
waves  of  2,  1,  0.75,  and  0.6  cm  were  investigated. 
Although  many  interesting  features  of  the  flow  can 
be  investigated  using  this  approach  (such  as  the 
distortion  of  the  mean  profile  as  the  larqo  wave 
passes,  and  the  variation  of  the  wave  speed,  local 
growth  rate,  and  amplitude  of  the  short  waves  along 
the  large  waves),  the  only  systematic  investigation 
we  have  yet  performed  concerns  the  energy  input  to 
the  large  waves  due  to  the  modulation  of  the  short¬ 
wave  Stokes  drift. 

The  linear  temporal  growth  rate  of  wind-driven 
waves  =  kc^  is  of  course  a  direct  output  of  the 
calculations.  Figure  2  shows  -  sec-5  as  a 
function  of  wave  number,  k  -  cm" 1 ,  for  u.  =  30  cm/ 
sec.  The  growth  rates  we  obtained  are  slightly 
higher  than  Miles's  viscous  calculations  (Miles 
(1962)]  but  when  we  used  his  shear-flow  profile,  we 
obtain  close  agreement.  For  -  30  cm/see,  all 
the  waves  we  investigated  were  viscously  dominated, 
that  is,  their  critical  layers  were  sufficiently 
close  to  the  free  surface  to  be  essentially  merged 
with  the  surface  viscous  layer.  Thus,  little  in¬ 
sight  to  the  behavior  of  these  flows  can  be  obtained 


from  an  inviscid  model  of  the  behavior  of  shear 
flows.  The  real  part  of  the  wave  speed,  cr,  also 
shown  in  Figure  2,  differs  very  little  from  the 
free  wave  speed  of  gravity-capillary  waves,  cq. 

The  energy  input  to  the  large  waves  from  the 
small  waves  is  given  by  (66) .  With  t  =  ket,  and 
S * '  from  (54),  the  dimensional  temporal  growth  rate 
of  the  large  waves  can  be  written 


where  is  the  linear  growth  rate  $k/2. 
the  coupling  coefficient  C  as 


(104) 


We  define 


(105) 


where  the  minus  sign  is  introduced  because,  contrary 
to  our  expectations,  a  turned  out  to  be  negative 
for  the  cases  we  investigated.  Thus  the  growth  of 
the  large-wave  amplitude  is  given  by 


(106) 


Thus  for  C  positive,  an  energy  input  to  long  waves 
comes  from  short  waves  whose  group  velocity,  c', 
is  slightly  less  than  the  long  wave  phase  velocity, 
c.  The  theory  also  predicts  that  long  waves  will 
decay  if  c’  H  c.  Since  waves  satisfying  this  con¬ 
dition  will  be  shorter  capillary  waves  which  will 
be  more  strongly  damped  by  viscosity,  we  expect  a 
not  energy  input  to  the  large  waves.  Of  course 
the  theory  does  not  hold  at  c  =  c^  where  non-linear 
interactions  must  be  considered. 

Numerical  values  of  the  coupling  coefficient,  C, 
are  shown  in  Figure  3  as  a  function  of  X  for  various 
.  C  is  certainly  0(1)  having  a  maximum  value  of 
1  at  =  1  cm.  It  is  also  a  slowly  varying  function 

of  \ .  It  has  its  maximum  value  about  X '  =  1  cm 
which  corresponds  to  the  maximum  in  the  linear 
qrowth  rate  for  short  waves  for  these  conditions. 

It  drops  off  more  rapidly  with  decreasing  wave 
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length,  A ' ,  than  does  the  linear  growth  rate, 

(X1).  The  long-wave  linear  growth  rate,  U. ,  is 
also  shown  for  comparison;  it  is  much  smaller.  Of 
course  the  interaction  growth  rate  also  involves 
(k1:. • )‘  of  the  short  waves  which  would  be  typically 
0.01  but  the  division  by  c-Cg  would  somewhat  offset 
the  effect  of  small  slope.  One  calculation  for  an 
upstream  travelling  long  wave  verified  that  a  was 
negative  and  energy  was  removed  from  the  long  wave 
by  interaction  with  the  short  wave.  We  have  not 
carried  the  calculations  further  to  date. 

Some  idea  of  the  wavelengths,  involved  in  any 
practical  application  of  these  ideas  can  be  seen 
from  Figure  4  which  shows  the  group  velocity  and 
phase  velocities  for  gravity-capillary  waves.  The 
requirement  for  strong  coupling  is  c  £  Cg.  We 
further  note  that  waves  shorter  than  say  0.3  cm 
are  unlikely  to  be  important  in  a  viscous  fluid. 

Thus  short  waves  in  the  range  0.3  cm  could  interact 
with  a  20  cm  long  wave  in  the  manner  we  have  dis¬ 
cussed  but  waves  longer  than  20  cm  would  be  unlikely 
to  be  affected. 

Although  the  effects  of  surface  drift  are  not 
yet  included  in  our  calculations,  the  range  of 
affected  long  waves  can  be  somewhat  broadened  by 
considering  surface  drift.  Drift  velocities  are 
typically  5^  of  the  wind  velocity;  this  is  the  same 
order  as  the  friction  velocity  which  we  have  taken 
as  ui  -  0.05  Ua,.  If  we  assume  that  a  surface  layer 
will  advect  the  short  waves  [Valuenzuela  (1976)] 
but  leave  the  phase  velocity  of  the  long  waves 
unaffected  (Valenzuela's  calculations  did  not  extend 
to  long  waves) ,  we  can  consider  a  broader  range  of 
interaction  possibilities,  as  sketched  in  Figure  4. 
For  a  group  velocity  augmented  by  a  surface  current 
of  30  cm/sec,  interactions  between  a  long  wave  of 
about  50  cm  and  waves  longer  than  0.3  cm  become 
possible  and  a  20  cm  wave  may  interact  with  waves 
of  order  1.4  cm. 

Experimental  data  in  the  range  of  wave  lengths 
and  friction  velocities  of  interest  for  the  inter¬ 
actions  we  have  investigated  hero  was  presented  by 
Plant  and  Wright  (1977).  Some  of  their  results  are 
reproduced  in  Figure  5,  showing  the  temporal  growth 
rate  vs.  wave  number  for  several  values  of  friction 
velocity.  Of  particular  interest  is  that  while  the 
short-wave  growth  rate  is  accurately  predicted  by 
linear  theory,  there  is  a  departure  of  theory  and 
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A  ~  cm 

FIGURE  3.  Coupling  coefficients  for  long-wave  and 
short-wave  interaction;  linear  temporal  growth  rate 

...  u  =  30  cm/sec. 

1  T 


FIGURE  4.  Group  velocity  and  phase  velocity  for 
gravity- capillary  waves. 


k  ~  cm 

FIGURE  5.  Measured  temporal  growth  rates  for  various 
u^  cm/sec;  from  Plant  and  Wright  (1977). 
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experiment  for  waves  longer  than  about  10  cm.  This 
is  close  to  the  first  possible  long  wave  that  can 
strongly  interact  with  a  short  wave  whose  group 
velocity  is  equal  to  the  long  wave  phase  velocity. 

Thus  the  results  we  have  obtained  to  date  indi¬ 
cate  that  the  long  waves  can  receive  energy  due  to 
their  interaction  with  wind  driven  short  waves. 

The  interaction  mechanism  we  have  investigated 
requires  the  presence  of  the  wind  and  the  variation 
of  the  short  wave  growth  rate  along  the  surface  of 
the  long  wave  due  to  changes  in  the  local  wind 
field  caused  by  the  passage  of  the  long  wave.  Of 


course  further  work  remains  to  be  done  to  explore 
the  full  implications  of  these  results,  to  complete 
the  calculations  and  to  make  fuller  comparison  with 
experiment . 
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APPENDIX  A. 


DERIVATION  OF  STOKES'  DRIFT  MODULATION  FROM 
KINEMATIC  WAVE  THEORY 


which,  with  S'  =  (c-u) s * * /k 1 ,  is  found  to  agree 
with  (53)  . 


Kinematic  wave  theory,  modified  to  allow  for  small 
dissipation  or  growth  due  to  energy  interchange 
with  the  wind,  gives  the  following  conservation 
equation  for  the  wave  action  density.  A' ,  of  the 
train  of  short  waves: 


~  (c  '  A  '  )  =  2:':' A' 

.It  ,)x  q  1 


(A .  1 ) 


where  ii!  is  the  temporal  growth  rate.  The  wave 
action  density  for  waves  on  a  current  is  given  by 
[Bretherton  and  Garrett  (1968)] 


A'  =  E'/'-y 


(A. 2) 


where  E'  is  the  energy  density  and  i:'  =  k'(c’  -  u) 
the  frequency  relative  to  the  fluid  at  rest.  By 
introduction  of 


E'  =^k'(c'  -  u) '  |  | '  =  (c1  -u)S' 


(A. 3) 


(A.l)  may  be  cast  as  a  conservation  equation  for 
the  Stokes'  drift 

+  -He's')  =  (  i  (-£'+  c'  +  2.:' )  s' 

*x  g  k*  It  g  l 


(-  —  +  2:l'  )S' 
dx  1 


(A. 4) 


With  J. '  -  k '  K  ’  (1-akr  )/2  and  expressed  in  the  vari¬ 
able.0.  t  and  c,  this  takes  the  form 


|c  —  t  (c’  -  c)  —  U n  S'  =  8  (l-ak<\) 
. >  i  g 


■  ,  1  c  +  c 

(c'-u)  g 


2u  ~  y  lc'-c)vk,  4-  T]  } 
(c  -c)  K 

9  (A. 5) 


By  neglecting  the  variation  of  the  left-hand  side 
with  i  one  finds  from  this 


rak\  ,  .  ,  .  .... 

- - -  - - ( c  +  c  -  2u 

(c'-c)  (c'-cMc'-u)  g 

q  9 

k' 


[(c'-c)v  +  T] )  (A.  6) 

(c'-c)  k' 


APPENDIX  B. 

THE  EXTENDED  SOLVABILITY  CONDITION 

We  first  determine  the  adjoint  to  the  homogeneous 
problem  for  a  shear  flow  over  a  water  surface. 
This  problem  is  written 


L  (w)  *  0 

VJ]  =  cw  +  (U*  -  kc) 

W-  =  Pw  +  Qw '  +  bw'"  =  0 
w  ( Ji)  -  w '  (Oh)  -  0 


w'  =  0  'j 


(B.l) 


where  L  is  the  Or r- Sommer fold  operator. 

The  adjoint  to  the  Orr-Sommerfeld  equation  is 
(Sturart  (1960)1 

L (v )  =  v""  +  ov"  -  2ikRU'v’  +  [k4  +  ik3R(U-c)]v  =  0 
where 

o  =  -2k^-ikR (U-c)  (B.2) 

From  the  Lagrange  identity  [Ince  (1926)  pp.  210, 
2141 


J"  (vL(w)  -  wL(v))dz  =  P  (w , v) 

0 


where  P(w,v)  is  the  bilinear  concomitant.  The 
boundary  conditions  on  v  that  will  complete  the 
statement  of  the  adjoint  problem  are  found  by  the 
requirement  that  P(w,v)  be  zero  at  both  end  points. 
Since  w  and  its  derivatives  are  zero  at  2  =  «>,  this 
leaves  the  conditions  on  v  to  be  found  for  z  =  0. 

P (w,v)  is  written  in  bilinear  form  as 


P (w, v)  =  { v  v'  v"  v" ' 1 


v.  [ U 1  •  w 


ikRU 1 

1  o 

0 

1 

1  ! 

1 

f 

w 

-a 

0 

-1 

0 

1 «' 

0 

+  1 

0 

0 

1  w" 

-1 

0 

0 

0 

[„."J 

(B.  3) 


The?  free  surface  boundary  conditions  for  w  may  be 
written 


(B.4)  is  an  undordetermined  sot  of  equations 
that  will  yield  two  solution  vectors  witli  arbitrary 
coefficients.  They  are  not  unique  and  any  linear 
combination  will  also  be  a  solution.  Two  such 
solution  vectors  are 

w,  =  {0,0, 1,0}  and  w  =  (-c  ,U ' -kc , 0 ,  )  (B.5) 


L  (w )  =  r 


W.  (w)  =  j  ; 


vrdz  =  ,  V  n  +  i  ,  V^_1 


where  the  V  *s  are  determined  such  that  P(w,v) 
=  Wj  V,n  +  W.  V  +...  and  v  is  a  solution  of 
the  adjoint  system. 


{Q(U’-kc)-cPl/b 


V.  (v)  =0 


We  now  enforce  the  requirement  that  P(w,v)  be 
zero.  This  requires  that  certain  linear  combinations 
of  v,  v' ,  v",  v"'  be  zero  and  these  are  of  course 
the  required  adjoint  boundary  conditions. 

Consider  the  solution  vector  Wj .  For  P(w,v)  to 
be  zero 


P  ( w ,  v )  -  v  •  [  U  ]  •  w ,  =  v 


For  the  present  problem,  only  and  y  are 
non-zero.  By  standard  techniques,  we  have  deter¬ 
mined  the  additional  linear  combination  of  w  and 


Vi  (v)  =  v/b 


This  requires  that 


Vi.  (v)  =  v'Vc  +  ('VC  -  Q/bc)v 


.elution  vector  w  .  For  P(w,v)  to 


such  that  the  bilinear  concomitant  (B.3)  may  be 
written  in  the  form 

P  (w ,  v )  =  Wj  v.  +  W  V,  +  W  ?  V  +  W!(  Vj 


I.  A  ,  .•  I  V' 


- icRU *  +  o  (U1  -kc)  +  h 


(  -icKl’'k  +  ’  (U  ' -kc)  4  ;•  |  v  -  c<v'  +  (U'-kc)v" 


where  Wj  and  W  are  the  boundary  conditions  from 
(B.l)  and  Vj  and  V,  are  the  adjoint  boundary  con¬ 
ditions  from  (B.10). 

Thus  the  solvability  condition  for  non- homogeneous 
problem  with  non-homogeneous  fret'  water  boundary 
conditions  is 


)  rvdz  =  )  1  V.(  +  y  .  V  ^ 


v,  =  v"/c  +  (d/c  -  Q/bc)v 


Since  v1  =  0,  this  term  may  be  eliminated  from  this 
relationship.  Thus  given 

W(  (w)  =  cw*  +  (IJ  •  -  kc)w  =  0  J 

.  at  z  =  0 

W  (w)  =  Pw  +  Qw1  +  bw’"  =  0  )  (B.9) 

for  P  (w ,  v )  to  be  zero  requires 
V,  (v)  -  v*  =0 

V,  (v)  =  l  - i kcRU '  +■  .i(U*  -  kc)  +  !■  1  v  +  (U '  —  kc)v" 


and  v  is  a  solution  of  the  adjoint  system 


V. (v (0) )  =  0 


V  ('")  =  v'  (-)  =  0 


+  cv'"  =  0  at  z  =  0  (B.10) 

It  can  be  shown  that  if  (B.9)  and  (B.10)  are  used 
to  construct  P(w,v),  the  result  is  identically  zero. 
Thus  (B.10)  are  the  boundary  conditions  for  tin? 
adjoint  prob 1 em . 

The  solvability  condition  for  a  problem  of  the 
form  [I nee  (1926)] 


APPENDIX  C. 

In  this  section  we  give  the  expressions  for  the 
various  terms  in  (69)  for  the  assumed  form  of  the 
small  scale  (71).  The  continuity  equation  (73) 
has  been  used  to  express  u'  in  terms  of  w' . 

The  results  are  as  follows 
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The  equation  for  the  small  scale  will  contain 
coefficients  involving  the  moan  flow  expressed  as 
a  function  of  z'. 

U  (z ' )  =  Viz)  +  U*  (z) 

and  UM(z’)  =  IJ "  ( z )  +  U"'  (z)  f,  (C.7) 

~«o  that,  for  example,  the  term  u’v'w,  with  only 
linear  terms  retained,  becomes 

uV’w  =  UV-'w  +  |l)  +  IP’  +  ul  ( -  k-w'l 

.Jz- 

+  u'V-  w  -  t  2ikU  ^  —  (C.8) 

'X  3z 

and 

wV-’u  =  wU"  +  w'  IU"  +  IV"  +  w|-  -CI1  -  ik—  ] 

k  j  z -  3z 


The  fifth  derivative  is;  obtained  from  the  Orr- 
Sommer  fold  equation.  Some  cancellation  occurs 
among  those  terms  to  yield  the  final  result  (7(>)  . 
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SYNOPSIS 

Preliminary  results  arc  presented  of  a  study  which 
is  concerned  with  the  directional  characteristics 
of  wind  generated  waves.  The  basic  approach  adopted 
was  to  measure  the  actual  sea  surface  elevation  as  a 
function  of  horizontal  coordinates  by  means  of  stereo- 
photoqrammetric  techniques.  The  surface  representa¬ 
tions  thus  obtained  were  Fourier  transformed  to 
estimate  two-dimensional  wave  number  spectra. 

Basic  considerations  concerning  the  photogram- 
metrical  process,  the  transformation  rules  and  the 
statistical  significance  of  the  results  are  described. 
The  required  stereo  photographs  were  obtained  during 
photographic  missions  carried  out  in  1973  and  1976 
off  the  isl tnd  of  Sylt  (Germany)  and  off  the  coast 
of  Holland.  So  far  three  two-dimensional  spectra, 
each  from  a  different  flight,  have  been  calculated. 

The  sea  and  weather  conditions  during  those  flights 
are  briefly  .stated.  The  wind  direction  in  these 
flights  was  off-shore. 

Frequency  spectra  computed  from  the  observed  wave 
number  spectra  are  compared  with  an  assumed  frequency 
spectrum  and  an  observed  frequency  spectrum.  The 
agreement  is  reasonable  but  some  discrepancy  needs 
to  be  resolved.  For  two  of  the  three  observations 
the  directional  distribution  of  the  wave  energy  is 
strongly  asymmetrical  around  the  wind  direction. 

Tliis  asymmetry  seems  to  correspond  to  asymmetry  in 
the  up-wind  coast  line. 

From  the  observed  spectra  a  directional  spreading 
parameter  has  been  computed  as  a  function  of  wave 
number .  The  results  in  normalized  form  agree  well 
with  published  data.  The  absolute  values  of  the 
spreading  parameter  for  two  spectra  are  within  30% 
of  the  anticipated  values.  For  the  third  spectrum 
the  values  were  almost  five  times  too  large  but  a 
comparison  in  this  case  may  not  be  proper.  In  one 
of  the  spectra  some  indications  of  bi-modality  around 
the  wind  direction  have  boon  observed  in  the  direc¬ 
tional  distribution  function  near  the  peak  of  the 
spectrum. 


1 .  INTRODUCTION 

Observations  of  the  two-dimensional  spectrum  of  wind 
generated  waves  are  relatively  few  and  are  mostly 
based  on  methods  with  rather  poor  directional  resolu¬ 
tion.  The  techniques  which  are  used  for  the  observa¬ 
tions  may  be  based  on  such  systems  as  a  sparse  wave 
gauge  array  [e.g.,  Panicker  and  Borgman  (1970)]  or  a 
buoy  capable  of  detecting  directional  characteristics 
of  the  sea  surface  [e.g.,  Longuet-Higgins  et  al . 
(1963)].  The  few  detailed  observations  which  have 
been  published  were  based  on  other  techniques  such 
as  high-frequency  radio-wave  backscatter  [e.g., 

Tyler  et  al.  (1974)],  analysis  of  the  sea  surface 
brightness  [e.g.,  Stilwell  (1969),  Sugimori  (1975)] 
or  stereophotography  [e.g.,  Cote  et  al.  (I960)]. 

These  provided  information  with  a  high  directional 
resolution  but  the  analysis  of  the  results  in  terms 
of  wave  characteristics  has  not  been  very  extensive. 

The  Delft  University  of  Technology  and  the  Min¬ 
istry  of  Public  Works  in  the  Netherlands  have  devel¬ 
oped  a  system  based  on  stereophotography  which 
monitors  the  instantaneous  sea  surface  elevation  as 
a  function  of  horizontal  coordinates.  It  has  been 
used  in  this  and  other  studies  and  it  is  anticipated 
that  it  will  also  be  used  in  future  studies  of  wave 
phenomena  such  as  wave  transformation  in  the  surf 
zone  or  wave  patterns  around  marine  structures.  The 
present  study,  which  is  a  joint  effort  of  the  Uni¬ 
versity  and  the  Ministry,  is  aimed  at  observing  and 
interpreting  two-dimensional  spectra  of  wind  gener¬ 
ated  waves  in  a  variety  of  atmospheric  conditions. 

The  study  is  primarily  directed  towards  the  evalu¬ 
ation  of  the  shape  characteristics  of  the  directional 
energy  distribution  of  the  waves. 

For  this  study  a  few  hundred  stereo  pictures  have 
been  taken  since  1973  and  the  analysis  has  just  be¬ 
gun.  The  results  reported  here  are  preliminary  in 
that  the  number  of  analyzed  pictures  is  only  a  frac¬ 
tion  of  the  total  and  in  that  the  interpretation  of 
these  pictures  has  not  as  yet  been  completed.  The 
spectra  which  are  presented  here  were  calculated 
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from  throe  sets  of  pictures,  each  containing  ten 
stereo  pairs.  These  sets  were  chosen  on  two  bases. 
One  is  the  photographic  quality  which  was  judged  by 
pho tog ramme trie  experts,  the  other  is  the  scientific 
interest.  In  this  stage  of  the  study  it  was  felt 
that  wave  fields  generated  by  off-shore  winds  would 
be  of  most  interest  because  the  boundary  conditions 
are  well  defined.  Also,  results  of  past  investiga¬ 
tions  of  wave  generation  [Hasselmann  et  al.  (1973), 
Hasselmann  et  al.  (1976)]  suggests  that  observations 
in  these  conditions  may  be  extrapolated  to  more  com¬ 
plex  cond i t ions . 

The  first  set  of  pictures  which  was  analyzed  was 
taken  in  September  1973  during  almost  "ideal"  off¬ 
shore  wind  conditions  in  the  area  just  west  of  the 
German  island  of  Sylt.  These  observations  were 
carried  out  in  the  framework  of  an  international 
oceanographic  project  known  as  the  Joint  North  Sea 
Wave  Project  (JONSWAP)  which  is  concerned  with  the 
study  of  wave  generation  and  prediction.  A  variety 
of  articles  directly  related  to  JONSWAP  has  been 
published  and  more  are  beinq  prepared  for  publica¬ 
tion.  Some  references  are:  Hasselmann  et  al.  (1973), 
Spiess  (1975),  Hasse  et  al.  (1977),  and  Huhnerfuss 
et  al  (1978).  The  two  other  sets  of  pictures  were 
taken  in  March  and  November  1976  in  the  area  west  of 
Holland  near  the  town  of  Noordwijk,  also  in  off¬ 
shore  wind  conditions.  Wave  observations  at  sea 
level  during  the  first  and  last  flights  are  avail¬ 
able  and  these  have  been  used  for  comparison  with 
the  stereophotogrammetric  results. 


2.  STEREOPHOTOG RAMME TRY  OF  THE  SEA  SURFACE 

When  an  object  is  photographed  from  two  slightly 
different  positions,  the  imagery  in  the  two  pictures 
will  also  be  slightly  different.  The  differences 
depend  upon  the  geometry  of  the  object.  By  measur¬ 
ing  the  differences,  the  elevation  of  the  surface 
relative  to  an  arbitrary  plant  of  reference  can  be 
determined.  The  conventional  technique  of  analysis 
requires  human  interpretation  of  the  pictures  and 
complicated  stereoscopic  viewing  devices.  More  ad¬ 
vanced  procedures,  which  have  only  recently  been 
developed,  use  a  computer  to  carry  out  a  correlation 
between  the  images  to  arrive  at  the  same  results 
[e.g.,  Crawley  (1975)]. 

In  the  conventional  geodetic  aerial  survey  the 
pictures  are  taken  vertically  in  sequence  from  an 
airplane  and  the  interval  is  chosen  such  that  the 
pictures  overlap  in  the  area  directly  under  the 
line  of  flight.  An  obvious  condition  is  that  the 
object  does  not  change  between  exposures.  In  land 
survey  this  poses  no  problem  since  the  ground  sur¬ 
face  does  not  move.  The  sea  surface,  however, 
changes  very  rapidly.  To  limit  the  distortions  be- 
tweeen  two  successive  pictures  to  an  acceptable 
level,  they  should  be  taken  within  an  interval  of 
1  -  5  ms.  The  airplane  cannot  possibly  fly  from 
one  required  point  of  photography  to  the  other  within 
this  time  lapse.  The  consequence  is  that  not  one  but 
two  cameras  are  needed  which  take1  the  pictures  "simul¬ 
taneously,"  that  is,  within  an  interval  of  1  -  5  ms 
and  that  two  aircraft  are  needed  to  jx^sition  the  two 
cameras.  Apart  from  these  technical  differences  in 
obtaining  the  stereo  pairs,  the  methods  and  pro¬ 
cedures  used  in  this  study  are  standard  in  geodetic 
survey  and  they  have  been  used  in  the  past  by  various 
oceanographic  investigators.  A  well  publicized  ef¬ 
fort  is  the  Stereo  Wave  Observation  Project  (SWOP, 


Cote  et  al.  (I960))  and  the  present  system  is  es¬ 
sentially  a  revised  version  of  the  system  used  in 
SWOP. 

It  will  suffice  here  to  comment  only  briefly  on 
the  operational  system.  Actually  two  independent 
systems  were  built.  One  is  based  on  Hasselblad 
cameras  and  has  been  described  in  dc?tail  elsewhere 
[Holthuijsen  et  al .  (1974)].  The  other  is  an  almost 
exact  copy  of  that  system  except  that  the  Hasselblad 
cameras  were  replaced  by  UMK  cameras  of  Jenoptik 
which  are  superior  in  optical  and  metrical  aspects. 
The  Hasselblad  system  was  used  for  observations  in 
the  area  off  Sylt  and  the  UMK  system  was  used  in 
the  area  off  the  coast  of  Holland.  Synchronization 
of  the  cameras  was  achieved  by  using  a  radio  signal 
that  triggered  a  command  pulse  which  was  manipulated 
electronically  in  such  a  way  that  it  complied  with 
the  timing  characteristics  of  the;  receiving  camera. 
The  synchronization  error  for  the  Hasselblad  system 
was  less  than  1  ms  for  all  of  the  analyzed  stereo 
pairs  and  for  the  UMK  system  the  synchronization 
error  was  loss  than  5  ms .  To  position  the  cameras 
two  Alouette  III  helicopters  were  used.  These  heli¬ 
copters  had  a  drop-door  over  which  the  cameras  could 
be  mounted.  The  distance  between  the  helicopters 
was  estimated  during  the  flight  through  a  range 
finder  which  was  imposed  on  the  viewer  of  a  third 
camera  which  looked  from  one  helicopter  to  the  other. 
It  took  a  picture  of  the  other  helicopter  every  time 
the  downward  looking  cameras  were  activiated.  From 
these  photographs  the  distance  between  the  helicop¬ 
ters  could  be  computed  and  the  scale  of  photography 
could  be  determined. 

The  specification  for  the  helicopter  formation 
during  a  photographic  sortie  were  largely  based  on 
photogrammetric  requirements.  Only  the  altitude 
was  based  on  the  anticipated  sea  state  since  the 
noise  and  resolution  in  the  spectrum  are  directly 
related  to  the  altitude  of  photography.  The  upper 
limit  of  the  altitude*  was  based  on  noise  considera¬ 
tions.  The  standard  deviation  of  the  measurement 
error  is  estimated  to  be  0.U3*  of  the  altitude 
[Holthuijsen  et  al.  (1973) |.  Taking  a  noise  to 
signal  variance  ratio  of  1:10  as  an  acceptable  upper 
limit,  it  can  be  shown  that  the  altitude  should  be 
less  than  1,000  times  the  standard  deviation  of  the 
instantaneous  sea  surface  elevation  (or  250  times 
the  significant  wave  height.).  The  lower  limit  of 
the  altitude  is  directly  related  to  the  resolution. 

If  a  resolution  in  the  spectrum  is  required  equiva¬ 
lent  to  of  the  peak  wave  number  or  better,  it 
appears  that  for  the  Hasselblad  system  the  altitude 
should  be  higher  than  6.7  times  the  reciprocal  of 
the  peak  wave  number.  For  the  UMK  system  the  fac¬ 
tor  is  4.0.  For  most  "young"  sea  states  these  upper 
and  lower  limits  are  not  in  conflict.  The  final 
choice  of  the  altitude  was  confined  to  multiples  of 
250  ft  for  the  pilot's  convenience. 

The  size  of  the  sea  surface  covered  in  stereo  in 
one  stereo  pair  is  usually  too  small  to  produce  suf¬ 
ficient  data  for  a  reliable  estimate  of  the  two- 
dimensional  spectrum.  To  increase  the  amount  of 
data  more  pictures  were  taken  sequence  with  a 
space  interval  sufficiently  large  to  ensure  photog¬ 
raphy  of  non-overlapping  sea  areas.  The  correspond¬ 
ing  time  interval  between  the  exposures  would  be 
typically  between  4  s  and  20  s  (depending  on  camera 
type,  ground  speed,  and  altitude) .  The  photographic 
operation  to  obtain  this  sequence  is  called  a  sortie. 

In  principle,  the  pictures  can  be  analyzed  with 
recently  developed,  fully  automated  processes.  The 
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facilities,  however,  were  not  available  for  the  pres¬ 
ent  study  and  the  conventional  technique  was  used. 

In  the  three-dimensional  space  which  is  reproduced 
in  the  stereoscopic  viewinq  devices  a  riqht -handed 
system  of  coordinates  was  defined  with  the  y-axis 
in  the  direction  of  fliqht  and  the  z-axis  upward. 
Durinq  the  analysis  the  sea  surface  was  read  at  a 
square  qrid  with  spacing  Ax  =  Ay,  which  was  chosen 
such  that  aliasing  in  the  spectrum  would  be  limited 
to  only  a  fraction  of  the  total  wave  variance.  For 
each  stereo  pair  the  analysis  was  carried  out  in  a 
square  field  as  large  as  possible  anil  the  elevations 
were  determined  relative  to  an  arbitrary  plane  of 
reference.  In  the  subsequent  numerical  analysis  the 
linear  trend  was  removed  through  a  least-squares 
analysis.  The  fields  obtained  from  a  series  of 
stereo  pairs  were  initially  arbitrary  in  shape  but 
fairly  close  to  a  rectangle.  Later  they  wore  clipped 
or  extended  to  a  square  of  one  common  size  of  Lx*Ly 
as  required  in  the  spectral  analysis.  Sections  where 
no  stereo  information  was  available  (mainly  in  the 
areas  of  extension)  were  filled  with  zeros. 


3.  TRANSFORMATION  AND  STATISTICAL  SIGNIFICANCE 

The  sea  surface  data  from  the  stercopho tog ramme trie 
analysis  were  Fourier  transformed  to  estimate  the 
two-dimensional  wave  number  spectrum  (k-spectrum) . 
To  inspect  the  directional  characteristics  as  a 
function  of  wave  number,  the  k-spectrum  was  trans¬ 
formed  to  the  wave-number,  direction  space  to  pro¬ 
duce  the  k , 0-spoctrum.  The  k-spectrum  was  also 
transformed  to  the  frequency  domain. 

The  k-Spectrum 

Tlu»  definition  adopted  here  for  the  two-dimensional 
wavenumber  spectrum  F(k)  is  given  by  Eqs.  1,  2,  and 

3. 

E (k)  =  1  im  '•  (1) 

A  *«• 

where 

H  { k )  =  \ff  h  ( x )  c"1/!,k“X  dx|;  (2) 

R 

A  -  //  dx  (3) 

R 

and  -  denotes  ensemble  averaging.  Observations  of 


h(x)  were  available  from  the  stereo  analysis  in  a 
number  of  square  fields  and  these  fields  were  con¬ 
sidered  to  be  realizations  of  the  ensemble.  They 
were  Fourier  transformed  with  a  multi-dimensional , 
multi-radix  FFT  i  rocodure  [Singleton  (1969)]  and 
the  final  estimates  were  obtained  bv  averaging  the 
results  over  the  available  realizations.  The  sea 
surface  data  were  not  tapered  and  the  spectral 
estimates  were  not  convolved;  consequently  the 
spectral  estimates  are  "raw"  estimates.  In  analogy 
with  time  series  analysis  [e.g.,  Bendat  and  Piorsol 
(1971))  the  reliability  is  represented  by  a 
distribution  with  2n  degrees  of  freedom,  where  n 
is  the  number  of  fields.  The  resolution  denoted 
by  Akx  •  '.ky  is  on  the  order  of  (Lx  ■  Ly)~^. 

The  k , u -Spectrum 

The  transformation  of  the  k-spectrum  to  the  k, 
O-spectrum  is  formally  given  by  Eq.  4. 

E(k,il>  =  E  (k)  |  J  j  |  (4) 

where  k  =  magnitude  of  k,  0  =  orientation  of  k  and 
where  the  Jacobian  =  k.  Computing  the  values  of 
E(k,0)  at  a  regular  grid  in  the  k, 0-plane  requires 
the  estimation  of  E(k)  at  corresponding  values  of 
k.  This  was  done  by  bi-1 inear  interpolation  of 
E(Jt)  at  the  proper  values  of  k  (sec  Figure  1). 

The  directional  resolution  can  be  estimated  by 
considering  the  angular  distance  between  two 
neighbouring,  independent  estimates  of  E(k)  on  a 
circle  in  the  k-plane  centred  in  k  =  0.  On  this 
circle  with  arbitrary  radius,  k,  approximately 
2nk/Ak  independent  estimates  of  E  Ot)  are  available 
and  the  directional  increment  between  these  estimates 
in  radians  is  Ak/k.  This  would  be  a  fair  approxima¬ 
tion  of  the  directional  resolution  if  all  pictures 
wore  oriented  in  the  same  direction.  But  actually 
the  orientation  is  a  random  variable  due  to  the  heli¬ 
copter  motion  during  the  sortie.  The  directional 
bandwidth  to  be  added  will  be  on  the  order  of  twice 
the  standard  deviation  (nQ)  of  the  helicopter  yaw. 

The  final  expression  for  the  directional  resolution 
(AO)  is  given  in  Eq.  5. 

AO  -  Ak/k  +  2o  (5) 

o 

The  resolution  in  k  will  be  on  the  order  of  the 
increment  between  estimates  of  E(k)  in  the  k-plane 
which  is  I,”1  =  L”1. 

The  reliability  of  the  estimates  of  E(k,i»)  can 
again  be  expressed  in  terms  of  a  ^-distribution  but 
the  number  of  degrees  of  freedom  is  not  uniformly  dis¬ 
tributed  over  the  k, 0-plane.  It  constitutes  an  un- 


E  is  estimate  of  E(k) 

E^  linearly  interpolated  between  E|  and  E0 

E,  linearlv  interpolated  between  E~  and  E, 

o  3  *4 

F. „  linearly  interpolated  between  E.  and  E, 

u  JO 

+  gridpoint  in  k,-*  plane  transformed  to 
k-plane 


FIGURE  1.  Bi- linear  interpola^ 
ticn  in  the  k-plane. 
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dulating  function  due  to  the  fact  that  the  estimated 
value  of  E(k,6)  is  based  on  four  values  of  E(k)  which 
are  usually  not  equally  weighted  in  the  given  in¬ 
terpolation  technique.  They  are  equally  weighted 
only  when  a  transformed  gridpoint  in  the  k, 0-plane 
coincides  with  the  centre  of  a  mesh  in  the  it-plane. 

In  that  care  the  number  of  degrees  of  freedom  for 
E(k,0)  is  four  times  the  number  of  degrees  of  free¬ 
dom  for  each  individual  estimate  of  E  Oc) -  This  is 
the  upper  extreme  of  the  undulating  function.  The 
lower  extreme  occurs  when  a  transformed  k,0  grid- 
point  coincides  with  a  gridpoint  in  the  k-plane. 

Then  the  number  of  degrees  of  freedom  of  the  esti¬ 
mate  of  E(k,0)  is  equal  to  the  number  of  degrees  of 
freedom  of  an  individual  estimate  of  E(&).  The 
values  of  the  two  extremes  are  8n  and  2n  respectively. 


observed  in  a  point  stationary  with  respect  to  the 
sea  bottom.  This  was  done  so  as  to  be  able  to  com¬ 
pare  the  results  with  measurements  carried  out  with 
anchored  buoys.  Expressions  for  the  approximate 
resolution  (Af)  and  number  of  degrees  of  freedom 
(N)  are  given  by  Eqs.  10  and  11. 


Af  -  Ak  =  —  c  Ak 
9k  2tt  g 


N  -  8  n 


7T2f2  1 

g  Ak 


(10) 

(11) 


4.  DESCRIPTION  OF  THE  SITES  AND  THE  WEATHER 
CONDITIONS 


The  f-Spectrum 

The  f-spectrum  is  determined  by  integrating  the  f, 
0-spectrum  over  the  range  (0,tt)  and  multiplying  the 
result  by  two.  The  operation  is  given  by  Eq.  6. 


7T 

E ( f )  =2  /  E(f,0)d0  (6) 

0 

The  f ,0-spectrum  has  been  computed  from  the  k- 
spectrum.  The  relationship  to  transform  from  wave 
number  vector  to  frequency  is  based  on  the  linear 
dispersion  relation  for  deep  water  corrected  for 
currents.  This  expression  and  the  transformation 
are  given  in  Eqs.  7,  8,  and  9. 

f  =  (gk/27Tp  +  k.V  (7) 


E ( f , 0 )  =  E(k) [j2| 


(8) 


J?  *  t!5  (g/2n)  V,/? 


+  Vk-1  cos  (0  -  0)1 (9) 


V  is  the  current  vector  and  V  and  0C  are  its  magni¬ 
tude  and  orientation.  To  determine  the  values  of 
E(k)  the  same  procedure  as  described  above  was  used 
The  resulting  spectrum  is  the  frequency  spectrum  as 


Maps  of  the  areas  off  Sylt  and  off  Noordwijk  and 
two  bottom  profiles  are  given  in  Figures  2,  3,  4 
and  5.  It  may  be  noted  that  both  areas  are  similar 
in  general  appearance  but  an  important  difference 
seems  to  be  that  the  coast  near  Sylt  recedes  sharply 
North  and  South  of  the  island  and  is  strongly  asym¬ 
metric  with  respect  to  the  off-shore  direction. 


FIGURE  3.  The  area  of  observation  off  Noordwijk.  Lo¬ 
cations  of  observations  indicated  by  dots. 
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FIGURE  4.  The  area  of  observation  off  Sylt.  Active 
wave  monitoring  stations  and  station  of  observation 
indicated  by  dots,  wind  direction  indicated  by  arrow. 


whereas  the  coast  near  Noordwijk  is  more  continuous 
and  symmetric.  For  both  sites  the  water  is  effec¬ 
tively  deep  for  waves  generated  by  an  off-shore  wind. 

The  sortie  in  the  area  west  of  Sylt  was  carried 
out  during  the  field  operations  of  JONSWAP  in  1973, 
on  September  18th,  at  17:30  hr  (local).  Brummer  et 
al.  (1974)  describe  the  large  scale  weather  features 
during  the  JONSWAP  operations  of  1973  and  also  give 
results  of  meteorological  observations  from  ships, 
buoys,  and  balloons  in  the  area.  According  to  this 
information  the  windspeed  and  direction  prior  to  the 
flight  had  been  fairly  constant  for  one  day.  Since 
the  wind  was  almost  perfectly  off-shore  the  situa¬ 
tion  was  classified  as  an  "ideal"  generation  case. 

In  the  two  hours  prior  to  the  flight  the  windspeed 
and  direction  at  station  8  (see  Figure  4) ,  at  10  m 
elevation  was  approximately  13  m/s  and  110°  respec¬ 
tively.  The  direction  is  only  a  few  degrees  off  the 
"ideal"  off-shore  direction  of  107°. 

The  weather  during  this  flight  was  poor  for  photo¬ 
graphic  operations  and  all  pictures  which  were  taken 
were  under-exposed,  in  spite  of  the  best  possible 
photographic  measures.  Pictures  were  taken  over 
six  stations  of  JONSWAP,  including  active  wave  mon¬ 
itoring  stations  5,  7  and  9  (see  Figure  4).  The 
frequency  spectra  observed  at  these  stations  are 
given  in  Figure  6  and  they  may  be  used  for  a  direct 
comparison  with  the  results  of  stereo  observations 
over  these  stations.  But  in  selecting  the  pictures 
for  preliminary  investigation  preference  was  given 
to  photographic  quality  rather  than  availability  of 
ground-true  information  and  it  appeared  that  the  best 
pictures  were  taken  over  station  10,  which  was  other¬ 
wise  inactive  during  the  flight. 
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The  frequency  spectrum  at  station  10  was  estimated 
with  a  "hindcast"  procedure  based  on  the  JONSWAP  pa¬ 
rameter  relationships  (Hasselmann  et  al.  (1973)]. 

The  "hindcast"  was  attempted  for  stations  5,  7,  and 
9  with  the  observed  windspeed  of  13  m/s  but  the  re¬ 
sults  (Figure  6)  were  rather  poor,  although  they 
seemed  consistent  with  the  statistical  variation  in 
the  observations  of  JONSWAP.  The  agreement  improved 
when  a  windspeed  of  15  m/s  was  used  (Figure  7) .  This 
was  the  windspeed  estimated  just  prior  to  the  flight. 
Since  this  fictitious  windspeed  produced  more  real¬ 
istic  results,  in  particular  for  station  9  which  was 
the  nearest  to  station  10,  it  was  used  for  the  "hind- 
cast"  at  station  10.  The  resulting  spectrum  is  given 
in  Figure  8,  the  comparison  with  the  stereophoto¬ 
graphic  results  will  be  discussed  in  Section  5. 

The  second  and  third  set  of  pictures  to  be  ana¬ 
lyzed  were  chosen  from  the  pictures  obtained  in  the 
area  off  Noordwijk.  The  main  reason  for  selecting 
these  pictures  rather  than  the  pictures  taken  off 
Sylt  was  that  the  results  of  the  sortie  just  de¬ 
scribed  indicated  that  the  data  were  influenced  by 
the  asymmetry  of  the  coastline  of  Sylt.  The  coast 
near  Noordwijk  is  more  symmetric  for  off-shore  wind 
directions.  The  information  on  the  atmospheric  con¬ 
ditions  during  these  flights  was  based  on  standard 
synoptical  observations  which  were  received  through 
the  office  of  the  Royal  Netherlands  Meteorological 
Institute.  In  addition  a  cup-anemometer  and  a  wind- 
cone  were  available  at  an  observation  tower  located 
9.5  km  off-shore  from  Noordwijk  (see  Figure  3). 

The  second  sortie  (the  sequence  refers  to  the 
sequence  of  analysis,  not  the  time  sequence  of  the 
flights)  was  flown  in  off-shore  wind  conditions  on 
November  12,  1976,  at  13:05  hr  (local).  From  the 
synoptical  observations  it  was  found  that  the  wind 
was  rather  weak  over  the  entire  North  Sea  and  the 
wind  in  the  area  of  observation  was  mainly  caused 


Sylt  730910 


FIGURE  5.  Bottom  profiles  off  Sylt  (direction  287°) 
and  off  Noordwijk  (direction  300°) . 


FIGURE  6.  Observed  frequency  spectra  at  stations  5,  7, 
and  9  and  corresponding  JONSWAP  spectra  for  U  =  13  m/s. 
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FIGURE  7.  Observed  frequency  spectra  at  stations  5,  7, 
and  9  and  corresponding  JONSWAP  spectra  for  U  =  15  m/s. 


by  a  weak  and  fairly  large  low  pressure  area  over 
central  France.  Synoptical  observations  in  the 
coastal  region  25  km  North  and  8  km  South  of  Noord- 
wijk  indicated  windspeeds  of  4.5  m/s  and  4.0  m/s 
respectively  and  the  wind  directions  of  100°  and 
160°  respectively.  The  wind  observation  at  the 
platform  was  carried  out  at  23  m  above  mean  sea 
level.  Averaged  over  the  duration  of  the  photo¬ 
graphic  operations  (about  40  min.),  the  observed 
windspeed  was  6.4  m/s  and  the  directions  just  prior 
and  just  after  the  flight  were  approximately  140°. 

The  "ideal"  off-shore  direction  would  have  been  120°. 
To  estimate  the  windspeed  at  10  m  elevation,  the 
observed  value  was  corrected.  The  correction  for 
the  bulk  of  the  tower,  is  known  from  wind-tunnel 
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FIGURE  8.  Spectrum  inferred  from  stereo  data  and  cor¬ 
responding  JONSWAP  spectrum  for  U  -  15  m/s. 


tests,  and  the  windspeed  was  extrapolated  using  a 
logarithmic  wind-profile  with  a  drag  coefficient, 
cjo  =  1*5  x  10”3.  The  resulting  windspeed  is  6.0 
m/s.  The  corrections  for  the  wind  direction  are 
marginal  and  well  within  the  error  of  observation. 
During  this  flight  pictures  were  taken  over  the 
observation  tower  and  at  locations  30  km  and  50  km 
from  the  coast  (see  Figure  3) .  The  pictures  taken 
30  km  off-shore  seemed  to  contain  sufficient  stereo 
information  to  obtain  a  relatively  high  directional 
resolution  and  these  were  chosen  for  preliminary 
investigation . 

Wave  observations  at  sea  level  were  available 
from  a  wave  gauge  at  the  observation  tower  and  from 
an  accelerometer  buoy  at  the  location  30  km  off¬ 
shore.  The  spectrum  of  the  buoy  is  given  in  Figure 
9.  It  will  be  used  for  comparison  with  the  stereo¬ 
photographic  results.  During  the  flight  some  swell 
coming  from  south-westerly  directions  was  observed 
from  the  helicopters. 

The  third  sortie  was  flown  off  Noordwijk  on  23 
March  1976  at  12:20  hr  (local).  The  wind  was  rather 
weak  over  the  entire  North  Sea  and  the  direction 
varied  from  ENE  off  the  Dutch  coast  to  SSW  off  the 
Norwegian  coast.  This  windfield  was  caused  mainly 
by  a  fairly  weak  high  pressure  ridge  over  the  North 
Sea  and  a  low  pressure  area  over  central  France. 
Synoptical  observations  at  the  same  coastal  stations 
as  mentioned  above  indicated  windspeeds  of  11.0  m/s 
and  8.0  m/s  respectively  and  wind  directions  of  80° 
and  70°  respectively.  The  corrected  wind  speed  and 
direction  at  the  observation  tower  (averaged  over 
20  min.)  were  8.3  m/s  and  70°.  Since  the  "ideal" 
off-shore  wind  direction  would  have  been  120°  the 
wind  is  slanting  across  the  coast  line  at  an  angle 
of  approximately  50°.  Obviously  this  implies  a 
strong  asymmetry  of  the  coast  line  with  respect  to 
the  wind  direction.  Pictures  were  taken  over  the 
observation  tower  and  at  locations  17  km  and  30  km 
off-shore.  Since  the  pictures  taken  17  km  off-shore 
seemed  to  be  the  best,  they  were  analyzed.  Unfor¬ 
tunately  no  simultaneous  wave  observations  in  the 
area  were  available. 


010  0  20  0  30  0*0  050 

frequency  ( Hz ) 


FIGURE  9.  Spectrum  inferred  from  stereo  data  and 
spectrum  from  buoy  measurement. 
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TABLE  1  Pho t  ogramme  trie 

Sylt 

Noordwijk 

Noordwijk 

parameters 

Sept.  1973 

Nov.  1976 

March  1976 

altitude  of  photography 

1500  ft 

500  ft 

500  ft 

orientation  of  helicopters 
relative  to  true  North 

110° 

275° 

310° 

percentage  of  zeros  added 

4  7, 

571 

2% 

in  stereo  areas 

number  of  pictures 
accepted  for  stereo  analysis 

9 

10 

10 

stereo  area  per  picture 

220x220  ra2 

I 56x 1 56  m“ 

1 70x 1 70 

grid  in  x-pi ane 

2 

5  x  5  m~ 

o 

3  x  3 

2. 5x2. 5  m2 

5 .  RESULTS 

The  values  of  a  number  of  parameters  relevant  to  the 
photogrammetr ic  process  are  given  in  Table  1-  In 
view  of  the  preceding  paragraphs  this  table  is 
largely  self-explanatory  but  a  few  parameters  will 
be  discussed  briefly. 

The  altitudes  of  photography  are  based  on  antic¬ 
ipated  significant  wave  heights  and  peak  wave  num¬ 
bers.  These  were  estimated  by  substituting  the 
windspeed  and  fetch  in  the  JONSWAP  parameter  rela¬ 
tionships  [Hasselmann  et  al .  (1971)].  For  the  sortie 

off  Sylt  the  wind  information  was  fairly  good  as  it 
was  based  on  ship  observations  in  the  area  but  for 
the  sorties  off  Noordwijk  this  information  was  poorer, 
partly  because  no  observations  prior  to  the  flights 
were  available.  The  helicopters  were  flying  directly 
into  the  wind  during  the  sortie  off  Sylt.  During 
the  second  and  third  sortie  they  were  flying  with 
tlie  wind  in  the  left  respectively  right  rear  quarter 
with  11°  drift.  Ten  stereo  pairs  were  taken  in  each 
sortie  but  one  pair  was  rejected  from  the  sot  taken 
off  Sylt  because  it  covered  too  small  an  area.  Us¬ 
ing  the  sea  surface  information  from  the  stereophoto- 
grammetrie  analysis  the  three  k-spectra  were  computed 
according  to  the  procedures  described  in  Section  3. 

The  results  are  presented  in  the  form  of  countour- 
lino  plots  in  Figures  10,  11,  and  12.  Some  isolated 
regions  in  the  k-plane  have  been  indicated  where  the 
spectra  are  thought  to  be  seriously  affected  by 
noise.  This  noise  is  dealt  with  in  the  Appendix. 
Values  of  relevant  spectral  parameters  are  given  in 
Table  2.  For  the  determination  of  the  directional 


resolution,  was  estimated  at  0.06  [c.f., 
Holthiujsen  et  al.  (1974)]. 

On  closer  inspection  of  the  contour-line  plot  of 
the  spectrum  of  Sylt  two  wave  fields  can  be  identi¬ 
fied:  one  coming  from  approximately  110°  and  one 
from  approximately  155°.  This  is  rather  surprising 
because  neither  the  wind  conditions  nor  the  ground- 
true  information  gave  such  indication.  The  swell 
in  the  second  spectrum  (off  Noordwijk)  coming  from 
south-westerly  directions  was  observed  during  the 
flight.  It  is  well  separated  from  the  locally 
generated  wind  sea  and  it  will  be  largely  ignored 
in  the  following  discussion.  The  peak  of  the  third 
spectrum  is,  surprisingly,  coming  from  Northerly 
directions  rather  than  from  Easterly  directions,  as 
may  be  antitipated  from  the  wind  direction. 

Instead  of  the  k,  -spectra,  the  normalized  direc¬ 
tional  distribution  functions  have  been  plotted  in 
Figures  13,  14  and  15.  The  definition  of  these 
functions  is  given  by  Eqs .  12  and  13. 

D(0;k)  =  11E(k'-0-- for  0  <  0  <  7i  (12) 

/E(k,0)d0 

0 

D (0 ; k)  =0  for  Tt  <  0  <  2tt  (13) 

This  seemed  to  be  more  illustrative  than  a  contour¬ 
line  plot  of  the  k, 0-spectra,  the  normalized  direc- 
primarily  for  the  directional  characteristics.  An 
evaluation  of  these  functions  will  be  given  in  the 
next  paragraph. 


TABLE  2  Spectral 

parameters 

Sylt 

Sept.  1973 

Noordwijk 
Nov.  1976 

Noordwijk 

March,  1976 

-♦  -2 
resolution  in  k-plane  |  m  “} 

(220x220)”’ 

(156x156)”’ 

(170x170)"’ 

number  of  degrees  of 
f  reedom 

18 

20 

20 

peak  wave  number  (k  )  [m  *] 
m 

0.0045 

0.0641 ^ 

0.0265 

directional  resolution 

at  k  =  k 

20° 

13° 

20° 

k  =  2kra 

13° 

10° 

13° 

k  =  3km 
m 

1  1° 

11° 

-w — ar 
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FIGURE  10.  Contour- line  plot  of  k-spectrum  off  Sylt 
Sept.  18th,  1973.  Contour- line  interval  equivalent 
to  factor  2.  Minor  variations  are  dashed,  shaded 
areas  seriously  affected  by  noise.  Orientation  of 
positive  ky-axis  110°,  k  -axis  200°  from  true  North. 
Wind  direction  li  x 


FIGURE  11.  Contour-line  plot  of  k-spectrum  off 
Noordwi}k,  Nov.  12th,  1976.  Contour- line  interval 
equivalent  to  factor  2.  Minor  variations  are  dashed, 
shaded  areas  seriously  affected  by  noise.  Orientation 
of  ky-axis  275°,  negative  k  -axis  185°  from  true 
North.  Wind  direction  140°. X 


Noordwijk  761112 
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FIGURE  12.  Contour-line  plot  of  k-spectrum  off 
Noordwilk,  March  23rd,  1976.  Contour- line  interval 
equivalent  to  factor  2.  Minor  variations  are  dashed, 
shaded  area  seriously  affected  by  noise.  Orientation 
of  ky-axis  310°,  kx-axis  40°  from  true  North.  Wind 
direction  70°. 
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FIGURE  13.  Normalized  directional 
distribution  functions  of  the  k- 
spectrum  off  Sylt,  Sept.  18th, 
1973.  Directions  are  relative  to 
true  North. 


The  f -spectrum  has  been  computed  from  the  K- 
spectrum  according  to  the  procedures  described  in 
Section  3.  The  result  for  the  spectrum  off  Sylt 
is  given  in  Figure  8  along  with  the  corresponding 
JONSWAP  spectrum.  The  resolution  is  about  0.02  Hz 
near  the  peakf requency ,  which  is  0.165  Hz,  and  0.01 
Hz  at  twice  the  peak  frequency.  The  number  of  de¬ 
grees  of  freedom  for  frequencies  greater  than  0.13 
Hz  is  250  or  more.  Considering  the  scatter  in  the 
original  data  set  of  JONSWAP  and  taking  into  account 
the  resolution,  it  is  concluded  that  the  agreement 
between  the  two  spectra  is  fair. 

The  frequency  spectrum  computed  from  the  observed 
k-spectrum  of  the  second  sortie  is  plotted  in  Fig¬ 
ure  9  along  with  the  frequency  spectrum  of  the  buoy. 
The  resolution  of  the  spectrum  based  on  the  stereo 
data  is  on  the  order  of  0.02  Hz  near  the  peak  cf 
the  swell  and  i ' . 0 1 5  Hz  near  the  peak  of  the  locally 
generated  wind  sea.  The  number  of  degrees  of  free¬ 
dom  is  125  or  more  for  frequencies  greater  than 
0.10  Hz.  For  the  spectrum  of  the  buoy  the  resolu¬ 
tion  is  about  0.02  Hz  and  the  number  of  degrees  of 
freedom  is  about  48. 

The  spectrum  based  on  the  stereo  data  seems  to 
be  shifted  in  energy  density.  This  may  have  been 
caused  by  noise  and  to  appreciate  this  influence 
the  tf-spectrum  was  corrected.  The  noise  was  assumed 


to  be-  uniformly  distributed  over  the  k-plane  and  the 
variance  was  estimated  at  0.002  m 2  (based  on  the 
anticipated  measurement  error  of  0.03%  of  the  alti¬ 
tude  of  photography,  see  Section  2) .  Accordingly 
a  uniform  noise  level  of  0.018  m4  was  subtracted 
from  the  Jt-spectrum  and  the  transformation  was 
carried  out  again.  The  differences  were  marginal 
compared  with  the  earlier  results  and  the  shift 
cannot  be  explained  with  the  anticipated  noise  uni¬ 
formly  distributed  over  the  £-plane.  Further  in¬ 
vestigation  is  needed  to  resolve  the  remaining 
discrepancy. 

The  frequency  spectrum  of  the  third  sortie  is 
given  in  Figure  16  but  no  attempt  has  been  made 
to  compare  this  spectrum  with  a  "hindcasted"  spec¬ 
trum  because  the  relatively  simple  relationships 
for  off-shore  wind  situations  cannot  be  applied. 

6.  DISCUSSION  OF  THE  RESULTS 

In  the  area  off  Sylt,  where  the  wind  was  almost 
perfectly  off-shore  and  fairly  homogeneous  and 
stationary,  one  would  expect  to  find  a  frequency 
spectrum  with  a  shape  similar  to  the  shape  found 
earlier  in  JONSWAP.  Finding  a  JON SWAP- type  spectrum 
in  the  conditions  off  Noordwijk  seems  to  be  less 
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FIGURE  14.  Normalized  directional  distribution 
functions  of  the  k-spectrum  off  Noordwijk, 

Nov.  12th#  1976.  Directions  are  relative  to 
true  North.  The  peak  wave  number  km  is  related 
to  the  locally  generated  wind  sea. 
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likely  because  the  differences  between  the  wind  ob¬ 
servations  at  the  coast  and  at  the  tower  are  fairly 
large  and  the  wind  may  have  varied  between  the  point 
of  observation  and  the  coast.  In  particular  for  the 
slanting  wind  conditions  it  is  obvious  that  a  JONSWAP- 
type  spectrum  would  not  be  found,  due  to  the  asym¬ 
metry  in  the  coastline  around  the  wind  direction.  On 
the  other  hand,  non-linear  interactions  in  the  spec¬ 
trum  may  produce  a  JONSWAP-type  spectrum,  in  spite 
of  the  asymmetry  and  the  variations  in  the  windfield 
[Hasselmann,  et  al.  <1976)1.  From  an  inspection  of 
Figure  8  it  can  be  concluded  that  the  frequency 
spectrum  in  the  sortie  off  Sylt  is  indeed  JONSWAP- 
like.  The  correspondence  of  the  frequency  spectra 
off  Noordwijk  with  a  JONSWAP-type  spectrum  has  not 
yet  been  investigated. 

For  the  k-spectra  of  the  first  two  sorties  one 
would  expect  to  find  directional  distribution  func¬ 
tions  having  some  kind  of  standard  shape,  symmetrical 
about  the  mean  direction  although  some  skewness  may 
be  expected  in  the  observation  off  Noordwijk  because 
the  wind  direction  was  not  perfectly  off-shore.  For 


the  third  spectrum  strong  skewness  may  be  anticipated 
due  to  the  slanting  position  of  the  coastline. 

These  expectations  seem  to  be  far  from  reality 
in  the  k-spectrum  off  Sylt.  The  directional  distri¬ 
bution  near  the  peak  of  the  spectrum  (see  Figure  13) 
is  distinctly  asymmetric  with  respect  to  the  wind 
direction  with  the  highest  peak  at  +  45°  off  the 
wind  direction  (155°  from  true  North) .  It  is  highly 
improbable  that  the  wave  generation  mechanism  would 
build  a  directional  distribution  as  strongly  asym¬ 
metrical  as  this.  An  explanation  for  this  unexpected 
observation  can  perhaps  be  found  through  a  detailed 
study  of  the  wind  and  wave  fields,  possibly  using 
"hindcasting"  procedures.  But  in  the  context  of  this 
paper  one  can  only  speculate  on  some  possible  causes. 
The  source  function  is  symmetrical,  as  is  the  radia¬ 
tive  energy  transfer,  since  bottom  and  current  re¬ 
fraction  is  virtually  non-existent.  It  seems  then 
that  the  asymmetry  stems  from  asymmetry  in  the  wind 
field  or  in  the  boundary  conditions.  As  for  the 
wind  field,  a  cursory  inspection  of  the  large  scale 
weather  maps  revealed  no  asymmetry.  As  for  the 
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boundary  conditions,  the  coast  of  Sylt,  rather  than 
the  main- land  coast  was  deemed  to  be  relevant  as  up¬ 
wind  boundary.  This  was  based  on  the  expectation 
that  the  wave  energy  is  propagating  in  a  narrow 
angular  sector  around  the  wind  direction  Jo.g. , 
Hasselman  et  al ,  (1973)]  and  since  the  coast  of 
Sylt  is  rather  symmetric  it  should  not  cause  asym¬ 
metry  in  the  wave  field.  But  the  coast  to  the  North 
and  South  of  Sylt  is  strongly  asymmetric.  In  fact, 
the  distance  to  shore  in  the  direction  of  155°  (the 
direction  of  the  highest  peak)  is  almost  2.5  times 
the  distance  to  shore  in  the  direction  of  65°  (the 
"symmetrical"  direction,  see  Figure  4).  If  this 
asymmetry  in  the  windward  boundary  is  indeed  the 
cause,  then  it  seems  that  the  "ideal"  generation 
cases  of  JONSWAP  may  be  contaminated  to  some  degree 
by  asymmetric  boundary  conditions*  Still,  relating 
this  conclusion  to  the  observed  k-spectrum  is  largely 
speculative  as  long  as  it  is  not  substantiated  with 
more  data.  In  particular  the  shapes  of  the  k- 


spectra  at  locations  closer  to  shore  may  give  some 
clues . 

The  expectations  regarding  the  directional  dis¬ 
tributions  for  the  locally  generated  wind  sea  off 
Noordwijk  in  the  second  sortie  seem  to  be  more 
realistic,  at  least  in  an  overall  sense  (Figure  14, 
for  k  >  km) .  Any  skewness  is  hard  to  identify 
through  visual  inspection  of  the  plots  due  to  the 
small  scale  variations  in  the  functions.  These 
probably  stem  from  the  statistical  variability  of 
the  estimates.  The  swell  peak  (k  =  0.3  km  to  k  = 
0.6  k^)  is  unimodal  and  covers  a  narrow  angular 
sector  with  a  half  power  width  of  about  35°. 

The  directional  distribution  functions  of  the 
spectrum  in  the  third  sortie  seem  to  be  strongly 
skewed  for  the  lower  wave  numbers  (Figure  15, 

K  -  2  km,  say)  but  for  higher  wave  numbers  skewness 
is  hard  to  identify  visually.  As  for  the  main  di¬ 
rection  of  the  energy  distribution,  it  varies  almost 
monotonously  from  approximately  80°  at  higher  wave 
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FIGUFtE  15.  Normalized  directional  distribution  functions  of  the  k-spectrum  off  Noordwijk, 
March  23rd,  1976.  Directions  are  relative  to  true  North. 
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numbers  to  about  0°  for  the  lowest  wave  numbers  (see 
also  Figure  17) .  The  energy  of  the  higher  wave  num¬ 
bers  travels  more  or  less  in  the  wind  direction  but 
the  main  direction  of  the  peak  of  the  spectrum  ap¬ 
pears  to  be  about  10°  relative  to  true  North;  that 
is  about  60°  from  the  wind  direction  and  almost 
parallel  to  the  coast.  This  seems  to  be  the  most 
remarkable  feature  of  this  spectrum  as  one  would 
expect  to  find  a  uniform  main  direction  of  70°,  con¬ 
sidering  the  wind  direction  and  the  effects  of  non¬ 
linear  interactions  (Hasselmann  et  al.  (1976)). 

Again,  as  with  the  spectrum  off  Sylt,  it  is  felt 
that  the  observed  phenomenon  is  due  to  the  asym¬ 
metry  of  the  coastline  around  the  wind  direction. 

To  substantiate  this  preliminary  conclusion 
qualitatively,  a  simplified  "hindcasting"  model  was 
implemented  for  homogeneous,  stationary  wind  fields, 
arbitrary  coastlines,  and  deep  water.  In  this  model, 
which  is  basically  the  same  as  suggested  by  Seymour 
(1977) ,  the  wave  components  from  different  direc¬ 
tions  are  decoupled.  In  this  version  the  parameter 
relationships  from  JONSWAP  [Hasselmann  et  al .  (1973)] 
were  taken  and  the  suggestions  of  Mitsuyasu  et  al. 
(1975)  were  used  for  the  directional  distribution 
function.  When  applied  to  the  situation  of  the 
first  and  third  sortie  it  did  produce  two-dimensional 
f, 0-spectra  which  at  least  qualitatively  agreed  with 
the  so  far  unexpected  main  directions  in  the  observed 
k-spectra. 

This  seems  to  be  in  contradiction  with  the  con¬ 
clusions  of  Hasselmann  et  al.  (1976)  that  the  shape 
of  the  spectrum  is  fairly  insensitive  to  variations 
in  the  wind  field  due  to  the  non-linear  interactions 
in  the  spectrum.  It  should  be  noted  however  that 
the  distance  to  the  coast,  in  terms  of  wave  lengths, 
seems  to  be  rather  short  for  the  lower  wave  numbers 
in  the  two  spectra  so  that  non-linear  interactions 
may  not  have  been  sufficiently  effective  to  over- 


FIGURE  16.  Spectrum  inferred  from  stereo  data  of  ob¬ 
servation  off  Noordwijk,  March  23rd,  1976. 


FIGURE  17.  The  mean  direction  of  the  waves  relative 
to  true  North,  as  function  of  wave  number. 


come  the  influence  of  the  geometry  of  the  coastline. 
For  the  higher  wave  numbers  the  distance  to  shore 
is  relatively  long  and  the  non-linear  interactions 
may  have  produced  the  observed  directional  distribu¬ 
tion  functions  which  indeed  seem  to  be  hardly  af¬ 
fected  by  the  asymmetry  of  the  coastline.  The  ob¬ 
servations  therefore  may  still  be  consistent  with 
the  theory  of  non-linear  interactions  and  the  con¬ 
clusions  of  Hasselmann  et  al .  (1976)  if  the  relevant 
space  and  time  scales  are  considered. 

In  an  "ideal"  generation  case  the  directional 
distribution  of  the  wave  energy  is  often  approximated 
with  a  simple  unimodal  function.  The  observed  situa¬ 
tions  are  distinctly  multi-modal,  but  one  such  func¬ 
tion,  given  in  Eq.  14,  has  been  fitted  to  the  data. 
This  was  done  mainly  to  compare  the  results  with  the 
published  data. 


D  ( 0 ) 
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cos 
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In  this  expression  s  is  the  spreading  parameter  and 
Pm  is  the  mean  direction,  both  of  which  may  vary 
with  k.  The  values  of  8m  and  s  have  been  computed 
using  a  least-squares  technique.  The  results  for 
as  a  function  of  wave  number  are  given  in  Figure 
15.  Noise  in  the  spectra  (see  Appendix)  did  influ¬ 
ence  these  results  and  outliers  had  to  be  identified. 
As  a  criterion  for  acceptation,  the  rate  of  change 
of  0m  along  the  wave  number  axis  has  been  chosen. 

An  accepted  value  of  0^  should  be  within  30°  of  its 
neighboring  values  on  the  wave  number  axis.*  This 
is  equivalent  to  a  rate  of  change  of  approximately 
0.0024  m  for  the  first  sortie,  0.0033  m  for  the 
second  sortie,  and  0.0031  m  for  the  third  sortie. 

This  allows  for  slow  but  significant  variations  in 
0m  which  is  required,  for  instance,  in  the  spectrum 
of  the  third  sortie.  The  resulting  set  of  accepted 
values  of  0m  is  also  indicated  in  Figure  17.  The 
values  of  s  at  the  corresponding  values  of  the  wave 
number  have  been  plotted  in  Figure  18  in  a  format 


value  of 


was  chosen  arbitrarily. 
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suitable  for  a  comparison  with  data  published  by 
Mitsuyasu  et  al.  (1975). 

Mitsuyasu  ot  al.  (1975)  presented  results  of  a 
number  of  measurements  (five)  which  were  carried 
out  with  a  cloverleaf  buoy  at  several  locations 
around  the  Japanese  islands.  The  observed  wave 
fields  were  generated  by  various  types  of  wind 
fields,  including  on-shore  and  off-shore  winds.  It 
appears  from  the  ratio  of  the  wind  speed  to  the  phase 
speed  of  the  peak  frequency  of  these  observations, 
that  the  state  of  development  of  the  wave  fields  was 
lather  advanced  (the  ratios  ranging  from  0.75  to 
1.25).  Based  on  the  observed  values  of  s,  relation¬ 
ships  in  the  frequency  domain  were  suggested.  The 
relevant  expressions  have  been  transformed  here  to 
the  wave  number  domain  to  produce  Eqs.  15  and  16. 


k’1 

for  k  -  1  'j 

k;>  ’  *’ 

for  k  •:  1  J 

(15) 

.  =11.5  (U/c 

(16) 

where  s  -  s/sm  and  k  -  k/km,  sm  is  the  maximum  value 
of  s,  km  is  the  peak  wave  number,  em  is  the  phase 
speed  of  the  peak  wave  number,  and  U  is  the  wind 
speed.  The  data  of  Mitsuyasu  et  al.  (1975)  are 
probably  obtained  in  situations  where  tidal  currents 
were  negligible  and  in  the  above  transformation  the 
deep  water  linear  relationship  between  frequency  and 
wave  number  was  used. 

Equations  15  and  16  are  also  plotted  in  Figure  IB 
and  the  agreement  is  fair,  the  scatter  being  on  the 
same  order  of  magnitude  as  the  scatter  in  the  data 
of  Mitsuyasu  et  al .  (1975).  The  values  of  sm  corn- 
put  ed  from  the  stereo  data  are  6.0  for  the  spectrum 
off  By  1 1 ,  5.0  for  the  first  spectrum  off  Noordwijk. 
These  are  also  in  fair  agreement  with  the  values 
suggested  by  Mitsuyasu  ot  al.  (1975)  which  are  4.6 
and  6.1  respectively.  However,  for  the  second  spec¬ 
trum  off  Noordwijk  the  observed  value  of  s  is  27.4 
whereas  the  value  following  from  expression  16  is 
5.9.  This  is  a  very  large  di  icrepancy  which  is 
possibly  due  to  the  rather  extreme  asymmetry  of  the 
coastline  around  the  wind  direction  where  the  sug- 


••  !  grilling  parameter  as  a 
.*•  *  w  i /«*  number . 


gestion  .  of  Mitsuyasu  et  al  (1975)  may  not  be  ap¬ 
plicable  . 

The  above  discussion  concerned  rather  overall- 
characteristics  of  the  directional  distributions. 

It  is  planned  to  investigate  these  functions  more 
in  detail.  For  instance,  in  the  k -spectrum  off 
Sylt  one  aspect  which  will  require  closer  study  is 
the  shape  of  the  directional  distribution  near  the 
peak  of  the  spectrum  in  a  sector  around  the  wind 
direction.  Two  peaks  at  +  and  -  15°  relative  to 
the  wind  direction  can  bo  identified  and  this  phe¬ 
nomenon  seems  to  be  "real"  in  the  sense  that  the 
directional  resolution  seems  sufficiently  high  (20°) 
to  resolve  these  peaks  in  terms  of  statist  teal  sig¬ 
nificance.  The  resonance  theory  of  Phillips  (1957) 
predicts  a  bimodal  distribution  for  frequencies  in 
the  initial  stage  of  development,  but  the  components 
around  the  peak  have  passed  that  stage  and  there  is 
no  relation  with  this  theory.  More  relevant  seem 
to  be  the  theory  and  calculations  of  Hasselmann 
(1961),  Longuet-H iggins  (1976),  and  Fox  (1976)  which 
produce  a  non-linear  energy  transfer  in  wave  number 
space  with  two  lobes  towards  the  lower  wave  numbers 
and  two  lobes  towards  the  higher  wave  numbers.  Fox 
(1976)  noted  that  this  function  resembles  a  "butter¬ 
fly."  Also  the  results  of  'IV lor  et  al.  (1976),  who 
observed  directional  distributions  of  wind  generated 
waves  with  high-frequency  radio-wave  backscatter, 
may  be  of  interest  since  some  of  the  distributions 
have  a  bimodal  character  around  the  mean  direction. 


7.  CONCLUSIONS 

Three,  two-dimensional,  wave  number  spectra  have 
been  computed  from  stereophotographic  data  obtained 
in  off-shor<  wind  conditions.  The  agreement  with 
ground-true  information  is  reasonable  but  some  dis¬ 
crepancy  needs  to  be  resolved. 

The  directional  distribution  of  the  wave  energy 
near  the  peak  of  the  first  spectrum  is  strongly 
asymmetric.  In  the  third  spectrum  the  main  direc¬ 
tion  of  the  waves  differs  appreciably  from  the  wind 
direction.  It  is  speculated  that  these  phenomena 
are  due  to  asymmetry  in  the  up-wind  coastline.  The 
directional  distribution  functions  of  the  second 
spectrum  are  more  symmetric  and  unimodal,  at  least 
in  an  overall  sense. 

A  bimodality  in  a  sector  around  the  wind  direction 
is  observed  near  the  peak  of  the  first  spectrum. 

This  bimodality  may  be  related  to  a  multi-modal  non¬ 
linear  interaction  in  the  spectrum. 

The  observed  normalized  directional  spreading 
parameter  as  function  of  a  normalized  wave  number 
is  in  fair  agreement  with  published  data.  The  ab¬ 
solute  values  are  about  30*  larger  for  the  first 
spectrum  and  about  20*  lower  for  the  second  spectrum. 
The  values  for  the  third  spectrum  arc  almost  five 
times  too  large.  This  may  be  due  to  the  rather 
extreme  asymmetry  of  the  coastline  where  a  compari¬ 
son  with  the  published  data  may  not  be  proper. 

The  results  reported  herein  are  preliminary. 
Additional  analysis  of  available  data  is  being 
carried  out. 
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NOTATION 

A  area  of  spatial  integration 

cm  phase  speed  of  com|>onont  fm 

Cq  qroui>  velocity 

D(0)  standard  directional  distribution  function 

E(k)  spectral  density  in  k-spaco 

E(k,0)  spectral  density  in  k,t)-space 

E  (  f ,  0 )  spectral  density  in  f#0 -space 

E(f)  spectral  density  in  f -space 

f  frequency 

q  acceleration  due  to  gravity 

h  instantaneous  surface  elevation 

H(k)  Fourier  transform  of  surface  elevation 
J  Jacobian 

k  wavenumber  vector  k  =  (kx#ky) 

k  wavenumber,  modulus  of  wavenumber  vector 

km  wavenumber  at  peak  of  wavenumber  vector 

spectrum  of  locally  generated  wind  sea 
Lx  dimension  of  area  of  analysis  in  x-direction 

Ly  dimension  of  area  of  analysis  in  y-direction 

N  number  of  degrees  of  freedom 

n  number  of  transformations 

8  boundary  of  spatial  integration 

s  directional  spreading  parameter 

sm  maximum  value  of  s 

s  dimensionless  spreading  parameters  s/sm 

U  windspeed  at  10  m  elevation 

V  tidal  current  vector 

V  magnitude  of  V 

x  place  vector  x  =  (x,y) 

x,y,z  spatial  coordinates 

A  increment 

0  direction,  orientation  of  wavenumber  vector 

0  ,  orientation  of  tidal  current 

0m  mean  direction 

standard  deviation  of  helicopter  yaw 
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APPENDIX 

NOISE 

Inspection  of  contour-line  maps  of  the  sea  surface 
obtained  from  the  observation  off  Sylt  revealed  a 
dome-shaped  distortion.  This  distortion  is  probably 
caused  by  the  fact  that  the  pictures  could  not  bo 
positioned  in  the  stereoscopic  viewing  devices  with 
the  accuracy  normally  obtained  with  high  grade  pic¬ 
tures.  When  this  positioning  is  not  optimal,  a 
dome-shaped  distortion  is  to  be  expected.  Unfor¬ 
tunately  the  exact  distortion  cannot  be  determined, 
but  in  tiie  k-plano  it  seems  to  be  well  separated 
from  the  wave  information  (area  No.  1  in  Figure  19) 
and  the  data  in  this  area  was  removed  in  the  sub¬ 
sequent  analysis. 

The  other  noise-affected  areas  are  related  to  a 
:  henomenon  introduced  by  the  manner  of  scanning 
the  pictures  during  the  photogrammetr ical  process: 
the  sea  surface  elevation  at  even-numbered  lines 


(scanned  in  positive  y-direction)  is  systematically 
slightly  too  low,  while  the  elevation  at  odd- 
numbered  lines  (scanned  in  negative  y-direction) 
are  systematically  slightly  too  high.  This  effect 
has  been  observed  earlier  in  the  analysis  of  stereo 
photos  of  regular  waves  generated  in  a  hydraulic 
laboratory.  The  principal  wave  length  and  direction 
of  this  distortion  correspond  with  the  location  of 
area  No.  2  in  Figure  19,  which  is  the  location  of 
the  Nyquist  wavenumber  in  x-direction.  This  spectral 
information  was  removed  from  the  spectra  in  the  sub¬ 
sequent  analysis.  The  noise  in  areas  No.  3,  4,  and 
5  was  labeled  as  such  mainly  because  of  the  delta- 
type  behavior  of  the  directional  distribution  func¬ 
tions  in  these  regions.  It  is  probably  due  to 
variations  in  the  error  introduced  by  the  scanning 
and  possibly  also  by  "leakage"  from  area  No.  2.  In 
the  k-spectrum  off  Sylt  this  noise  was  not  removed. 

In  the  k-spectrum  off  Noordwijk  the  noise  in  the 
indicated  region  in  Figure  11  has  been  removed. 


_  _  j 


FIGURE  19. 
k-plane . 
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ABSTRACT 

An  exact  solution  is  obtained  for  edge  waves  along 
one  inclined  planar  boundary  in  a  fluid  rotating 
about  a  vertical  axis.  The  solution  is  based  on  a 
modification  of  Gerstner's  rotational  waves,  and 
includes  the  effect  of  mean  drift.  The  solution  re¬ 
duces  to  Yih's  edge  wave  solution  for  zero  rotation 
and  to  Pollard's  rotational  deep  water  Gerstner  waves 
in  rotating  flow.  Satellite  observations  of  sea  sur¬ 
face  are  shown  which  reveal  patterns  similar  to  those 
which  would  be  generated  by  Gerstner  edge  waves. 


1.  INTRODUCTION 

The  early,  exact  solution  by  Gerstner  (1802,  see 
1932,  p.  419)  was  rediscovered  by  Rankine  (1863), 
discussed  by  Lamb  (1932) ,  found  to  be  valid  for  free 
surface  waves  in  an  arbitrarily  stratified  flow  by 
Dubreil-Jacotin  (1932),  further  modified  to  describe 
edge  waves  by  Yih  (1966) ,  and  free  surface  waves  in 
a  rotating  flow  by  Pollard  (1970) .  However,  there 
has  been  a  tendency  to  dismiss  Gerstner  waves  as  of 
limited  applicability  to  phenomena  in  nature.  As 
Lamb  (1932)  has  pointed  out,  the  generation  of 
Gerstner,  free  surface  waves  by  the  application  of 
surface  stresses  requires  a  certain  mean  vorticity 
distribution  to  exist  in  the  fluid.  It  can  be  argued 
that  in  a  nonrotating  fluid  of  uniform  density  it  is 
difficult  to  conceive  how  the  required  vorticity  dis¬ 
tribution  can  be  established.  However,  in  a  strati¬ 
fied  and  rotating  fluid,  there  are  mechanisms  capable 
of  generating  vorticity  without  viscous  diffusion. 

In  a  stratified  fluid,  the  baroclinic  term,  express¬ 
ing  the  action  of  a  pressure  gradient  normal  to  a 
density  gradient  in  generating  vorticity  will  be 
capable  of  establishing  a  horizontal  vorticity  field. 
In  a  rotating  fluid,  the  effects  of  vortex  stretch¬ 
ing  and  compression  can  establish  distributed  vertical 
vorticity . 

There,  in  a  rotating  stratified  flow,  waves  simi¬ 


lar  to  Gerstner  waves  are  more  likely  to  be  encoun¬ 
tered.  In  fact,  the  uniform  flow,  usually  assumed 
as  the  mean  flow  on  which  small  perturbation  waves 
may  ride,  would  be  less  likely  to  occur  in  a  rotating 
stratified  fluid.  But  the  small  perturbation  solu¬ 
tions  for  waves,  as  well  as  exact,  finite  amplitude 
solutions,  are  all  useful  as  approximate  descriptions 
of  real  phenomena  and  actual  observations. 

If  such  solutions  do  not  fit  the  exact  circum¬ 
stances,  they  can  possibly  serve  as  starting  points 
for  perturbation  expansions.  Furthermore,  we  may 
learn  about  some  of  the  special  features  of  finite 
amplitude  exact  wave  solutions;  there  is  a  tendency 
to  forget  some  of  these  facts  when  preoccupied  with 
linear  wave  solutions. 

In  the  following,  I  shall  present  a  Lagrangian 
description  of  an  edge  wave  field,  point  out  where 
it  differs  from  previous  solutions,  and  develop  the 
dispersion  relation  for  the  waves. 


2.  COORDINATE  SYSTEMS  AND  DISPLACEMENT  FIELD 
Coordinate  System 

The  waves  propagate  in  the  x  -  direction,  normal  to 
the  plane  of  Figure  1.  In  the  planes  normal  to  the 
x  -  direction  we  define  the  oy2-  coordinates,  with 
oz  vertical  and  the  oyz-coordinates ,  with  oy  in  the 
plane  of  the  inclined  boundary,  inclined  at  an  angle 
a  with  the  vertical.  The  particle  motion  will  be  in 
planes  parallel  to  xy. 

While  Yih  (1966)  could  let  the  amplitude  of 
particle  motion  decay  with  negative  y-distance,  and 
Pollard  (1970) ,  for  deep  water  waves  away  from  a 
side  boundary,  made  the  obvious  and  correct  choice 
of  letting  the  particle  motion  decay  with  decreasing 
vertical  position;  here  I  have  to  make  a  different 
choice.  The  amplitude  of  particle  motion  will  decay 
along  a  direction  -  or,  shown  in  Figure  1  as  another 
coordinate  system,  ors. 
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KI'iURK  1.  Coordinate  system,  looking  along  the  <U  rec¬ 
ti  on  of  wave  propagation,  ox,  and  along  the  labeling 
coordinate  direction,  oq. 


w  is  the  wave  encounter  frequency,  and  differs  from 
the  particle  oscillation  frequency  by  the  Doppler 
shift,  Uk. 


Mass  Conservation 

The  displacement  field  defined  by  Eqs.  1,  2,  and  3 
can  be  made  to  satisfy  the  requirement  that  the 
density  of  a  fluid  particle  is  independent  of  time 
by  requiring  that  the  Jacobian: 

3(x,y,z)/d(q,r,s) 

=  1  -  a'  km  (exp2mr)  cos  ft 

+  {m  cos  ft  -  k)  a (exp  mr)  cos  <kq  -  at)  (7) 

is  independent  of  time.  This  requires 

k  =  m  cos  ft  (8) 

Now  proceed  to  apply  the  momentum  equations  to  cal¬ 
culate  the  pressure,  which  in  turn  will  be  set  con¬ 
stant  at  the  free  surface. 


3.  PRESSURE  FLUCTUATIONS 


Displacement  Field 


The  momentum  equation  in  Lagrangian  variables  gives, 
for  the  derivative  of  pressure  with  respect  to  the 
labeling  variable  q: 


Using  labeling  variables,  q,  r,  s,  to  identify  fluid 
particles,  define  the  field  of  particle  positions  in 
terms  of  1,  r,  s  and  time,  t,  as  follows: 


-pq/»)  =  (x  +  z  f  sina  -  y  f  cos  cx)x 


+  (y  +  x  f  cos  u)y  +  (z  -  x  f  sin  u)z 
q  q 


x  =  q  +  Ut  -  a  ( exp  mr)  sin  (kq  -  ot)  (1) 
y  ~  r  cos  ft  -  s  sin  ft 

+  a  (exp  mr)  cos  (kq  -  ot)  (2) 

z=  r  sin  t  +  s  cos  ft  (3) 


+  q  z  (9) 

q 

The  equations  for  the  r  and  s-derivatives  are 
similar,  f  =  2\.'  is  the  angular  velocity  of  rotation 
of  the  coordinate  system,  the  angular  velocity  being 
vertical  as  mentioned  before.  Substituting  for  x, 
y,  and  z  from  Eqs.  1,  2,  and  3  into  Eq.  9,  one  ob¬ 
tains  : 


U  is  a  constant  mean  particle  velocity  in  the  x- 
diroction,  a  is  an  oscillation  amplitude  parameter, 
m  is  an  inverse  decay  distance  measure,  K  is  wave¬ 
number  and  d  is  the  frequency  of  particle  motion. 

First  consider  the  kinematics  of  wave  motion, 
next  find  the  condition  for  incompressibility  before 
proceeding  to  apply  dynamics  to  give  the  dispersion 
relation.  A  surface  defined  by  letting  r  be  a  func¬ 
tion  of  s  will  have  waves  that  proceed  in  the  x- 
directi on.  For  example,  a  string  (line)  of  particles 
defined  by  fixed  values  of  r  and  s  will  have  maxima 
in  y-displacoment  at 

kq  -  at  =  2nTi  (4) 


~pr/ p 


-ps/p  = 


-pq/p  =  [o2  -  f  cos  a(o  +  Uk) 

-gk  sin  a]  a  (exp  mr)  sin  0  (10) 

=  -  [a2  -  f  a  cos  a] a2  exp2mr 
+  (-a2  cos  6  +  f  a  cos (a  +  ft) 

+  fUm  cos  a +  gm  sin  a]a(exp  mr)  cos  0 
+  fU  cos  (ot  +  6)  +  g  sin  (u  +  ft)  (11) 

[a*  sin  ft  -  f  a  sin  (a  +  ft)] a (exp  mr)  cos  6 


From  Eq.  1,  substituting  for  q  from  Eq.  4  gives  the 
x-positions  of  crests  to  be  at 

x  sfc  =  l2nT?  +  +  Uk)  t]  /k  (5) 

The  crests  move  at  a  speed  of 


-  fU  sin  (a  +  ft)  +  g  cos  (a  +  ft)  (12) 

where  0  =  kg  -  at  is  the  phase  of  particle  oscilla¬ 
tion. 

At  the  free  surface,  which  consists  of  particles 
with  a  specified  relation  between  r  and  s,  and  with 
values  of  labeling  variable,  q,  from  -  »  to  +  00 ,  the 
pressure  must  be  independent  of  q  and  t.  This  is 
satisfied,  as  can  be  seen  from  Eqs.  10,  11,  and  12, 


(a  +  Uk)  k  =  '*i/k 


(6) 


if  the  pressure  is  independent  of  phase  0,  and  pq# 
pr,  and  p  are  independent  of  0. 


From  Eq.  12, 


is  independent  of  0  when 


Since  a  is  given  by  the  slope  of  the  boundary,  Eq. 

13  gives  £  for  a  given  o  and  i.  Equation  10  shows 
Pq  to  be  independent  of  0  when 

0'  -  f  cos  a (a  +  Uk)  -  g  k  sin  a  =  0  (14) 

For  a  given  value  of  o,  Eq.  14  yields  k,  and  m  is 
then  found  from  Eqs.  8  and  13. 

This  leaves  Eq.  11  unused,  but  it  can  be  shown 
that  the  requirement  that  pr  be  independent  of  0  is 
not  independent  of  Eqs.  13  and  14.  Equation  11  also 
shows  that  there  will  be  a  mean  pressure  gradient 
across  the  wave  propagation  direction,  proportional 
to  a*  .  This  is  a  nonlinear  effect  of  the  presence 
of  waves. 


4.  DISCUSSION 

The  equivalent  to  a  linear  dispersion  relation  con¬ 
sists  of  Eqs.  8,  13,  and  14,  relatinq  particle  fre¬ 
quency,  c ,  decay  direction  angle,  £,  horizontal 
wavenumber,  k,  and  decay  parameter,  m,  with  f,  a, 
and  U  as  parameters. 

Note  that  the  introduction  of  a  mean  diift  veloc¬ 
ity,  U,  has  a  now-trivial  effect  on  dispersion,  as 
can  be  seen  from  Eq.  14,  where  the  effect  is  not  a 
simple  Doppler  shift  in  frequency.  The  equations 
of  rotating  fluids  are  not  invariant  to  Galilean 
transformations .  Also  note  that  the  dispersion  is 
independent  of  the  amplitude  parameter,  a;  this  is 
an  unexpected  result  for  non-linear  waves.  But  the 
amplitude  of  particle  motion  parallel  to  oy  is  really 
a  exp{2mR(s)],  where  R  is  the  value  of  r  at  the  sur¬ 
face.  Since  m  is  four. i  from  the  equations  involved 
in  determining  dispersion.  one  cannot  really  claim 
that  dispersion  is  independent  of  amplitude. 

With  the  dependence  on  phase,  0,  eliminated  in 
Eqs.  10,  11,  and  12  by  satisfying  the  dispersion 
relations,  one  can  see  that  the  mean  surface  slope 
across  the  wave  propagation  direction  will  vary  with 
wave  amplitude  and  with  y-  position. 

As  pointed  out  by  Dubreil-Jacot in  (1932),  and 
later  by  Y ih  (1966)  the  results  are  valid  for  a 
fluid  of  arbitrary  stable  density  stratification. 

The  solutions  given  here  can  be  further  extended 
to  replace  the  free  surface  by  an  interface  between 
the  given  flow  field  and  a  homogeneous  wave  trapped 
fluid,  giving  the  gravitational  billows  described 
elsewhere  [Mol lo-Chr istensen  (1978)].  This  will  re¬ 
place  the  acceleration  of  gravity,  g,  by  g*  = 
q(Au/p) ,  where  A^  is  the  density  difference  between 
the  two  fluids  and  c  the  density  of  the  lower  fluid 
at  the  interface. 

Similarly,  the  flow  field  at  the  off-shore  or 
inside  end  may  be  bounded  by  a  field  of  geostrophic 
billows  or  a  combination  of  gravitational  and  geo¬ 
strophic  billows  (see  Mollo-Christensen  (1978)]. 


FIGURE  2.  Hiqh-passed  and  contrast  enhanced  satellite 
infrared  images  from  January  27,  1975,  at  1600,  1700, 
and  1800  hrs. ,  GMT.  Florida  on  the  riqht  side.  Gulf 
Coast  on  top. 
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5.  SOME  EXAMPLES  OF  OBSERVATIONS  OF  FINITE  AMPLITUDE 
WAVES  ALONG  A  SLOPING  BOUNDARY 

By  processing  satellite  data  on  sea  surface  infrared 
emission  one  can  see  moving  patterns  of  sea  surface 
temperature  in  the  Gulf  of  Mexico  between  the  con¬ 
tinental  shelf  edge  and  the  coast. 

A  sequence  of  processed  satellite  images  taken 
one  hour  apart  is  shown  in  Figure  2.  Because  the 
mean  cut  rent,  U,  at  the  time  of  observation  is  not 
known,  one  cannot  say  whether  these  waves  satisfy 
the  dispersion  relations  for  the  kind  of  edqe  waves 
discussed  here.  All  one  can  say  at  this  point  is 
that  it  appears  possible  to  satisfy  the  dispersion 
relations  given  with  wavelengths,  bottom  slopes, 
and  currents  of  reasonable  orders  of  magnitude,  but 
one  needs  to  refine  the  observations  further  before 
one  can  reach  any  definite  conclusions. 

6.  CONCLUSIONS 

Nonlinear  edge  waves  of  finite  amplitude  can  have 
dispersion  relations  defined  by  a  set  of  equations 
relating  particle  oscillation  frequency,  encounter 
frequency,  wave  number,  and  other  parameters  in  a 
way  that  can  be  solved  systematically  if  one  starts 
b”  pecifying  a  suitable  wave  variable,  in  the  pres* 
e.  case,  frequency. 

The  observations  which  inspired  the  present  anal¬ 
ysis  show  Gerstner  edge  waves  or  possibly  waves  of 
a  different  kind;  one  cannot  tell  with  the  evidence 
now  at  hand. 
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ABSTRACT 

Microstructure  of  hydrodynamical  fields,  a  well- 
known  phenomenon  in  the  ocean,  is  attributed  to  the 
formation  and  development  of  turbulent  spots  gener¬ 
ated  due  to  the  loss  of  stability  or  breaking  of 
internal  waves.  Under  some  general  assumptions  the 
relations  are  obtained  governing  the  development  of 
turbulent  spots  at  various ‘stages  of  their  evolution. 
It  is  shown  that  the  longest  and  slowest  stage  of  the 
extension  of  a  turbulent  spot  is  the  final,  viscous 
one.  Simple  self-similar  laws  of  the  extension  of 
turbulent  spots  are  obtained  for  this  stage  and  com¬ 
pared  with  experiment.  Long-standing  turbulent 
layers  of  the  "blini"  shape,  sharply  bound  by  am¬ 
bient  non-turbulent  stratified  fluid,  are  identified 
with  turbulent  spots  of  the  above-mentioned  origin 
which  are  in  the  final  viscous  stage  of  their  evolu¬ 
tion.  The  relations  are  also  obtained  governing 
viscous  intrusion  of  the  bottom  seawater  into  the 
body  of  the  ocean. 


1.  INTRODUCTION 

Under  strongly  stable  stratification,  turbulent  mix¬ 
ing  is  inhibited  due  to  large  losses  of  the  turbulent 
energy  for  the  work  against  the  buoyancy  forces.  Un¬ 
der  natural  conditions,  therefore,  turbulence  cannot 
be  present  in  the  whole  body  of  the  fluid  during 
rather  long  periods  of  time  (Woods  (1968) ,  Monin  et 
al.  (1977),  Federov  (1976)].  In  fact,  it  is  concen¬ 
trated  only  in  separate  turbulent  layers  having  the 
shape  of  "blini,"  vertically  quasi-homogeneous  due 
to  mixing,  and  separated  by  thin  streaks  with  micro¬ 
jumps  of  temperature,  electrical  conductivity,  sound 
velocity,  salinity,  density,  refraction  index,  and 
other  thermodynamic  parameters  of  sea  water  some¬ 
times  accompanied  by  micro jumps  of  flow  velocity. 

Such  thin-layered  vertical  structure,  which  is  ap¬ 
parent  from  inhomogeneities  ("steps")  on  the  verti¬ 
cal  profiles  of  density  and  other  thermodynamic 


parameters  (see  schematic  drawing  in  Figure  1)  or 
even  more  sharply  from  multiple  peaks  on  the  pro¬ 
files  of  vertical  gradients  of  these  parameters,  is 
called  microstructure  or  fine  structure  of  hydro- 
dynamical  fields.  Numerous  measurements  performed 
using  the  method  of  continuous  vertical  sounding  in 
the  cruises  of  the  research  vessels  of  the  Institute 
of  Oceanology,  USSR  Academy  of  Sciences,  and  re¬ 
search  vessels  of  other  countries  showed  that  the 
microstructure  exists  always  and  everywhere  in  the 
World  Ocean  (the  lack  of  microstructure  may  be  ex¬ 
pected  only  for  the  regions  of  macroconvection  which 
occur  rather  seldom  in  the  ocean,  at  least  in  the 
low  and  temperate  latitudes) . 

Smoothing  over  the  microstructural  "steps"  on 
the  profile  of  a  thermodynamic  parameter,  e.g., 
density  or  temperature,  we  obtain  a  smooth  curve 
characterizing  large-scale  stratification  of  the 
ocean  (gross-stratification) .  We  have  to  emphasize 
that  from  the  point  of  view  of  the  Richardson  cri¬ 
terion  gross-stratification  is  nearly  always  stable 
-  the  Richardson  number  computed  for  it,  Ri(z),  as 
a  rule,  is  essentially  larger  than  its  critical 
value,  1/4.  How  can  the  turbulence  be  generated 
under  such  conditions?  Graphs  of  Ri(z),  taking 
into  account  the  "steps"  of  microstructure,  show 
values  of  Ri  <  1/4  in  several  layers  of  the  micro¬ 
structure  -  apprently  in  these  very  layers,  at  the 
momeht  of  sounding,  the  generation  of  small-scale 
turbulence  took  place  (in  other  layers  where  Ri  > 

1/4  turbulence  decayed  with  time) .  The  appropriate 
conditions  for  local  generation  of  turbulence  at 
stable  gross-stratification  may  be  created  by  in¬ 
ternal  waves.  Indeed,  in  the  field  of  internal 
waves  in  the  regions  near  their  crests  and  hollows 
the  local  values  of  the  Richardson  number  can  be 
reduced  lower  than  the  critical  value,  1/4,  and  the 
turbulence  spots  would  then  be  formed  there.  The 
internal  waves  can  also  break.  For  the  turbulent 
spots  formed  after  the  breaking  of  internal  waves, 
the  formation  is  characteristic  of  continuous  spec¬ 
trum,  i.e.,  of  developed  turbulence  immediately 
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Fir.URE  1.  Schematic  form  of  syn¬ 
chronous  vertical  distribution  of 
density  and  shear  in  the  ocean.  The 
dashed  line  shows  the  shear  distri¬ 
bution  for  intrusions. 


after  the  breaking  [Belyaev  et  al.  (1975)]. 

The  evolution  of  a  newly-formed  turbulent  spot 
appears  to  be  the  following.  The  turbulent  mixing 
makes  the  spot  vertically  quasi-homogeneous ,  there¬ 
fore,  within  the  spot  the  density  of  the  water  be¬ 
comes  uniform.  For  stable  stratification,  when  the 
density  grows  with  depth,  the  density  in  the  upper 
half  of  the  mixed  spot  is  higher  and  in  the  lower 
half  of  the  spot  lower  than  at  the  same  levels  in 
ambient  fluid.  Therefore,  under  the  action  of  the 
buoyancy  forces,  the  upper  half  of  the  spot  should 
go  down  and  the  lower  half  of  the  spot  should  rise 
to  its  middle  level.  Therefore,  the  s{X)t  should 
"collapse,"  simultaneously  spreading  and  transform¬ 
ing  itself  into  a  thin  "blin."  The  intrusion  of 
such  a  "blin"  into  the  body  of  surrounding  strati¬ 
fied  fluid  creates  in  it  a  new  layer  of  microstruc¬ 
ture  . 

If  the  initial  internal  wave  has  a  long  period 
and  wave  length  (e.g. ,  internal  waves  with  tide 
periods  may  be  generated  by  tide  forming  forces 
and  tides  themselves)  turbulent  spots  formed  by 
this  wave  are  large  and  corresponding  turbulent 
layers  are  very  thick.  Internal  waves  of  smaller 
periods  and  lengths  may  develop  on  these  layers 
forming  turbulent  spots  of  smaller  sizes  and  layers 
of  microstructure  of  smaller  thicknesses,  etc.; 
internal  waves  of  minimum  periods  and  lengths, 
turbulent  spots  of  minimum  sizes  and  layers  of 
microst ructure  of  minimum  thicknesses.  Thus,  the 
answer  to  the  question  "which  came  first,  the  chicken 
or  the  eqg?"  consists  for  this  case  in  the  indica¬ 
tion  of  a  cascade  process  "internal  waves  k  turbulent 
sjMats  v  layers  of  microstructure  *  internal  waves 
etc."  This  cascade  process  may  lead  to  the  forma¬ 
tion  of  a  quasi-steady  spectrum  of  internal  waves, 
intermittent  turbulence,  and  layers  of  microstructure 
(althouqh  in  real  nature  the  action  of  some  other 
processes  influencing  real  spectra  is  jxassible,  in¬ 
cluding  storms  and  quasi-steady  horizontal  inhomo¬ 
geneities  of  geographic  and  dynamic  origin) .  The 
turbulent  spots  also  take  part  in  a  risinq  cascade 
generated  by  local  instabilities  of  available  shear 
flows,  breaking  of  surface  waves,  sinking  of  cooled 


fluid  from  the  turbulized  surface  layer,  etc.  As 
distinct  from  the  classical  Kolmogorov  cascade  in 
non-strati fied  fluid,  here,  in  passing  from  a  larger 
scale  to  a  smaller  one,  the  energy  is  not  preserved, 
being  left  in  turbulent  spots  in  the  final  stage  of 
their  evolution  where  internal  waves  do  not  gener¬ 
ate.  Thus,  in  stratified  fluid  turbulent  spots  of 
various  scales  are  continuously  generated  and  the 
process  of  their  evolution  is  of  considerable 
interest . 

The  first  stages  of  the  evolution  of  turbulent 
spots*  where  the  radiation  of  internal  waves  takes 
place  are  rather  short:  by  estimates  of  J.  Wu 
(1969)  and  T.  W.  Kao  (1976)  they  come  to  an  end  in 
a  time  interval  of  the  order  of  several  tens  of 
N~ 1  (N  is  the  Brunt-Vaisala  frequency)  after  the 
beginning  of  the  process.  The  final  stage  of  the 
evolution  of  turbulent  spots  is  much  longer.  This 
stage  is  much  less  known:  in  the  paper  of  J.  Wu 
(1969)  concerning  this  stage  it  is  mentioned  only 
that  viscosity  is  of  significance  at  this  stage  and 
it  is  noted  that  the  profile  of  the  spot  is  pre¬ 
served  during  this  stage.  The  analysis  presented 
here  shows  that  the  velocity  of  the  extension  of 
turbulent  spots  at  the  viscous  stage  is  essentially 
low-'r  than  at  the  initial  stages.  It  is  our  opin¬ 
ion  that  the  "blini"-shaped  turbulent  structures 
are  the  intrusions  of  the  turbulent  spots  of  various 
scales  into  surrounding  stratified  fluid  which  are 
mainly  at  the  final  stage  of  their  evolution. 

Thus,  let  a  turbulent  spot  (Figure  1)  be  formed  in 
a  stable  continuously  density-stratified  (linearly 
for  definiteness)  fluid  due  to  some  reason  (breaking 
of  internal  waves,  local  loss  of  stability  of  shear 
flow,  penetration  of  denser  fluid  from  the  turbulent 
surface  layer,  etc.).  The  density  of  fluid  within 
the  turbulent  spot  due  to  mixing  is  uniform  in  con¬ 
trast  to  an  ambient  continuously  stratified  fluid 
being  in  a  state  of  rest  or  laminar  motion.  Certain 
potential  energy  is  stored  due  to  mixing  in  the  tur¬ 
bulent  spot,  so  the  state  of  the  mixed  fluid- 
stratified  environment  system  ceases  to  be  in 
equilibrium.  Mixed  turbulent  fluid  starts  to  strike 
(Figure  2)  into  stratified  non-turbulent  fluid  by 
tongues  -  "intrusions"  which  are  formed  at  the 
level,  z  =  z\ ,  (z  is  the  vertical  coordinate)  where 
the  density  of  stratified  fluid  is  equal  to  the 
density  of  mixed  fluid. 

Potential  energy,  stored  by  the  fluid  at  initial 
turbulization  and  mixing  in  the  spot,  dissipates 
during  the  intrusion  of  mixed  fluid  into  stratified 
non-turbulent  fluid.  It  is  natural  to  consider 
three  stages  of  the  evolution  of  the  spot: 

(1)  Initial  stage  of  free  intrusion.  The  motive 
force  of  the  intrusion  at  this  stage  exceeds  greatly 
the  drag  forces.  The  turbulent  spot  extends  slightly 
but  the  internal  waves  are  intensively  formed  by  the 
spot. 

(2)  Intermediate  steady  state.  The  motive  force 
at  this  stage  is  balanced  mainly  by  form  drag  and 
wave  drag  due  to  radiation  of  internal  waves  by  an 
extending  turbulent  spot.  The  acceleration  of  the 
tongue  is  negligible. 

* 

The  classification  of  stages  of  the  evolution  of  the  spot  of 
mixed  fluid  in  the  continuously  density-stratified  fluid  qoes 
back  to  the  fundamental  work  of  J.  Wu  (1969)  where  the  ex¬ 
perimental  investigation  of  the  initial  stages  of  this  process 
was  performed  for  the  wake  cf  circular  initial  cross-section. 
T.  W.  Kao  (1976)  performed  semi-empirical  theoretical  investi¬ 
gation  for  the  initial  stages  of  the  evolution  of  such  wakes. 
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FIGURE  2.  The  intrusion  of  a  turbulent  spot  into  con¬ 
tinuously  stratified  fluid. 


(3)  Final  viscous  stage.  The  motive  force  is 
balanced  at  this  stage  mainly  by  viscous  drag. 

Of  course,  between  the  first  and  second  and  the 
second  and  third  stages  there  exist  intermediate 
transitional  periods.  When  the  third  stage  comes 
to  the  end  the  spot  is  mixed  due  to  diffusion  with 
ambient  fluid  and  disappears. 

The  turbulent  motion  inside  of  the  intrusion 
tongue  is  supported  by  general  shear  stress  together 
with  eddy  motions  inside  of  the  intrusion  due  to  the 
difference  of  the  velocities  of  the  tongue  and  en¬ 
vironmental  non-turbulent  fluid.  The  boundary  of 
turbulent  and  non-turbulent  fluid  is  sharp  and  if 
the  thickness  of  the  intrusion  is  not  too  small, 
the  shear  required  for  supporting  the  turbulence 
within  the  intrusion  is  not  large. 

Indeed,  let  us  consider  the  equation  of  the 
balance  of  turbulent  energy  in  a  shear  flow  of 
stratified  fluid  neglecting,  as  usually,  the  viscous 
transfer  term  {Monin  and  Yaglom  (1971)] 

3  E  +  3  {w'E1  +  p ' w ' ! 
t  z 

=  -  pw'g  -  nc  -  p  u'w’  3^  u  (1) 

Here  t  is  the  time,  E  the  turbulent  enerqy  of 
unit  mass,  u  the  dissipation  rate  per  unit  mass, 
u  the  longitudinal  and  w  the  vertical  velocity 
components,  p  the  pressure.  The  flow  is  considered, 
for  the  estimates  we  need,  as  horizontally  homogen¬ 
eous  and  the  Boussinesque  approximation  is  accepted, 
i.e.,  the  density  variation  is  taken  into  account 
only  if  it  is  multiplied  bv  very  large  factor  - 
gravity  acceleration  g. 

Let  us  accept  for  the  terms  of  the  equation  of 
balance  of  turbulent  energy,  the  Kolmoqorov  approxi¬ 
mations  [Monin  and  Yaglom  (1971)] 

w'E  +  p'w*  =  -  a  v  *  B  3  p 
z 

u'w’  =  -  3  u,  ».  =  (2) 

z 

Here  B  =  E/n  is  the  mean  turbulent  energy  per 
unit  mass,  ?  the  external  turbulent  scale.  Thus, 
the  equation  of  balance  of  turbulent  energy  takes 
the  form 

)  8  -  3  3  8  -  pw’g/r 

t  z  z 

+  i.t/E  (3) 

The  mathematical  nature  of  sharp  interface  between 


the  turbulent  and  the  non-turbulent  regions  becomes 
completely  transparent  from  this  equation.  In  fact, 
Eq.  (3)  is  a  non-linear  equation  of  heat  conductivity 
type  with  heat  inflow  where  the  coefficient  of  trans¬ 
fer  of  turbulent  energy  equal  to  fc/ft  tends  to  zero 
with  turbulent  energy  itself.  For  such  equations 
under  zero  initial  conditions  the  disturbed  region, 
in  contrast  to  the  linear  heat  conductivity  equation, 
is  always  finite;  this  explains  (cf.  below)  mathe¬ 
matically  the  existence  of  a  sharp  interface  between 
the  turbulent  and  the  non-turbulent  regions. 

It  is  important  that,  due  to  mixing  following  the 
generation  of  a  turbulent  spot,  the  losses  of  turbu¬ 
lent  energy  for  the  work  of  suspending  a  stratified 
fluid  [the  second  term  of  the  right-hand  side  of  the 
Eq.  (3)]  disappear  because  the  density  within  the 
spot  becomes  uniform.  Furthermore,  the  first  term 
of  the  right-hand  side  of  (3)  governs  the  diffusional 
transfer  of  turbulent  energy  within  the  mixed  region 
and  does  not  influence  the  averaged,  through  the 
spot,  value  of  turbulent  energy.  Therefore,  the 
decay  of  turbulent  energy  within  the  spot  is  governed 
by  the  balance  of  the  two  last  terms  of  the  right- 
hand  side  of  the  equation  (3)  representing  genera¬ 
tion  and  dissipation  of  turbulent  energy, 
respectively. 

It  seems  natural  to  accept  that  the  external  scale 
of  turbulence  ,  within  a  factor  of  the  order  of 
unity,  coincides  with  the  transverse  size  of  the 
tongue  of  intrusion  h ;  the  constant  by  estimates 
has  a  value  of  about  0.5.  Thus,  the  shear  3zu  - 
»B/h  is  sufficient  to  support  the  turbulence  within 
the  spot  at  a  steady  level  together  with  the  state 
of  mixing  within  the  spot.  If  h  has  the  value  of 
tens  of  centimeters  -  one  meter  or  more,  then  for 
the  value  » B  -  1  cm/s ec,  characteristic  of  oceanic 
turbulence,  the  shear  required  for  supporting  steady 
turbulence  is  small.  In  thin  layers  it  is  large; 
therefore,  the  turbulence  in  thin  layers  decays 
rather  quickly  and  the  spot  of  mixed  fluid  exists 
during  the  time  interval  required  only  for  the  dif¬ 
fusional  mixing  of  the  spot  with  the  ambient  strati¬ 
fied  fluid. 

Furthermore,  available  experimental  data  show 
[J.  Wu  (1969)]  that  turbulent  entrainment  and  the 
erosion  of  a  turbulent  spot  may  be  neqlected,  start¬ 
ing  from  a  very  early  stage  of  the  evolution  till 
rather  late  stages  of  this  process.  Therefore,  we 
shall  take  the  volume  of  turbulent  spot  constant  at 
all  stages  of  its  collapse  to  be  described. 

For  simplicity  we  shall  further  suppose  that  the 
initial  form  of  a  turbulent  spot  is  symmetric  in 
respect  to  the  equilibrium  plane  where  the  densities 
of  stratified  fluid  and  mixed  fluid  coincide. 


2.  INITIAL  STAGES  OF  THE  EVOLUTION  OF  THE  SPOT  OF 
MIXED  FLUID 

At  the  first  stage,  free  fall  (lifting  from  below) 
of  the  particles  of  mixed  fluid  to  the  equilibrium 
plane  takes  place,  followed  by  the  spreading  of 
fluid  particles  along  this  plane.  Therefore,  the 
rate  of  change  of  the  area  of  horizontal  projection, 
S,  of  a  turbulent  spot  is  proportional  at  this  stage 
to  the  product  of  the  actual  area  by  the  rate  of 
fluid  influx  to  the  equilibrium  plane.  The  latter 
quantity  is  equal  to  the  product  of  the  acceleration 
of  free  fall  proportional  to  N‘  and  time  t.  Thus, 
we  obtain  for  the  initial  stage 
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dS/dt  '  SN?t  (4) 

For  small  we  obtain  by  integration 

(S  -  S  )/S  -  N2t2  (5) 

O 

(SQ  is  the  initial  area  of  horizontal  projection  of 
the  spot) .  Thus,  at  the  first  stage  the  character¬ 
istic  size  of  the  plan  form  of  the  turbulent  spot, 

L,  changes  proportionally  to  the  square  of  time 

(L  -  L  )/L  -  N2t2  ;  dL/dt  -  L  N2t  (6) 

o  o  o 

[for  the  wake,  S  -  L,  and  the  relation  (6)  follows 
from  (5)  in  an  elementary  way;  for  the  spot  of  the 
circular  plan  form,  S  -  L*  ,  but  at  (L  -  L0)  L0, 

L?  -  Lq:  '  2  (L  -  L0)L0  and  (6)  follows  again  from 
(5)). 

The  relations  of  the  type  of  (6)  were  obtained 
by  J.  Wu  (1969)  from  the  experimental  investigation 
for  a  spot  having  the  form  of  a  cylinder  with  a 
horizontal  axis;  they  were  confirmed  by  some  nu¬ 
merical  investigations  (see  Kao  (1976) ] .  Actually 
they  were  confirmed  to  be  valid  to  Nt  2.5. 

At  the  intermediate  stage  the  motive  force  of 
the  intrusion  is  balanced  by  form  drag  and  wave 
drag,  thus,  the  velocity  of  the  propagation  of  the 
intrusion  tongue  is  qoverned  by  the  parameter  of 
stratification  -  Brunt-V3isal3  frequency  N  -  to¬ 
gether  with  the  actual  height  of  the  tongue,  h, 
whence  by  dimensional  considerations  we  obtain 

dL/dt  Nh  (7) 

We  see  that  at  this  stage  the  dependence  of  the 
velocity  of  the  extension  of  the  intrusion  tongue 
is  different  for  various  geometries  of  the  problem. 
In  fact,  the  volume  of  the  turbulent  spot  V  is 
constant;  for  the  cylindrical  spot  h  V/LH  (H  is 
the  longitudinal  size  of  the  spot)  and  h  V/I/  for 
a  spot  of  the  circular  piano  form.  Therefore,  we 
obtain  for  the  cylindrical  spot 

dl/  /dt  NV/H  ,  L  /NV(t  -  tQ)  (8) 

(tc  is  a  conditional  time  moment  of  the  beginning 
of  the  second  stage) ,  whereas  for  the  spot  of  the 
circular  plane  form 

3 _ 

dL  /dt  NV  ,  L  *NV(t  -  tQ)  (9) 

The  relations  of  the  type  (8)  were  obtained  by 
J.  Wu  (1969)  from  the  experimental  data  for  collapse 
of  a  turbulent  wake  of  initial  circular  cross- 


FT<",ijre  3.  Elementary  particle  of  the  diffusion  tongue. 


section.  They  were  confirmed  to  be  valid  for 
3  <  Nt  <  25. 


3.  FINAL,  VISCOUS  STAGE  OF  THE  INTRUSION 

Under  accepted  assumptions  the  equation  of  mass  con¬ 
servation  for  a  mixed  fluid  takes  the  following  form 
in  hydraulic  approximation. 

3fch  +  div  (hv)  =0  (10) 

Here  h(x,y,t)  is  the  height  of  the  intrusion 
tongue;  x,y  are  the  spatial  horizontal  coordinates, 
t  is  the  time,  v  is  the  velocity  of  fluid  displace¬ 
ment  averaged  through  the  height  of  the  tongue. 

For  the  determination  of  the  velocity,  v,  let  us 
consider  the  system  of  forces  acting  on  the  cylin¬ 
drical  particle  of  the  intrusion  tongue  leaning  upon 
the  area  6S  (Figure  3) .  The  motive  force  of  this 
particle  is  caused  by  the  action  of  the  gradient  of 
redundant  pressure,  p,  and  spatial  variation  of  the 
height  of  the  tongue  of  intrusion 

Fm  -  -  grad(ph)6S  (11) 

Furthermore,  the  drag  force  per  unit  area  of  a 
particle  surface  due  to  the  viscous  character  of 
the  drag  at  the  final  stage  of  the  intrusion  under 
consideration  is  governed  by  the  velocity,  v,  of 
the  particle  relative  to  ambient  fluid,  viscosity 
of  the  fluid,  u ,  and  particle  height,  h.  The  di¬ 
mensional  considerations  give  the  viscous  drag 
force  per  unit  area  of  particle  surface  proportional 
to  uv/h .  Therefore,  the  viscous  drag  force  acting 
on  the  particle  leaning  upon  the  area,  6S,  is  equal 
to 

Fr  =  Cuv£S/h  (12) 

where  C  is  a  constant,  under  given  assumptions  -  a 
universal  one.  For  estimating  the  constant,  C,  the 
well-known  solution  of  the  problem  of  viscous  flow 
between  flat  plates  may  be  used.  This  solution 
gives  for  the  viscous  drag  the  value  12uv6S/h,  whence 
C  =  12.  Equaling  drag  force  to  motive  force  (the 
inertia  force,  as  at  the  second  staqe,  is  supposed 
to  be  a  negligible  one)  we  find 

Y  -  -  hgrad(ph)/Cii  (13) 

To  complete  the  statement  of  the  problem  we  have 
to  find  the  redundant  pressure  in  the  mixed  fluid. 

In  stratified  fluids  the  density  varies  linearly  with 
heiaht.  The  intrusion  tongue  propagates  symmetri¬ 
cally,  thus,  the  equilibrium  plane  divides  the 
height  of  the  tongue  in  half.  Let  us  denote  by  pi 
and  pj,  correspondingly,  the  pressure  and  the  density 
in  stratified  fluid  at  the  level,  z  =  z\ .  Then, 
evidently,  the  pressure  in  the  stratified  fluid 
varies  with  depth  following  the  relation 

p  =  Pi  -  Pig(z  -  Z]) 

+  p]N2 (z  -  zj)2/2  (14) 

Here,  as  before,  N  is  the  Brunt-VSisSla  frequency 
N'  =  ag,  g  is  the  gravity  acceleration,  a  =  {dp/dz)pj. 
Thus  the  pressure  at  the  upper  and  the  lower  points  of 
a  vertical  section  of  the  tongue  z  =  Z\  t  h/2  are 
equal,  respectively,  to 
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I'  =  Pi  -  t  igh/2  +  PiN-'h-'/B  ; 

p  =  PI  +  i’iqh/2  +  mN-V/8  (15) 

because  at  the  upper  and  the  lower  |x>ints  the  pres¬ 
sure  in  the  tonque  coincides  with  the  pressure  in 
ambient  stratified  fluid.  Hence,  the  pressure 
within  the  tonque  is  distributed  accordinq  to  the 
hydrostatic  law 

p  =  Pi  -  pjg(z  -  zj)  +  pjN2hr/8  < 16) 

The  pressure  averaqed  over  the  section  of  the  tonque 
is  equal  to 

P  .  -  Pi  +  PiN2h?/8  (17) 

The  pressure  averaged  in  the  same  way  in  the  strati¬ 
fied  fluid  due  to  (14)  is  equal  to 

Pab  =  Pl  +  P)N?h2/24  (18) 

Thus,  the  redundant  pressure  entering  the  expres¬ 
sion  of  motive  force  of  the  intrusion  tongue  at  a 
given  vertical  line  is 

!>  =  rai  ‘  pab  =  plN?h?/12  (19) 

The  relations  (13)  and  (19)  give 

P.N?  P  N;: 

V  =  -  hgradth’)  =  -  h3grad(h)  (20) 

Putting  this  expression  into  the  equation  of 
mass  conservation  of  mixed  fluid  (10)  we  obtain 
for  h  a  non-linear  equation  of  the  heat  conductivity 
type 

9  h  -  nAh&  =  0  ,  n  =  (>1N2/20Cu  =  Nr/20Cv  (21) 

Here  A  is  the  Laplace  operator,  v  the  kinematic 
viscosity  of  the  fluid.  In  particular,  for  one¬ 
dimensional  motions  Eq.  (21)  takes  the  form 

D  h  -  n32  h->  =  0  (22) 

t  xx 

d  h  -  n ( 1/r)  9  r3  hfj  =  0  (23) 

t  r  r 

for  the  plane  and  the  axisymmetr ical  cases,  respec¬ 
tively.  Here  x  is  the  horizontal  Cartesian  co¬ 
ordinate,  r  the  horizontal  polar  radius. 


4.  SELF-SIMILAR  ASYMPTOTIC  LAWS  OF  TURBULENT  SPOT 
EXTENSION  AT  THE  VISCOUS  STAGE 

We  neglected  turbulent  entrainment  and  the  erosion 
of  a  turbulent  region;  therefore,  the  volume  of  the 
turbulent  mixed  reqion  is  considered  to  be  constant 
and  equal  to  the  initial  volume  of  the  turbulent 
spot.  It  stands  to  reason  that  this  assumption  at 
the  viscous  staqe  is  valid  for  sufficiently  high 
stratification  only.  If  the  characteristic  dimen¬ 
sions  of  the  plane  form  of  a  turbulent  spot  are 
nearly  equal,  it  is  natural  to  expect  that  the  ex¬ 
tension  of  the  intrusion  starts  already  to  be  axi- 
symmctric  at  the  end  of  the  intermediate  staqe  and 


deliberately  is  axi symmetric  at  the  viscous  stage. 
Hence,  Eq.  (23)  may  be  applied  for  its  description. 
Thus,  the  condition  of  conservation  of  the  volume 
of  a  turbulent  spot  takes  the  form 

2n  /  rh(r,t)dr  =  V  r  Const  (24) 

o 

The  asymptotic  stage  of  the  spreading  of  the  spot 
is  of  primary  interest  when  the  plane  size  of  the 
intrusion  exceeds  the  corresponding  initial  size 
of  the  turbulent  spot.  At  this  stage  the  details 
of  the  initial  distribution  h(r,0)  cease  to  be 
essential  and  for  an  asymptotic  description  of  the 
viscous  stage  of  the  intrusion  the  initial  distribu¬ 
tion  may  be  represented  in  the  form  of  an  instantan¬ 
eous  point  source 

OO 

h  ( r ,  1 1 )  ::  0  (r  f  0)  ,  2ir  J  rhfr.t^dr  =  V  (25) 

o 

Here,  t]  is  the  conditional  time  moment  of  the  be¬ 
ginning  of  the  viscous  stage. 

The  solutions  of  such  type  for  non-linear  heat 
conductivity  equations  with  the  power-type  non¬ 
linearity  to  which  Eqs .  (22,  23)  belong  were  con¬ 
sidered  in  the  papers  of  Ya.  B.  Zel'dovich,  A.  S. 
Kompaneets,  and  one  of  the  present  authors  [see 
Barenblatt  et  al.  (1972)].  In  our  case  the  solu¬ 
tion  depends  on  the  quantities  t  -  ti,  n,  V,  r. 

The  dimensional  considerations  show  that  it  is  a 
self  similar  one: 

h=  (2wtv- 

C  =  r[V4n(t  -  t ] ) /16n4 ]  (26) 

Putting  (26)  into  Eq.  (23)  and  integrating  the 
ordinary  differential  equation  obtained  for  the 
function,  f(rj  ,  we  find 


Thus,  at  each  moment  of  time  the  intrusion  tongue 
stretches  for  a  finite  distance:  this  is  (cf.  Sec¬ 
tion  1)  the  peculiar  feature  of  non-linearity  dis¬ 
tinguishing  the  equation  of  intrusion  from  the 
linear  equation  of  heat  conductivity.  The  edge  of 
the  intrusion  propagates  following  the  law 

r  (t)  =  2  (V^n (t  -  t,  )/16tt‘*)  1/10  (28) 

o  1 

The  form  of  the  intrusion  tongue  represented  by 
the  curve  1  in  Figure  4  also  is  peculiar:  the 
thickness  of  the  tongue  changes  slowly  to  the  very 
edge  where  it  comes  abruptly  to  naught.  The  maxi¬ 
mum  spot  thickness,  hQ(t)  =  h(o,t) ,  also  changes 
very  slowly  with  time 
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Equation  (28)  seems  very  simple  and  accessible 
for  ex{ er iment al  confirmation:  confirmation  of 
this  equation  will  give  some  confidence  in  the 
validity  of  the  model  proposed  here.  The  experi¬ 
mental  she.  kino  of  Eq.  (28)  was  performed  by  A.  G. 

"at.  •  t  in,  K.  N.  Federov,  8.  I.  Voropaev,  and  A.  M. 
I'jvl.  v.  I'hev  used  the  following  scheme  for  the  ex- 
j  -  i  n<  :.t  ;  ;  :tv  M  .  An  open  plexiglass  tank  having 

fi.»  >•  a  )  eet  angular  parallelepiped  contained  a 

,  t  »-r.;  i  Tature-strat  if  iod  fluid.  A  hollow 
cvlmdiual  ♦  ube  was  introduced  from  above  under 
till-  aurf.i. of  tie*  fluid.  The  fluid  in  the  tube  was 
mix-'d  and  tin  n  tin-  tube  was  raised,  leaving  in  its 
:  laer  a  got  *>f  mixed  fluid  which  immediately  started 
lemtratiria  tin-  ambient  stratified  fluid.  The  ob- 
servations,  t  iioto-  and  movie  camera,  were  performed 
using  a  shadow  device.  The  experiment  allowed  one 
to  observe  '.dearly  the  two  last  stages  of  spot  evolu¬ 
tion;  tlie  .got  extension  at  the  viscous  stage  is 
re:  resented  in  Figure  *>.  The  mixed  fluid  volume  in 
the  spot  was  fixed  for  ail  experiments,  as  well  as 
the  kinematic  viscosity  of  the  fluid  and  the  diameter 
of  the  tube.  Therefore,  if  Eq.  (28)  is  correct,  the 
experimental  data  in  the  coordinates  ■ g I 2r0 ( t) /D] , 

• g ( N  (t  -  t  )|  had  to  fall  on  a  single  straight  line 
with  the  do: e  '.I.  This  is  confirmed  by  the  graph 
of  Figure  <•  when*  the  slope  of  the  solid  straight 
line  i  .  o.l  and  t  ,  -•  -lo  sec.  Thus,  the  law  of  one 
tenth  Ei.  (2*>i  for  the  viscous  extension  of  a  spot 
was  confirmed  by  the  experiments  of  A.  G.  Zatsepin, 

K .  N.  F*  •  Icrnv ,  s .  I.  Voropaev,  ami  A.  M.  Pavlov  with 
a  sat  t  sfaet.ory  accuracy. 

Analogously,  in  the  case  when  the  form  of  the 
turbulent  spot  is  close  to  the  cylinder  with  a 
horizontal  axis  Eq.  (22)  for  the  height  of  the  in¬ 
trusion  tongue  will  hold,  where  x  is  the  horizontal 
coordinate  normal  to  the  axis  of  the  spot.  The  con¬ 
dition  of  conservation  of  the  volume  of  the  spot  of 
mixed  fluid  takes,  for  this  case,  the  form 


H  /  h (x, t) dx  =  V  Const  (10) 


where  H  is  the  longitudinal  size  of  t  °  cylindrical 
spot.  The  initial  conditions  correspon  lino  to  the 
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asymptotic  solution  of  the  instantaneous  point 
source  type  may  be  written  in  the  form 


h  ( x ,  t  ] ) 


0  (x  t  0)  ,  H 


r 


h (x , t  j ) dx 


=  V 


(31) 


and  the  asymptotic  solution  itself  due  to  the  same 
reasons,  as  before,  may  be  represented  in  the  form 


P 4n ( t  -  1 1 )  H J  f  1  <l,) 


•  =  x[V;,n(t  -  t  i )  /16H1'  ]  !/ 


f,  = 


A ( 1  -  •')  l/>' ,  o  - 


0,  r,  -  =  (15) 


l/f. 


2T (5/4) r (1/2) 


■’  ( 7/4) 


2/3 

5  3.6 


[.A  =  (r,  ‘Vl 5)  1/l*  0.97  (32) 

0 

so  that  the  leading  edge  of  the  intrusion,  x  =  xQ(t) , 
propagates  according  to  the  law 

x  (t)  =  r.  [V4n(t  -  tO/letCl  1/1  (33) 

O  0 

while  the  maximum  thickness  of  the  intrusion,  h0(t) 

=  h(o,t),  decays  with  time  according  to 

h  t(t)  =  0.97(Vr/4H-'n(t  -  t,))!/*’  (34) 

o  1 

Thus,  in  both  cases  a  strong  deceleration  of  the 
extension  of  intrusion  was  characteristic  for  a 
turbulent  spot  in  the  transition  to  the  viscous 
stage.  Indeed,  at  the  free  intrusion  stage  the  ex¬ 
tension  of  a  turbulent  spot  is  proportional  to  the 


2 


7 

/ 


/ 


FT <11 JRE  5.  The  scheme  of  the  experimental  checking  of 
the  law  of  viscous  extension  of  a  spot  of  mixed  fluid. 
1)  The  tank,  2)  Point  light  source  with  collimator, 

T)  Lens,  4)  Vertical  elevator  with  electromotor,  5) 
Mixer,  6)  Tube,  7)  Screen,  8)  Movie  camera. 
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j  y  5  6'  8  /O  20 

FTGURE  6.  The  one  tenth  law  a;?  confirmed  by  laboratory 
experiments  of  A.  'Zatsepin,  K.  N.  Fedorov,  S.  I. 
Voropaev,  and  A.  M.  Pavlov. 
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square  of  time;  at  the  intermediate  staqe  it  is 
proportional  to  the  square  root  of  time  for  a  cylin¬ 
drical  spot  and  to  the  cube  root  of  time  for  an  axi- 
symmetric  spot.  At  the  viscous  staqe  the  extension 
is  proportional  to  time;  to  one  sixtli  in  the  case  of 
a  cylindrical  spot  and  to  one  tenth  in  the  case  of 
an  axisymmetric  spot.  Thus  the  extension  of  the 
spot  is  sharply  decelerated  at  the  viscous  Stage  in 
comparison  with  the  initial  stages. 

It  seems  plausible  us  that  the  "blmi"  shaped 
reqions  of  constant  density  and  temperature  observed 
in  the  ocean  are  turbulent  spots  of  various  scales 
generated  by  the  loss  of  stability  or  breaking  of 
internal  waves,  local  instability  of  shear  flows, 
penetration  of  cooled  turbulizod  fluid  from  the 
curbulized  surface  layer,  etc.  which  are  mainly  in 
the  last,  viscous  staqe  of  their  evolution.  Note 
that  along  with  the  states  in  which  turbulence  is 
preserved  within  the  spot,  the  states  are  possible 
and  apparently  rather  frequent,  especially  for  spots 
of  small  scales,  in  which  turbulence  within  the  spot 
has  disappeared  but  the  fluid  remains  mixed  and  homog¬ 
eneous.  This  assumption  is  supported  qualitatively 
by  some  data  of  simultaneous  measurements  of  vertical 
distributions  of  density  and  velocity  gradient 
[Fedorov  (1976)].  Those  distributions  have  the  form 
presented  by  solid  lines  in  Figure  1.  Indeed,  if 
the  regions  of  constant  density  are  intrusions,  then 
the  shear  should  increase  near  their  boundaries  com¬ 
pared  to  ambient  fluid  (of..  Figure  2).  However,  in 
th ?  .  ..  e  the  shear  should  be  reduced  near  the  cen¬ 

tral  line  of  intrusion  (dashed  line  in  Figure  1). 

It  is  plausible  that  the  resolution  in  these  mea¬ 
surements  was  not  sufficient  to  observe  this  shear 
reduction . 


it  is  of  interest  from  the  point  of  view  of  the 
evolution  of  turbulent  spots  in  stratified  fluid. 

A  characteristic  example  -  the  intrusion  of  the 
bottom  Mediterranean  water  into  the  body  of  the 
Atlantic  (Figure  7).  The  bottom  water  descends 
through  the  Straits  of  Gibraltar  down  the  contin¬ 
ental  slope  and  enters  the  body  of  the  ocean  in  an 
intermediate?  layer  whore  the  density  of  the  ocean 
water  is  equal  to  its  own  density.  The  intrusion 
of  the  bottom  water  of  the  Red  Sea  into  the  body  of 
the  Indian  Ocean  is  completely  analogous.  The  in¬ 
trusion  of  bottom  water  is  a  slow  process  and  we 
may  assume  that  for  its  description,  Eq.  (22) , 
corresponding  to  a  pure  viscous  mechanism  of  the 
intrusion  drag,  is  valid. 

The  intrusion  of  bottom  sea  water  into  the  body 
of  the  ocean  goes  by  separate  portions  [Federov 
(1976)]  and  it  is  possible  to  assume  that,  at  the 
beginning  of  the  intrusion  of  a  new  portion,  the 
bottom  fluid  that  intruded  earlier  is  carried  suf¬ 
ficiently  far  away  so  that  the  initial  condition 
holds 

h  ( x , 0 )  0  ( x  *s  0)  (35) 

Here  h,  as  oefore,  is  the  height  of  the  intrusion 
tongue,  x  the  horizontal  coordinate  in  the  direction 
of  intrusion  from  its  origin.  Let  us  suppose  that 


THE  INTRUSION  OF  BOTTOM  SEA  WATER  INTO  THE 
BODY  OF  THE  OCEAN 


Th*'  intrusion  of  mixed  fluid  into  a  continuously 
stratified  medium  is  widely  distributed  in  nature; 


FTCURF  7.  The  intrusion  of  sea  bottom  water  int 
body  of  the  ocean. 
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the  height  of  the  bottom  water  layer  at  the  origin 
of  intrusion  does  not  depend  on  time: 

h(o,t)  =  h  =  Const  (36) 

o 

The  solution  of  Eq.  (22)  under  conditions  (35) 
and  (36)  is  also  self-similar  and  has  the  form 


h  =  h  f  (5)  ,  C  =  x//nh  4t  (37) 

0  2  0 

where  the  function  f2<C)  which  satisfies  the  equa¬ 
tion 

(38, 

as2  2  dt 

under  the  conditions 

f2(0)  =1  ,  f  j  (co)  =  0  (39) 

is  continuous  and  has  a  continuous  derivative 
df2VdC  (the  last  requirement  follows  from  the 
continuity  of  the  flow  of  bottom  fluid) .  The  solu¬ 
tion,  f2  (Of  is  represented  in  Figure  4  (curve  2). 
It  is  also  different  from  zero  only  in  a  finite 
interval  0  -  C  ^  Co  *  1.66,  so  that  the  leading 
edge  of  the  intrusion  xQ(t)  propagates  as 


xo(t)  =  c/nh^t  (40) 
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ABSTRACT 

A  theory  is  offered  for  the  rise  of  a  strong  inver¬ 
sion  in  the  atmosphere  caused  by  heating  at  the 
ground.  The  heating,  specified  by  the  buoyancy 
flux,  qj ,  near  the  ground,  causes  turbulence  in  a 
growing  layer  of  depth,  D,  above  the  ground  with  an 
inversion  or  inter facial  layer  of  thickness,  h, 
separating  the  mixed  layer  from  the  non-turbulent 
air  above.  There  is  a  buoyancy  jump,  Ab,  across 
the  interfacial  layer  and  the  air  above  the  inver¬ 
sion  has  a  buoyancy  gradient,  N2 . 

The  lower  surface  of  the  inversion  layer  rises 
(at  a  speed,  ue  =  dD/dt)  because  of  two  processes. 

One  is  related  to  the  mean  temperature  rise  of  the 
mixed  layer  which,  in  the  present  model,  leaves  h  + 

D  unaffected  but  which  causes  the  interfacial  thick¬ 
ness,  h,  to  decrease  and  therefore  D  to  increase  at 
a  rate  proportional  to  Ri'1,  where  Ri  =  DAb/w*  is 
the  Richardson  number  and  w*  =  ( q j D)  */■*  is  the  con¬ 
vective  velocity  typical  of  the  rms  velocities  in 
the  main  portion  of  the  mixed  layer.  The  second 
process,  increasing  both  h  and  D,  is  the  erosion  of 
the  stable  fluid  by  the  turbulence  in  the  mixed 
layer  and  the  intermittent  turbulence  in  the  inter¬ 
facial  layer.  This  causes  D  to  increase  at  a  rate 
proportional  to  Ri'7/4.  The  total  effect  is  con¬ 
tained  in  the  equation 

—  =  aRi'1  +  cRi-V" 

w. 

where  a  and  c  are  universal  constants.  Other  re¬ 
sults  are  presented,  notably  the  ratio,  |q2/<Ii|,  where 
q2  is  the  (negative)  buoyancy  flux  near  the  level 
z  =  D.  This  ratio  decreases  with  increase  of  sta¬ 
bility  as  observed  in  experiments  of  Willis  and  Dear- 
dorff.  |q2/qi j  '  Ri'3/4. 

1 .  INTRODUCTION 

When  the  sun  rises  and  begins  to  heat  the  ground, 
the  atmosphere  is  normally  in  a  stable  state  (po- 
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tential  temperature  increases  with  height) .  If  we 
neglect  the  effect  of  mean  wind  for  the  moment,  the 
heating  creates  instability  and  turbulence  near  the 
ground  and  a  mixed  layer  of  depth,  D,  appears,  capped 
by  an  inversion.  This  phenomenon  is  called  penetra¬ 
tive  convection.  The  potential  temperature  of  the 
mixed  layer  is  nearly  constant  with  height  except 
very  close  to  the  ground,  where  a  superadiabatic 
lapse  rate  exists  in  a  thin  layer,  and  just  below 
the  inversion  base  where  there  is  weak  stability. 

The  inversion  base  rises  because  of  two  processes. 

The  first  is  heating  alone  which  tends  to  decrease 
the  thickness,  h,  of  the  inversion  layer,  (IL) ,  and 
so  increase  D.  The  second  is  the  entrainment  effect 
of  the  turbulent  eddies  just  below  the  inversion 
base.  We  do  not  have  a  detailed  understanding  of 
this  erosion  process  but  laboratory  experiments  with 
mechanical  stirring  [Moore  and  Long  (1971) ,  Linden 
(1973)]  suggest  that  the  eddies  in  the  mixed  layer 
deflect  the  IL  upward  storing  potential  energy.  When 
this  is  released  by  downward  motion,  a  portion  of 
the  lighter  fluid  in  the  IL  is  ejected  into  the 
homogeneous  layer  where  it  is  carried  away  by  the 
turbulent  eddies,  leaving  the  lower  surface  of  the 
IL  sharp  again. 

If  there  is  no  mean  wind,  the  energy  for  the  tur¬ 
bulence  comes  from  the  energy  flux  divergence  term 
and  from  the  buoyancy  flux  term  in  the  energy  equa¬ 
tion,  where  q  =  -w’b'  is  the  buoyancy  flux*.  When 
there  is  a  mean  wind,  as  is  usual  in  the  atmosphere, 
the  shear  yields  another  energy  source.  This  serves 
to  increase  the  turbulence  energy  and  thus  to  in¬ 
crease  the  entrainment  effect  through  greater  agita¬ 
tion  of  the  IL.  In  addition,  the  shear  may  cause 
Kelvin-Helmholtz  instability  and  consequent  wave 
breaking  at  the  interface  and  thereby  enhance  ero¬ 
sion. 

On  the  other  hand,  the  effect  of  shear  should  be 

* 

Buoyancy  in  an  incompressible  fluid  is  defined  as  b  » 
g(p  -  d f) )  /o o  where  g  is  gravity,  p  is  density  and  Pq  is  a 
representative  density.  In  the  atmosphere,  o  and  oq  are 
potential  densities.  We  may  also  write  b  *  g(0  -6o)/®0 
where  fl  is  a  potential  temperature. 
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negligible  if  the  mixed  layer  depth  is  much  greater 
than  the  Monin-Obukhov  length,  L  =  -uJ/qj ,  [Monin 
and  Yaglom  (1971,  p.  427)]  where  u*  is  the  friction 
velocity.  Thus  (-L/D)l/3  is  proportional  to  the 
ratio,  u*/w* ,  of  the  turbulent  velocity  in  the  mixed 
layer  associated  with  shear  to  the  turbulent  veloc¬ 
ity  associated  with  convection,  w*  =  (qiD)  1//3.  The 
shear  effect  becomes  less  important  as  this  ratio 
decreases.  Lenschow  (1970,  1974)  presents  aircraft 
measurements,  which  appear  to  confirm  the  unimpor¬ 
tance  of  energy  production  by  the  shear  for  the 
turbulence  near  the  inversion  if  |l/d|  is  small 
enough . 

The  purpose  of  this  paper  is  to  construct  a 
theory  for  the  rise  of  an  inversion  in  the  atmo¬ 
sphere  neglecting  the  effect  of  shear.  The  analysis 
is  similar  in  some  respects  to  that  in  a  recent  paper 
by  the  first  author,  (Long  (1977b) ,  hereinafter 
referred  to  as  MISF]  in  which  a  theory  is  developed 
for  turbulence  in  a  stably  stratified  liquid,  as 
for  example  in  the  experiments  of  Rouse  and  Dodu 
(1955),  Turner  (1968),  Wolanski  (1972),  Linden  (1973), 
Crapper  and  Linden  (1974) ,  Linden  (1975) ,  Thompson  and 
Turner  (1975) ,  Wolanski  and  Brush  (1975) ,  and  Hop- 
finger  and  Toly  (1976) .  In  these  experiments  a 
stably  stratified  fluid  is  agitated  by  a  grid  oscil¬ 
lating  up  and  down  near  the  bottom  of  the  vessel 
(Figure  1) .  A  growing  mixed  layer  of  depth,  D, 
appears  in  the  lower  portion  of  the  fluid  separated 
from  the  non-turbulent  fluid  above,  in  which  the 
buoyancy  gradient  is  given,  by  an  IL  of  thickness, 
h.  Observations  indicate  that  the  lower  mixed  layer 
has  a  very  weak  mean  buoyancy  gradient.  The  buoyancy 
difference  across  the  IL  is  relatively  large  and  is 
denoted  by  Ab. 

As  indicated  by  the  experiments  of  Thompson  and 
Turner  and  Hopfinger  and  Toly,  and  derived  by  the 
first  author  in  a  recent  paper  [Long  (1977a)],  the 
turbulence  generated  by  the  grid  in  a  homogeneous 
fluid  is  nearly  isotropic,  and  if  u  is  the  rms  veloc¬ 
ity  and  l  is  the  integral  length  scale,  the  quantity, 
u l (proportional  to  eddy  viscosity),  is  constant  with 
height.  When  there  is  stratification,  the  mixed 
layer  is  nearly  homogeneous  and  ut  -  K  is  again  con¬ 
stant  near  the  grid  [Hopfinger  and  Toly  (1976)]. 

Since  £  is  proportional  to  the  depth,  D,  the  veloc¬ 
ity,  s  K/D,  is  characteristic  of  the  turbulent 
velocities  in  the  mixed  layer.  The  quantity,  K, 
may  be  taken  to  be  characteristic  of  the  "action" 
of  the  energy  source  (grid) . 

On  the  basis  of  observations,  experimenters  have 
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FIGURE  1.  Oscillating  grid  experiment.  (S  -  stroke  of 
the  grid. ) 


proposed  that  the  entrainment  velocity  ue  =  dD/dt 
is  expressible  in  the  form 


fS 


Ri 


.-3/2 


Ri 


DAb 

f2s7 


(1) 


where  Ri*  is  the  overall  Richardson  number,  f  is  the 
frequency,  and  S  is  the  stroke  of  the  grid.  The 
measurements  correspond  to  large  values  of  Ri  so 
that  attention  is  confined  to  the  usual  situation 
in  nature  in  which  the  Richardson  number  is  large. 

In  terms  of  the  "action"  K  of  the  grid,  another 
Richardson  number  is 


Ri  = 


DAb 


Uj  =  K/D 


(2) 


This  is  very  similar  to  the  number  Ri  =  £Ab/u2 
proposed  by  Turner  (1973),  where  £  and  u  are  the 
integral  length  scale  and  rms  velocity  measured  at 
the  level  z  =  D  in  a  homogeneous  fluid  agitated  by 
the  same  grid  at  the  same  grid  frequency  and  stroke. 

In  MISF  and  in  the  present  paper,  the  role  of  the 
IL  separating  the  mixed  layer  from  the  non-turbulent 
fluid  above  is  essential.  This  contrasts  with  ear¬ 
lier  theories  in  which  h  is  neglected  despite  ex¬ 
perimental  evidence  [Linden  (1975)]  that  h  is 
proportional  to  D  and  is  not  particularly  small 
(h/D  =  1/4) .  Observations  [for  example,  Wolanski 
and  Brush  (1975) ]  indicate  that  the  IL  with  its 
large  density  gradient  is  typified  by  wave  motion. 
Wolanski  and  Brush  found  that  the  frequency  of  dis¬ 
turbances  in  this  layer  was  proportional  to  the 
Brunt-VaisSla  frequency  (Ab/h)*5  although  numerically 
one  order  of  magnitude  smaller.  Certainly  turbulence 
of  some  kind  exists  in  the  IL  and  since  the  density 
gradient  there  is  strong  rather  than  weak  as  in  the 
mixed  layer,  it  is  reasonable  to  assume  that  the 
turbulence  in  the  IL  is  intermittent  and  that  this 
intermittent,  weak  turbulence  transfers  the  buoyancy 
in  the  layer.  In  MISF  the  intermittency  factor  de¬ 
creases  with  increase  of  stability  so  that  for  the 
large  Richardson  numbers  of  the  asymptotic  theory 
the  layer  is,  for  the  most  part,  in  laminar  wave 
motion  with  occasional  breaking  waves  in  the  interior 
and  at  the  lower  surface  of  the  interface. 

Similar  ideas  may  be  applied  to  the  present  prob¬ 
lem  in  which  the  turbulence  in  the  mixed  layer  is 
caused  by  heating  at  the  lower  surface.  The  princi¬ 
pal  differences  are  the  effect  of  heating  in  causing 
h  to  decrease  and  D  to  increase,  and  the  differences 
in  the  sources  of  turbulence  kinetic  energy.  The 
energy  equation  is 
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where  the  first  term  is  the  energy  flux  divergence; 
u',  v* ,  w'  are  the  instantaneous  velocities,  p'  is 
the  pressure,  is  a  reference  density,  q  «  -W'b’ 
is  the  buoyancy  flux,  and  c.  is  the  energy  dissipa¬ 
tion.  In  the  present  problem  the  buoyancy  flux 
term,  -w  *b ' ,  is  of  basic  importance  and  corresponds 
to  the  conversion  of  potential  energy  to  kinetic 
energy.  This  effect  is  missing  of  course,  in  the 
case  of  mechanical  stirring  in  a  homogeneous  fluid. 

Equation  (3)  omits  the  local  time  rate-of-change 
of  kinetic  energy  although,  in  fact,  the  inversion 
is  rising  and  conditions  are  therefore  unsteady. 
With  respect  to  the  mixed  layer,  the  kinetic  energy 
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FIGURE  2.  Model  of  entrainment  at  an  interface  by 
heating  from  below.  The  curve  on  the  left  is  the  mean 
buoyancy,  b,  with  an  assumed  linear  profile  above  the 
interfacial  layer.  The  curve  for  buoyancy  flux,  q,  is 
on  the  right.  The  superadiabatic  layer  near  z  *  0  is 
not  shown. 


is  proportional  to  the  square  of  the  convective 
velocity,  (qiD)2/3,  so  that  the  ratio  of  the  time 
rate-of-change  term  to  the  other  terms  in  Eq.  (3)  is 
ue/w*.  This  ratio  is  of  order  one  if  the  convective 
motions  are  spreading  upward  at  a  speed,  ue,  in 
initial  conditions  of  neutral  stability .  Even  a 
fairly  weak  inversion  will  cause  a  great  slowdown 
and  ue/w*  will  be  small.  Similar  remarks  apply  to 
the  IL  and  we  are  assured  that  the  time  dependence 
is  negligible  in  the  stable  conditions  of  the  paper, 
although  it  has  received  some  attention  in  considera¬ 
tions  of  the  real  atmosphere  [Zilitinkevich  (1975)]. 

We  may  conclude  this  introduction  with  reference 
to  work  on  penetrative  convection  in  the  atmosphere 
and  oceans  including  atmospheric  observations: 

Lettau  and  Davidson  (1957),  Ball  (1960),  Veronis 
(1963),  Izumi  (1964),  Summers  (1965),  Deardorff 
(1967),  Kraus  and  Turner  (1967),  Lilly  (1968),  Dear¬ 
dorff  (1972),  Betts  (1973).  Carson  (1973),  Stull 
(1973),  Tennekes  (1973a, b,  and  1975),  Adrian  (1975), 
Farmer  (1975),  Zilitinkevich  (1975),  Kuo  &  Sun  (1976) 
Stull  (1976a, b,c) ,  and  Zeman  and  Tennekes  (1977). 
Related  experiments  have  been  run  by  Deardorff, 
Willis,  and  Lilly  (1969),  Willis  and  Deardorff  (1974) 
and  Hedit  (1977).  A  second-order  closure  model  has 
been  given  by  Zeman  and  Lumley  (1977) .  More  recent 
field  observations  have  been  made  by  Kaimal,  et  al. 
(1976).  Mixed  layer  deepening  in  the  upper  layers 
of  the  ocean,  which  is  almost  always  associated  with 
wind  stirring  has  been  discussed  by  Niiler  and  Kraus 
(1977). 


2.  RELATION  OF  FLUXES  TO  THE  BUOYANCY  JUMP  AND  TO 
MIXING  LAYER  AND  INTERFACIAL  LAYER  THICKNESSES 

In  the  theory  of  the  paper  we  ignore  rotation,  radia¬ 
tive  heating,  water  vapor,  and  horizontal  variations 
of  mean  quantities.  The  model  is  shown  in  Figure  2 
which  contains  curves  for  the  mean  buoyancy  and  buoy¬ 


ancy  flux.  The  mean  buoyancy  curve  above  the  IL  is 
assumed  to  be  linear  with  buoyancy  gradient  N2.  In 
one  case  we  assume  that  N2  =  0  so  that  the  inversion 
rises  and  weakens,  eventually  disappearing.  When 
N2  ?  0  we  assume  that  the  air  was  at  rest  with  uni¬ 
form  buoyancy  gradient  when  heating  began.  Then  the 
inversion  strength  increases  with  time.  Since  the 
theory  of  this  paper  is  concerned  with  very  stable 
conditions,  the  solutions  hold  for  large  values  of 
the  Richardson  number. 

The  buoyancy  flux  curve  is  derived  below  from  the 
assumed  buoyancy  distribution.  The  latter  is  assumed 
to  be  linear  in  the  IL  (region  R3) .  This  is  an  ex¬ 
cellent  approximation*  in  certain  circumstances  at 
least,  for  example  in  the  mechanical  stirring  ex¬ 
periments  of  Wolanski  and  Brush  (1975) .  Observa¬ 
tions  in  the  mixed  layer  [Willis  and  Deardorff 
(1974)]  indicate  that  there  is  very  little  mean 
buoyancy  variation  in  this  layer  except  for  some 
indication  of  a  stable  mean  gradient  near  the  heated 
plate.  If  we  ignore  these  gradients  for  the  moment, 
the  equation 
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indicates  that  q  is  a  linear  function  of  z.  In  fact, 
experiments  show  that  q  is  nearly  linear  [Willis  and 
Deardorff  (1974)]  so  that  the  neglect  of  mean  buoy¬ 
ancy  variations  in  the  mixed  layer  in  the  model  of 
Figure  2  seems  reasonable.  The  lower  surface  is 
heated  and  the  buoyancy  flux  q  =  -w'b'  (proportional 
to  the  heat  flux)  is  held  constant  at  the  lower  sur¬ 
face  where  it  is  denoted  by  q^.  The  mean  buoyancy 
in  the  mixed  layer  is 

b  =  b„„  -  N2(D  +  h)  +  ib  (5) 

m  u  u 


where  Ab  is  the  buoyancy  jump  across  the  interfacial 
layer  and  bog  is  constant  equal  to  the  buoyancy  at 
the  surface  if  the  linear  gradient  above  is  extra¬ 
polated  down  to  the  surface.  Integrating  (4)  over 
the  mixed  layer,  we  get  the  flux,  q2 ,  just  below  the 
IL.  It  is 


q2.  =  q]  +  D  -  N2D  ~  (D  +  h)  (6) 

On  physical  grounds  q?  must  be  negative  (Figure  2) 
and  this  is  confirmed  by  laboratory  measurements 
[Willis  and  Deardorff  (1974)].  In  the  IL,  the  mean 
buoyancy  is 


b  =  Ab  -  (z  -  D)  +  bQ0  -  N2 ( D  =  h)  (7) 

Integrating  (4) ,  we  get  the  flux  at  a  given  level 
in  the  interfacial  layer 
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where  C=z-D.  Atz=D+h,  the  buoyancy  flux 
is  zero  so  that 


Even  when  the  approximation  is  only  fair,  the  error  in  as¬ 
suming  a  linear  profile  is  small.  We  discuss  this  in  Sect. on 
6. 
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,,  dD  d  /  h  ?.  /dD  dh\ 

q2  =  -  Ab  dt  ■  dt  U  Abj  +  N~h  (d?  +  sr]  (9> 


Using  (6)  we  get 


q*  =  '  dt  I(D  +  '5h)  Ab  "  55n2(D  +  h>2)  (10) 


The  integral  of  (10)  is 


(D  +  *5h)  flb  -  'iN2(D  +  h)2  =  V2  -  q  t  (11) 


where 


b3,  u3,  and  I 3  may  vary  with  height.  The  turbulence 
is  certainly  strongly  influenced  by  buoyancy  in  this 
layer  so  that  kinetic  and  available  potential  ener¬ 
gies  [Long  (1977d)]  are  of  the  same  order  not  only 
in  the  waves  but  in  the  turbulent  patches,  i.e., 

U3  *  V3b3  =  B363  r  U4> 

where  63  is  the  order  of  the  size  of  the  disturbances 
and  because  of  the  tendency  for  conservation  of  buoy¬ 
ancy,  we  assume  b3  is  proportional  to  63(Ab/h).  Us¬ 
ing  (14) ,  Eq.  (13)  becomes 


v2  =  (D0  +  4h0)  Ab0  -  )lN2(D(,  +  hQ)2  (12) 

and  the  zero  subscript  denotes  values  at  t  =  0. 
Tennekes  (1973b)  obtained  (11)  and  (12)  with  h  and 
ho  missing.  As  we  have  indicated,  the  interfacial 
layer  thickness  h  plays  an  important  role  in  the 
theory  of  this  paper.  The  time  to  -  V^/qi  is  the 
time  for  an  initial  buoyancy  difference  to  disappear 
when  the  upper  air  has  a  uniform  potential  tempera¬ 
ture  (Tennekes  (1973b) ) . 
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Let  us  now  find  the  dissipation.  This  occurs  only 
in  the  turbulent  patches  and  we  assume  that  the 
local  dissipation  Cp  =  f(u3,63,  b3) .  Since  u^  - 
b3$3,  we  get  £p  ~  u3/63  and 


e  3 


U  2 

B4B3U3 


h 


13 


(16) 


3.  THE  INTERFACIAL  LAYER  (REGION  R3) 

According  to  the  discussion  in  Section  1,  the  IL 
in  our  model  is  turbulent  with  intermittency  factor, 
I3,  defined  here  as  the  ratio  of  the  volume  in  tur¬ 
bulent  motion  to  the  whole  volume*.  Much  of  the 
layer  is  in  wave  motion  in  which  all  of  the  compo¬ 
nents  of  the  fluid  velocity  are  of  the  same  order, 
i.e.,  the  ratios  W3/U3,  W3/V3  are  independent  of 
the  Richardson  number.  The  intermittent  turbulence 
is  caused  by  the  intermittent  breaking  of  these 
waves.  Since  the  wave  amplitude  is  of  the  order  of 
the  wave  length  when  the  wave  breaks,  we  should  have 
u3  -  v3  -  w3  initially  in  the  breaking  waves  as  well 
and  we  assume  this.  Of  course  the  "homogeneous" 
fluid  in  the  breakinq  patch  will  tend  to  flatten 
out  and  the  vertical  velocities  in  the  patch  will 
decrease  relatively  as  time  goes  on.  In  our  model 
we  ignore  the  patch  after  a  time  of  order  (h/Ab) 5 
and  consider  that  the  local  heat  transfer  has  al¬ 
ready  been  accomplished.  In  actual  fact  this  trans¬ 
fer  is  accomplished  by  the  spreading  of  the  patch 
over  a  larger  time  interval  and  the  ultimate'  trans¬ 
fer  by  molecular  processes.  Since  buoyancy  flux 
occurs  only  in  the  turbulent  portions  of  this  layer, 
we  get,  at  any  level  in  the  IL, 

q,  =  -RjUjb}I}  (13) 

where  b<  is  the  rms  buoyancy  fluctuation  in  the 
inter  facial  layer.  B\  is  a  universal  constant*  but 
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Equations  (15)  and  (16)  show  that  E3  -  q3-  Since 
these  are  both  dissipative,  it  follows  that  they  are 
of  the  order  of  the  energy  flux  divergence.  At  the 
upper  boundary  of  the  IL,  the  kinetic  energy  of  the 
waves  has  been  so  reduced  by  losses  to  potential 
energy  and  dissipation,  that  there  can  no  longer  be 
wave  breaking  and  turbulence.  Thus  h  is  the  depth 
of  penetration  of  the  turbulence.  At  the  height  2 
=  D  +  h,  the  energy  flux  is  too  weak  to  support  tur¬ 
bulence  so  that  it  has  apparently  decreased  to  a 
value  well  below  that  at  the  bottom  of  the  IL. 
Therefore,  the  increment  in  energy  flux  over  the  IL 
is  proportional  to  the  value  at  the  bottom  of  the 
IL.  Integrating  Eq.  (3)  between  levels  in  the  layer 
near  the  upper  and  lower  surface,  we  find  that  q3h 
is  of  the  order  of  the  energy  flux  just  below  the 
inversion  where  q3  is  the  average  buoyancy  flux  in 
R3.  Since  the  interface  is  being  distorted  by  the 
vertical  motions  (inducing  pressure  fluctuations), 
the  energy  flux  should  be  proportional  to  wlp^/pn 
-  w^  in  Rp .  We  may  write 


q3h  =  -  A2w2 


(17) 


Equation  (17)  has  a  form  superficially  similar  to 
that  proposed  by  others  in  a  number  of  papers  [for 
example  Long  (1975),  Zeman  and  Tennekes  (1977)]  on 
the  basis  of  assumptions  about  the  size  of  terms  in 
the  mixed  layer.  In  present  notation,  these  authors 
propose  q2D  -  w^  and  this  leads  rather  directly  to 
the  Ri-i  law  for  the  entrainment.  Equation  (17)  is 
really  quite  different.  If  the  upper  fluid  is  ho¬ 
mogeneous,  A2  should  be  a  universal  constant.  How¬ 
ever,  when  the  upper  layer  is  stratified,  losses  of 
energy  may  occur  by  wave  radiation  and  A2  may  then 
be  a  function  of  s  =  N2/(Ab/h) . 

Using  (6) ,  (8) ,  (14) ,  (15) ,  (17) ,  we  get 


.  3 
A2w2 

“h 


dAb  +  h  dAb  +  Ab  dh 
dt  3  dt  6  dt 


1  AK  dD 

JAbK 


+  q,  -  N2(D  +  ’-jh)  —  (D  +  h) 


(18) 


(19) 


where  the  subscript  "2*'  denotes  values  at  a  level 
just  above  z  =  D.  Equation  (19) ,  which  follows  from 
Eq.  (18) ,  is  consistent  with  the  assumption  that  the 
pressure  fluctuations  in  eddies  in  region  R?  of  fre¬ 
quency  w2AV>  of  order  of  the  natural  frequency 
(Ab/h)  2  are  generating  the  breaking  waves  by  reso¬ 
nance. 


FIGURE  3.  Turbulence  near  a  wall. 


4.  TURBULENCE  IN  THE  MIXED  LAYER 

According  to  (17)  the  vertical  turbulence  velocity 
in  R?  is  related  to  the  average  buoyancy  flux  in 
the  interfacial  layer.  The  latter  is  related  to 
the  entrainment  velocity  so  that  it  is  essential  to 
relate  w2  to  turbulence  in  the  main  portion  of  the 
mixing  layer,  or  to  w*  =  (qjD) This  is  often 
called  the  convective  velocity.  A  great  deal  of 
confusion  has  arisen  regarding  this  problem  because 
of  two  explicit  or  implicit  assumptions  often  made: 
(1)  that  the  turbulence  near  the  interface  is  quasi¬ 
isotropic,  i.e.,  u2  -  v?  ~  W2 ,  and  (2)  that  w2  ~  w*. 
We  will  try  to  show  that  both  of  these  assumptions 
are  incorrect*. 

In  laboratory  experiments  with  mechanical  mixing, 
measurements  indicate  that  the  mean  buoyancy  gradi¬ 
ent  in  the  mixed  layer  is  very  weak  and,  in  fact, 
approaches  zero  as  the  Richardson  number  increases 
(Wolanski  (1972)].  Instantaneously,  the  lower  sur¬ 
face  of  the  interfacial  layer  is  very  sharp  (perhaps 
a  discontinuity  for  infinite  Reynolds  numbers!). 

This  surface  is  agitated  by  the  disturbances  of  the 
mixed  layer  so  that  the  mean  buoyancy  curve  varies 
continuously,  although  rapidly  in  the  region,  R2 . 

It  seems  quite  safe,  however,  to  neglect  effects  of 
buoyancy  on  the  turbulence  of  the  instantaneous  mixed 
layer.  Let  us  do  this  tentatively  although  we  will 
return  to  this  point  later.  Since,  for  the  highly 
stable  conditions  of  this  paper,  the  interface  dis¬ 
turbances  will  be  very  small,  the  inversion  will  act 
like  a  ’rigid  lid'  with  slip^  and  the  turbulence  will 
be  similar  to  turbulence  between  a  rigid  heated  plate 
at  z  =  0  and  a  rigid  plate  a  z  =  D.  The  first  ques¬ 
tion  to  face,  then,  is  the  nature  of  the  turbulence 
at  some  level  £  =  D  -  z  near  the  upper  "plate."  To 
do  this,  we  first  consider  the  findings  in  two  recent 
papers  by  Hunt  (1977)  and  Hunt  and  Graham  (1977)  re¬ 
garding  the  distorting  effect  of  a  rigid  plane  on 
homogeneous  turbulence.  The  corresponding  labora¬ 
tory  experiment  is  produced  by  passing  air  through  a 
grid  in  a  wind  tunnel.  The  rigid  plane  is  a  moving 
belt  along  one  wall  of  the  wind  tunnel  with  speed 
equal  to  the  mean  wind.  This  serves  to  eliminate 
the  shear  near  the  wall  and  the  corresponding  energy 
source.  The  wall  causes  two  boundary  layers  (Fig¬ 
ure  3) .  One  is  a  very  thin  viscous  layer  of  thick¬ 
ness  <5v  near  the  wall  in  which  all  three  components 
of  velocity  go  to  zero,  and  the  other,  called  a 
source  layer  of  thickness  6S,  extends  from  the  vis- 

Wf'  m«'an  by  A  B  that  A/B  is  f  ini  to  and  non-zoro  in  the  limit 

■  i  -  Ni  •  •  . 

T(ii  >  is  tho  d|  ininn  also  of  Zoman  and  Tonnokon  (1977). 


cous  layer  to  a  level  at  which  the  disturbing  ef¬ 
fects  of  the  wall  are  negligible.  The  vertical 
velocity  must  decrease  throughout  the  source  layer 
because  it  is  very  small  at  the  top  of  the  viscous 
layer,  but  there  is  no  obvious  reason  for  a  decrease 
of  the  horizontal  velocity  components  in  the  source 
layer.  This  is  confirmed  by  experiment  and  by  the 
mathematical  analysis  by  Hunt  and  Graham  who  derive 
the  following  results  of  interest  in  the  present 
problem:  The  rms  vertical  velocity  in  the  lower 
portions  of  the  source  layer  is  W2  =  B(cC)'/3,  where 
B  is  a  universal  constant  and  e  is  the  dissipation 
function  far  from  the  wall,  and  the  rms  horizontal 
velocities  are  of  the  same  order  as  those  far  from 
the  wall  although  somewhat  larger.  It  is  useful  to 
obtain  these  and  other  results  more  intuitively. 

In  a  recent  paper,  the  first  author  ILong  (1977c)] 
has  shown  that  turbulence  at  high  Reynolds  number  in 
a  wind  tunnel  far  from  a  wall  is  determined  com¬ 
pletely  by  two  quantities,  K  and  u/x,  where  K  is  a 
quantity  of  dimensions  L2T-1  characteristic  of  the 
grid  and  proportional  to  ut.  u  is  the  mean  velocity 
and  x  is  distance  downstream  from  the  grid  (or  more 
accurately  from  a  virtual  energy  source  replacing 
the  grid).  For  example,  the  dissipation  function 
far  from  the  wall  is  c  -  ku2/x2,  the  rms  velocity 
is  u  •  (Ku/x)*5,  and  the  integral  length  scale  is 
«  '  (Kx/u)’-f. 

Obviously  the  source  layer  thickness  is  6S  -  l 
[Hunt  (1977) )  and  the  dissipation  in  the  source 
layer  is 


Just  outside  of  the  viscous  layer,  es  is  e  ,  or 


E  =  ef 
sO 


As  v  -*  0,  6V  0,  and,  since  es(^  must  be  independent 
of  viscosity  for  high  Reynolds  number  turbulence, 

cso  '  E- 

At  small  eddies  of  length  much  less  than  C 
will  not  feel  the  distorting  effect  of  the  surface 
and  will  be  isotropic.  Eddies  of  length  much  greater 
than  c,  will  feel  the  surface  very  strongly  and  will 
be  strongly  flattened.  Eddies  of  length  of  order 
C  <<  I  will  feel  the  surface  but  will  remain  quasi¬ 
isotropic.  From  the  equation  of  continuity  the 
large  flattened  eddies  of  horizontal  dimensions  D 
yield  vertical  velocities  of  order  U]C/D  -  KC/D2. 

The  quasi-isotropic  eddies  are  much  smaller  and  for 
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high  Reynolds  numbers  will  lie  in  the  inertial  sub¬ 
range.  They  will  have  a  spectrum  function 

2  5 

E> (k)  '  cso  k  "  5  <  k  '  r1  (23) 

where  k  is  the  wave  number  so  t^at  the  contribution 
to  the  vertical  velocity  is  tg()  q1/3.  This  is  much 
larger  than  the  contribution  from  the  flattened 
eddies  so  that  ws  -  Egj^C1/3  or  ws  -  E1/3  q1/3,  as 
derived  rigorously  by  Hunt  and  Graham  (1977) . 

In  the  mixing  experiments  the  surface  at  2  =  D 
is  not  rigid  but  is  agitated  by  disturbances  of 
amplitude  <$2-  Assuming  that  eddies  of  this  si2e 
are  in  the  inertial  subrange,  we  get  vertical  veloc¬ 
ities  of  order  e*/361/3  and  again  these,  rather  than 
the  eddies  of  size  D,  contribute  most  to  the  rms. 
Then  W2  *  e^3623^3*  Since  e  -  K3/D4,  we  get,  as 
in  MISF , 


s2  =  b3  “’b 
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(29) 
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(24) 


where  ct2 


3  3 

5  ,  4 

A2Bn/B3 


The  problem  of  the  present  paper  is  somewhat  more 
complicated  but  the  distorting  effect  of  the  inter¬ 
face  should  be  the  same  since  the  buoyancy  varia¬ 
tions  in  the  mixed  layer  are  very  small.  The  air 
in  the  main  portion  of  the  mixed  layer  has  velocities 
of  order  (qjD) */3  rather  than  K/D  and  in  Rp  the 
buoyancy  flux  is  similar  to  that  in  the  case  of 
mechanical  stirring.  Equation  (24)  takes  the  form 

3 

—  =  Bnq,  (25) 

«2 

This  result,  together  with  (19)  ,  implies  w2  '• 
w*Ri“Mh/D)  *  ,  where  Ri  =  DAb/w2,  and  differs 
fundamentally  from  that  of  Tennekes  (1973b)  who 
assumed  wp  ~  wt  by  arbitrarily  equating  the  buoy¬ 
ancy  flux  and  the  energy  flux  divergence.  Tennekes 
has  acknowledged  IZeman  and  Tennekes  (1977) ]  the 
inadequacy  of  this  assumption. 

The  drop-off  of  w  as  the  interface  is  approached 
is  revealed  in  the  data  of  Willis  and  Deardorff 
(1974).  As  shown  by  Hunt  and  Graham  (1977),  the 
total  kinetic  energy  is  the  same  near  the  distorting 
surface  as  it  is  far  away  so  that  the  horizontal  com¬ 
ponents  of  rms  velocity  should  increase  toward  the 
interface.  There  is  an  indication  of  this  also  in 
the  data  of  Willis  and  Deardorff. 

It  is  also  interesting  that  we  may  predict  the 
same  type  of  behavior  near  the  lower  heated  surface. 

In  fact,  earlier  data  of  Deardorff  and  Willis  (1967) 
as  well  as  the  more  recent  data  of  Willis  and  Dear¬ 
dorff  (1974)  show  that  the  vertical  velocity  near 
the  heated  plate  increases  with  height,  roughly  in 
accordance  with  similarity  theory  [Prandtl  (1932)), 
but  that  the  horizontal  velocity  decreases  with 
height.  Thus,  it  is  possible  to  apply  similarity 
theory  to  obtain  the  vertical  component,  w,  but  not 
to  obtain  the  horizontal  components,  u  and  v.  The 
dimensional  analysis  for  the  horizontal  components 
at  large  Rayleigh  number  must  include  D  as  well  as 
qi  and  z  no  matter  how  small  the  ratio,  z/D!  There 
are  experimental  indications  that  the  classical 
arguments  of  "localness"  are  also  incorrect  in  prob¬ 
lems  of  turbulent  shear  flow  (Tritton  (1977,  p.  283)]. 

Using  (25),  the  relations  in  (18) -(20)  and  the 
expression  for  w2  are 


5.  DIFFERENTIAL  EQUATIONS 


Equation  (29)  is  a  single  differential  equation  in 
three  unknowns,  D,  h,  Ab.  Let  us  now  seek  additional 
information.  The  quantity,  U3/63,  is  the  dissipa¬ 
tion  in  the  turbulent  patches  in  the  interfacial 
layer.  We  have  seen  that  it  is  independent  of  Ri 
in  the  lower  portions  of  the  layer.  Obviously  it 
will  vary  continuously  with  C  (now  defined  as  z  -  D) 
in  the  layer  and,  to  the  first  order,  will  remain 
independent  of  Ri  although  it  may  vary  with  the 
quantity  s  =  N2h/Ab  when  the  upper  fluid  has  a 
linear  buoyancy  field.  We  may  therefore  write 


(30) 


(31) 


We  may  obtain  another  expression  for  U3  by  in¬ 
tegrating  the  energy  equation  over  the  interfacial 
layer.  We  have  already  seen  that  |  e 3  |  -  |  c* 3  j  and 
assuming  that  the  energy  flux  is  pr'oortional  to 
U3  in  this  layer*,  we  have  from  the  energy  equation 
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(32) 


Using  (8)  and  integrating,  we  get 

,  dAb  (  r/'  c3  \ 
4  ~7Z  (  ,  *  ZT 


u.,  =  w  +  Bi 


dt  1^2  6h  > 

(  t?  dh  x  q2  dD\ 
'  b  (  6h:  dt  2h  dt  ) 


N 7  (D  +  h) 

2  at 


(33) 


We  have  seen  that  tin*  energy  flux  at  the  bottom  of  the  layer 
is  projort ional  to  u-,,.  To  the  first  order  it  should  be  pro- 
}>ortional  to  u •  in  the  rest  of  the  layer,  i.e.,  independent  of 
Ri . 


Comparing  (31)  and  (33)  and  using  (27),  we  get 
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1  (d's)  -  B11  ■  a4  +  A"57  +  <34> 

where*  A3,  A4 ,  and  A5  may  depend  on  s.  Equating 
coefficients  in  (34)  we  get  (29)  again  and  the 
following 
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=  0  (42) 


Dz  dAb  D~  Ab  dh 
6h  dt  +  6h^  dt 


Two  effects  occur  in  (40)  and  (41).  We  may  separate 
them  by  adding  the  two  equations.  We  get 


where  '*i  -  A^/Bi^B}  (i  =  3,4,5).  Equations  (35)- 
(37),  (29),  and  (11)  are  five  equations  in  the  three 
unknowns.  They  determine  the  solution  to  the  first 
order  for  large  Ri ,  although  we  must  make  sure  that 
all  equations  arc  satisfied  to  that  order.  In  this 
regard,  if  we  use  (35)-(37),  (29),  and  the  deriva¬ 

tive  of  (11),  i.e.,  (10),  we  may  consider  these  as 
five  homogeneous  linear,  algebraic  equations  in  five 
unknowns  dAb/dt,  dD/dt,  dh/dt,  q\  ,  and  q^'?h^^u/D 
(Ab)  The  determinant  of  these  equations  vanishes 

and  we  satisfy  compatibility. 


6.  HOMOGENEOUS  CASE  (N  =  0) 

If  N  =  0,  the  upper  fluid  is  homogeneous  and  (11) 
becomes 


(D  +  -h)Ab  =  Vq  -  qjt 


where  V.S  is  a  constant  related  to  initial  conditions. 
We  use  (35)  and  (  3H)  to  eliminate  '.b  in  (29),  (36), 

and  ( 37) .  We  get 


dt  (D  +  h) 


+  6Ub  *)— hr— 


Vo  -  qji 


The  term  on  the  right  of  (43)  expresses  the  upward 
motion  of  the  boundary  between  (intermittently) 
turbulent  and  non-turbulent  fluid  due  to  turbulence 
in  the  interfacial  layer  causing  entrainment  of  the 
upper,  non-turbulent  fluid.  On  the  other  hand,  the 
second  terms  in  (40)  and  (41)  express  the  upward 
motion  of  the  boundary  between  fully  turbulent  and 
intermittently  turbulent  fluid  (and  the  consequent 
decrease  of  h)  due  to  neating  alone.  This  contribu¬ 
tion  to  the  entrainment  velocity  is  proportional  to 
the  interfacial  thickness,  h,  and  disappears  when 
the  common  approximation  is  made  that  h  =  0. 

Let  us  find  an  approximate  solution  to  (40)— (42) . 
If  we  let  Dp  and  h(j  be  the  values  of  D  and  h  at  t  = 
0,  we  make  the  following  definitions: 
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Then  equations  (40) -(42)  may  be  written 
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Solutions  are  of  the  form 
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The  first  term  is  of  the  same  form  as  the  non- 
dimensional  entrainment  velocity  of  Tennekes  (1973) 
but,  as  already  pointed  out,  the  derivation  and 
physical  mechanism  are  very  different.  It  is  easy 
to  trace  the  error  in  (52)  arising  from  the  simpli¬ 
fication  of  Section  2  that  the  IL  has  a  linear 
buoyancy  field.  The  error  is  proportional  to 
(ue/w#) abe/Ab  where  be  is  the  maximum  difference 
between  the  actual  buoyancy  in  the  IL  and  the  as¬ 
sumed  buoyancy.  Since  a  is  1/6  or  so  and  be/Ab  is 
fairly  small,  this  error  is  negligible.  Notice  also 
that  the  theory  concerns  strongly  stable  conditions 
so  that  (52)  does  not  apply  in  the  limit  as  Ri  0. 
As  Ri  tends  to  order  one  ue  becomes  of  order  w*  as 
one  would  expect. 

The  ratio  q^/qi  is  of  interest.  Using  (6),  we  get 

;r=  1  +  —  (53) 

qi  qj  dt 


Usinq  (50)  and  (52),  we  get 
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The  expressions  (26) -(28)  are 
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These  relations  are  identical  to  those  in  MISF.  The 
result  that  the  disturbances  in  the  IL  are  small 
compared  to  the  thickness  of  the  IL  is  contrary  to 
speculation  [Stull  (1973)  and  Zeman  and  Tennekes 
(1977)]  that  h  is  the  depth  of  penetration  of  the 
eddies  into  the  stable  region. 


a  (  2  +  a)  q  1 1 

+  -  +  .  .  . 

4  Vn 


7.  LINEAR  BUOYANCY  FIELD  IN  THE  UPPER  LAYER  (N  7*  0)  . 


whore  h,,  and  Dg  are  related  by  the  equation 


6un  -  6a +  6aua^  +  6015 a*’  =  0 


We  consider  initial  conditions  in  which  the  fluid  is 
at  rest  initially  with  a  linear  buoyancy  field,  so 
that  D,  h,  Ab  are  zero  at  t  *  0 .  Equation  (11)  be- 


The  entrainment  velocity,  ue  =  dD/dt,  may  be  ex¬ 
pressed  in  terms  of  the  Richardson  number,  Ri  = 
DAb/w',  by  using 


] 

(D  +  ?h)  Ab  =  — 


( D  *■  h)  •  =  -  qj  t 


^  ( 1  +  —a)  -  Ri  1  +  ... 


Equations  (56),  (29),  and  (35>— (37)  determine  the 
problem.  The  approximate  solutions*  are 


_7  7 

7~  =  aRi'1  +  cRi  4  +  c  =  ( a  3  +  2a,,)  a4  (52) 


The  solutions,  as  throughout  the  paper,  are  for  strong 
stability,  which  implies  hero  that  Nt  is  larqe.  Then  s  *  1 , 
and  i ,  i  ; ,  Hi,  ,  i are  independent  of  s. 
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<2q, t)  (2q1)b, 

D  = - -  +  - 

N  n4 


i  a  (2q,)'b, 
h  =  (2q,t)'  -  +  - 3 - 


Ab  =  (2qjt)‘aN  +  (2qi)*b<N- 


a  =  -  1  +  i  1 


bl  _  a(a  +  2) 
”  1 


which  has  the  same  form  as  the  first  term  in  (52) 
or  (60).  The  present  theory  should  not,  however, 
be  regarded  as  an  extension  or  modification  of  the 
Tennekes '  theory  because ,  as  we  have  noted  in  sev¬ 
eral  places,  the  two  theories  differ  fundamentally. 
This  is  also  evident  in  the  difference  in  the  nature 
of  the  two  constants  of  proportionality  for  the 
Ri~ *  term  in  the  two  theories.  The  aj  in  (63)  may 
be  identified  physically  as  the  ratio  |q2/qi!  which 
is  a  universal  constant  in  the  Tennekes'  tnuory. 

The  constant,  a,  in  (52)  or  (60),  however,  is  a 
universal  constant  equal  to  the  asymptotic  value 
of  the  ratio  of  the  inversion  layer  thickness  to 
the  thickness  of  the  mixed  layer.  Tennekes  assumed 
a  value  of  0.2  or  so  for  and  it  is  a  coincidence 
that  this  is  also  a  reasonable  choice  for  a. 

We  may  attempt  to  estimate  the  constants  in  the 
expressions 


—  =  a-  (1  +  -a) 
tn  3 


b}  -  b ' 


— ~  =  a  R  i  ”  1 


q?  -  - 

—  =  YRi 

qi 


Using  the  relationship 


Ri'  ,  3a 


Nt  =  1 


!  b,  b.  \  . 

—  \-r~  +  —Ri 


i  1  V  3  a 

2a-  2? 


we  obtain  for  the  entrainment  velocity 


=  aRi~  1  +  2'b<al4Ri 


using  the  data  of  Willis  and  Deardorff  (1974)*. 
Approximate  estimates  for  the  two  cases: 

Si:  D  =  58  cm,  h  =  9  cm,  AT  =  1.7°C, 

Ab  =  0.39  cm/sec-’,  Qq  =  0*18°C  cm/sec, 
wA  =  1.3  cm/sec,  Ri  =  13.5,  a  =  0.16, 
c  =  1.09,  y  :  1.61 

S2 :  D  =  55cm,  h  =  8.5  cm,  AT  =  3°C, 

Ab  =  0.69  cm/sec2,  Q0  =  0.22°C  cm/sec, 
w^  =  1.4  cm/sec,  Ri  =  20,  a  =  0.15, 
c  =  1.05,  y  =  1.05 


The  ratio  of  fluxes  is 


!  — — ;  -  2'bia  Ri  (61) 

qi  1 

Notice  that  Ab/h  k  N2  as  t  k  •x'  so  that  the  TL,  be¬ 
comes  indistinguishable  from  the  upper  layer  as  the 
turbulence  in  it  weakens  (becomes  more  intermittent) . 
This  contrasts  with  MISF  in  which  the  stability  in 
the  IL  is  several  times  larger  than  the  stability 
in  the  upper  fluid.  Notice  also  that  s  v  1  implies 
.i  >...!*[,  arc  universal  constants.  More  accurately. 


■M): 


Wc  see  from  (  32)  that  .*»,  •  0  so  that  the  buoyancy 

gradient  in  the  IL  is  more  stable  than  in  the  air 
above.  These  results  suggest  that  an  interfacial 
layer  will  be  difficult  to  identify  when  there  is 
a  stable  buoyancy  gradient  aloft.  This  is  certainly 
the  case  in  the  experiments  of  Deardorff,  Willis, 
and  Lilly  (1969)  and  Willis  and  Deardorff  (1974). 


DISCUSSION 


We  may  also  attempt  to  compare  with  atmospheric  data. 
For  example,  using  the  1200  observation  on  Day  33 
for  the  Wangara  data,  [Zeman  and  Tennekes  (1977) j , 
we  obtain 

D  £  1.1  10 -'em,  h  =  2  x  104  cm,  A6  £  4°C, 

Ab  =  13  cm/sec',  Q(1  =  20°C  cm/sec, 

wt  =  194  cm/sec,  Ri  =  38,  a  =  0.2,  c  =  2.2 

These  computations  indicate  that  the  two  terms  in 
the  expression  for  ue  in  Eq.  (64)  are  roughly 
similar  in  magnitude  for  atmospheric  and  laboratory 
conditions . 

It  is  interesting  to  compare  the  theory  of  the 
erosion  of  a  linear  buoyancy  field  with  a  numerical 
experiment  of  Zeman  and  Lumley  (1977)  using  a 
second-order  closure  model.  The  numerical  calcula¬ 
tion  began  from  an  initial  instant,  t0,  at  which 
time  D  =  Dg,  w*  -  w#0  =  (q^Dg)  */3.  The  present 
theory  at  time  t,  -  t  -  tQ  is 


=  1  +  —  + 

S0 


30  =  ND/W*b'  T 


where  wo  have  assumed  that  (tgN)*5  is  large.  The 
numerical  curves  (Figure  1  of  the  paper  of  Zeman 
and  Lumley)  are  nearly  linear  after  i  exceeds  2  or 
so  although,  as  (57)  would  indicate,  D/Do  increases 
somewhat  more  slowly  after  considerable  time.  The 


We  have  already  contrasted  the  theory  of  this  paper 
with  that  of  Tennekes  (1973).  He  obtains 


Sui  ]  I emonted  by  information  in  a  personal  communication  from 
L»i  .  Willis. 


FIGURE  4-  Comparison  of  present  theory  and  numerical 
experiment  of  Zeman  and  Tennekes  (1977) .  The  curves 

correspond  to  values  of  S  in  (65) . 

o 


most  important  comparison,  however,  is  that  the 
curves  of  Zeman  and  Lumley  for  various  S(i  collapse 
rather  well  when  plotted  against  i/So  instead  of  r 
as  in  Figure  1  of  Zeman  and  Lumley.  Conversely,  we 
may  reproduce  Figure  1  of  Zeman  and  Lumley  together 
with  plots  of  D/Dq  in  (65)  for  the  same  values  of 
S)  chosen  by  Zeman  and  Lumley.  This  is  shown  in 
Figure  4.  The  agreement  is  good,  especially  at 
large  stabilities  where  the  approximation  in  (65) 
should  be  best.  This  indicates  that  the  two  models 
have  some  similar  features. 
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ABSTRACT 

There  is  now  good  observational  evidence  to  support 
the  ideas  that  double-diffusive  processes,  i.e., 
those  for  which  the  differential  diffusion  of  heat 
and  salt  are  important,  can  affect  the  rates  of 
vertical  transport  of  these  properties  in  the  ocean, 
and  are  responsible  for  the  formation  of  certain 
types  of  microstructuro.  Much  of  our  detailed 
understanding  of  these  effects  has  come  from  related 
laboratory  experiments,  but  new  phenomena  are  still 
being  discovered  which  are  as  yet  untested  by  direct 
measurements  in  the  ocean.  It  is  the  purpose  of 
this  paper  first  to  review  the  background  to  this 
subject,  and  then  to  describe  the  more  recent  experi¬ 
ments  which  suggest  further  double-diffusive  effects 
likely  to  be  significant  in  various  oceanographic 
contexts . 

A  convenient  laboratory  technique  has  been  to 
use  two  solutes  (commonly  salt  and  sugar)  to  model 
the  T-S  variations;  some  of  these  experiments  with 
closer  dif fusivities  are  in  fact  directly  relevant 
to  the  ocean.  When  more  than  two  diffusing  compo¬ 
nents  are  present  it  has  been  shown  that  even  small 
differences  in  molecular  diffusivity  can  signifi¬ 
cantly  affect  the  relative  rates  of  transfer  of 
solutes  through  an  interface,  and  this  should  be 
considered  more  carefully  in  geochemical  studies. 
Strong  double-diffusive  layering  is  often  associated 
with  large  horizontal  gradients  of  T  and  S,  and 
related  effects  have  been  studied  in  our  laboratory 
in  three  different  geometries;  the  circulation 
produced  by  a  block  of  ice  in  a  salinity  gradient; 
a  line  source  of  one  fluid  intruding  at  its  own 
density  level  into  a  gradient  with  different  prop¬ 
erties;  and  the  spreading  across  a  frontal  surface 
separating  two  fluids  having  the  same  vortical 
density  but  different  T-S  structures. 


1 .  INTRODUCTION 

It  is  past  the  stage  when  the  relevance  of  double- 
diffusive  effects  has  to  be  justified  ab  initio  to 
an  audience  of  oceanographers.  Over  the  last  few 
years,  there  have  been  many  observations  of  fine- 
structure  and  microstructure  in  the  deep  ocean 
which  can  only  be  explained  in  these  terms.  Wherever 
there  is  a  systematic  association  between  T  and  S 
variations,  with  both  properties  increasing  or 
decreasing  together  (so  that  their  effect  on  the 
density  is  in  opposite  senses),  then  it  is  clear 
that  the  difference  in  molecular  dif fusivities  for 
heat  and  salt  can  affect  the  vertical  structure 
and  the  transports  of  the  two  properties.  It  is 
not  then  sufficient  to  base  predictions  of  mixing 
on  the  net  density  distribution  alone. 

Our  understanding  of  these  processes  has  been 
greatly  influenced  by  related  laboratory  experiments 
[see  Turner  (1973,  1974)].  Much  of  the  detailed 
work  has  concentrated  on  the  properties  of  sharp  in¬ 
terfaces  separating  relatively  well-mixed  layers: 
it  has  been  shown  that  when  there  are  compensating 
T-S  gradients,  a  smoothly  stratified  water  column 
typically  breaks  up  into  a  series  of  steps,  and 
molecular  processes  must  be  more  important  across 
such  interfaces.  Once  layers  have  formed  there 
remains  little  doubt  that  the  coupled  transports 
can  be  estimated  using  the  laboratory  results.  It 
is  much  less  certain,  however,  that  the  processes 
of  formation  of  layers  have  always  been  adequately 
modelled  in  the  laboratory,  where  most  of  the  experi¬ 
ments  have  been  one-dimensional  in  form. 

More  recent  experiments  [Turner  and  Chen  (1974), 
Huppcrt  and  Turner  (1978),  Turner  (1978)]  have  begun 
to  explore  a  variety  of  two-dimensional  effects,  and 
it  is  these  which  will  be  given  most  attention  in 
the  verbal  presentation  of  this  paper.  It  should  be 
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admitted  right  at  the  beginning  that  these  experi¬ 
ments  are  still  largely  qualitative,  and  that  much 
more  remains  to  be  done,  but  already  they  suggest 
new  explanations  of  some  existing  observations  in 
the  ocean,  and  allow  us  to  predict  whar  might  be 
measurable  in  future  work. 


2.  ONE-DIMENSIONAL  PROCESSES 

Formation  of  Layers  from  a  Gradient 

For  completeness,  the  fundamental  physics  of  the 
double-dif f usive  convection  will  be  outlined  briefly 
by  referring  to  the  simpler  early  experiments.  The 
review  of  one-dimensional  experiments  will  then  be 
brought  up  to  date  and  specific  oceanographic 
examples  of  these  processes  will  also  be  described. 

The  necessary  conditions  for  double-diffusive 
convection  to  occur  in  a  fluid  are  firstly  that 
there  should  be  two  or  more  components  having 
different  molecular  dif fusivities,  and  secondly 
that  these  components  should  make  compensating 
contributions  to  the  density.  It  is  remarkable 
that  under  these  conditions  strong  convective 
motions  can  arise  even  when  the  net  density  distri¬ 
bution  increases  downwards.  The  overall  density  is 
’statically  stable*  in  this  sense  in  all  the  cases 
described  here.  Motions  are  nevertheless  generated 
since  the  action  of  molecular  diffusion,  at  different 
rates  for  the  two  components,  makes  it  possible  to 
release  the  potential  energy  in  the  component  which 
is  heavy  at  the  top.  This  can  drive  convection  in 
relatively  well-mixed  layers,  while  the  second 
(stably  distributed)  component  preserves  the  density 
difference  across  the  interfaces  separating  them. 

There  are  two  cases  to  be  considered,  depending 
on  the  relation  between  the  dif fusivities  and  the 
density  gradients,  i.e.,  on  whether  the  driving 
energy  comes  from  the  component  having  the  higher 


FIGURE  1.  Layering  produced  from  an  initially 
smooth  salinity  gradient  by  heating  from  below. 
Three  well-mixed  layers  are  marked  by  fluorescein 
dye,  lit  from  the  top.  (Tank  diameter,  300mm.) 


or  lower  diffusivity.  The  simplest  example  of 
the  former  is  a  linear  stable  salinity  gradient, 
heated  from  below.  An  unstratified  tank  would  over¬ 
turn  from  top  to  bottom,  but  because  of  the  stabi¬ 
lizing  salinity  gradient  only  a  thin  temperature 
boundary  layer  is  formed  at  first,  which  breaks 
down  through  an  overstable  oscillation  [Shirtcliffe 
(1967)]  to  form  a  shallow  convecting  layer.  This 
layer  grows  by  incorporating  fluid  from  the  gradient 
above  it,  in  such  a  way  that  the  steps  of  S  and  T 
are  nearly  compensating,  and  there  is  no  disconti¬ 
nuity  of  density,  only  of  density  gradient. 

When  the  thermal  boundary  layer  ahead  of  the 
convecting  region  reaches  a  critical  Rayleigh  number, 
it  too  becomes  unstable.  A  second  layer  then  forms 
above,  and  eventually  many  other  layers  form  in 
succession  (See  Figure  1).  The  vertical  scale  of 
these  layers  increases  as  the  heating  rate  is 
increased,  and  decreases  with  larger  salinity  gra¬ 
dients.  Turner  (1968)  has  shown  that  the  first 
layer  stops  growing  when 


Here  dc  is  the  critical  depth,  D  is  a  dimensional 
constant  which  depends  on  the  critical  Rayleigh 
number  and  the  molecular  properties,  B  -  -gaFT/pC 
is  the  imposed  buoyancy  flux  corresponding  to  a 
heat  flux  FT  (a  being  the  coefficient  of  expansion 
and  C  the  specific  heat),  and  Ns  =  1  (g/p)  (dp/dz]S 
is  the  initial  buoyancy  frequency  of  the  stabilizing 
salinity  distribution.  The  criterion  for  the  for¬ 
mation  of  further  layers  is  currently  being  studied 
by  Huppert  and  Linden  (personal  communication) . 

A  device  which  has  proved  very  helpful  in  elim¬ 
inating  uncontrolled  sidewall  heat  losses  (as  well 
as  providing  results  directly  relevant  to  the  ocean) 
is  to  carry  out  experiments  with  two  solutes,  say 
sucrose  and  sodium  chloride  solutions,  instead  of 
salt  and  heat.  Essentially  the  same  phenomena  can 
be  observed,  although  the  dif fusivities  are  much 
more  nearly  equal  (the  ratio  x  =  ksA1#  where  kt 
denotes  the  larger  and  ks  the  smaller  diffusivity 
in  each  case,  is  about  1/3  for  sugar  and  salt, 
compared  with  *?  10“-  for  salt  and  heat)  . 

Linden  (1976)  has  in  this  way  extended  the 
’’heated  gradient"  experiments  to  study  the  case 
where  there  is  a  destabilizing  salt  (T)  gradient 
partially  compensating  the  stabilizing  sugar  (S) 
gradient  in  the  interior.  He  has  shown,  both 
theoretically  and  experimentally,  that  during  the 
formation  of  layers  the  relative  contributions  of 
the  energy  provided  by  the  boundary  flux,  and  that 
released  in  the  interior,  change  systematically 
with  the  ratio  of  the  vertical  T  and  S  gradients. 

In  the  limit  where  these  gradients  become  equal, 
all  the  energy  comes  from  the  destabilizing  compo¬ 
nent  in  the  interior,  and  the  ultimate  layer  depth 
is  finite  and  proportional  to  Ns-S  (where  Ns  is  the 
buoyancy  frequency  corresponding  to  the  stabilizing 
component) . 

Once  layers  and  interfaces  have  formed,  it  is 
important  to  understand  what  governs  the  fluxes  of 
S  and  T  across  them.  For  this  purpose  two  or  more 
layers  can  be  set  up  directly,  and  the  interfaces 
examined  using  a  variety  of  optical  techniques. 

For  example.  Figure  2  is  a  shadowgraph  picture  of 
a  very  sharp  interface  formed  between  a  layer  of 
salt  solution  above  a  layer  of  sugar  solution,  which 
is  equivalent  to  colder  fresh  water  above  hot  salty 
water.  Note  that  salt  is  here  the  analogue  of  heat. 
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FIGURE  2.  Shadowgraph  picture  of  a  sharp  "diffusive" 
interface,  formed  between  a  layer  of  salt  solution  above 
a  denser  suqar  solution.  Note  the  convective  plumes  each 
side  of  the  interface,  evidence  of  stronq  interfacial 
transports.  (Scale:  the  tank  is  150mm.  wide.) 


and  sugar  tho  analogue  of  salt,  since  in  each  case 
the  convection  is  maintained,  and  the  interface 
kept  sharp,  by  the  more  rapid  vertical  transfer  of 
the  faster  diffusing  component.  Such  interfaces 
have  been  called  "diffusive  interfaces",  for  reasons 
which  will  become  clearer  in  the  following  section. 


Fluxes  through  Diffusive  Interfaces 

Quantitative  laboratory  measurements  have  been  made 
of  the  S  and  T  fluxes  across  tho  interface  between 
a  hot  salty  layer  below  a  cold  fresh  layer,  and 
they  have  been  interpreted  in  terms  of  an  extension 
of  well-known  results  for  simple  thermal  convection 
at  high  Rayleigh  number.  Explicitly,  Turner  (1965), 
Crapper  (1975),  and  Marmorino  and  Caldwell  (1976) 
have  shown  that  the  heat  flux  aFT  (in  density  units) 
is  described  by 

V3 

•*Ft  =  Ax  (ctAT)  (2) 

where  A^  has  the  dimensions  of  velocity.  For  a 
specified  pair  of  diffusing  substances,  is  a 
function  of  the  density  ratio  Rp  =  BAS/ctAT,  where  ft 
is  the  corresponding  "coefficient  of  expansion" 
relating  salinity  to  density  differences.  The 
deviation  of  A^  from  the  constant  A  obtained  using 
solid  boundaries,  with  a  heat  flux  but  no  salt  flux, 
is  a  measure  of  the  effect  of  AS  on  FT.  When  Rp 
is  less  than  about  2,  A|  >  A  due  to  the  increased 
mobility  of  the  interface,  and  when  Rp  >  2,  Aj 
falls  progressively  below  A  as  Kn  increases  and 
more  energy  is  used  to  transport  salt  across  the 
interface.  The  empi:  ical  form 

Aj/A  =  3.8  (jiAS/.<AT)'2  (3) 

(Huppert  (1971))  provides  a  good  fit  to  the  obser¬ 
vations  over  the  whoLo  of  the  measured  range  1.3- 

v7- 

The  salt  flux  also  depends  systematically  on 
Rp ,  and  has  the  same  dependence  on  AT  as  does  the 
heat  flux.  Thus  the  ratio  of  salt  to  heat  fluxes 


(both  expressed  in  density  units)  should  be  a 
function  of  Rp  alone  for  given  diffusing  substances: 

6Fs/aFT  =  f * (BAS/aAT)  (4) 

The  results  reproduced  in  Figure  3  support  this 
relation,  and  they  also  reveal  the  striking  feature 
that  the  flux  ratio  is  substantially  constant  (-0.15) 
for  2<Rp<7.  I The  more  recent  experiments  of 
Marmorino  and  Caldwell  (1976)  suggest  that  the  flux 
ratio  can  be  as  high  as  0.4  with  much  smaller  heat 
fluxes,  but  the  reason  for  this  discrepancy  is  not 
yet  resolved].  Experiments  by  Shirtcliffe  (1973), 
using  a  layer  of  salt  solution  above  sugar  solution, 
have  shown  a  much  stronger  dependence  of  FT  on  Rp 
than  (3),  but  again  a  constant  flux  ratio,  the 
measured  value  (for  NaCl  and  sucrose)  being 
BFs/aFT  ;  0.60.  Note  that  the  flux  ratio  must 
always  be  <1,  for  energetic  reasons:  the  increase 
in  potential  energy  of  the  driven  component  must 
always  be  less  than  that  released  by  the  component 
providing  the  energy.  This  implies  that  the  density 
difference  between  two  layers  must  always  increase 
as  a  result  of  a  double-diffusive  transport  between 
them. 

Direct  measurements  through  the  interface  in 
Shirtcliffe ' s  experiment  suggest  that  this  has  a 
diffusive  core,  in  which  the  transport  is  entirely 
molecular,  and  which  is  bounded  above  and  below  by 
unstable  boundary  layers.  The  "thermal  burst" 
model  of  Howard  (1964)  has  recently  been  extended 
to  this  two-component  case  by  Linden  and  Shirtcliffe 
(1978) ,  to  predict  both  the  fluxes  and  flux  ratios. 
The  constant  range  of  flux  ratio  can  be  explained 
in  the  following  way.  Boundary  layers  of  both  T 
and  S  grow  by  diffusion  to  thicknesses  proportional 
to  <TS  and  ksS,  and  then  both  break  away  intermit¬ 
tently.  If  only  the  statically  unstable  part  at 
the  edge  of  the  double  boundary  layer  is  removed 
(such  that  uAT  =  BAS),  then  the  fluxes  will  be  in 
the  ratio  tS,  in  reasonable  agreement  with  the 
laboratory  results  for  the  two  values  of  t  used. 
Linden  (1974a)  has  given  a  mechanistic  argument  to 
explain  the  increase  of  flux  ratio  at  lower  values 
of  Rp,  which  he  attributes  to  the  direct  entrainment 
of  both  properties  across  the  interface. 

It  is  worth  noting  in  passing  that  Huppert  (1971) 


FIGURE  3.  The  ratio  of  the  fluxes  of  salt  and  heat  (in 
density  units)  across  an  interface  between  a  layer  of 
hot,  salty  water  below  colder,  fresh  water,  plotted  as 
a  function  of  the  density  ratio  R  .  [From  Turner 
(19651.1  r 


has  shown  theoretically  that  an  intermediate  layer# 
or  series  of  layers,  is  stable  if  the  overall  S 
and  T  differences  lie  in  the  range  where  the  flux 
ratio  is  constant,  and  unstable  if  the  flux  ratio 
varies  with  Rp.  Observations  of  stable  layers  in 
the  ocean  seem  to  be  consistent  with  this  criterion. 
The  merging  of  layers  by  this  and  other  mechanisms 
has  been  studied  experimentally  by  Linden  (1976) . 

Some  measurements  have  also  been  made  in  the 
case  where  several  solutes  with  different  diffusivi- 
ties,  kx,  are  driven  across  an  interface  by  heating 
from  below.  Turner,  Shirtcliffe,  and  Brewer  (1970) 
showed  that  the  individual  eddy- transport  coeffi¬ 
cients  can  be  different,  and  suggested  that  they 
are  proportional  to  kx*3.  More  recent  work  by 
Griffiths  (personal  communication)  predicts  theo¬ 
retically  that  the  ratios  of  transports  of  pairs 
of  solutes  should  be  proportional  to  t1*  at  low 
solute-heat  density  ratios,  and  to  t  at  higher 
ratios.  His  much  more  accurate  and  extensive 
experiments  show  an  even  larger  variation,  for 
reasons  which  are  still  unexplained.  These  results 
are  potentially  of  great  importance  for  the  inter¬ 
pretation  of  geochemical  data,  as  will  be  discussed 
further  below. 


Observations  of  Diffusive  Interfaces 

There  are  now  many  observations  of  layering  in  the 
ocean  which  can  unambiguously  be  associated  with 
"diffusive"  interfaces,  and  where  a  one-dimonsional 
interpretation  seems  appropriate.  The  regularity 
of  the  steps  and  the  systematic  increase  of  both 
S  and  T  with  depth  serves  to  distinguish  these  from 
layers  produced  in  other  ways  (by  internal  wave 
breaking,  for  example).  Neal  ot  al.  (1969)  and 
Noshyba  et  al.  (1971)  have  observed  layers  about 
5  m  thick,  underneath  a  drifting  ice  island  in  the 
Arctic  where  cold  fresh  melt  water  overlies  warm 
salty  water.  A  common  observation  in  Norwegian 
fjords  is  that  cold  fresh  water,  formed  by  melting 
snow,  can  often  form  a  thin  layer  on  top  of  warmer 
seawater,  with  an  interface  which  remains  extremely 
sharp,  and  thickens  much  loss  rapidly  than  expected. 
This  is  due  to  double-diffusive  convection  driven 
by  the  heat  flux  from  below,  which  will  stir  the 
layers  on  each  side  of  the  interface  (independently 
of  any  wind  stirring  at  the  surface)  and  thus  keep 
the  interface  sharpened. 

There  are  also  fresh-water  lakes  in  various  parts 
of  the  world  which  have  become  stratified  in  the 
past  by  the  intrusion  of  sea  water.  Some  of  these 
are  heated  at  the  bottom  by  solar  radiation,  and 
convectively  nixed  layers  separated  by  diffusive  in¬ 
terfaces  are  formed.  A  particularly  wel 1 -documented 
example  is  Lake  Vanda  in  the  Antarctic  [Hoare  (1968), 
Shirtcliffe  and  Calhacm  (1968)).  Since  those  lakes 
are  not  complicated  by  horizontal  advection  pro¬ 
cesses,  Huppert  and  Turner  (1972)  were  able  to 
use  the  Lake  Vanda  data  to  show  that  the  one¬ 
dimensional  laboratory  result  (3)  can  be  applied 
quant itat ivoly  to  comparable  large-scale  motions. 

Other  striking  examples  are  the  multiple  steps 
observed  in  a  lake  in  the  East  African  Rift  zone, 
which  is  heated  qeothormally  by  the  injection  of 
hot  saline  water  at  the  bottom  [Newman  (1976)], 
and  the  layers  of  hot  salty  water  found  at  the 
bottom  of  various  Deeps  in  the  Red  Sea  [Degens  and 
Ross  (1969)].  These  layers  are  nearly  saturated 
with  salts  of  geothermal  origin,  including  a  high 


proportion  of  heavy  metals,  and  are  of  special 
interest  because  of  the  potential  commerical  value 
of  the  associated  thick  sediments.  [Another  related 
application,  to  the  genesis  of  ore  deposits  on  the 
sea  floor,  has  recently  been  proposed  by  Turner  and 
Gustafson  (1978)]. 

The  existence  of  many  components  in  these  layers 
raises  another  question  which  should  be  explored 
more  systematically  in  the  oceanic  context. 

Griffiths'  laboratory  measurements  mentioned  above 
indicate  that  different  solutes  are  transferred 
across  diffusive  interfaces  at  different  rates, 
depending  on  their  molecular  dif fusivi ties.  The 
"mixing  rate"  for  a  tracer  is  thus  not  necessarily 
a  good  indicator  of  the  transport  of  a  major  com¬ 
ponent  if  interfaces  are  important.  In  the  absence 
of  definite  knowledge  of  the  mixing  mechanisms 
which  have  operated  between  the  sources  and  the 
sampling  point,  the  assumption  that  all  components 
are  mixed  simultaneously  (i.e.,  that  a  single  "eddy 
diffusivity"  should  be  used)  seems  likely  to  lead 
to  large  errors,  and  even  to  gross  misinterpretations 
of  geochemical  data. 

Double-diffusive  processes  can  also  be  important 
in  other  systems  besides  aqueous  solutions.  A 
situation  of  oceanographic  interest  arises  if  liquid 
natural  gas  (LNG)  or  some  other  liquid  gas  spills 
(following  a  tanker  accident  for  instance)  onto 
the  sea  surface  [Fay  and  MacKenzie  (1972)].  The 
liquid  quickly  evaporates  to  form  a  layer  of  cold 
gas,  predominantly  methane,  which  would  be  lighter 
than  the  air  above  it  except  that  it  is  much  colder. 
Since  methane,  and  also  water  vapour  picked  up  from 
the  sea  surface,  have  larger  dif fusivities  than  heat 
in  air,  double-diffusive  effects  can  again  be 
important  in  this  gaseous  system.  The  driving 
energy  comes  from  the  distribution  of  methane  and 
water  vapour,  so  the  interface  is  "diffusive". 

The  limited  observations  available  suggest  that 
the  top  of  such  a  layer  is  very  sharp,  and  its  rate 
of  spread  vertically  small,  which  is  consistent 
with  a  self-stabilizing  double-diffusive  transport 
across  the  interface.  Another  application,  to 
explain  the  phenomenon  of  "rollover"  in  LNG  storage 
tanks,  will  not  be  described  in  detail  here,  but  it 
too  depends  on  double-diffusive  effects,  this  time 
in  the  liquified  gas  [see  Sarsten  (1972)]. 


Salt  Fingers  and  Related  Phenomena 

We  now  turn  to  the  second  type  of  double-diffusive 
convection,  that  for  which  the  driving  energy  is 
derived  from  the  component  having  the  lower  molecular 
diffusivity.  Though  this  is  associated  with  the 
very  different  phenomenon  of  "salt  fingers",  there 
are  many  similarities  between  it  and  the  "diffusive" 
case  already  presented,  and  these  will  be  emphasized 
in  the  following  discussion. 

When  a  small  amount  of  hot  salty  water  is  poured 
on  top  of  cooler  fresh  water,  long  narrow  convection 
cells  or  "salt  fingers"  rapidly  form.  These  motions 
were  first  predicted  by  Stern  (1960)  [and  see  Stern 
(1975)  for  a  more  up  to  date  account  of  the  theoret¬ 
ical  work].  They  are  sustained  by  the  slower 
horizontal  diffusion  of  salt  relative  to  heat,  which 
permits  the  release  of  the  potential  energy  in  the 
salt  field.  Again,  fingers  may  be  produced  using 
two  solutes  witli  much  closer  dif  fusivities,  and 
when  there  are  strong  contrasts  of  properties,  the 
fingers  are  confined  to  an  interface.  Figure  4 
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FIGURE  4.  Shadowgraph  of  a  thickened  " finger"  inter¬ 
face,  formed  between  a  layer  of  sugar  solution  on  top 
of  salt  solution.  (Scale:  the  tank  is  150mn\.  wide.) 


shows  a  shadowgraph  picture  of  such  an  interface 
between  a  layer  of  sugar  solution  (S)  above  heavier 
salt  solution  (T) .  This  is  bounded  by  sharp  edges, 
where  the  fingers  break  down  and  feed  an  unstable 
buoyancy  flux  into  the  convecting  layers  on  either 
side. 

Finger  interfaces  between  two  such  layers  have 
been  shown  to  thicken  linearly  in  time  [Stern  and 
Turner  (1969),  Linden  (1973)].  They  have  also  been 
observed  in  plan  by  Shirtcliffe  and  Turner  (1970) 
who  showed  that  the  convection  cells  have  a  square 
cross  section,  with  upward  and  downward  motions 
alternating  in  a  close-packed  array.  The  initial 
stability  of  an  interface  has  been  examined  quanti¬ 
tatively  by  Huppert  and  Manins  (1973).  When  a 
layer  of  S  is  placed  on  a  layer  of  T,  the  sharp 
boundary  thickens  by  diffusion;  the  condition  for 
formation  of  fingers  depends  on  the  magnitude  of 
the  gradients  and  the  ratio  of  dif fusivities,  t, 
and  is  related  to  the  overall  differences  by 

SAS/aAT  >  t/t  .  (5) 

These  results  can  be  extended  to  three  components, 
as  can  the  earlier  linear  stability  theories 
[Griffiths  (1978) J.  For  heat  and  salt,  (5)  shows 
that  fingers  should  form  with  very  small  destabiliz¬ 
ing  salinity  differences,  and  suggests  that  they 
will  be  ubiquitous  phenomena  in  the  ocean. 

Our  confidence  in  applying  these  results  on  a 
geophysical  scale  has  recently  been  increased  greatly 
by  the  direct  observations  of  fingers  (using  an 
optical  method)  by  Williams  (1974,  1975)  under 
conditions  close  to  those  predicted  by  Linden  (1973) 
on  the  basis  of  laboratory  results.  Magnell  (1976) 
has  also  measured  horizontal  conductivity  variations 
with  the  right  scale  (2cm.)  to  support  this  inter¬ 
pretation. 

As  mentioned  above,  there  is  not  as  big  a  differ¬ 
ence  between  the  "diffusive"  and  "finger"  cases  as 
there  appears  to  be  when  we  simply  compare  the 
interfaces  illustrated  in  Figures  2  and  4.  Layers 
can  be  produced  from  a  smooth  gradient  in  the  latter 
case  too,  by  supplying  a  flux  of  S  at  the  edge  of 
a  gradient  of  T?  this  was  first  demonstrated,  using 
a  sugar  flux  above  a  salt  gradient,  by  Stern  and 


Turner  (1969) .  When  viewed  on  the  scale  of  the 
convecting  layers,  there  is  in  fact  a  close  corres¬ 
pondence  between  the  two  systems.  The  inequality  j 

of  dif fusivities  results  in  an  unstable  buoyancy 
flux  across  statically  stable  interfaces  in  both  ' 

cases,  and  this  maintains  convection  above  and  below. 

Only  the  mechanism  of  interfacial  transport  differs,  j 

and  it  is  here  that  the  detailed  structure  of  the  j 

interface  enters.  Across  a  finger  interface  the  i 

buoyancy  flux  is  dominated  by  the  destabilizing  < 

component,  S,  and  salt  is  transported  faster  than  j 

heat,  whereas  the  opposite  holds  a  diffusive  inter-  i 

face.  1 

Corresponding  laboratory  measurements  of  the  ; 

two  coupled  fluxes  have  been  made  for  finger  inter¬ 
faces.  Again  there  is  a  strong  dependence  on  the 
density  ratio  across  the  interface,  and  the  ratio 
of  heat  to  salt  fluxes  is  constant  over  a  consider¬ 
able  range.  Turner  (1967)  has  shown  in  the  heat 
salt  case  that  the  salt  flux  is  about  50  times  as 
large  at  Rp*  =  aAT/3AS  +  1  as  it  would  be  if  the 
same  salinity  difference  were  maintained  at  solid 
boundaries,  and  falls  slowly  as  Rp*  increases.  j 

He  also  obtained  a  value  for  the  flux  ratio  aFT/6Fs 
=0.56  over  the  range  2  <  Rp*  <  10.  Linden  (1973) 
has  made  direct  observations  of  the  structure  of  \ 

salt  fingers  and  the  velocity  in  them  that  support 
these  estimates  of  the  salt  flux.  His  estimate  of 
the  flux  ratio  was  much  lower,  but  recent  experiments 
in  our  laboratory  have  supported  the  earlier  value. 

These  new  experiments  have  concentrated  on  achieving 
as  small  a  value  of  Rp*  as  possible,  but  measurements 
in  the  "variable"  range  of  flux  ratio  are  still  . 

elusive.  This  range  could,  however,  be  of  great 
importance  in  the  ocean,  where  Rp*  is  often  close 
to  unity. 

It  is  also  of  interest  to  mention  the  experiments 
of  Linden  (1974b)  who  applied  a  shear  across  a 
salt-finger  interface.  He  showed  that  a  steady 
shear  has  little  effect  on  the  fluxes,  though  it  \ 

changes  the  fingers  into  two-dimensional  sheets 
aligned  down  shear.  Unsteady  shears  (i.e.,  stirring  1 

on  both  sides  of  the  interface)  ca;»,  on  the  other 
hand,  rapidly  disrupt  the  interface,  and  actually  j 

decrease  the  salt  flux. 

There  are  now  many  examples  of  layering  in  the 
ocean  which  are  consistent  with  the  "fingering" 
process.  These  are  observed  in  situations  where 
both  the  mean  salinity  and  the  temperature  decrease 
with  increasing  depth,  and  often  occur  under  warm 
salt  intrusions  of  one  water  mass  into  another. 

The  first  observations  were  made  by  Tait  and  Howe 
(1968,  1971)  under  the  Mediterranean  outflow,  and 
a  good  summary  of  other  measurements  is  to  be  found 
in  Fedorov  (1976).  For  reasons  which  will  be  dis¬ 
cussed  more  fully  in  later  sections,  it  is  difficult 
to  find  cases  where  one  can  be  sure  that  the  forma¬ 
tion  of  layers  bounded  by  finger  interfaces  has  j 

been  the  result  of  one-dimensional  processes, 
strictly  analogous  to  those  studied  in  the  labora¬ 
tory.  Once  layers  have  formed,  however,  the  effects 
of  the  fluxes  through  the  finger  interfaces  between 
them  can  properly  be  discussed  in  these  terms,  and 
two  practical  examples  will  be  given. 

The  first  arises  in  the  context  of  sewage  disposal 
in  the  sea.  Fischer  (1971)  has  discussed  the  case 
where  effluent,  which  can  be  regarded  for  this 
purpose  as  nearly  fresh  (though  polluted)  water,  is 
ejected  from  a  pipe  laid  along  the  bottom,  and 
rises  as  a  line  plume  into  sea  water  which  is  strat¬ 
ified  in  temperature.  Careful  design  of  the  outfall 
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ensures  that  the  effluent,  diluted  with  many  times 
its  volume  of  cold  sea  water,  will  spread  out  in  a 
layer  below  the  thermocline.  But  this  layer  will 
remain  colder  and  fresher  than  the  water  above  it, 
so  the  salt  finger  mechanism  can  cause  it  to  thicken 
vertically,  and  even  extend  to  the  surface.  A 
related  case,  in  which  the  environmental  effects 
could  be  even  more  serious,  arises  in  the  disposal 
of  effluent  from  a  desalination  plant.  Suppose 
that  the  brine  from  which  water  has  been  evaporated, 
and  the  heated  water  from  the  cooling  plant,  are 
mixed  together  to  be  disposed  of  as  a  single  effluent. 
This  hot,  salty  water  will  have  about  the  same 
density  as  the  original  sea  water  -  according  to 
the  precise  design  conditions,  it  can  be  slightly 
heavier  or  slightly  lighter.  If  it  is  made  heavier, 
and  forms  a  layer  along  the  bottom,  a  diffusive 
interface  will  be  formed,  and  the  coupled  transports 
will  tend  to  increase  the  density  difference  and 
thus  keep  the  layer  distinct.  If  it  is  put  in  at 
the  surface,  or  at  an  intermediate  level  in  a 
gradient,  fingers  will  form,  and  there  will  be  more 
rapid  vertical  mixing.  One  thing  is  certain:  the 
rate  of  mixing  cannot  be  determined  using  only  the 
net  density  distribution  and  leaving  out  of  account 
the  double-diffusive  effects. 


3.  TWO-DIMENSIONAL  EFFECTS 


Side-wall  Heating  and  Related  Processes 


It  became  clear  in  early  laboratory  experiments  on 
double-diffusive  convection  that  layers  will  readily 
form  from  a  salt  gradient  in  another  way,  if  it  is 
heated  from  the  side.  This  effect  was  studied 
systematically  by  Thorpe,  Hutt,  and  Soulsby  (1969) 
and  by  Chen,  Briggs,  and  Wirtz  (1971) ,  and  their 
results  can  be  summarized  as  follows.  The  thermal 
boundary  layer  at  a  heated  vertical  wall  grows  by 
conduction  and  begins  to  rise.  Salt  is  lifted  to 
a  level  where  the  net  density  is  close  to  that  in 
the  interior;  then  fluid  flows  out  away  from  the 
wall,  producing  a  series  of  layers  that  form 
simultaneously  at  all  levels  and  grow  inwards  from 
the  boundary.  The  layer  thickness  is  close  to  the 
length-scale 
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ctAT 

HdS/dz 
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which  is  the  height  to  which  a  fluid  element  with 
temperature  difference  AT  would  rise  in  the  initial 
salinity  gradient. 

The  stability  problem  corresponding  to  sidewall 
heating  of  a  wide  container  has  not  been  solved, 
though  Stern  (1967)  has  shown  theoretically  how 
lateral  gradients  could  lead  to  the  generation  of 
layers.  Thorpe,  Hutt,  and  Soulsby  (1969)  have 
analyzed  the  simpler  case  of  a  fluid  containing 
compensating  linear  horizontal  gradients  of  S  and 
T,  contained  in  a  narrow  vertical  slot  and  Hart 
(1971)  improved  their  analysis;  both  theories 
predict  slightly  inclined  cells  extending  right 
across  the  gap,  with  a  spacing  in  fair  agreement 
with  the  measurements. 

Similar  layers  are  formed  when  the  salinity  as 
well  as  the  temperature  of  the  vertical  boundary 
does  not  match  that  in  the  interior,  for  example 
when  a  block  of  ice  is  inserted  into  a  salinity 
gradient  and  allowed  to  melt.  A  qualitative  experi¬ 
ment  of  this  kind  was  reported  by  Turner  (1975) , 


FIGURE  5.  Showing  the  tilted  layers  formed  by  insert¬ 
ing  a  block  of  ice  into  salt-stratified  water  at  room 
temperature.  Fluorescein  was  frozen  into  the  ice,  and 
was  illuminated  from  the  side,  so  that  the  spread  of 
the  dye  indicates  the  distribution  of  the  melt  water. 
(Negative  print.) 


but  interest  in  the  process  has  increased  recently, 
because  of  the  application  to  melting  icebergs. 
Huppert  and  Turner  (1978)  have  carried  out  a  more 
extensive  set  of  experiments  with  this  problem  in 
mind. 

An  understanding  of  the  melting  of  icebergs 
could  be  important  in  various  contexts.  Several 
groups  are  currently  examining  the  feasibility  of 
towing  icebergs  to  their  coasts  and  melting  them 
to  provide  fresh  water,  but  there  are  many  unsolved 
scientific  and  engineering  problems  (see,  for 
example,  Bader  (1977)].  It  has  been  proposed  that 
fresh  water  could  be  obtained  by  building  a  shallow 
pen  round  a  grounded  iceberg,  allowing  the  melt 
water  to  collect  in  this,  and  siphoning  it  off  the 
surface.  On  the  other  hand  Neshyba  (1977)  has 
suggested  that  the  melt  water  produced  by  icebergs 
would  mix  with  the  surrounding  sea  water,  and  could 
thus  be  effective  in  lifting  water  and  nutrients 
from  deeper  layers  to  the  surface,  where  it  would 
increase  biological  production. 

Huppert  and  Turner's  (1978)  experiments  have 
shown,  however,  that  neither  idea  is  likely  to  be 
valid,  because  of  the  neglect  of  the  stable  salinity 
gradient  which  exists  in  the  upper  layers  of  the 
oceans  where  icebergs  are  found.  As  demonstrated 
in  Figure  5,  the  presence  of  horizontal  S  and  T 
differences  then  produces  a  regular  series  of  tilted 
convecting  layers,  which  feed  most  of  the  meltwater 
into  the  interior;  very  little  rises  to  the  surface. 
A  more  detailed  analysis  of  the  experiments  is 
continuing.  At  present  it  appears  that  for  a 
cooled  sidewall  the  layer  depths  are  similar  whether 
melting  is  occurring  or  not,  and  that  they  are  not 
described  simply  by  (6)  but  depend  more  weakly  on 
the  initial  salinity  gradient.  Another  phenomenon 
which  deserves  more  careful  study  is  the  series  of 
grooves  and  ridges  produced  by  non-uniform  melting 
associated  with  the  circulation  in  the  layers  (see 
Figure  6) . 

Sloping  Boundaries 

Phenomena  analogous  to  those  described  above  can 
be  observed  in  systems  containing  smooth  gradients 
of  more  slowly  diffusing  solutes.  The  essential 
physical  feature  of  the  heated  sidewall  process  is 
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FIGURE  6.  Shadowgraph  photograph  of  a  melting  ice- 
block  in  a  salinity  gradient.  Note  the  regularly  spaced 
scallops  and  ridges,  caused  by  uneven  melting  asso¬ 
ciated  with  the  convection  in  layers. 


that  the  boundary  conditions  (on  temperature  or 
salinity  or  both)  do  not  match  the  conditions  in 
the  interior.  In  tanks  containing  opposing  gradients 
of  two  components,  with  say  a  maximum  salt  concen¬ 
tration  at  the  top  falling  linearly  to  zero  at  the 
bottom,  and  a  maximum  (slightly  larger)  sugar 
concentration  at  the  bottom  falling  to  zero  at  the 
top,  the  same  kind  of  instability  can  be  produced 
in  another  way.  With  vertical  side  walls,  the 
surfaces  of  constant  concentration  are  normal  to 
the  boundaries,  and  the  no- flux  boundary  condition 
is  automatically  satisfied.  But  when  an  inclined 
boundary  is  inserted,  diffusion  will  distort  the 
surfaces  of  constant  concentration  away  from  the 
horizontal,  so  that  they  become  normal  to  the 
boundary.  Density  anomalies  are  produced  which 
tend  to  drive  flows  along  the  wall;  these  cannot 
remain  steady,  but  instead  turn  out  into  the  interior 
and  produce  a  series  of  layers. 

This  process  was  first  investigated  experimentally 
by  Turner  and  Chen  (1974) ,  with  the  initial  strati¬ 
fication  in  the  "diffusive"  sense.  A  prominent 
feature  of  the  intruding  layers  is  the  local  reversal 
of  gradients  in  the  extending  "noses",  where  fingers 
are  prominent.  In  the  later  stages  of  that  experiment, 
the  advancing  noses  have  become  independent  of  the 
mechanism  which  produced  them,  and  this  suggested 
the  systematic  study  of  double-diffusive  sources 
in  various  environments  which  is  pursued  below. 

Linden  and  Weber  (1977)  have  investigated  layer 
formation  in  the  "finger"  case;  they  have  also 
discussed  the  instability  of  the  boundary  layer 
at  the  sloping  wall,  and  the  criteria  determining 
the  layer  depths.  In  the  limit  where  the  opposing 
gradients  are  nearly  equal,  the  characteristic 
vertical  lengthscale  depends  mostly  on  the  initial 
vertical  distributions  of  S  and  T,  and  little  on 
the  mechanism  triggering  the  instability. 

A  different  effect  of  sloping  boundaries  should 


be  mentioned  here.  In  a  two-layer  system,  in  which 
the  layer  depths  vary  because  one  wall  of  the 
containing  vessel  is  inclined,  large-scale  quasi¬ 
horizontal  motions  can  be  set  up  even  when  the 
buoyancy  flux  across  the  horizontal  interface  is 
uniform.  This  effect  is  a  purely  geometrical 
consequence  of  the  sloping  boundary.  The  net  result 
of  the  double-diffusive  transports  across  the 
interface  is  to  provide  an  unstable  buoyancy  flux 
which  makes  the  bottom  layer  heavier.  A  given  flux 
produces  more  rapid  density  changes  in  shallower 
regions  where  there  is  less  dilution,  and  this  sets 
up  a  circulation  in  the  sense  which  includes  a  flow 
down  the  slope.  Gill  and  Turner  (1969)  have  shown 
that  this  flow  can  reverse  the  relative  gradients 
of  the  two  components,  for  example,  giving  rise  to 
salt  fingers  at  the  bottom  of  a  tank  originally 
stratified  in  the  diffusive  sense.  They  have  also 
suggested  an  application  to  the  formation  of  bottom 
water  near  the  Antarctic  continent.  Similar  effects 
have  been  observed  by  Turner  and  Chen  (1974)  when 
a  sloping  interface,  rather  than  a  solid  sloping 
boundary,  produces  the  non-uniformity  of  depth, 
and  this  too  can  have  implications  for  the  formation 
of  bottom  water  in  deeper  water. 

Double-diffusive  Intrusions 

The  experiments  described  in  the  two  preceding 
sections  have  recognized  the  importance  of  horizontal 
gradients,  but  they  still  have  not  dealt  with  the 
common  situation  where  fluid  with  one  set  of  T-S 
properties  intrudes  into  another  having  different 
properties.  This  question  has  recently  been 
addressed  by  Turner  (1978),  using  sources  of  sugar 
and  salt  solutions  released  into  gradients  of 
various  kinds. 

The  basic  intrusion  process  with  which  other 
phenomena  can  be  compared  is  the  two-dimensional 
flow  of  a  uniform  fluid  at  its  own  density  level 
into  a  linear  gradient  set  up  using  the  same  property 
Figure  7  shows  the  behaviour  of  a  (dyed)  source  of 
salt  solution  released  into  a  salinity  gradient. 

This  is  what  we  might  intuitively  expect:  the 
intruding  fluid  just  displaces  its  surroundings 
upwards  and  downwards,  and  is  kept  confined  to  a 
horizontal  layer  by  the  denisty  gradient.  Detailed 
studies  of  this  process  have  been  reported  by 
Maxworthy  (1972),  Manins  (1976),  and  Imberger, 
Thompson,  and  Fandry  (1976).  Note  praticularly  the 
"upstream  wake"  effect,  leading  to  a  considerable 
disturbance  of  the  environment  ahead  of  the  advancing 
nose . 

When  the  source  of  salt  is  replaced  by  sugar 
solution  (S)  ,  while  the  same  salinity  gradien*-  (T) 
is  retained  in  the  environment,  the  behaviour  is 
very  different.  (It  is  worth  keeping  in  mind 
throughout  the  following,  the  analogous  situation 
with  temperature  and  salinity:  this  corresponds 
to  the  intrusions  of  a  layer  of  warmer,  saltier 
water  into  a  stable  temperature  gradient) .  As 
shown  in  Figure  8,  there  is  strong  vertical  convec¬ 
tion  near  the  source:  this  is  produced  by  a 
mechanism  which  also  occurs  with  a  uniform  ambient 
fluid  close  to  the  same  density  as  that  injected. 

The  more  rapid  diffusion  of  T  relative  to  S  across 
the  plume  boundary  causes  it  to  become  heavier, 
and  its  immediate  surroundings  lighter,  than  the 
fluid  at  the  level  of  the  source.  The  vertical 
spread  is  limited  by  the  stratification,  and  "noses" 
begin  to  spread  out  at  levels  above  and  below  the 


FIGURE  7.  The  intrusion  of  dyed  salt  solu¬ 
tion  into  a  salinity  gradient  at  its  own 
density  level.  The  distorted  dye  streaks 
show  that  the  fluid  in  the  environment  be¬ 
gins  to  flow  well  ahead  of  the  advancing 
fluid.  (The  region  shown  is  about  400mm. 
wide. ) 


source.  The  process  of  vertical  convection  continues, 
and  further  layers  appear  as  the  layers  first  formed 
extend  away  from  the  source.  The  total  volume  of 
fluid  affected  by  mixing  is  many  times  that  of  the 
input,  showing  that  the  intrusions  are  overtaking 
and  incorporating  the  environment,  rather  than 
just  displacing  it  as  in  the  experiment  of  Figure 
7.  The  implication  for  the  ocean  is,  of  course, 
that  large  scale  intrusions  will  tend  to  break  up 
into  thinner  noses  and  layers,  as  is  indeed  observed. 

Each  individual  nose  as  it  spreads  contains  an 
excess  of  S  relative  to  its  environment,  so  that 
conditions  are  favourable  for  the  formation  of  a 
diffusive  interface  above  and  fingers  below,  as  can 
be  seen  in  Figure  8.  This  also  implies  that  there 
will  be  a  local  decrease  with  depth  or  an  inversion 
of  T  through  each  layer,  and  that  the  density 
gradient  above  such  an  intrusion  will  be  greater 
than  that  below.  These  features  have  been  demon¬ 
strated  in  oceanic  data  by  Howe  and  Tait  (1972) , 

Gregg  (1975),  and  Gargett  (1976). 

Note  too  the  slight  upward  tilt  of  each  layer 
as  it  extends,  which  can  be  interpreted  as  follows. 
Above  and  below  an  intrusion,  the  net  density 
differences  are  small  and  the  double-diffusive 
fluxes  therefore  large.  The  one-dimensional  labo¬ 
ratory  observations  indicate  that  the  transports 
across  a  finger  interface  (both  in  the  sugar-salt 


and  salt-heat  case)  are  larger  than  those  across 
a  comparable  diffusive  interface.  Thus  the  flux 
of  positive  buoyance  through  the  fingers  from  below 
can  exceed  the  negative  flux  from  above,  so  a  layer 
becomes  lighter  and  rises  across  isopycnals  as 
it  advances  away  from  the  source.  There  is  also 
a  systematic  shear  flow  associated  with  the  inclined 
layers,  and  both  these  features  would  seem  worth 
looking  for  when  observations  are  made  of  oceanic 
f inestructure  in  the  future. 

The  interpretation  of  the  layer  slope  in  terms 
of  the  differences  in  fluxes  across  the  two  inter¬ 
faces  is  supported  by  experiments  carried  out  in 
the  inverse  sense.  With  a  source  of  salt  solution 
(T)  flowing  at  its  own  density  level  into  a  gradient 
of  sugar  solution  (S) ,  the  behaviour  is  as  shown 
in  Figure  9.  Vertical  convection  near  the  source 
is  again  followed  by  the  spread  of  noses  at  various 
levels,  but  now  with  diffusive  interfaces  below 
and  fingers  above,  corresponding  to  the  excess  of 
T  in  the  no.-es  relative  to  their  S  environment. 

There  is  a  systematic  downward  tilt  as  the  noses 
advance,  due  again  to  the  dominance  of  the  buoyancy 
flux  at  the  finger  interfaces,  which  now  causes 
the  layers  to  become  heavier  as  they  extend.  The 
sense  of  the  internal  shear  is  also  consistent 
with  this  picture:  the  motion  is  inclined  slightly 
down  and  away  from  the  source  at  the  bottom  of  the 


FIGURE  ft.  The  flow  produced  by  releasing 
sugar  solution  at  its  own  density  level  into 
a  salinity  gradient.  Strong  vertical  convec¬ 
tion  occurs,  followed  by  intrusion  at  several 
levels.  The  density  gradient  and  flow-rate, 
and  the  scale  of  the  photograph,  are  approxi¬ 
mately  the  same  as  for  Figure  7. 


FIGURE  9.  The  flow  produced  bv  releasing  salt 
solution  into  a  gradient  of  sugar  solution, 
using  conditions  comparable  with,  but  the  in¬ 
verse  of  those  shown  in  Figure  8. 


fingers  and  above  the  diffusive  interfaces,  indica¬ 
ting  again  that  there  is  an  increase  in  density  due 
to  the  continuing  flux  in  the  fingers. 

Two  other  features  of  the  laboratory  observations 
which  have  important  implications  for  the  ocean 
should  also  be  mentioned.  The  most  rapid  formation 
of  layers  in  the  series  of  experiments  reported  by 
Turner  (1978)  occurred  when  the  tank  was  stratified 
in  the  "finger"  sense,  and  the  fingers  were  allowed 
to  run  down  towards  a  marginally  stable  state. 

When  source  fluid  was  introduced,  layers  formed 
more  rapidly  and  regularly  than  before,  because  of 
the  potential  energy  already  available  in  the 
ambient  fluid.  This  implies  that  "reactivation" 
of  layers  in  region  where  they  have  previously 
forme  1  wi.ll  proceed  more  quickly  than  the  original 
layering  process.  It  suggests  that  the  patches  of 
strong  layers,  under  the  Mediterranean  outflow 
into  the  Atlantic  for  example,  are  associated  with 
the  arrival  of  a  fresh  pulse  of  intruding  fluid. 

The  second  related  observation  is  that  the  further 
stage  of  overturning  to  produce  nearly  uniformly- 
mixed  layers,  bounded  above  and  below  by  finger 
interfaces  is  also  more  likely  to  be  reached  near 
the  source  of  the  intruding  water.  The  relationship 
between  the  two  types  of  layering  has  been  demon¬ 
strated  directly  in  the  measurements  of  Gregg  (1975), 
which  show  that  inversions  of  intrusive  origin  can 
in  the  course  of  time  break  down  to  form  well-mixed 
layers . 

l,ayer  Formation  at  Fronts 

An  important  geometry  which  merits  separate  study 
is  a  discontinuity  of  T-S  properties  over  a  vertical 
or  inclined  surface,  i.e.,  a  front.  The  motions 
produced  when  an  inclined  boundary  is  inserted  into 
a  fluid  stratified  with  opposing  gradients  (Section 
3)  have  some  of  the  required  features,  but  the 
presence  of  the  solid  wall  is  clearly  undesirable. 

Fronts  can  be  set  up  in  the  laboratory  in  several 
ways.  Large  horizontal  T  and  S  gradients  can,  for 
example,  be  produced  just  by  pouring  fluid  with 
contrasting  properties  into  one  end  of  a  stratified 
tank  at  several  levels,  or  by  stirring  it  in 
throughout  the  depth.  A  somewhat  more  controllable 
method  is  to  insert  a  vertical  barrier  in  a  previ¬ 
ously  stratified  tank ,  to  introduce  the  extra  fluid 
on  one  side  of  it,  and  allow  the  disturbances  to 


die  away  before  removing  the  barrier.  This  tech¬ 
nique  has  been  used  in  the  experiment  shown  in 
Figure  10.  It  is  difficult  to  get  the  two  vertical 
gradients  exactly  matched,  and  so  when  the  barrier 
is  removed  internal  waves  are  set  up,  which  soon 
die  away,  leaving  the  isopycnals  horizontal  but 
the  front  distorted.  The  initial  state  illustrated, 
in  Figure  10a  is  completely  determined  by  the 
readjustment  of  the  density  field,  but  note  that 
diffusive  interfaces  have  already  developed  in  the 
sense  to  be  expected  with  an  excess  of  S  on  the 
left.  At  a  later  stage  (Figure  10b)  the  frontal 
surface  is  spread  out  horizontally  by  the  inter¬ 
leaving  of  inclined  layers,  the  scale  of  which  is 
unrelated  to  that  of  the  initial  adjustment,  and 
which  are  driven  entirely  by  the  local  density 
anomalies  produced  by  double-diffusive  transports. 

A  more  sophisticated  version  of  this  experiment 
is  currently  being  studied  by  Ruddick  (personal 
communication) .  He  has  set  up  identical  vertical 
density  distributions  on  two  sides  of  a  barrier, 
using  sugar  (S)  in  one  half  and  salt  (T)  in  the 
other.  When  the  barrier  is  withdrawn,  there  is 
some  small  scale  mixing,  but  virtually  no  larger 
scale  distortion.  A  series  of  regular,  interleaving 
layers  then  dcveloj^s,  with  a  spacing  and  speed  of 
advance  which  are  systematically  related  to  the 
horizontal  property  differences. 

There  are  now  many  measurements  which  support 
the  view  that  the  prominence  and  strength  of 
layering  in  the  ocean  are  related  to  the  magnitude 
of  the  horizontal  gradients  of  properties.  To 
cite  just  two  examples:  profiles  across  the  Antarc¬ 
tic  polar  front  [Gordon  et  al.  (1977))  reveal 
inversions  which  decrease  in  strength  with  increasing 
distance  away  from  the  front.  Coastal  fronts 
between  colder  fresh  water  on  a  continental  shelf 
and  warmer  salty  water  offshore  also  exhibit  strong 
interleaving  (Voorhis,  Webb,  and  Millard  (1976)]. 

A  general  conclusion  which  can  already  be  drawn 
from  the  laboratory  experiments  described  in  this 
section  is  that  the  formation  and  propagation  of 
interleaving  double-diffusive  layers  is  a  self- 
driven  process,  sustained  by  local  density  anomalies 
due  to  double-diffusive  transports.  Once  a  series 
of  noses  and  layers  has  formed,  the  changes  of  T 
and  S  within  them  can  be  described  in  terms  of  the 
one-dimensional  (vertical)  transport  processes 
previously  studied.  It  should  eventually  be  possible 
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FIGURE  10.  Showing  the  spread  of  a  front# 
formed  by  withdrawing  a  barrier  from  the  cer.ter 
of  an  experimental  tank.  The  initial  state  cor- 
resi>onded  to  "run  down"  fingers,  with  extra 
(dyed)  sugar  solution  mixed  in  at  the  left. 
Upper:  2-1/2  mins,  after  barrier  was  removed, 

showing  intrusions  formed  by  the  den¬ 
sity  adjustment. 

Lower:  65  mins,  after  barrier  removed,  showing 

the  smaller  scale  motions  driven  by 
double-diffusive  processes  across  the 
frontal  region. 


[Joyce  (1977)]  to  parameterize  the  effective 
increase  in  the  horizontal  diffusion  of  T  and  S, 
produced  by  interleaving,  in  terms  of  the  horizontal 
gradients  and  these  quasi-vertical  fluxes. 
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ABSTRACT 

With  the  rise  in  energy  needs  and  the  consequent 
proliferation  of  cooling  towers  (not  to  mention 
smoke  stacks)  on  the  one  hand,  and  society's 
enchanced  concern  with,  the  environment  on  the  other* 
the  study  of  buoyant  plumes  caused  by  heat  sources 
in  a  transverse  wind  has  become  important.  Buoyant 
plumes  may  also  occur  in  the  ocean,  such  as  when 
a  deeply  submerged  heat  source  moves  horizontally 
in  it.  The  fluid  mechanics  involved  in  buoyant 
plumes  is  very  nearly  the  same,  bo  they  atmospheric 
or  submarine. 

In  this  paper  a  similarity  solution  for  turbulent 
buoyant  plumes  due  to  a  point,  heat  source  in  a 
transverse  wind  is  presented.  By  a  sot  of  trans¬ 
formations  the  mathematical  dimension  of  the 
problem  is  reduced  from  3  to  2.  Analytical  solutions 
for  the  first  and  second  approximations  ate  obtained 
for  the  temperature  and  velocity  fields.  The 
solution  exhibits  the  often  observed  pair  of  longi¬ 
tudinal  counter-rotating  vortices.  As  a  result  of 
buoyancy,  the  point  of  highest  temperature  and  the 
"eyes"  of  the  vortices  at  any  section  normal  to 
the  wind  direction  continuously  rise  as  the  longi¬ 
tudinal  distance  from  the  heat  source  increases. 


1.  INTRODUCTION 

As  industry  expands  and  energy  needs  rise,  the 
buoyant  plumes  caused  by  ever-increasing  cooling 
towers  and  smoke  stacks  have  become  an  important 
concern  for  societies  anxious  to  protect  their 
environment.  Much  effort  has  been  expanded  on  the 
so-called  numerical  modeling  of  the  phenomenon 
ot  plumes  both  in  the  United  States  and  in  Europe. 

In  most  of  the  numerical  studies,  the  eddy  viscosity 
is  assumed  constant,  and  its  value  is  chosen  to 
make  the  results  agree  with  whatever  gross  observa¬ 
tions  are  available.  The  power  of  modern  computers 
has  made  it  possible  to  obtain  numerical  solutions 
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for  partial  differential  equations  with  very 
irregular  data,  such  as  wind  and  temperature  profiles 
m  the  atmosphere.  On  the  other  hand,  one  can 
only  carry  out  a  number  of  these  special  solutions, 
and  while  the  power  of  the  computer  makes  computa¬ 
tion  possible  it  also  makes  the  intermediate  steps 
so  opaque  that  one  can  only  have  faith  in  the 
accuracy  of  the  results  and  the  correctness  of  the 
programing;  and  one  can  attempt  to  interpret  the 
results  and  understand  the  phenomenon  only  at  the 
very  end,  when  numerical  results  are  available. 

One  can  hardly  see,  for  example,  the  effects  of 
changing  one  single  parameter  of  the  problem,  without 
giving  that  parameter  several  values  and  going  to 
the  computer  again  and  again.  It  is  in  view  of 
this  condition  that  even  people  most  concerned  with 
the  immediate  applicability  of  calculated  results 
desire  a  certain  measure  of  transparency  in  the 
analysis  of  the  phenomenon. 

At  the  same  time  systematic  and  detailed  experi¬ 
ments  on  buoyant  plumes  in  transverse  winds,  with 
temperature  and  velocity  measurements,  are  lacking. 
This  being  so,  it  seems  that  an  analytical  solution 
of  the  problem  is  most  desirable  and  timely,  even 
if  it  must  of  necessity  be  constructed  by  assuming 
certain  quantities  (such  as  the  turbulence  level 
in  the  plume)  on  the  basis  of  whatever  related 
experimental  results  are  available.  The  assumed 
quantities  (or  quantity)  will  appear  in  the  analysis 
as  unspecified  coefficients  (or  coefficient,  as  in 
this  analysis) ,  to  be  determined  by  experiments 
later.  In  the  present  work  only  one  coefficient 
related  to  the  turbulence  level  is  left  unspecified, 
to  be  determined  by  future  experiments.  But  the 
probable  range  in  which  it  lies  is  given. 

The  solution  is  based  on  a  set  of  transformations 
that  reduces  the  mathematical  dimension  of  the 
phenomenon  from  3  to  2  is  thus  characterized  by  the 
striking  feature  of  similarity  between  cross  sections 
normal  to  the  wind  direction.  The  laws  of  decay 
of  the  temperature  and  velocity  fields  are  given 
in  simple,  explicit  terms.  Thus,  apart  from  the 
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quantitative  predictions  that  this  analysis  is 
intended  to  furnish,  I  hope  that  the  general  features 
of  the  solution  will  be  found  especially  useful. 


2.  THE  DIFFERENTIAL  EQUATIONS 

The  two  basic  assumptions  underlying  the  analysis 
are  that  the  longitudinal  velocity  component  in 
the  direction  of  the  wind  is  constant  and  that  an 
eddy  viscosity,  e,  is  constant  in  any  cross  section 
normal  to  the  wind  direction.  It  can  be  shown  that 
the  first  assumption  ceases  to  be  true  only  at 
stages  of  approximations  later  than  those  arrived 
at  in  the  present  analysis,  and  its  violation  is 
therefore  not  very  important.  The  second  assumption 
mentioned  above  has  been  made  in  all  analytic 
solutions  for  turbulent  jets  and  plumes,  according 
to  Prandtl's  simplified  theory.  These  solutions 
are  well  known.  See,  for  example,  the  paper  by 
Yih  (1977)  on  turbulent  plumes  for  the  latest 
application  of  that  theory.  One  feels  reassured 
that  for  a  calculation  of  the  mean  temperature  and 
velocity  fields,  this  theory  can  again  be  used. 

We  shall  take  the  direction  of  the  wind  to  be 
the  direction  of  increasing  x,  and  the  z  direction 
to  be  vertically  upward.  The  y  direction  will  then 
be  a  horizontal  direction  transverse  to  the  x  direc¬ 
tion.  In  general  c  depends  on  x,  y,  and  z.  But  it 
has  been  repeatedly  shown  before  in  other  studies 
of  jets  and  plumes  that  in  their  core,  c  can  be 
taken  as  constant  at  a  constant  value  of  x,  and 
that  only  at  their  outer  edges  does  the  nonuniformity 
in  the  y-z  plane  introduce  some  errors  in  the 
calculated  mean  quantities.  (Very  far  away  from 
the  jets  and  plumes  the  value  of  l  is  immaterial 
for  the  determination  of  the  temperature  and  velocity 
distributions).  Accepting  these  outer-edge  errors, 
which  are  fairly  small,  we  shall  take  >:  to  be  a 
function  of  x  only,  apart  from  the  parameters  of 
the  problem  to  be  defined  later.  We  note  that  if 
an  eddy  viscosity  is  used  to  determine  the  velocity 
distribution  in  turbulent  flow  in  a  circular  pipe, 
Laufcr's  (1953)  measurements  show  that  in  the  core, 
that  is,  away  from  the  narrow  region  near  the  pipe 
wall,  “  is  nearly  constant. 

The  equations  of  motion  are  then,  with  subscripts 
denoting  partial  differentiations, 

Uvx  +  wy  +  =  -  “  Py  +  >~*vyy  +  VZZ>  - 

Uwx  +  vWy  +  wwz  =  -  i  pz  -  gO  +  (wyy  +  wzz>  ,  (2) 

in  which  U  is  the  wind  velocity,  assumed  constant, 
v  and  w  are  the  velocity  components  in  the  directions 
of  increasing  y  and  z,  respectively,  p  is  the 
density,  p  is  the  pressure,  and  g  is  the  gravita¬ 
tional  acceleration.  The  variable  0  is  defined  by 


where  Ap  is  the  variation  of  the  density  from  the 
ambient  density  p ,  assumed  constant.  Thus  the 
Boussinosq  approximation  has  been  used  in  Eqs .  (1) 

and  (2) .  Since  0  is  small  and  the  pressure  vari¬ 
ation  in  the  plume,  though  important  for  determina¬ 
tion  of  the  flow  field,  is  unimportant  in  the  deter¬ 
mination  of  Ap  from  the  temperature  variation  by 
the  equation  of  state,  0  can  also  be  written,  by 
virtue  of  the  equation  of  state  of  ideal  gases. 


where  AT  is  the  temperature  variation  and  T  the 
ambient  temperature.  For  a  liquid,  the  relationship 
between  Ap  and  AT  is  still  linear  if  0  is  small, 
and  the  constant  of  proportionality  is  determined 
by  the  property  of  the  liquid. 

We  shall  assume  the  eddy  viscoity  for  heat 
diffusion  to  be  the  same  as  that  for  momentum 
diffusion.  This  may  not  be  strictly  true,  for  the 
turbulent  Prandtl  number  may  be  slightly  different 
from  1.  The  effect  of  this  difference,  if  any,  is 
not  of  great  importance  in  our  attempt  to  determine 
the  mean  temperature  and  velocity  fields.  The 
equation  for  heat  diffusion  can  then  be  written  in 
the  form 


uex  +  voy  +  w6z  =  t  (0yy  +  ezz). 


(4) 


Longitudinal  diffusion  of  heat  or  of  momentum  is 
ignored  in  Eq.  (1),  (2),  and  (4).  This  is  justified 
in  the  same  way  as  in  other  works  that  use  the 
boundary- layer  theory. 

The  equation  of  continuity  is,  since  the  longi¬ 
tudinal  velocity  component  is  assumed  constant, 


v  +  w  =  0.  (5) 

y  z 

The  heat  source,  located  at  the  origin,  is 
measured  by  the  quantity 


UOdydz. 


J 


(6) 


Note  that  solid  boundaries  are  assumed  to  be  far 
away  from  the  source,  so  that  their  effects  are 
negligible.  Equations  (1),  (2),  (4),  (5),  and  (6), 
with  appropriate  boundary  conditions,  govern  the 
phenomenon  under  investigation. 

The  equation  of  continuity  (5)  allows  the  use 
of  a  stream  function  ■;  in  terms  of  which  v  and  w 
can  be  expressed: 


v  =  C*z,  w  =  -*y.  (7) 

By  cross-differentiation  of  Eqs.  (1)  and  (2),  we 
obtain  the  vorticity  equation 


Uf-X  +  vf-y  +  wiZ  =  '  (£yy  +  0ZZ)  "  g6y<  (8) 

in  which  \  is  the  x  component  of  the  vorticity  and 
is  given  by 


=  w 

y 


-  (y. 


yy 


,>• 


(9) 


3.  THE  FORM  OF  THE  EDDY  VISCOSITY 

We  assume  the  terms  in  Eqs.  (1)  or  (2)  or  (4)  to 
be  of  the  same  order  of  magnitude.  In  particular, 
this  means  that  the  diffusive  and  the  convective 
terms  are  of  the  same  order  of  magnitude  in  any  of 
these  equations.  It  also  means  that  in  Eq.  (2)  the 
buoyancy  term  is  of  the  same  order  of  magnitude  as 
the  convective  and  diffusive  terms  for  w.  This 
assumption  underlies  all  existing  analytical  studies 
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of  jets  and  plumes  and  can  be  regarded  as  amply 
justified. 

Comparing  the  first  and  last  terms  in  Eq.  (2)  , 
then,  we  have 


IK‘ 


(10) 


4.  THE  TRANSFORMATIONS  AND  THE  DIFFERENTIAL 
SYSTEM  TO  BE  SOLVED 

The  transformations  to  be  used  to  obtain  similarity 
solutions  are  already  suggested  by  (12),  (13),  and 
(16)  and  are 


in  which  and  it2  are  the  length  scales  for  the 
x  and  z  directions.  Comparing  the  first  term  in 
Eq.  (2)  with  the  term  gO,  we  have 


Uw 

9**' 


(11) 


where  0  and  w  stand  for  the  magnitudes  of  0  and  w, 
rather  than  0  and  w  rigorously,  as  they  do  also 
in  the  following  proportionalities.  Equation  (6) 
gives,  further. 


0 


G 

mi 


(12) 


if  we  take  iy  and  iz  to  be  equal.  From  pro|x>rtion- 
alities  (11)  and  (12)  we  have,  after  some  rearrange¬ 
ment. 


w£,_ 


get 


U' 


But  surely 


Hence 


qG>-x 

From  proportionalities  (10)  and  (15)  we  have 

e  a?  F  =  251  x? 


(13) 


(14) 


(15) 


(If.) 


0  -  -  to 


X-l,/3h(ri,C)  , 


(18) 


(v'w)  -  k  {¥) 


1/3 


(V,W),  (19) 


(n.O  =73^7177  (Ggx:')_1/3(y,z) .  (20) 

Then  the  equation  of  continuity  (5)  becomes 

vn  +  wr  =  o, 


and  Eqs.  (7)  become 


(21) 


in  which  H'  is  the  dimensionless  stream  function 
related  to  by 

V  =  (-3„p/:-u  (cV*lI/J',(n,0.  (22) 

Equation  (9)  now  takes  the  form 


-  v,  -  +  VP'  l23> 

where  5  is  the  dimensionless  vorticity  component  in 
the  x  direction. 

With  the  transformations  (18),  (19),  and  (20), 
Eq.  (4)  becomes 


Lh  =  A (Vh  +  Wh,  )  , 


where  L  is  the  linear  operator  defined  by 


(24) 


since  the  lx,  the  scale  of  x,  is  just  x.  Thus  (12), 
(13),  (14),  and  (16)  give 

«  x-/3,  *  -  x1/,;?,  w  •  x~l/3,  0  x“',/3. 

z 

These  results  are  unaffected  when  other  comparisons 
are  made  between  terms  in  either  Eq.  (1),  (2),  (4), 

or  (5). 

From  porportionalities  (15)  and  (16)  we  have 

■  =  “(t’c.-'x)  1/3  ,  (17) 

where  t  is  a  dimensionless  constant  to  be  determined 
experimentally  or  estimated  from  known  values  of 
•  in  similar  phenomena.  We  shall  leave  it  free 
throughout  our  analysis.  Equation  (17)  gives  the 
form  of  •  to  be  used  in  this  paper. 

It  seems  strange  at  first  sight  that  t  should 
vary  inversely  as  U.  I  believe  that  the  interpre¬ 
tation  of  k  U" 1  is  that  »  increases  with  the 
time  that  is  required  for  the  wind  to  travel  a  unit 
distance  in  the  x  direction,  because  turbulence 
needs  time  to  develop. 


3*  3-33 

L  -  “ — t  +  +  2n- —  +  2r,—  +4,  (25) 

<*»V  3n  3C 

and 

1  =  ( 3a3) ~ l/’  .  (26) 

Equation  (8)  now  has  the  form 

(L  -  IK  =  “hn  +  A(Vf,n  +  WC(J.  (27) 

Equations  (23) ,  (24)  ,  and  (27)  arc  the  final  equa¬ 

tions  governing  the  dynamics  of  the  plume  in  a 
transverse  wind.  They  are  to  be  solved  with  the 
boundary  conditions 

(i)  h,j  =  0,  f,  =  0,  'P  =  0,  and  H;rir(  =  0  at  n  ~  0. 

(ii)  h  =  0,  5  =  0,  V  =  0  at  ii  =  V  or  (  =  t®. 

Boundary  conditions  (i)  correspond  to  symmetry  with 
respect  to  the  f,  axis,  and  conditions  (ii)  ensure 
that  there  is  no  temperature  variation  and  no 
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velocity  components  v  and  w  at  infinity.  The 
integral  relation  (6)  now  takes  the  form 


(28) 


The  mathematical  problem  is  now  completely  specified. 


5.  THE  METHOD  OF  SOLUTION 


The  mathematical  problem  just  formulated  can  be 
solved  numerically  once  X  is  known.  But  consider¬ 
able  effort  is  required  for  this  solution,  since 
there  are  three  second-order  partial  differential 
equations  to  be  solved,  two  of  which  are  nonlinear. 
It  is  true  that  computers  can  deal  with  nonlinear¬ 
ities,  but  the  domain  is  infinite,  and  some  estimate 
has  to  be  made  of  how  far  to  go  in  the  numerical 
computation.  Furthermore  the  integral  condition 
(28)  can  only  be  imposed  after  the  computations 
are  done  for  h,  and  this-  makes  the  computation  very 
cumbersome. 

For  arbitrarily  larqe  values  of  X  an  analytical 
solution  is  extremely  difficult  because  the  non- 
linearities  present  formidable  difficulties.  We 
shall  attempt  a  power-series  solution  of  the  form 


h  =  hQ  +  Xhj  +  X*  h-,  +  .  .  .  , 


4  =  c0  +  +  .  .  .  , 

Y  =  ¥  +  AY,  +  V'Y,  +  .  .  .  . 


(29) 


The  success  or  failure  of  this  approach  depends 
not  only  on  the  value  of  \,  but  also  on  the  magni¬ 
tudes  of  hj/hg,  h./h(,  etc.  Thus  we  need  to  make 
an  estimate  of  the  range  of  \,  and  we  have  to  find 
out  how  fast  hn,  f,n,  and  Yn  decrease  as  n  increases 
Furthermore,  even  the  estimate  of  A  cannot  be  made 
without  knowing  the  magnitudes  of  Yo-  It  turns 
out  that  a  reasonable  estimate  of  A  is 


30  '  •;  50. 


Using  Eq.  (29),  we  shall  show  in  the  following 
sections  that  h[/h0,  and  'K i / T 0  are  all  of 

the  order  of  10*2.  Thus,  if  \  =  30,  stopping  at 
the  second  approximat ion ,  that  is,  at  the  terms 
with  the  first  power  in  A,  would  introduce  an  error 
of  about  10),,  if  we  assume,  as  we  evidently  can, 
that  the  ratio  10*-'  would  apply  to  (hn41)/hn  etc. 
for  n  equal  and  greater  than  1.  If  A  =  50  this 
error  would  be  about  25  to  30  percent,  and  it  would 
be  necessary  to  go  to  at  least  the  A2  terms  to 
reduce  the  error  to  less  than  15,1 . 

We  shall  delay  the  presentation  of  the  estimate 
of  A  until  later  and  shall  proceed  with  the  solution 
according  to  the  approach  in  Eq.  (29).  In  awaitinq 
the  experimental  determination  of  A,  we  shall  carry 
out  the  solution  to  the  second  approximation. 


(>.  THE  FIRST  APPROXIMATION 

The  first  approximation  is  governed  by  the  equations 
Lhn  =0,  (30) 


<L  -  1)  r,0=  -h 


+  V, 


*5r 


(31) 

(32) 


with  the  boundary  conditions  (i)  and  (ii)  stated 
before,  which  we  need  not  repeat  here. 

The  solution  of  Eq.  (30)  is 


and  application  of  the  integral  condition  (28)  on 
hp  gives  the  value  1/s  for  C,  so  that 


h 


0  * 


where 


(33) 


C"  • 


Then  the  solution  of  Eq.  (31)  is 


So 


— -  cos  G 


-r2 

re 


where 


0 


tan 


£ 

n 


Given  C g,  Eq-  (32)  can  be  easily  integrated  by 
separation  of  the  variables  r  and  0.  The  result  is 


Y 


0 


cos  8 
67ir 


-r2 

(1  -  e  r  )  . 


(34) 


The  isotherms  given  by  Eq.  (32)  are  just  concen¬ 
tric  circles.  But  the  streamlines  given  by  Eq. 

(34)  are  already  interesting.  They  are  shown  in 
Figure  1,  which  shows  two  very  prominent  vortices, 
with  the  vorticity  pointing  in  the  x  direction. 

Thus  the  first  approximation  already  shows  the 
prominent  features  of  the  flow  pattern  in  any  plane 
normal  to  the  x  axis.  Note  that  both  the  flow 
pattern  and  the  temperature  field  are  symmetric 


FIGURE  1.  Flow  pattern  from  the  first  approximation. 
The  horizontal  axis  is  the  t\  axis,  the  vertical  axis 
the  t  axis,  and  the  arrow  indicates  the  direction  of 
the  gravitational  acceleration.  The  value  of  6nYo  is 
zero  on  the  C  axis.  It  increases  toward  the  left  and 
decreases  toward  the  right.  The  increments  (or  decre¬ 
ments)  are  all  0.1. 
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with  respect  to  the  axis,  and  that  both  hg  and 
4q  vanish  at  infinity,  as  desired. 

The  maximum  vorticity  is  0.09  and  is  at  the 
point 


is  integrated  and  will  introduce  negligible  errors 
in  the  result.  After  (40)  is  substituted  into 
Eq.  (39),  the  latter  is  solved  ly  repeated  use  of 
the  following  formula  for  various  values  of  n: 


n  “  l/t'J  ,  *.  =  0, 

at  which  both  V  and  W  are  zero.  The  maximum  vertical 
velocity  is  l/6?i  and  is  at  the  origin.  The  maximum 
absolute  value  of  4',.,  is  0.63817/6n,  which  occurs 
at  0  =  0  or  n,  r  =  1.1225. 


e*  (-r') 

^  r"  |n(n  -  2)  -  2(n  -  l)r'  ]e_r  . 


Tho  result  for  f  is  put  into  Eq.  (38),  and  we  tiave 


7.  THE  SECOND  APPROXIMATION 


The  equation  for  It ,  it 


Lht  3  vohO'l  +  W' 


/  193  _  01  ;>  +  11  _  3 

1  r  \630  *  1260  r  +  1260  r  "  3024 


.  _1 _ r«\ 

a  i  )  L 


where  Vq  and  are  the  velocity  comi’onents  from 
the  first  approximation.  The  right-hand  side  of 
Eq.  (35)  can  be  written  in  polar  coordinates  as 


Hence  Eq.  (35)  can  be  written  as 
sin  *3  - r • 


where  L,  in  its  polar-coordinate  form,  is 


+  2r  —  +  4. 


Wri ting 


The  function  Hj  is  tabulated  in  Table  1.  A  look 
at  hj  given  by  Eq.  (36)  then  reveals  that  the 
temperature  is  increased  in  the  upper  half  of  the 
n-<\  plane  and  decreased  in  the  lower-half  plane, 
making  the  isotherms  more  widely  spaced  in  the 
upper-half  plane  and  more  crowded  in  the  lower-half 
plane . 

The  tabulated  values  of  Hj  show  a  very  smooth 
variation  of  Hj  with  r,  verifying  the  expectation 
that  the  local  irregular  variation  of  (40)  is 
diffused  away  when  Eq.  (39)  is  solved  with  (40) 
replacing  its  right-hand  side. 

The  next  step  is  to  solve 


(L  -  lKj  =  -hlM  *  V(t?.;ln  4  W0r,0r.  (42) 

A  simplification  is  possible  before  we  attempt  to 
sv.lve  Eq.  (42).  Differentiating  Eq.  (35),  we  have 


H.  (r). 


(L  +  2)hln  vo}l0rpi  +  wohon<;  +  von!'on 


+  wo  n  hor.  * 


if  we  write  Ln  for  I,  with  the  operator  3*  /30*’  in 
l.  replaced  by  -n*  . 

To  solve  Eq.  (37),  we  let 

Hj  =  r‘lf,  (j 

so  that  Eq.  (37)  becomes 


Then  Eq.  (42)  becomes 


<L  -  l)q  +  <L  +  2)  -ia  =  i  <V0h0nn  +  W0h0lK>,<45) 


f"  +  ^ 2r  -  ^  f’  +  2f  =  -e'r'  (1  -  e  r'  )  .  (39) 


Then  we  approximate  the  right-hand  side  of  this 
equation  by 


r  -  t-  n 

0  3  on* 

By  virtue  of  (43),  Eq.  (45)  becomes 


;>  -t‘  /  r‘  r1*  rh  rrt  \ 

r  °  \ 1  "  2  +  6  24  +  240  / 


(L  l)q  -  -  3  +  wOnhor,*- 


The  greatest  error  occurs  at  r  =  1.8,  but  it  is 
less  than  6.5*  of  the  maximum  value  of  the  quantity 
approximated.  Up  to  r  *  1.2  the  approximation  is 
excellent.  It  is  expected  that  the  local  errors 
around  r  =  1.8  will  be  diffused  out  when  Eq.  (39) 


vo„  =  <V^>-  won  = 

so  that  is  a  stream  function  for  the  fictitious 

velocity  field  (Vq  ,  Wq^) ,  and  we  can  write  Eq.  (46) 
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TABLE  1 

Va 1 ues 

of  H[,  S, 

and  i  ; 

for  r  •  4, 

-100F  = 

5.04  r~ ■ 

r 

0.  L 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

X 

o 

o 

3.03 

5.85 

8.28 

10.19 

11.48 

12.14 

12.20 

11.75 

10.89 

9.76 

-100S 

0.25 

0.97 

2.06 

3.39 

4.80 

6.12 

7.23 

8.00 

8.41 

8.43 

-100K 

0.03 

0.11 

0.24 

0.41 

0.60 

0.80 

1.00 

1.17 

1  .  32 

1.44 

r 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

100H  i 

8.47 

7.13 

5.84 

4.65 

3.62 

2.74 

2.04 

1  .48 

1 .06 

0.75 

-100S 

8.11 

7.51 

6.70 

5.79 

4.83 

3.91 

3.07 

2 .  )4 

1  .  73 

1.25 

-100F 

1.52 

1.56 

1.57 

1.55 

1.51 

1  .45 

1.38 

l .  K) 

1  .22 

1.13 

r 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2 . 9 

).0 

100H] 

0.53 

0.38 

0.27 

0.19 

0.14 

0.11 

0.08 

0.06 

o.or> 

0.0) 

-100S 

0.88 

0.61 

0.42 

0.29 

0.20 

0.14 

0.1  1 

0.08 

O.Ofc 

0.05 

-100F 

1.05 

0.98 

0.90 

0.84 

0.78 

0.73 

0.68 

0.6  ! 

0. 59 

0 . 56 

r 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.  7 

3.8 

1.9 

4.0 

100H  j 

0.02 

0.02 

0.01 

0.01 

0.01 

0.00 

-100S 

0.04 

0.03 

0.02 

0.02 

0.01 

0.01 

0.01 

0.00 

-100F 

0.52 

0.49 

0.46 

0.44 

0.41 

0.39 

0.37 

0.35 

0.33 

0.  32 

(L  -  l)q  =  -  ~ 

JL  ,  . 

36  on 

dhQ 

dr  ' 

-2r2  j 
e  1 

(■*  *  i) 

7  -r2  1  -r'  ,  -r:  , 

-  8  e  +  a  6  (e  '  11 

Remembering  that 

for 

3  sin  9 

3n  r 

3 

30  +  COS 

8  37- 

‘U* 

-2r2  7 

24 

-t2\  -2r2  /  2 

e  )  ~  e  {^+e) 

(49) 


7  -r2 

—  —  0 

and  with  4^  and  hQ  given  by  Eqs.  (34)  and  (32) ,  we  8 

have,  finally,  and  the  iast  member  of  (49)  can  be  approximated  by 

one  eighth  of  (40) .  By  repeated  use  of  the  formula 


(L 


i)q 


2 

-  sm  20 

9tt2 


L(r 


r°  2(n(n  -  4)  -  (2n  -  3)r2Ie  r 


To  solve  this,  let 


(47) 


for  various  values  of  n,  we  can  then  find  the 
solution  for  (48) ,  and  the  final  result  for  q  is 

q  =  sin  20  •  Q,  (50) 

9tt 


2  -? 

q  =  — “  sin  20  •  r  k. 

9n* 

Then  Eq.  (47)  becomes 


with 


1  116  o 

—  4.  — ■ r** 

8  9945 


Lk 


k"  + 


2r 


k  =  e 


lc 


(r2  +  1)  -  1], 


(48) 


133  4  11  6 

95472  r  "  42432  r 


1  r8y  (51) 
32640  J 


where  L  is  the  linear  operator  defined  by  (48) . 

It  is  advantageous  to  write  the  right-hand  side  of 
(48)  as 


With  hj  given  by  (36)  and  (41)  and  therefore  with 
h]r)  known,  (44),  (50),  and  (51)  give 


613 


9ti 


which  is  given  in  Table  1  also.  The  calculations 
(52)  for  the  second  approximation  have  now  been  accom¬ 

plished  . 


where 


Sir)  =  e 


_r^ 


1  .  -r"  , ,  1  105283  2 

~7  <e  -  x)  +4~r^Sr 

4r 


114713  4  3517  6 

+  1670760  r  "247520  r 


181 

68544 


4320 


<.10 

_J 

(53) 


8.  ESTIMATE  OF  X 

The  terms  involving  e  in  Eq.  (2)  have  their  origin 
in  the  Reynolds  stress  terms 


|—  ( v ' w 1 )  and  |—  (w'2), 

9y  9z 

where  the  primes  indicate  turbulent  quantities. 

The  terms  were  originally  on  the  left-hand  side  of 
Eq.  (2) .  The  nonlinear  terms  on  the  left-hand 
side  of  Eq.  (2)  can  be  written  as 


The  values  of  S(r)  are  tabulated  in  Table  1,  from 
which  it  can  be  seen  that  the  maximum  absolute 
value  of  S  occurs  at  about  r  =  0.95  and  is  about 
0.847.  Since  S  is  negative  throughout,  inspection 
of  Eq.  (52)  shows  that  the  maximum  value  of  is 
at 


r  =  >.95, 


0  = 


3ti 


and  its  minimum  value  (negative)  at 


-r-  (vw )  +  ~  (w2)  . 
9y  9z 


Thus  the  ratio  of 


9  9  9  9 

—  (w2)  and  (w 1  2 ) 

dz  9z 


is  the  ratio  of 


r  =  0.95, 


The  effect  of  S  is  to  reduce  the  strenths  of  the 
vorticity  for  the  lower-half  plane,  but  to  augment 
them  in  the  upper-half  plane,  thus  to  raise  the 
eyes  of  the  vortices. 

Finally,  is  to  be  found  from 


'inn  +  V,.' 


Let. 


V 

<r' 


+  1 _ 0J_ 


;>o 


(w2)  and  -cwzz  , 

and  this  ratio  has  the  magnitude  of 
-iW2/Wf  . 

The  magnitude  of  W0  is  1/6ti  ,  and  the  magnitude  of 


Wq.  is  0.267/3r,  which  is  the  maximum  value  of  W 
along  the  n  axis.  Thus,  approximately. 


0.267 ( 1 2n ) 


(56) 


7,  -  F(r). 

On 


(54) 


Then 


F"  .  i  F'  -  i- 


F  -  -S(r) . 


Two  integrations  by  the  method  of  variation  of 
parameters  (since  a  complimentary  solution  of  F  is 
simply  r*  )  give:;,  with  dur*  regard  for  the  boundary 
cond i t ions , 


r  Sdr 


J 


r  Sdr  -  r' 


dr 


r  1  Sdr 


(55) 


where  s  is  the  square  of  w'/w.  The  convection  in 
the  bent  plume  is  like  the  convection  in  a  two- 
dimensional  plume,  since  the  plume  is  bent  by  the 
wind  to  a  nearly  horizontal  position.  The  measure¬ 
ments  of  Kotsovinos  (1977)  for  the  plane  plume 
give  the  value  0.2  to  s.  This  is  considered  by 
some  people  to  be  too  high.  But  for  the  problem 
under  investigation  s  may  be  even  higher,  because 
any  swaying  or  deformation  of  the  vortices  would 
contribute  a  good  deal  to  turbulence.  Thus  using 
0.2  for  s  in  Eq.  (56)  would  overestimate  X.  Using 
0.2  for  s,  we  obtain  from  Eq.  (2) 

X  =  48.5. 

This  is  probably  too  high.  My  estimate  of  X  is 
that  it  is  somewhere  in  the  range 


30 


40. 


The  value  30  for  X  corresponds  to  a  value  of  0.34 
for  s. 

Let  us  now  see  what  errors  would  be  committed 
for  h,  y,  and  £  by  stopping  at  the  second  approxi¬ 
mation.  For  X  =  30,  the  errors  (in  ratio  of  the 
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FIGURE  2.  Flow  pattern  from  the  second  approximation. 
The  n  axis  is  horizontal  and  the  t  axis  vertical.  The 
arrow  indicates  the  direction  of  the  gravitational  ac¬ 
celeration.  The  value  of  6ir¥  is,  starting  from  the  £ 
axis  and  going  to  the  curves  on  the  right,  respectively, 
0,  -0.1,  -0.2,  -0.3,  -0.4,  -0.5,  -0.6,  and  -0.65.  The 
values  of  61^  on  the  curves  to  the  left  of  the  £  axis 
have  corresponding  absolute  values  but  are  positive. 


estimated*  maximum  value  of  the  terms  neglected  to 
the  maximum  value  of  the  computed  quantity)  are, 
respectively,  less  than  15$,  3$,  and  10$.  For  X 
=  40  these  percentage  errors  are,  respectively, 

25#,  5$,  and  18$.  The  most  interesting  thing  to 
note  is  that  41  is  the  most  accurately  calculated 
quantity.  Figure  2  shows  the  flow  pattern  in  a 
plane  normal  to  the  x  axis,  and  Figure  3  shows  the 
isotherms  therein,  all  for  X  =  30.  The  flow  pattern 
in  Figure  2  can  be  regarded  as  sufficiently  accurate 
to  be  representative  of  the  actual  flow  pattern  in 
a  plane  normal  to  the  x  axis.  As  expected,  the 
hottest  point  and  the  "eyes"  of  the  vortices  occur 
at  positive  values  of  4.  That  is  to  say,  the  plume 
rises  according  to  the  x2//3  law.  After  the  present 
work  was  done,  I  found  that  this  law  had  recently 
be*  n  verified  experimentally  by  Wright  (1977), 
although  he  did  not  measure  the  detailed  velocity 
and  temperature  distributions  in  the  plume. 

If  later  measurements  show  X  is  larger  than  30, 
higher  approximations  would  be  necessary. 


9.  DISCUSSION 

It  is  perhaps  surprising  that  the  analysis  shows 
that  the  results  in  dimensionless  terms  are  indepen¬ 
dent  of  the  parameter  Gg2/U5.  The  explanation  is 
that  the  velocity  (v,w)  far  downwind  from  the  heat 
source  becomes  vanishingly  small,  and  whatever  the 
value  of  U,  the  transverse  wind  is  asymptotically 
always  strong. 

Near  the  heat  source  the  flow  indeed  depends 
very  much  on  the  magnitude  of  U.  The  plume  may 


*on  thf»  basis  that  hj/h-i  and  (hn+1)/hn  aro  of  the  same  order 
of  magnitude  and  that  the  same  is  true  for  V  and  {, . 


FIGURE  3.  Isotherms  from  the  second  approximation. 

The  n  axis  is  horizontal  and  the  t  axis  vertical.  The 
arrow  indicates  the  direction  of  the  gravitational  ac¬ 
celeration.  The  value  of  ith  is  1.1  on  the  smallest 
closed  curve  and  0.3  on  the  outermost  curve.  The  incre¬ 
ments  are  0.1. 


rise  high  in  a  weak  wind  before  being  bent  suffici¬ 
ently  for  the  present  theory  to  apply.  In  using 
the  present  theory  it  is  always  necessary  to 
determine  a  virtual  position  for  the  heat  source, 
which  for  small  value  of  U  can  be  considerably 
higher  than  its  actual  position. 
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APPENDIX: 

THE  EFFECT  OF  NEGLECTING  THE  PRESSURE 
GRADIENT  IN  CALCULATIONS  FOR  THE  CONVECTION 
PLUME  IN  A  TRANSVERSE  WIND 

J .  P .  Benque 
Electricity  de  France 
Chatou,  France 


where  the  f  is  in  no  manner  the  same  as  the  f  in 
Eq.  (38)  of  Yih's  paper,  we  have 

f"  +  2r\f'  +  af  =  0,  (A. 5) 

g"  +  2Cg’  +  bg  =  0,  (A. 6) 

where 


In  many  previous  studies  on  jets  and  plumes,  the 
pressure  distribution  in  the  jets  or  plumes  is 
assumed  hydrostatic,  so  that  if  the  body-force  term 
in  the  equation  of  motion  is  written  in  the  form 
-gAp ,  where  Ap  is  the  difference  between  the  local 
density  and  the  ambient  density,  the  pressure  gradi¬ 
ent  can  be  neglected  in  the  equations  of  motion. 

If,  further,  the  flow  is  two  dimensional  or  axisym- 
metric,  only  the  equation  of  motion  for  the  vertical 
velocity  component  is  then  needed.  After  that 
velocity  component  is  determined,  the  equation  of 
continuity  can  be  used  to  determine  the  other  veloc¬ 
ity  component. 

In  the  preceding  paper  by  Yih,  the  assumption 
that  the  x  component  of  the  velocity  is  constant 
leaves  only  two  other  velocity  components  to  be 
determined,  and  it  is  tempting  to  adopt  the  usual 
procedure  of  neglecting  the  pressure  gradient.  Yih 
has  resisted  that  temptation.  But  it  is  useful  to 
see  what  effects  such  a  neglect  would  have  on  the 
flow  and  to  determine  whether  in  the  problem  treated 
by  Yih  such  a  neglect  is  allowable.  This  Appendix 
is  devoted  to  this  question. 

If  the  pressure  distribution  is  assumed  hydro¬ 
static  and  the  usual  procedure  is  followed,  one  will 
drop  Eq.  (1)  and  retain  Eq.  (2),  with  the  first 
term  on  its  right-hand  side  dropped.  [Equation 
numbers  in  Yih's  paper  are  retained.]  Equations 
(3)  to  (7)  will  remain  but  (8)  and  (9)  will  not  be 
needed. 

Following  Yih's  development  and  using  his  nota¬ 
tion,  then,  we  have,  as  the  dimensionless  equations 
to  solve,  (24)  and 


a  +  b  =  1.  (A. 7) 

Now  let 


Then  Eq.  (A. 5)  becomes 

B"  -  (n2  +  b) B  =  0.  (A. 9) 

Similarly,  if  we  let 

-r 

g(U  =  e  ’  /2y(C)  . 

Then 

Y"  -  (C2  +  a) Y  =  0.  (A. 10) 


Because  of  Eq.  (A. 7),  a  or  b  must  be  positive.  Let 
b  be  positive.  (The  argument  is  strictly  similar 
if  a  is  positive.)  Because  of  the  symmetry  with 
respect  to  the  f,  axis, 

6' (0)  =  0. 

Then  Eq.  (A. 9)  shows  that  6  will  approach  infinity 
as  n2  approaches  infinity,  if  3(0)  is  not  zero. 

[If  B(0)  =  0  then  B  =  0  throughout.]  To  see  how 
f  (n)  behaves  at  infinity,  it  is  necessary  to  see 
how  B (n)  behaves  asymptotically.  A  simple  calcula¬ 
tion  shows  that  the  two  solutions  of  Eq.  (A. 9) 
behave,  for  large  values  of  n2,  like 


(L  -  3) W  =  -h  +  X(VWn  +  WW^).  (A . 1) 

Using  the  A-series  (29),  we  have  again  (33)  for  the 
solution  of  hQ.  The  equation  for  WQ ,  obtained  from 
(A. 1 ) ,  however,  is  now 


(L  -  3)W0  =  -hQ. 


(A. 2) 


The  solution  of  this  equation,  satisfying  all  the 
boundary  conditions  for  W  stated  in  Yih's  paper,  is 


W 


0 


1_  -n2-C2 

3" 


(A. 3) 


Although  it  can  be  readily  verified  that  Eq. 
(A. 3)  satisfies  Eq.  (A. 2),  it  is  not  obvious  that 
Eq.  (A. 3)  is  the  unique  solution.  We  shall  show 
in  the  following  that  it  indeed  is  the  unique 
solution.  The  complementary  solution  Wgc  of  Eq. 
(A. 2)  satisfies 


(L  -  3)Wqc  =  0  (A. 4) 

and  must  be  even  in  both  n  and  Let 

»0c  =  f  (n)g(O  . 


As  we  have  seen,  S  must  contain  the  second  solution 
since  B  approaches  infinity  as  g*  •*  °°.  Using  the 
second  solution  as  the  dominant  term  (a  constant 
multiplier  being  understood) ,  and  recalling  that 


we  see  from  Eq.  (A. 8)  that  for  large  n2 

f(n>  -  |n|"a/i  ,  (A. 11) 


which  can  be  seen  to  satisfy  Eq.  (A. 5)  asymptotically. 
If  a  is  negative,  (A. 11)  shows  that  f  ( n ) ,  and  there¬ 
fore  WQc,  cannot  satisfy  the  condition  on  WQ  at 
infinity.  If  a  is  positive,  it  must  be  less  than 
1,  because  of  (A. 7)  and  because  b  is  positive. 

Then  if  contains  Wgc, 


which  shows  that  at 


does  not  vanish. 


We  must  then,  if  we  adopt  the  procedure  of  neglecting 
the  pressure  gradient,  not  demand  that  VQ  vanish 
at  infinity,  but  instead  demand 


-  0  at  n 


This  boundary  condition  for  VQ  must,  for  consistency, 
be  demanded  of  V,  i.e.,  of  Vj,  ,  etc.,  as  we 
proceed  to  higher  and  higher  approximations. 

In  this  connection  we  can  also  see  that  it  is 
not  possible  to  add  a  multiple  of  WQc  to  the  WQ 
given  by  Eq.  (A. 3)  to  make  V  vanish  at  infinity. 

For,  in  order  to  make  VQ  vanish  at  infinity,  the 
only  possibility  is  to  add  to  the  WQ  given  by  Eq. 

(A. 3)  a  multiple  of 


But  this  cannot  be  true,  because  integration  of 
(A. 2),  by  parts  if  necessary,  gives 


co  uo 


so  that 


Hence  W  cannot  contain  a  multiple  of  W()c,  and  Eq. 
(A. 3)  is  the  unique  solution. 

Then  the  equation  of  continuity  gives 


ri 


FIGURE  A. 2.  Flow  pattern  for  (V0  +  XV] ,  W9  +  XWj ) . 
A6*T  =0.2. 


a  =  -1, 

and  Eq.  (A. 11)  gives 

f (n)  -  Ini'5, 

which  makes  WQc,  and  therefore  Wp  if  it  contains 
Wqc ,  infinite  at  |nl  =  ".  Any  other  dependence  of 
Wq  on  £,  than  expf-C")  would,  of  course,  not  make 
Vq  vanish  at  infinity,  for  the  part  of  Vq  that 
arises  from  Wpc  would  not  be  able  to  cancel  out  Eq. 
(A. 13)  at  |n|  = 

Hence  Wq  and  Vfl  are  uniquely  given  by  Eqs.  (A. 3) 
and  (A. 13).  Using  them  in 

Lhl  =  V0h0r|  +  W0hQ;,  (A. 16) 

and 

(L  -  3 )  Wj  =  -h,  +  V0W0n  +  W0W0j.  ,  (A. 17) 

we  find  that 

hl 

Wj  =  - —  .  (A. 18) 

I  have  computed  hi  numerically  from  Eq.  (A. 16) 
and  the  boundary  conditions,  and  therefore  W] . 

The  velocity  component,  V]  ,  is  then  found  from  the 
equation  of  continuity.  The  flow  pattern  corres¬ 
ponding  to  (V i , W] )  is  given  in  Figure  A.l,  where 
the  streamlines  are  shown,  with  V]  =  0  on  the  c, 
axis  and  A6tiY]  =  0.2. 

Then  the  flow  field  for 

V  =  +  AV\  and  W  =  WQ  +  \Wj 

is  shown  in  Figure  A. 2,  with  A  =  30,  where  the 

A6nH‘  =  0.2. 

It  is  clear  that  the  "streamlines"  do  not  close 
to  form  closed  eddies,  as  in  the  figures  of  Yih’s 
paper.  Thus  the  effect  of  the  pressure  gradient 
cannot  be  neglected  in  the  problem  studied  by  Yih. 
In  past  studies  of  jets  and  plumes,  where  the 
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pressure  gradient  has  been  successfully  neglected,  can  be  determined  from  the  equation  of  continuity 

the  velocity  component  other  than  the  one  retained  once  the  principal  component  of  the  velocity  is 

is  one  order  of  magnitude  smaller  than  the  one  determined.  Such  is  not  the  case  in  the  problem 

retained.  Thus  the  equation  of  motion  for  it  can  under  discussion  here,  and  therefore  for  this  prob- 

be  neglected  together  with  the  gradient  of  (the  lem  it  is  necessary  to  retain  the  pressure  gradient, 

dynamic  part  of)  the  pressure,  and  the  flow  pattern  as  Yih  has  done. 


Internal  Waves 


0.  M.  Phillips 
Johns  Hopkins  University 
Baltimore ,  Maryland 


ABSTRACT 

It  has  become  evident  in  the  past  few  years  that 
the  wave-number,  frequency  spectrum  of  deep  ocean 
oscillations  has  a  remarkably  consistent  form  close 
to  that  which  would  be  expected  for  statistical 
equilibrium  among  the  modes  under  wave-wave  resonant 
interactions.  The  energy  sources  that  maintain  deep 
oceanic  internal  waves  are,  however,  not  well  under¬ 
stood. 

In  the  vicinity  of  the  thermocline,  the  energy 
density  (per  unit  mass)  of  internal  wave  activity 
is  generally  much  area tor  than  in  the  ocean  depths. 
Relatively  hiqh  frequency  internal  waves,  generated 
in  a  variety  of  ways,  are  to  a  first  approximation, 
trapped  in  this  region.  Disturbances  whose  fre¬ 
quencies  are  less  than  N^,  the  deep  stability  fre¬ 
quency,  do  however  radiate  downwards  effectively. 
Also,  groups  of  high  frequency,  low  mode  waves 
generate  second  order  mean  perturbations  to  the 
thermocline  structure,  and  if  the  group  frequency 
is  less  than  N<j,  again  energy  radiates  down.  The 
flux  of  energy  into  the  deep  ocean  is  illustrated 
first  in  a  simple  model  in  which  a  sharp  pycnocline 
lies  over  uniformly  weakly  stratified  water.  The 
more  general  problem  involving  an  arbitrary  strati¬ 
fication  is  formulated  and  some  preliminary  asymp¬ 
totic  solutions  are  presented. 


1.  INTRODUCTION 

During  the  last  10  years  or  so,  a  variety  of  new 
and  inqenoous  oceanoqraphic  observations  has  been 
made  on  the  structure  of  internal  waves  fluctua¬ 
tions  in  the  ocean.  Twelve  years  ago,  in  the  first 
edition  of  The  Dynamics  of  the  Upper  Ocean,  1  was 
forced  to  write  that  in  view  of  the  difficulty  and 
expense  involved  in  the  systematic  study  of  oceanic 
internal  waves,  "those  (measurements)  that  do  exist 
are  correspondingly  rare  and  valuable."  The  present 
situation  is  gratifyingly  different.  Deep  oceanic 


observations  of  internal  waves  are  no  longer  rare, 
but  they  remain  valuable;  Cairns  (1975),  Katz  (1975), 
Gould,  Simmons,  and  Wunsch  (1974),  and  a  number  of 
others  have  provided  different  kinds  of  observations 
from  which  a  consistent  pattern  is  emerging.  It  ap¬ 
pears  that  the  deep  oceanic  internal  wave  spectrum 
has  a  remarkably  universal  form  close  to  that  speci¬ 
fied  by  the  Garrett-Munk  (1975)  spectrum,  though  why 
this  is  so  cannot  yet,  I  think,  be  asserted  with  con¬ 
fidence.  McComas’  (1975)  calculations  on  resonant 
wave-wave  interactions  indicate  that  the  Garrett- 
Munk  spectrum  is  close  to  what  one  would  expect  in 
a  state  of  statistical  equilibrium  under  the  balance 
of  these  interactions.  On  the  other  hand,  there  are 
indications,  such  as  the  occurrence  of  sporadic, 
isolated  patches  of  turbulence  in  the  stably  strati¬ 
fied  regions  of  the  ocean  which  suggest  that  local 
instabilities  may  be  limiting  the  wave  spectral 
density . 

Soviet  investigations,  such  as  those  of 
Brekhovskikh  et  al.  (1975)  have  concentrated  on  the 
low  mode  structure  in  the  thermocline  region  whose 
energy  density  (per  unit  mass)  exceeds,  usually  by 
an  order  of  magnitude,  that  of  the  deep  oceanic  in¬ 
ternal  waves.  The  characteristic  frequencies  are 
also  about  an  order  of  magnitude  higher.  The  cal¬ 
culations  of  Watson,  West,  and  Cohen  (1975)  among 
others  indicate  that  the  lowest  modes  are  generated 
quite  rapidly  by  interactions  among  surface  wave 
components;  a  number  of  studies  along  these  lines 
are  described  in  the  useful  review  by  Thorpe  (1975) 
and  by  the  present  author  (1977).  The  upper  ocean 
is  certainly  the  site  of  considerable  dynamical 
activity,  but  how  much  of  it  is  radiated  downwards 
to  provide  a  source  for  those  motions  encountered 
in  the  deeper,  less  strongly  stratified  region  be¬ 
low?  According  to  the  usual  linear  analysis,  the 
low  mode,  relatively  high  frequency  waves  are  trapped 
to  the  strongly  stratified  thermocline  region,*  only 
the  low  frequency  high  inodes  have  structure  that  can 
penetrate  great  depth. 

Yet  the  description  of  deep  oceanic  motions  as  a 
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linear  superposition  of  high  modes  may  make  little 
sense.  A  linear  mode  can  itself  be  considered  the 
superposition  of  two  disturbance  trains,  one  propa¬ 
gating  downwards  and  the  other  upwards  with  reflec¬ 
tions  either  at  the  bottom  or  at  a  region  where  the 
buoyancy  (or  stability)  frequency  N  drops  below  the 
wave  frequency.  Me Coma s *  calculations  indicate  that 
the  non-linear  interaction  time  of  such  components 
at  the  spectral  densities  found  in  the  deep  ocean, 
is  remarkably  short,  only  a  few  wave  periods  in 
many  wave  cases.  Accordingly,  a  train  of  waves 
generated,  say,  near  the  thermocline  will  in  actu¬ 
ality  have  little  opportunity  to  travel  to  the 
bottom,  reflect  upwards,  and  combine  with  a  down¬ 
ward.;  t  rav*  l  lino  wave  to  produce  a  'mode'  as  usually 
.on  <  ivrd.  Mot.-  realistic  would  be  the  view  of  dis- 
t urban  •  n-neiated  in  the  more  active  the rmoc line 
tea i on,  iadiut*‘d  downwards  but  being  'scrambled*  by 
wave-wav*  intet actions  into  a  more  diffuse  spectral 
1  ackur  o.ind . 

This  ont  t  ihut ion  is  concerned  with  some  aspects 

th  energy  flux  downwards  from  hiqh  frequency, 
low  mode  internal  waves  at  the  the rmoc 1 ino.  If  the 
internal  wave  frequency  is  greater  than  the  stability 
frequency  below  the  thermocline,  the  waves  are 
of  course  trajped  to  the  thermocline  region.  How- 
ver  ,  as  their  frequency  increases  below  Nq,  they 
become  'leaky*  and  their  energy  radiates  rapidly 
downwards  as  the  simple  analysis  of  the  next  section 
will  demonstrate.  Yet,  if  Brekhofskikh  et  al.(1975) 
measurements  are  at  all  tv|  ical,  most  of  the  energy 
of  trie  low  mode  internal  waves  in  the  thermocline 
region  is  at  frequencies  considerably  above  Nq; 
indeed,  in  view  of  the  efficiency  with  which  such 
low  frequency  energy  is  propagated  downwards,  we 
would  not  expect  to  find  much  energy  at  these  fre¬ 
quencies  in  the  main  thermocline.  However,  one 
jossibl*-  link  1  ;  suggested  by  the  work  of  McIntyre 
(l')'M)  who  showed  that  groups  of  internal  waves  in 
a  fluid  of  const. ant  frequency  N,  confined  between 
horizontal  boundaries,  pro* luce  second  order  'mean* 
motions,  modulated  as  are  the  wave  groups.  There 
is  no  reason  to  believe  that  these  second  order  dis¬ 
turbances  are  confined  only  to  the  particularly 
simple  case  that  he  considered,  and  indeed  in  Sec¬ 
tion  1  it  is  shown  that  they  are  not.  High  frequency 
internal  waves,  occurring  in  groups  and  trapped 
within  the  main  thermocline,  produce  second  order 
low  frequency  disturbances;  if  the  . :roup  frequency 
is  less,  than  Nq ,  their  energy  is  radiated  downwards 
at  the  qroup  frequency. 

The  results  presented  here  are  preliminary  but 
intended  to  provoke  consideration  of  this  mechanism 
as  a  source  of  oceanic  internal  waves.  The  simplest 
case  of  a  sharp  thermocline  overlying  a  deep,  uni¬ 
formly  stratified  region  is  described  in  some  detail. 
The  more  realistic  (and  complicated)  case  with  a 
general  distribution  of  N(z)  can  be  considered  by 
asymptotic  methods  and  these  results  will  bo  de¬ 
scribed  elsewhere. 


2  .  RADIATION  DOWNWARDS — A  "c^AKY  MODI:" 

Consider  the  following  experiment.  a  laboratory 
tank  (Figure  1)  is  stratified  with  a  layer  of  uni¬ 
form  density  lying  over  a  density  jump  -V  below 
which  the  fluid  is  uniformly  stratified,  with  N1  = 
(-g“lg  Dp/ilz)  =  constant.  A  wave-maker  at  the  end 
of  the  tank  generates  a  periodic  disturbance  with 
(real)  frequency  n.  What  are  the  characteristics 
of  the  motion  induced? 


It  is,  1  think  intuitively  evident  that  if  n  ’>  N 
an  inter facial  wave  mode  will  propagate.  The  struc¬ 
ture  of  the  mode  below  the  pycnocline  will  be  in¬ 
fluenced  by  the  stratification  but  at  these  high 
frequencies,  no  internal  waves  can  be  supported  in 
the  lower  layer  and  the  interfacial  wave  will  propa¬ 
gate  without  loss.  If,  however,  n  <  N,  internal 
waves  induced  in  the  lower  region  by  the  interfacial 
disturbance  can  carry  energy  downwards  so  that  the 
inter facial  wave  will  attenuate.  The  question  is; 
how  rapidly  does  this  occur? 

A  linear  analyses  suffices.  Suppose  the  pycno¬ 
cline  displacement  is  represented  by  the  real  part 
of  ’  =  a  exp  i(kx  -  nt) ,  where  n  is  real  and  k  may 
be  real  or  complex.  Above  the  pycnocline  at  z  =  0, 
the  motion  is  irrotational  with  u  =  Vtf  and  V-  $  =  0. 
In  the  uniformly  stratified  region  below,  the  vert¬ 
ical  velocity  component,  w,  obeys  the  internal  wave 
equatit  >n 


4-"-  V-’w  +  N'V  2W  =  0  ,  (1) 

it  t-  h 


where  is  the  horizontal  Laplacian  operator, 

in  this  two-dimensional  problem.  At  the 
upper  free  surface  at  z  =  d,  w  =  0  to  sufficient 
accuracy;  at  the  pycnocline  the  vertical  displace¬ 
ment  and  the  pressure  must  both  be  continuous  and 
as  z  -  -  •»,  the  disturbance  must  either  die  away 
or  represent  internal  waves  with  an  energy  flux 
downwards. 

In  the  upper  region,  the  solution  for  <J>  is 
readily  found  to  be 


4* 


ina  cosh  k(z  -  d) 
k  sinh  kd 


expi(kx  -  nt) 


(2) 


while  in  the  lower  layer,  if 

w  =  -  ina  exp  [kz  +  i(kx  -  nt)  ]  ,  (3) 

(which  satisfies  the  condition  of  continuity  of  w 
at  z  =  0) ,  then  substitution  into  (1)  requires  that 

(K/k)‘°  =  1  -  ( N/n )  *  .  (4) 

Note  that  since  n  is  real,  K/k  is  either  purely  real 
(if  n  -  N)  or  purely  imaginary  (if  n  <  N) . 

The  dispersional  relation  is  obtained  from  the 

continuous  at  z  *  c. 

P , 


exp  i(kx  -nt)  ,  (5) 


In  the  upper  region  of 


pgr. 


3  ft 


at  1  c 

pa[g  +  (n‘/k)  coth  kd] 


Wave 

Absorbers 


FIGURE  1.  Tank  stratified  with  a  layer  of  uniform 
density  over  a  density  jump  below  which  the  fluid  is 
uniformly  stratified. 
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to  the  first  order  in  the  wave  amplitude.  In  the 
lower  region,  where  the  density  is  p  +  6p  -  pN2z/g , 
the  horizontal  pressure  gradient 

=  -  (p  +  6p)  ~ -  ,  to  the  lowest  order, 

3x  3t 

=  i(P  +  6p) an2 (K/k)  exp  i{kx  -  nt) 
at  z  =  0  from  (3) ,  so  that 


The  ratio  of  the  spatial  attenuation  rate  to  the 
wave-number  is  simply  tan  0  =  (N2/n2  -  l)*3;  when  n 
is  significantly  less  than  N  the  attenuation  dis¬ 
tance  is  short  as  the  energy  leaks  downwards  very 
effectively. 

Expressions  for  the  motion  in  the  upper  and 
lower  regions  can  be  written  down  simply.  In  the 
lower  layer  energy  flows  along  the  characteristics 
£  =  x  cos  0  +  z  sin  0  =  const. ,  and  the  distribu¬ 
tion  of  vertical  velocity  is 


P0  =  (p  +  6p)an2(tc/k2)  exp  i(kx  -  nt) 

At  z  =  C,  below  the  pycnocline, 

p,  =  -  <p  +  <5p)a(g  -  n2*r/k‘7)  exp  i(kx  -  nt)  (6) 

From  (5)  and  (6)  it  follows  that 

’  =  (Wp)gk  _  *>k _ 

coth  kd  +  (»c/k)  coth  kd  +  (</k)  ' 

to  the  Boussinesq  approximation,  when  5p/p  1,  and 
where  b  is  the  contrast  in  buoyancy  across  the  pycno¬ 
cline. 

For  high  frequency  oscillations,  when  n  i  N, 
equation  (4)  shows  that  K/k  is  real  and  less  than 
unity;  from  (7)  k  is  real  and  the  waves  propagate 
without  attenuation.  The  additional  restoring 
forces  provided  by  the  stratification  below  do  how¬ 
ever  increase  t..e  wave  frequency  for  given  k  and  b 
above  the  value  for  an  unstratified  lower  layer  by 
the  ratio 

[coth  kd  +  1 ]  /  [coth  kd  +  (1  -  N* /n- ) ^ ]  , 


The  case  when  n  <  N  is  algebraically  simplest  when 
;  kd  [  *•  r-.  In  view  of  the  upper  boundary  conditions, 

the  real  part  of  k  >  0,  while  from  {4) 


,  N'  V* 

=  *  i  -  /  = 


•  i  tan  0 


(B) 


where  n  =  N  cos  0.  Ftom  (7) 


where  ai  (f,)  is  the  amplitude  of  the  interfacial 
wave  at  the  point  where  the  characteristic  inter¬ 
sects  the  pycnocline.  The  horizontal  component 
of  the  velocity  field  in  the  lower  layer  is  u  = 

-  w  tan  0,  since  the  motion  here  consists  of  alter¬ 
nate  layers  sliding  relative  to  one  another  along 
the  characteristic  surface  inclined  at  an  angle  tj 
to  the  vertical.  The  pressure  fluctuation  can  be 
found  most  simply  from  the  horizontal  momentum 
equation : 


p  =  -  u]  (S)bsint)  (sin9 


icos8)exp 


if— 

1  '•hr  i 


bcos6 


nt)  . 


(13) 


The  vertical  energy  flux  is  therefore 
Ez  =  -*snuj(f,)b  sin0cos6  , 


k  =  (n1  /b)  (1  *  i  tan  *.')  .  (9) 

Since  the  interfacial  waves  attenuate  in  the  posi¬ 
tive  x-direction  as  energy  leaks  downwards,  the 
positive  sign  in  (9)  is  relevant  and  the  vertical 
wave-number 

k  =  iktan  t*  , 

=  (n'Vb)  (  -  tan2'*  +  i  tan  0)  .  (10) 

The  motion  of  the  pycnocline  is  therefore  repre¬ 
sented  by 

!  n-  x  .  ( n'  x 

~  a  exp  — —  tan  0  jexp  l  -  nt  )  , 


and  the  total  energy  flux,  directed  downwards  along 
the  characteristics  t,  =  const  is 

5  =  Snu'j  (O  bsin  0  .  (14) 

In  the  upper  region,  the  fluctuations  in  pressure 
are  found  from  (2) : 

3  <t>  n 2  a  ,  , 

P  =  “  exp  [  -kz  +  i  (kx  -  nt)  ]  , 

when  kd  >>  1,  whose  real  part,  in  view  of  (9)  and 
(12)  reduces  to 

p  -  -  «(x  +  zcot0) b(cos‘ Ocosx  +  cosQsinQsinx) • (15) 


=  'i(x)  exp 


'  n*’  x 

V  b" 


■0 


where 


(11) 


where 


X 


ztanB)  -  nt 


a(x) 


a  exp 


(- 


n  x 
b 


tan 


The  real  part  of  the  horizontal  velocity  field  is 
1 ikewise 


w 


621 


u  -  (J*/ix)  =  -  n-i{x  +  zcotO ) cosy  , 

i  r 

so  that  the  horizontal  energy  flux  in  the  upper 
layer 


a  b  cos- 
4  n 


exp 


(16) 


3x 


<uO 


at  z  =  0 


Finally,  in  the  lower  layer. 


c~  v-w +  n  •  y  “  =  q 

at-  ax-  * 


(20) 


(21) 


the  horizontal  divergence  of  which 


where  the  non-linear  terms 


Ux 

i'X 


’ini'  (x)b  s inscos* 1 


(17) 


provides  for  the  radiative  flux  in  the  lower  layer. 

This  simple  example  illustrates  the  way  that 
energy  can  be  radiated  downwards  by  the  low  fre¬ 
quency  perturbations  produced  by  groups  of  high 
frequency  waves,  but  they  have  a  deeper  theoretical 
interest.  Gastor  (1977)  has  pointed  out  that  if 
the  dispersion  relation  for  waves  involves  complex 
wave- numbers  or  frequencies,  the  usual  kinematic 
definition  of  group  velocity  may  not  be  correct, 
and  a  simple  calculation  shows  that  the  solution 
is  an  example  of  this  failure.  Here  the  wave¬ 
numbers  ar*»  complex  as  the  enemy  leaks  into  the 
lower  layer,  but  the  energy  flux  is  not  at  the  rate 
represented  by  the  local  energy  density,  n*  ip/2 
cos-  *,  times  the  ordinary  grouj  velocity  V^.i  = 
c  tan  •-•  -  (b/n)  sin  -.  The  correct,  interpretation 
of  those  situations  will  be  considered  elsewhere. 


3x9z  3t 


(u  •  Vu) 


3x-’ 


(u 


Vb  +  —  (u 


7w)  ) 


(22) 


Variations  in  energy  density  of  the  primary  waves 
will  propagate  with  the  group  velocity,  c  ;  let  us 
therefore  average  these  equations  at  points  fixed 
with  respect  to  the  wave  groups  but  over  random 
phases  of  the  waves  themselves,  e  process  repre¬ 
sented  by  brackets  l  ].  The  averaged  interfacial 


conditions  are 

then , 

to  order  £'  =  (ak)*  , 

daul  .a 

L;)tj  - 

i-.j 

,  |  <V  u 

-  -  -  t — r—  +  u  •  v7u 

0  z  3 1 

,  (23) 

1 

i 

[w]  = 

A  T—  (ur.) 

LSx  J 

(24) 

both  at  z  -  0 , 

and 

3.  ENERGY  RADIATION  DOWNWARDS  FROM  GROUPS  OF 
INTERFACIAL  WAVES 


iM  =  M 


3 

3x 


[u'J 


(25) 


To  illustrate  the  way  in  which  groups  of  internal 
waves  produce  'moan,'  second  order  disturbances  locked 
to  the  wave  group,  let  us  consider  the  same  basic 
strati f ication  as  in  the  previous  section,  with 
fluid  of  depth  d  and  constant  density  lying  over 
a  buoyancy  jump  b  below  which  the  stability  fre¬ 
quency  N  is  constant.  Suppose  that  inter  facial 
waves  with  frequency  n  *  N  are  maintained  by  high 
frequency  fore  mg  f  from  the  upper  layer,  perhaps 
by  the  surface  wave-wave  interactions  described  by 
Watson,  West,  and  Cohen  (1976).  If  the  internal 
wave  amplitude  is  characterised  by  a  and  the  wave- 
number  by  k,  then*  to  order  (.  -  (ak)'  ,  the  condition 

or  continuity  of  pressure  across  the  interface  can 
be  expressed  as 


ju  \ 
V  't  J 


,  (.  Lv 

V  •*Z.\t 


..  \ 

u  •  .  u  j 


(  IB) 


at  z  =  »),  where  (  )  =  (  )+  -  (  )_,  the  difference 
across  the  density  jumps.  Since 


-  w .  -  u 


'JW  | 

—  I  -  u  — ‘  , 

>Z  ,\  ()  DX 


also  at  z  =  0.  The  averaged  field  equation  for  the 
lower  layer  follows  similarly  from  (21)  and  (22). 

die  linear  fluctuating  internal  wave  motion  is 
as  given  in  the  previous  section  when  n  '■  N;  through 
the  non-linear  terms  on  the  right  of  (23) -(25),  this 
forces  a  second  order  mean  disturbance  { ] ,  [w], 
etc. ,  that  moves  with  the  velocity  of  the  wave  groups. 
The  pycnoclino  disturbance  can  be  represented  as 

“  Sa<cbs(k'x  -  n't)  +  cos(k"x  -  n"t)  } 

The  form  of  the  forcing  functions  is  simplest  when 
the  pycnoclino  depth  is  such  that  kd  1,  and  it 
is  found  that  (23)  reduces  to 


(c  +  'Sink  (x-ct) 

q  q  q 

{  1  +  0(ak,  n-’  /n-  )  1  , 

q 


)X 


(up') 


(19) 


to  order  l  ,  where  the  suffixes*  r.  and  0,  represent 
quantities  measured  at  z  =  ,(J,  then  the  condition 

that  '  be  continuous  across  the  interface  assumes 
the  form 


=  -  a'  k  N‘  — ^  +  (x-ct.)  ,  (26) 

g  \c  2  /  q  g 

whore  kq  -  k'  -  k" ,  nq  ~  n'  -  n",  and  cq  represent 
the  wave-number,  frequency,  and  velocity  of  the 
groups.  similarly,  from  (24) 
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A  [wj  =  i  a-’n  k^(l  +  sin  *  , 

where  x  =  kg(x  -  cgt)  and  from  (25) 

[']  =  [wl+  -  i  a2nk  sin  x  . 

a  9 


(27) 


since  n/N  >  ■  1  and  K/k  -  1.  The  vertical  component 
of  the  group  velocity  of  the  radiated  waves  is  cg 
cos  iji  sin  i|<  where  cg  is  the  group  of  the  inter¬ 
facial  waves,  so  that  the  vertical  energy  flux  is 


£;. 


(9/128)  a4n2Nk 

g 


S 


(35) 


=  (w)  +  4  a2nk  (x/k)  sin  x  .  (28) 

-  8  g 

where  [  ]+  and  (  )_  represent  averages  taken  just 
above  and  below  the  discontinuity  in  density. 

These  matching  conditions  to  be  applied  as  z  =  0 
involve  the  non-linear  forcing  provided  by  the  wave 
groups.  The  field  equations  are,  however,  linear 
to  this  order.  Above  the  pycnocline,  when  d  >  z  >  0, 
we  have  Laplace's  equation  for  the  averaged  velocity 

V?  [4>]  =  0  ,  (29) 

while  in  the  averaged  internal  wave  equation  (21) 
for  z  <  0,  the  non-linear  terms  are  smaller  by  at 
least  (ng/n)*-  <<  1  than  those  in  the  matching  con¬ 
ditions,  since  they  involve  two  horizontal  deriva¬ 
tives  (or  one  x  and  one  t  derivative)  of  averaged 
second  order  quantities.  Accordingly,  to  sufficient 
accuracy, 

|—T  V2  [w  1  +■  N2  t — r  [w]  =  0  ,  Z  <  0  .  (30) 

d  t  •  o  X  *-• 


Although  this  representation  of  the  density  dis¬ 
tribution  by  a  discontinuity  at  the  pycnocline, 
followed  by  a  uniform  stratification  below,  is  a 
gross  simplification  of  typical  oceanic  conditions, 
it  is  of  interest  to  examine  the  order  of  magnitude 
of  the  vertical  energy  flux  that  might  be  generated 
in  this  way.  If  the  interfacial  wave  amplitude  is 
10  m  at  a  frequency  of  5  c.p.h. ,  having  groups  1  km 
in  length  and  if  N  =  2  c.p.h.,  the  downwards  energy 
flux  is  about  2  erg/cm2  sec.,  which  is  of  the  same 
order  as  the  5  erg/cm2  sec.  estimated  by  Garrett 
and  Munk  (1972)  for  the  rate  of  energy  dissipation 
from  internal  waves  by  sheer  instability.  This 
correspondence  is  sufficiently  close  to  encourage 
a  more  detailed  study  with  N(z)  arbitrary,  the  re¬ 
sults  of  which  will  be  presented  elsewhere. 
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Since  the  length  of  the  wave  groups  is  large 
compared  with  the  wavelength  of  the  interfacial 
waves,  kg  <<;  k  and  it  is  consistent  to  assume  that 
kgd  <<  1,  even  though  kd  >>  1.  Furthermore  n/N  << 

1  while  NgN  =  0(1).  Under  these  conditions  the 
solutions  for  the  mean  pycnocline  displacement  and 
the  low  frequency  internal  waves  radiated  downwards 
are  found  to  be 


rr1  cos  k  (x  -  c  t) 
bd  g  g 


(31) 


iW'  --  8 


nkg<2  +  k> 


cos  (k  x  +  k  z  -  n  t) 


(32) 


where 


(33) 


is  the  vertical  wave-number  of  the  radiated  field. 
The  horizontal  velocity  component  in  the  internal 
wave  motion  below  the  pycnocline 

[u]  =  [w]  tan  ^  , 


where  cos  ^  »  ng/N  and  the  energy  density  (twice 
the  kinetic  energy  density)  is 


l  = 


pa^kg^N? 

128n2 

9 


9paJ'n2N2 

128Cg2 


(34) 
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ABSTRACT 

Dunnq  atui  following  periods  of  strong  winds,  the 
Richardson  number  (the  square  of  tile  ratio  of  the 
Brunt-Vdisd la  frequency  to  the  shear)  in  the 
t hermocl ine  is  of  order  unity,  and  the  shear  becomes 
an  important  factor  in  determining  the  properties 
of  internal  gravity  waves.  These  properties  are 
discussed  and  the  shape  and  break inq  of  waves  in  a 
shear  flow  is  investigated  in  laboratory  experiments. 
These  experiments  show  that  the  waves  may  break  at 
their  ere. sts  or  their  troughs  depending  on  the  sign 
of  a  certain  vector  scalar  product.  An  analogy 
between  surface  waves  and  interfacial  waves  is 
invoked  to  account  for  this  behaviour.  Breaking 
is  observed  to  occur  by  particles  of  fluid  moving 
forward  more  rapidly  than  the  wave  crest  advances, 
loading  to  gravitational  instability.  The  effect 
of  breaking  in  the  ocean  will  not  only  enhance 
diffusion  rates,  but  it  will  modify  the  directional 
spoctrum  of  the  internal  waves. 

Although  many  acoustic  backseat tor  observations 
from  ships  reveal  clear Ly  the  presence  of  internal 
waves  in  the  ocean  seasonal  thermocline,  v«*r*-  few 
have  been  published  which  appear  to  show  si  •>  *  of 
their  breaking.  This  is  surprising  in  view  ot  the 
clear  and  not  infrequent  evidence  of  'breaking 
event;;'  in  the  equivalent  acoustic  or  Doppler  radar 
measurements  in  the  atmosphere.  Our  knowledge  of 
internal  wave  breaking  in  the  ocean  still  rests 
almost  entirely  on  the  direct  observations  by  divers 
using  dye  in  the  Mediterranean  thermocline  (Woods 
The  present  towed,  moored,  or  dropped 
instruments  give  inadequate  information  on  the 
nature*  or  structure  of  the  intermittent  mixing  events 
in  Hu*  ocean  to  be  certain  of  their  cause,  or  even 
of  the  scales  of  motion  which  contribute  most  to 
diffusion  across  density  surfaces  in  spite  of  its 
great  importance  to  the  prediction  of  the  thermo¬ 
cline  structure  of  the  upper  ocean. 

It  is  against  this  background  of  poorly  known 
dynamical  structures  that  this  paper  is  presented. 


One  aim  is  to  describe  the  patterns  which  accompany 
wave  breaking,  for  without  a  knowledge  of  such 
patterns  it  is  difficult  to  design  the  appropriate 
experiment  to  detect  wave  breaking  or,  conversely, 
to  correctly  identify  the  processes  involved  once 
observations  are  available. 

It  would  be  naive  to  ignore  the  effect  of  wind 
in  a  description  of  breaking  waves  on  the  surface 
of  the  sea  in  deep  water  [see,  for  example,  Phillips 
and  Banner  (1974)].  (Wave  breaking  on  a  beach  is 
a  different  matter).  It  is  similarly  inappropriate 
to  ignore  the  effect  of  moan  shear  on  internal  waves 
in  the  seasonal  thermocline,  since  the  Richardson 
number  there  is  low,  especially  during,  and  follow¬ 
ing,  storms  [Halpcrn  (1074)].  Internal  gravity 
waves  can  exist  and  propagate  in  a  shear  flow  just 
vis  they  can  when  a  mean  flow  is  absent.  These  waves 
belong  to  a  group  which  Banks,  Drazin,  and  Zaturska 
(1976)  have  classified  as  'modified'  (-by  shear) 
'internal  gravity  waves'.  They  may  sometimes  coexist 
with  a  set  of  wavelike  disturbances  which  grow  in 
amplitude  (the  'unstable  wave  solutions'  of  the 
Taylor-Goldstein  equation)  and  which  may  eventually 
lead  to  turbulence  (Figure  1) .  It  is  known  however 
that  (for  steady  moan  flows)  the  latter  solution  cor¬ 
responding  to  Kelvin-Helmholtz  instability  (K-H.I) 
only  exists  if  the  Richardson  number,  Ri ,  in  the  flow 
is  somewhere  less  than  a  quarter  [Miles  (1961) , 

Howard  (1961)]  and  even  then  in  some  flows  an  un¬ 
stable  solution  may  not  exist.  One  way  in  which 
internal  gravity  waves  may  break  is  by  themselves 
causing  or  augmenting  a  mean  shear  to  induce  regions 
of  such  low  Ri  that  small-scale  disturbances  may 
grow  as  K-H.I  and  generate  turbulence.  It  appears 
that  Woods'  ( 1968 )  billows  were  generated  in  this 
way,  and  similar  structures  in  Loch  Ness  [Thorpe, 

Hall,  Taylor,  and  Allen  (1976)]  may  have  a  like  cause. 
It  is  however  known  that  internal  waves  may  break  in 
quite  a  different  way,  by  what  has  been  termed  'con¬ 
vective  instability'  [Orlanski  and  Bryan  (1969)]. 

This  form  of  instability  becomes  much  more  likely  in 
the  presence  of  a  mean  shear. 
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*' I f  1.  The  development  of  Kelvin  Helmholtz  In¬ 
ability  (K-H.D  in  h  stratified  ;shear  flow  |from 
TV>rp»*  (1*71)1. 


Shear  affects  internal  gravity  waves  in  several 
ways.  Perhaps  the  most  important  concern  the  wave 
speed.  B  •  1 1  (1974)  has  shown  that  for  any  wave 
mode,  the  phase  speed,  c,  is  a  decreasing  function 
of  wavenumber,  k,  which,  for  waves  moving  faster 
than  the  mean  flow  at  any  level,  tends  to  k“lNmax 


+  as  k  increases  indefinitely,  where  Nmax 

is  of  the  Brunt-Vaisala  frequency,  N,  and  Umax  the 
maximum  mean  flow.  (A  similar  result  holds  for 
waves  travelling  more  slowly  than  the  mean  flow.) 
This  result  reduces  to  the  well-known  property, 
o  Nmax'  internal  waves  in  the  absence  of  shear 
[Groen  (1948)1  where  o  =  ck  is  the  wave  frequency 
relative  to  the  mean  flow.  It  implies  that  even 
in  a  shear  flow  the  wave  frequency  is  less  than 
Nmax  provided  the  waves  are  viewed  in  frame  of 
reference  which  moves  forward  at  the  speed,  Umax . 
Banks  et  al.  showed  further  that,  at  least  for 
simple  mean  flow  profiles,  the  speed  of  waves  of 
a  given  mode  and  wavenumber  tends  to  Umax  (from 
above)  as  Ri  decreases.  We  see  a  consequence  of 
this  result  later. 

The  vertical  structure  of  internal  waves  is  also 
changed  by  shear.  Figure  2  shows  how  the  distri¬ 
bution  of  the  amplitude  of  a  small  amplitude  wave 
of  given  k  varies  with  z  as  the  shear  increases 
for  (a)  plane  Couetto  flow  of  a  fluid  with  constant 
N  and  (b)  hyperbolic  tangent  profiles  of  mean  speed 
and  density.  The  profiles  are  distorted  as  Ri 
decreases  with  the  largest  amplitudes  displaced 
towards  the  level  at  wiiich  the  mean  speed  in  the 
direction  of  wave  propagation  is  greatest.  We  shall 
find  it  convenient  to  distinguish  these  cases  by 
the  sign  of  x  ^.*9  x  ii  where  *2  is  the  mean  flow 
vorticity  and  c  the  phase  speed  of  the  waves  in  a 
frame  of  reference  in  which  the  depth  averaged  mean 
flow  is  zero.  Positive  U0  in  Figure  2  corresponds 
to  x  >  0 ,  and  conversely. 

The  shape  of  waves  in  a  fluid  with  density  and 
velocity  distributed  as  tanh  z  (corresponding  to 
Figure  2b)  is  shown  in  Figure  3  for  (a)  backward 
relative  motion  in  the  upper  layer,  \  •  0,  (b)  no 
shear,  (c)  forward  motion  in  the  upper  layer,  ...  >  0. 
The  waves  in  (b)  and  (c)  have  narrower  crests  than 
troughs,  whilst  the  waves  in  (a)  have  wide  crests 
and  narrow  troughs. 

This  second-order  effect  is  not  unexpected.  It 
may  easily  be  shown  [Thorpe  (1974,  Appendix  C) ) 
that  inter facial  waves  (see  Figure  4)  which  move 
forward  with  the  speed  of  the  upper  layer  (the 
limit,  as  we  have  seen,  towards  which  the  phase 
speed  of  the  internal  waves  tends  as  Ri  decreases) 
have  exactly  the  same  shape  as  have  surface  waves 
on  a  fluid  of  depth  equal  to  the  lower  layer.  Con¬ 
versely  those  moving  at  the  speed  of  the  lower  layer 
have  the  shape  of  surface  waves  on  a  fluid  of  depth 
equal  to  the  upper  layer,  but  inverted.  This  is 
just  the  trend  shown  in  Figure  3.  The  limiting 
form  of  the  surface  wave  is  one  with  a  sharp  apex 
of  120°.  Such  an  angle  can  exist  in  a  two- layer 
flow  only  in  the  cases  we  have  considered  where 
the  wave  speed  is  the  same  as  the  flow  in  one  of 
the  two  layers.  Otherwise  there  is  a  relative  flow 
around  the  apex  in  the  upper  (or  lower)  fluid 
leading  to  a  singularity  of  infinite  flow  in  the 
irrotational  fluid.  In  general,  some  other  limiting 
profile  must  appear,  although  it  is  likely  to  tend 
in  a  continuous  way  towards  the  limiting  sharp  apex 
profile.  Recent  work  on  breaking  surface  waves 
[Cokelet  (1977)]  cannot  be  applied  even  in  the 
special  case  for  the  analogy  is  valid  only  for 
steady  waves. 

Experiments,  however,  [Thorpe  (1968)]  demonstrate 
how  internal  waves  break  in  a  shear  flow.  Figure 
5  shows  wave  break ina  for  x  >  0*  A  jet  of  fluid 
moves  forward  (that  is  faster  than  the  waves  advance) 
from  the  wave  crest  above  the  lev^l  of  the  mean 
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FIGURE  2.  The  amplitude  of  the  displace¬ 
ment  of  lines  of  constant  density  in 
internal  waves  of  the  first  mode  with  wave 
number  k  =  n/H  calculated  from  linear  theory 
(i.e.,  from  the  Tay lor-Goldstein  equation) 
at  various  Richardson  numbers  (as  labelled) 
in 

(a)  Couette  flow,  U  =  Uq (2z/H  -  1),  with 
constant  density  gradient.  Uq  is  posi¬ 
tive  for  the  left  hand  set  of  curves 
and  neqative  for  the  right  hand  set. 


(b)  Hyperbolic  tanqent  profiles,  U  = 
iJrjtanh  y  and  density  r  =  nn(l  - 
*tanh  y)  where  y  *  20z/H  -  IS. 
un  is  positive  for  the  first  three 
curves  at  the  left,  zero  for  Ri  = 
and  negative  for  the  three  curves  on 
the  right.  The  value  of  Ri  marked  on 
these  curves  is  the  minimum  mean  flow 
value  at  z  =  3H/4. 


interface  where  we  saw  in  Figure  2  that  the  dis¬ 
placement  was  concentrated,  and,  in  Figure  3,  where 
the  curvature  was  greatest.  The  fluid  particles 
move  forward  (at  speed  Cp)  more  rapidly  than  the 
wave  advances  and  this  leads  to  a  layered  structure 
with  a  region  of  slightly  denser  fluid  overlying 
less  dense  fluid  with  the  potential  consequence  of 
gravitational  instability.  Similar  ’forward’ 
breaking  occurs  at  the  wave  troughs  when  v  <  0. 

The  experiments  demonstrate  clearly  the  difference 
between  K-H.I  of  the  mean  flow  (seen  in  Figure  5j) 
and  the  convective  instability  of  the  waves.  In 
the  former  the  wave-like  disturbances  grow,  extract¬ 
ing  energy  from  the  mean  flow,  whilst  in  the  latter 
the  waves  do  not  grow  in  amplitude  and  lose  energy 
as  a  consequence  of  instability. 

The  condition  for  convective  instability  to 
occur  (Cp  =  c)  has  been  used  in  a  calculation  to 
produce  the  stability  diagrams  of  Figure  6.  These 
are  appropriate  only  to  a  particular  wavelength 
and  show  the  wave  slope  at  which  instability  will 
occur  for  a  given  Ri .  The  Couette  flow  (Figure  6a) 
is  stable  in  the  absence  of  waves  for  all  Ri  >  0, 
but  the  hyperbolic  tangent  profile  (Figure  6b)  is 
unstable  at  Ri  =  0.25  and  the  dashed  lines  show 
the.*  value  Ri  =  0.25  at  the  interface  marking  the 
boundary  at  which  K-H.I  will  occur  in  a  quasi  steady 
flow.  Those  diagrams  demonstrate  how  shear  greatly 
reduces  the  wave  slope  at  which  convective  instabil¬ 
ity  sets  in,  a  partial  consequence  of  the  trend  of 
the  phase  speed  toward  (Jmax  and  hence  a  reduction 
of  the  wave  particle  speed  necessary  to  promote  not 
speeds,  Cp,  which  exceed  the  phase  speed.  The  non¬ 
linear  terms  are  a) so  very  important  however,  the 
finite  amplitude  change  in  the  phase  speed  being 
as  important  as  other  non-linear  effects. 


We  may  press  the  analogy  between  interfacial 
internal  waves  in  a  shear  flow  and  surface  waves 
further.  The  shape  of  surface  gravity  waves 
(narrower  crests  than  troughs)  and  their  habit  of 
breaking  forwards  at  the  crests  seems  universal, 
in  that  it  is  independent  of  water  depth,  being 
observed  and  (where  theory  is  available)  predicted 
for  both  shallow  and  deep  water  waves.  The  internal 
waves  observed  in  the  experiments  have  similar  prop¬ 
erties,  accepting  that  the  profile  is  inverted  with 
respect  to  the  surface  waves  if  \  <  0,  even  though 
they  are  not  strictly  interfacial  waves  or  moving 
at  the  speed  of  one  of  the  layers.  This  suggests 
that  the  shape  and  breaking,  by  convective  overturn, 
of  long  first  mode  internal  waves  on  a  relatively 
narrow  interface  between  two  uniform  layers  follow 
the  pattern  observed  in  the  experiments,  independent 
of  the  depths  of  the  layers,  provided  that  the 
Richardson  number  of  the  mean  flow  in  the  interfacial 
region  is  small. 

Figure  6b  is  not  symmetrical,  a  consequence  of 
the  asymmetry  introduced  by  having  unequal  layer 
thicknesses  above  and  below  the  interface.  Trans¬ 
lated  to  a  situation  in  which  wind  is  driving  a 
flow  above  a  shallow  thermocline,  the  diagram 
implies  that  internal  waves  travelling  with  the 
wind  (x  >  0)  will  break  at  a  greater  amplitude  (or 
later  if  the  shear  flow  is  increasing)  then  waves 
of  the  same  length  travelling  against  the  wind. 

This  result  also  follows  from  our  analogy  with 
surface  waves  since,  for  a  given  wavelength,  surface 
waves  of  limiting  (120°  apex)  amplitude  in  deep 
water  (corresponding  to  the  forward  moving,  x  > 
internal  gravity  waves)  are  higher  than  waves  in 
shallow  water  (which  correspond  to  the  backward 
moving  waves) .  Waves  moving  across  the  flow  will 


FIfilJRE  3.  Internal  waves  in  a  shear  flow  with  profiles  of  U  and  »■  similar  to  those  of  Figure 
2(b),  except  that  the  interface  is  at  z  =  H/4  and  the  mean,  depth  averaged,  flow  is  zero.  The 
waves  propagate  to  the  left  and  in  (a)  the  mean  flow  in  the  upper  layer  is  to  the  right,  lower 
to  the  left  (\<0),  in  (b)  there  is  no  mean  flow,  whilst  in  (c)  the  mean  flow  in  the  upper  layer 
is  to  the  right  and  in  the  lower  layer  to  the  left  (v  N  n). 


^  FIGURE  4.  Interfacial  waves  in  a  .two-layer  fluid.  In 
1  (a)  the  phase  speed  of  the  waves,  c,  is  equal  to  the 

speed  of  the  lower  layer,  U?.  The  wave  shape  is  identi 
cal  to  that  of  surface  waves  on  a  layer  of  depth  hj, 

H,  but  inverted.  (This  corresponds  to  \  <  0) .  In  (b) , 
c  -  Uj ,  and  the  wave  shape  is  identical  to  that  of 
surface  waves  on  a  layer  of  depth  h? . 
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•  "i  y  '  .  Tn<*  <  ti- •  •  t  of  wave  breaking  for  \  >  0.  The  waves  are  moving  to  the  left.  The  mean  kiehardfum  number  at  the  in- 
r .  •  i  :  i  -  in  tin*  a ccelor at nv;  flow  is  a}  proximatoly  (a)  ?. . 6  (b)  0.7  1  (c)  0.36  {d>  0.26  (o)  0.1H  (f)  0.!4  (gl  0.11  (h>  il.O'- 
Ml  .  i  '  i  :)  \frotn  Thorpe  (196*11.  Convective  overturn  is  seen  to  begin  at  (cl  anti  K-Y1.1  at  (\1,  The  instability  i  • 

n  -t  u't-n  at  the  critical  value  of  Hi  because  of  the  time  needed  for  growth  in  the  accelerating  flow. 


not  bo  unaffected  by  it.  This  process  may  be 
important  in  producing  asymmetric  directional  wave 
spectra  in  the  seasonal  thermocline. 

In  practice  of  course  unidirectional  flows  and 
long  trains  of  internal  waves  do  not  occur  in  the 
ocean.  The  component  of  the  mean  flow  velocity 
normal  to  the  direction  of  wave  propagation  appears 
to  play  no  part  in  the  breaking  or  dynamics  of  the 
waves,  and  the  results  should  be  valid  for  long 
crested  waves  oven  in  (Ekman)  spiral  flows.  A 
periodic  shear  flow  applied  to  a  wave,  as  when  one 
internal  wave  moves  through  another,  may  produce 
locally  the  conditions  for  convective  overturn  of 
the  kind  we  have  described.  The  final  stages  of 
the  experiments  of  Koulegan  and  Carpenter  11961) 
or  Davis  and  Acrivos  (1967)  illustrate  this  process. 
In  these  experiments  a  short  second  mode  wave  is 
driven  by  resonant  interaction  from  a  long  first 
mode  wave,  itself  generated  by  a  wavemaker.  The 
shorter  wave  eventually  breaks  in  the  shear  field 
of  the  longer  first  mode  wave. 

Flow  acceleration  accompanies  both  the  periodic 
flows  in  a  wave  field  and  the  motion  of  the  upper 
layers  of  the  ocean  during  periods  of  wind  forcing. 
In  the  experiments  shown  here  breaking  was  induced 
by  allowing  tlv*  flow  to  accelerate  uniformly.  It 
was  discovered  that  the  energy  of  the  fluctuating 
wave  components  was  reduced  very  rapidly  as  a 
result  of  this  acceleration.  The  consequent  Rey¬ 
nolds  stress  working  on  the  mean  velocity  gradient 
transferred  energy  to  the  mean  flow.  Tnis  inter¬ 
action  may  have  important  consequences  on  the 
development  of  the  seasonal  the rrooc line  during 


rrcpFcF  r>.  Stability  diagram?;  corresponding 
to  the  waves  described  in  Figure  2,  based 
on  a  calculation  extended  to  third  order 
(Thorpe,  (a)  Couette  flow  (h)  Hyper¬ 

bolic  tangent  profiles. 
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periods  of  wind  forcing  and  the  acceleration  of  the 
mixing  layer,  but  they  are  beyond  the  scope  of  this 
paper. 

It  seems  likely  that  in  the  seasonal  thermocline 
short  internal  waves  may  break  predominantly  by 
convective  overturn  whilst  the  longer  are  more 
prone  to  K-H.I,  but  the  balance  of  effects  is  not 
known.  The  importance  of  non-linearities  in 
determining  the  condition  of  convective  overturn 
and  the  unknown  structure  of  the  density  and  veloc¬ 
ity  fields  make  the  problem  difficult  to  resolve 
theoretically,  and  some  effort  is  being  directed 
towards  an  observational,  and  hence  empirical, 
solution  using  small  arrays  of  thermistors  with 
rapid  response  times,  and  sensitive  CTDs. 
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